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ÏÐÎ ÄÅßÊI ÂËÀÑÒÈÂÎÑÒI ÑÏÐßÆÅÍÈÕ ÎÏÅÐÀÒÎÐIÂ ÃÐIÍÀ
ÏÀÐÀÁÎËI×ÍÎ�I ÊÐÀÉÎÂÎ�I ÇÀÄÀ×I

Âèâ÷àþòüñÿ ñïðÿæåíi îïåðàòîðè Ãðiíà íîðìàëüíî�� 2b-ïàðàáîëi÷íî�� êðàéîâî�� çàäà÷i ó êëà-
ñàõ ôóíêöié ç îñîáëèâîñòÿìè íà ìåæi îáëàñòi. Âèâåäåíi îöiíêè ïîõiäíèõ âiäïîâiäíèõ iíòåãðà-
ëiâ.

Here the conjugated Green's operators of the normal 2b-parabolic boundary value problem in
the classes of the functions with specialities on the boundary of domain have been studied. The
estimates of the derivatives of their corresponding integrals have been derived.

Ïðè äîñëiäæåííi êðàéîâèõ çàäà÷ äëÿ ïiâ-
ëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü, êîëè çàäà-
íi íà ìåæi îáëàñòi ôóíêöi�� c óçàãàëüíåíèìè,
âèêîðèñòîâóþòüñÿ ñïðÿæåíi îïåðàòîðè Ãði-
íà ó êëàñàõ ôóíêöié, ÿêi ìàþòü ñòåïåíåâó
ïîâåäiíêó áiëÿ ìåæi îáëàñòi. Äîñëiäæåííÿ
îïåðàòîðiâ Ãðiíà â êëàñàõ ôóíêöié ç òî÷êî-
âèìè îñîáëèâîñòÿìè ïðîâåäåíî â [1], à ñïðÿ-
æåíèõ îïåðàòîðiâ Ãðiíà â ïîäiáíèõ êëàñàõ
ôóíêöié � ó [2]. Òóò ìè îäåðæócìî îöiíêè
ïîõiäíèõ êîìïîçèöi�� ñïðÿæåíèõ ÿäåð Ãðiíà
ó êëàñàõ ôóíêöié, ÿêi ìîæóòü ìàòè îñîáëè-
âîñòi íà ïàðàáîëi÷íié ìåæi îáëàñòi.

Íåõàé Ω0 � îáëàñòü â Rn, îáìåæåíà çà-
ìêíåíîþ ïîâåðõíåþ S êëàñó C∞, Q0 = Ω0 ×
(0, T ], Q1 = S × (0, T ], Ω0ega1 = S, 0 < T <
+∞.

Ðîçãëÿíåìî íîðìàëüíó êðàéîâó çàäà÷ó
äëÿ 2b-ïàðàáîëi÷íî�� ñèñòåìè ðiâíÿíü [3, 4]

(Lu)(x, t) ≡ (Dt − A(x, t, Dx))u(x, t) =

= F0(x, t), (x, t) ∈ Q0, (1)

Bju |Q1≡
∑

|α|≤rj

bj α(x, t)D α
x u|Q1 =

= Fj(x, t), (x, t) ∈ Q1,

0 ≤ rj ≤ 2b− 1, 1 ≤ j ≤ m, (2)

u|t=0 = Fm+1, m = bN, (3)

äå u � âåêòîð-ôóíêöiÿ (ñòîâïåöü âèñîòè N),
A(x, t, Dx) =

∑
|α|≤2b

aα(x, t)D α
x , aα(x, t) � êâà-

äðàòíi ïîðÿäêó N ìàòðèöi ç íåñêií÷åííî äè-
ôåðåíöiéîâíèìè åëåìåíòàìè, bj α � ìàòðèöi-
ðÿäêè äîâæèíè N ; F0, Fm+1 � ìàòðèöi-
ñòîâïöi âèñîòè N . Ñèñòåìà êðàéîâèõ äèôå-
ðåíöiàëüíèõ âèðàçiâ Bj c íîðìàëüíîþ íà Q1

[4] i çàäîâîëüíÿc óìîâó Ëîïàòèíñüêîãî.
Ó [4− 7] äîñëiäæåíî ìàòðèöþ Ãðiíà G =

(G0, G1, ..., Gm) çàäà÷i (1) − (3), îïåðàòîðè
Ãðiíà

(Giϕ)(x, t) =

t∫

0

dτ

∫

Ω0ega(i)

Gi(x, t; y, τ)×

×ϕ(y, τ) dy

òà ñïðÿæåíi îïåðàòîðè Ãðiíà

(Ĝiϕ)(y, τ) =

T∫

τ

dt

∫

Ω0

ϕ(x, t)×

×Gi(x, t; y, τ) dx, 0 ≤ i ≤ m,

(Ĝm+1ϕ)(y) = (Ĝ0ϕ)(y, 0),

(i) =

{
0, i = 0 i = m + 1,
1, 1 ≤ i ≤ m.

Äëÿ çðó÷íîñòi äàëi âèêîðèñòîâóâàòèìåìî
ïîçíà÷åííÿ P = (x, t), P0 = (x0, t0), M =
(y, τ), r0 = rm+1+, à òàêîæ òàêi ïîçíà÷åííÿ
[3, 6]: d(P,M) = |PM | = d(x, t; y, τ) = (|x −
y|2+|t−τ | 1b ) 1

2 , äå |x−y| � åâêëiäîâà âiäñòàíü â
Rn, Ec(z, t) = exp{−cz

2b
2b−1 t−

1
2b−1}, Φk

c (z, t) =
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(zk + 1)Ec(z, t), Φ̃k
c (z, t) = zkEc(z, t), k ∈ R,

z > 0, t > 0, c > 0, ρ(x, t) = min[ρ(x), 2b
√

t], äå
ρ(x)� íåâiä'cìíà íåñêií÷åííî äèôåðåíöiéîâ-
íà â Q0 ôóíêöiÿ ïîðÿäêó âiäñòàíi d(x) âiä
òî÷êè x äî Q1, α = (α1, ..., αn, α0) = (α, α0),
|α| = α1 + ... + αn, |α| = |α| + 2bα0, Dα

x,t =
∂|α|

∂x
α1
1 ·...·∂xαn

n ·∂tα0
.

Ëåìà 1.

Dα
y,τ

∫

Q0

Φ̃k
c (%(x, t), t)G0(x, t; y, τ) dxdt =

=





Ĉ1Ec{%(y), τ}×
×([%(y)]k+1−n−2b+r0−|α| + 1),

d(y) ≤ 2b
√

τ ,

Ĉ2e
−c[τ

k+r0−|α|
2b + 1],

d(y) > 2b
√

τ

äëÿ äîâiëüíîãî ìóëüòèiíäåêñó α,
k > −n− 2b, Ĉ1, Ĉ2 � äîäàòíi ñòàëi.

Äîâåäåííÿ. Ðîçãëÿíåìî âèïàäîê, êîëè
|α| < 2b. Äàëi ÷åðåç Cj, j = 0, 24, ïîçíà÷à-
òèìåìî äîäàòíi ñòàëi. Çíàéäåìî îöiíêó iíòå-
ãðàëà

I(y, τ) =

∫

Q0

Φ̃k
c (%(x, t), t)×

×|Dα
y,τG0(x, t; y, τ)| dxdt. (4)

Ó [4, 6] äîâåäåíî, ùî

|Dα
y,τG0(x, t; y, τ)| ≤ C0Ec(|MP |,

|t− τ |) |MP |−n−2b+r0−|α|. (5)

Òîäi iíòåãðàë (4) îöiíþcòüñÿ òàê:

I(y, τ) ≤ C0

∫

Q0

Φ̃k
c (%(x, t), t)Ec(|MP |,

|t− τ |) |MP |−n−2b+r0−|α| dxdt.

ßê ó [3, ñ.40], [6], áåçïîñåðåäíiì îá÷èñëåí-
íÿì äîâîäÿòüñÿ íåðiâíîñòi

Ec{|x− x0|, |t− t0|} · Ec{|y − x|,
|τ − t|} ≤ Ec{|y − x0|, |τ − t0|},

Ec{d(x, t; ξ, β), |t− β|} · Ec{d(ξ, β; y, τ),

|β − τ |} ≤ Ec{d(x, t; y, τ), |t− τ |},
à òàêîæ

Ec{%(x, t), |t− t0|} · Ec{|MP |, |t− τ |} ≤
≤ Ec{%(y, τ), |τ − t0|}. (6)

Îòæå,

I(y, τ) ≤ C0Ec{%(y, τ), τ}
∫

Q0

%k(x, t)×

×|MP |−n−2b+r0−|α| dxdt. (7)

Äàëi âèêîðèñòîâóâàòèìåìî íåðiâíîñòi

M1 d(y) ≤ %(y) ≤ M2 d(y), y ∈ Ω0, (8)

äå M1, M2 � äîäàòíi ÷èñëà.
Ðîçiá'cìî îáëàñòü Q0 íà äâi ïiäîáëàñòi, à

ñàìå:
Q1

0 = {(x, t) ∈ Q0 : d(x) ≤ 2b
√

t},
Q2

0 = {(x, t) ∈ Q0 : d(x) > 2b
√

t}. Âiäïîâiä-
íî I(y, τ)I1(y, τ)+I2(y, τ), â I1(y, τ) iíòåãðó-
âàííÿ çäiéñíþâàòèìåòüñÿ ïî îáëàñòi Q1

0, à â
I2(y, τ) � ïî Q2

0 äëÿ äîâiëüíèõ (y, τ) ∈ Q0. Â
ñâîþ ÷åðãó äëÿ äîâiëüíî�� òî÷êè (y, τ) ∈ Q0

îáëàñòü Q1
0 ðîçáèâàcìî íà òàêi òðè ïiäîá-

ëàñòi:
Q11

0 = {(x, t) ∈ Q1
0 : d(x) < 1

2
d(y)},

Q12
0 = {(x, t) ∈ Q1

0 : |MP | < 1
2
d(y)},

Q13
0 = Q1

0\{Q11
0 ∪ Q12

0 }. Âiäïîâiäíî I1 =
I11 +I12 +I13. Ðîçãëÿíåìî îêðåìî êîæíèé iç
äîäàíêiâ.

1) Íåõàé P = (x, t) ∈ Q11
0 , d(x) = |x− x0|,

x0 ∈ S. Òîäi |x − y| ≥ |y − x0| − |x − x0| ≥
d(y)− d(x) ≥ 1

2
d(y). Òîìó

I11(y, τ) ≤ C1Ec{%(y, τ), τ}×

×
∫

Q11
0

[d(y)]−n−2b+r0−|α|%k(x) dxdt.

Âðàõîâóþ÷è (8), ìàòèìåìî

I11(y, τ) ≤ C2[%(y)]−n−2b+r0−|α|×

×Ec{%(y, τ), τ}
∫

Q11
0

dk(x) dxdt

= C2[%(y)]−n−2b+r0−|α|Ec{%(y, τ), τ}×
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×
∫

∂Q11
0 ∩S

dSdt

1
2
d(y)∫

0

ξk dξ = C3Ec{%(y, τ), τ}×

×[%(y)]k+1−n−2b+r0−|α|.

Îòæå, I11(y, τ) îöiíþcòüñÿ òàêèì ÷èíîì:

I11(y, τ) ≤ C3[%(y)]k+1−n−2b+r0−|α|×
×Ec{%(y, τ), τ}, (y, τ) ∈ Q0. (9)

2) Íåõàé P = (x, t) ∈ Q12
0 . Òîäi d(x) ≥

|y − x0| − |x− y| ≥ d(y)− 1
2
d(y) = 1

2
d(y).

Òîäi, âðàõîâóþ÷è (8), ìàòèìåìî

I12(y, τ) ≤ C4%
k(y)Ec{%(y, τ), τ}×

×
∫

Q12
0

|MP |−n−2b+r0−|α| dxdt.

Íåõàé M0 = (y0, τ), äå |y − y0| = d(y).
Çðîáèìî çàìiíó ξi =

xi−y0i

|MM0| =
xi−y0i

d(y)
, i =

1, n, ξn+1 = t−τ
[d(y)]2b . Ó íîâèõ çìiííèõ P =

ξ = (ξ1, ..., ξn+1), M = s = (s1, ..., sn+1),
äå si =

yi−y0i

d(y)
, i = 1, n, sn+1 = 0, à òî-

äi |s| = 1, d(ξ, s) = |PM |
d(y)

; Q12
0 ïåðåéäå â

Ψ = {ξ : d(ξ, s) < 1
2
}, dxdt = [d(y)]n+2b dξ.

Ïiñëÿ ïðîâåäåííÿ öic�� çàìiíè çìiííèõ ìà-
òèìåìî

I12(y, τ) ≤ C5%
k(y)Ec{%(y, τ), τ}×

×
∫

Ψ

[d(ξ, s)]−n−2b+r0−|α|[d(y)]r0−|α| dξ.

Ç ôîðìóëè [9, ñò. 588] âiäîìî, ùî äëÿ
îáëàñòi Θ = {(t1, ...tn, tn+1) : θ = ( t1

α1
)β1 +

... + ( tn+1

αn+1
)βn+1 ≤ 1}

∫

Θ

f(θ)
n+1∏

k=1

tνk−1
k dt

= Γ

[ ν1

β1
, ..., νn+1

βn+1
ν1

β1
+ ... + νn+1

βn+1

] n+1∏

k=1

ανk
k

βk

×

×
1∫

0

f(t)t
ν1
β1

+...+
νn+1
βn+1

−1
dt.

Âèáèðàþ÷è β1 = ... = βn = 2, βn+1 = 1
b
, α1 =

... = αn+1 = 1, ν1 = ... = νn+1 = 1, f(t) =
t

p
2 , îäåðæócìî, ùî iíòåãðàë

∫
|ξ|<1

|ξ|p dξ =

∫
|ξ|<1

[ξ2
1 + ... + ξ2

n + ξ
1
b
n+1)]

p
2 dξ çáiãàcòüñÿ ïðè

p > −n− 2b.
Òîäi

I12(y, τ) ≤ C6Ec{%(y, τ), τ}×

×%k+r0−|α|(y)

1
2∫

0

q−n−2b+r0−|α|×

×qn+2b−1 dq = C6%
k+r0−|α|(y)×

×Ec{%(y, τ), τ}
1
2∫

0

qr0−|α|−1 dq.

Â îñòàííié ðiâíîñòi iíòåãðàë
îá÷èñëþcòüñÿ, i ìè îòðèìàcìî

I12(y, τ) ≤ C7[%(y)]k+r0−|α|×
×Ec{%(y, τ), τ}, (y, τ) ∈ Q0. (10)

3) Íåõàé P = (x, t) ∈ Q13
0 . Öå îçíà÷àc, ùî

d(x) ≥ 1
2
d(y) ≥ 1

2M2
%(y) i |MP | ≥ 1

2
d(y) ≥

1
2M2

%(y). Òîäi ïiäiíòåãðàëüíèé âèðàç â iíòå-
ãðàëi I13 îáìåæåíèé i òîìó

I13(y, τ) ≤ C8Ec{%(y, τ), τ},
(y, τ) ∈ Q0. (11)

Çàóâàæèìî, ùî Ec{%(y, τ), τ} =

exp{−c(min[%(y), τ
1
2b ])

2b
2b−1 τ−

1
2b−1} =

exp{−c[%(y)]
2b

2b−1 τ−
1

2b−1} = Ec(%(y), τ),
d(y) ≤ 2b

√
τ . Îòæå, iç (9), (10), (11) âèïëèâàc,

ùî
I1(y, τ) ≤ Ĉ3Ec{%(y), τ}×
×([%(y)]k+1−n−2b+r0−|α| + 1),

(y, τ) ∈ Q0, (12)

äå Ĉ3 � äîäàòíà ñòàëà.
Òåïåð ðîçãëÿíåìî iíòåãðàë I2(y, τ).

Çàóâàæèìî, ùî Ec{%(y, τ), τ} =

exp{−cτ
1

2b−1 τ−
1

2b−1} = e−c, d(y) > 2b
√

τ .
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Ðîçiá'cìî îáëàñòü Q2
0 íà òàêi ïiäîáëàñòi:

Q21
0 = {(x, t) ∈ Q2

0 : |MP | < 1
2
τ

1
2b},

Q22
0 = Q2

0\Q21
0 . Âiäïîâiäíî I2 = I21 + I22.

Ðîçãëÿíåìî îêðåìî öi äîäàíêè.
1) Îñêiëüêè G0 = 0 ïðè t < τ , |MP | <

1
2
τ

1
2b , à îòæå t − τ < 1

4b τ i |x − y| < 1
2
τ

1
2b , òî

iíòåãðóâàííÿ çäiéñíþâàòèìåòüñÿ ïî îáëàñòi
Q21 τ

0 = {(x, t) ∈ Q2
0 : τ < t < M3τ, |x − y| <

1
2
τ

1
2b}, äå M3 = (1 + (1

4
)b).

Òîäi

I 21(y, τ) ≤ C9e
−c

M3τ∫

τ

t
k
2b dt×

×
∫

|x−y|< 1
2
τ

1
2b

|x− y|−n−2b+r0−|α| dx ≤

≤ C10e
−cτ

k+r0−|α|
2b , (y, τ) ∈ Q0. (13)

2)Ïðè P = (x, t) ∈ Q22
0 ìàcìî |MP | >

1
2
τ

1
2b . À öå îçíà÷àc, ùî ïiäiíòåãðàëüíèé âè-

ðàç îáìåæåíèé i òîìó
I22(y, τ) ≤ C11e

−c, (y, τ) ∈ Q0. (14)

Îòæå, iç (13), (14) âèïëèâàc, ùî

I 2(y, τ) ≤ Ĉ4e
−c[τ

k+r0−|α|
2b + 1],

(y, τ) ∈ Q0, (15)

äå Ĉ4 � äîäàòíà ñòàëà.
Ç (12) òà (15) âèïëèâàc òâåðäæåííÿ ëå-

ìè 1 ïðè |α| < 2b.
Ðîçãëÿíåìî âèïàäîê |α| ≥ 2b. Çíîâó

ïîäàcìî iíòåãðàë

I(y, τ) = Dα
y,τ

∫

Q0

Φ̃k
c (%(x, t), t)×

×G0(x, t; y, τ) dxdt, (y, τ) ∈ Q0 (16)

ÿê ñóìó iíòåãðàëiâ âiäïîâiäíî äî ðîçáèòòÿ
îáëàñòi Q0.

1) ßêùî P = (x, t) ∈ Q11
0 , òî P íå

çáiãàcòüñÿ ç òî÷êîþ M . Òîäi iíòåãðàë (16)
çàïèñócìî ó âèãëÿäi

I11(y, τ) =

∫

Q11
0

Φ̃k
c (%(x, t), t)×

×|Dα
y,τG0(x, t; y, τ)| dxdt

i ïðîâîäèìî îöiíêó, ÿê i ó âèïàäêó |α| < 2b.
Îäåðæócìî

I11(y, τ) ≤ C5[%(y)]k+1−n−2b+r0−|α|×
×Ec{%(y), τ}, (y, τ) ∈ Q0. (17)

2) ßêùî P = (x, t) ∈ Q12
0 , òî òî÷êà P ìî-

æå çáiãàòèñÿ ç òî÷êîþ M . Îñêiëüêè G0 = 0
ïðè t < τ , òî iíòåãðócìî ïî Q12τ

0 = {(x, t) ∈
Q12

0 : τ ≤ t ≤ T}. I12(y, τ) îöiíþcìî ÿê âiä-
ïîâiäíi iíòåãðàëè ó [2], âèêîðèñòîâóþ÷è òå,
ùî

Dα
y,τ

∫

Q12τ
0

Φ̃k
c (%(x, t), t)G0(x, t; y, τ) dxdt

= lim
ε→0

∑

|β|≤|α|
Cαβ

∫

Q12τ,ε
0

Dβ
x,t(Φ̃

k
c (%(x, t), t))×

×(Dy,τ + Dx,t)
α−β G0(x, t; y, τ) dxdt+

+ lim
ε→0

∑

| β|≤|α |,
|γ |≤| β|

Cαβγ

∫

Γε

Dβ0
t (Φ̃k

c (%(x, t), t))×

×νγ(−Dx)
β−γ (Dy,τ+

+Dx,t)
α−βG0(x, t; y, τ) dxdt

= R1(y, τ) + R2(y, τ), (18)

äå Q12τ, ε
0 = Q12τ

0 \{P : |PM | < ε}, Γε =
{P : |PM | = ε}. Çàóâàæèìî, ùî îïåðàòîðè
(Dy,τ + Dx,t)

α−β íå çáiëüøóþòü ïîðÿäîê îñî-
áëèâîñòi ôóíêöi�� G0. Ðîçãëÿíåìî êîæíó ãðà-
íèöþ îêðåìî. Âèêîðèñòîâóþ÷è îöiíêè ïî-
õiäíèõ ìàòðèöi Ãðiíà òà âëàñòèâiñòü (6),
îäåðæócìî

R1(y, τ) ≤ C12Ec{%(y), τ}×

× lim
ε→0

∫

Q12τ, ε
0

%k−|α|(x, t)|MP |−n−2b+r0 dxdt.

Ïðè àíàëîãi÷íié çàìiíi çìiííèõ, ÿê i â ií-
òåãðàëi I12(y, τ) ïðè |α| < 2b, Q12τ, ε

0 ïåðåéäå
â Ψ1 = {ξ : ε

d(y)
≤ d(ξ, s) < 1

2
} i îäåðæèìî

R1(y, τ)≤C13[%(y)]k−|α|Ec{%(y), τ}×
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× lim
ε→0

∫

Ψ1

[d(ξ, s)]−n−2b+r0 [d(y)]r0 dξ.

Âèêîðèñòîâóþ÷è ôîðìóëó [9, ñ.588], ìà-
òèìåìî

R1(y, τ) ≤ C14[%(y)]k+r0−|α|×

×Ec{%(y), τ} lim
ε→0

1
2∫

ε
d(y)

q−n−2b+r0×

×qn+2b−1 dq ≤ C14[%(y)]k+r0−|α|×

×Ec{%(y), τ} lim
ε→0

1
2∫

ε
d(y)

qr0−1 dq.

Â îñòàííié ðiâíîñòi iíòåãðàë
îá÷èñëþcòüñÿ, îòæå

R1(y, τ) ≤ C15[%(y)]k+r0−|α|×
×Ec{%(y), τ}.

Ðîçãëÿíåìî R2(y, τ). Îñêiëüêè â ëîêàëü-
íié ñèñòåìi êîîðäèíàò Dβ−γ

x G0(x, t; y, τ) =
2b−1∑
|η|=0

B̃l(ξ,D
′
ξ)(

∂
∂ν

)|η|G0(x, t; y, τ), äå B̃l(ξ,D
′
ξ)

� äîòè÷íi äèôåðåíöiàëüíi îïåðàòîðè ïîðÿä-
êó l = |β − γ − η| − r0, òî

R2(y, τ) = lim
ε→0

∑

| β|≤|α |,
|γ |≤| β|

2b−1∑

|η|=0

Cαβγ×

×
∫

Γε

D
β0−(|β|−|γ|−|η|−r0)
t (Φ̃k

c (%(x, t), t))×

×νγ
( ∂

∂ν x

)|η|
G0(x, t; y, τ) dSdt.

Âèêîðèñòîâóþ÷è îöiíêè ïîõiäíèõ ìàòðè-
öi Ãðiíà òà âëàñòèâiñòü (6), îäåðæócìî

R2(y, τ) ≤ C16Ec{%(y), τ}×

× lim
ε→0

∑

| β|≤|α |,
|γ |≤| β|

2b−1∑

|η|=0

[%(y)]k−|β|+|γ|+|η|+r0×

×
∫

Γε

|MP |−n−2b+r0−|η| dSdt ≤

≤ C16Ec{%(y), τ}×

× lim
ε→0

∑

| β|≤|α |,
|γ |≤| β|

2b−1∑

|η|=0

[%(y)]k−|β|+|γ|+|η|+r0×

×ε−n−2b+r0−|η|
∫

Γε

dSdt ≤

≤ C16

∑

| β|≤|α |,
|γ |≤| β|

2b−1∑

|η|=0

[%(y)]k−|β|+|γ|+|η|+r0×

× lim
ε→0

εr0−1−|η|Ec{%(y), τ}.
Îñêiëüêè r0 − 1 − |η| ≥ 0, òî R2(y, τ) �

ñêií÷åííà âåëè÷èíà.
Îòæå,

I12(y, τ) ≤ C17Ec{%(y), τ}×
×([%(y)]k+r0−|α| + 1), (y, τ) ∈ Q0. (19)

3) Ïðè P = (x, t) ∈ Q13
0 , ÿê i ó âèïàäêó

ïðè |α| < 2b, ïiäiíòåãðàëüíèé âèðàç â I13

îáìåæåíèé, i òîìó

I13(y, τ) ≤ C18Ec{%(y), τ},
(y, τ) ∈ Q0. (20)

Îòæå, iç (17), (19), (20) âèïëèâàc, ùî

I1(y, τ) ≤ Ĉ5Ec{%(y), τ}×
×([%(y)]k+1−n−2b+r0−|α| + 1),

(y, τ) ∈ Q0, (21)

äå Ĉ5 � äîäàòíà ñòàëà.
Òåïåð ðîçãëÿíåìî iíòåãðàë I2(y, τ). Çíîâó

ïîäàcìî éîãî ÿê ñóìó iíòåãðàëiâ âiäïîâiäíî
äî ðîçáèòòÿ îáëàñòi Q2

0 i ðîçãëÿäàcìî îêðåìî
öi äîäàíêè.

1) Âèêîðèñòîâóþ÷è (18), çàïèñócìî

Dα
y,τ

∫

Q21τ
0

Φ̃k
c (%(x, t), t)G0(x, t; y, τ) dxdt

= R3(y, τ) + R4(y, τ),
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äå Q21τ
0 = {(x, t) ∈ Q2

0 : τ ≤ t ≤ M3τ, ε <

|x− y| < 1
2
τ

1
2b}. Ðîçãëÿíåìî êîæíó ãðàíèöþ

îêðåìî.

R3(y, τ) = lim
ε→0

∑

|β|≤|α|
Cαβ×

×
∫

Q21τ, ε
0

Dβ
x,t(Φ̃

k
c (%(x, t), t))×

×(Dy,τ + Dx,t)
α−β G0(x, t; y, τ) dxdt,

äå Q21τ, ε
0 = Q21τ

0 \{P:|PM |< ε}.
Âèêîðèñòîâóþ÷è îöiíêè ïîõiäíèõ ìàòðè-

öi Ãðiíà òà âëàñòèâiñòü (6), îäåðæócìî

R3(y, τ) ≤ C19e
−c×

× lim
ε→0

∑

|β|≤|α|
Cαβ

M3τ∫

τ

t
k−|β|

2b dt×

×
∫

ε<|x−y|< 1
2
τ

1
2b

|x− y|−n−2b+r0 dx ≤

≤ C20e
−cτ

k+r0−|α|
2b .

Ðîçãëÿíåìî

R4(y, τ) = lim
ε→0

∑

| β|≤|α |,
|γ |≤| β|

Cαβγ×

×
∫

Γε

Dβ0
t (Φ̃k

c (%(x, t), t))×

×νγ(−Dx)
β−γ (Dy,τ+

+Dx,t)
α−βG0(x, t; y, τ) dSdt

= lim
ε→0

∑

| β|≤|α |,
|γ |≤| β|

2b−1∑

|η|=0

Cαβγ×

×
∫

Γε

D
β0−[|β|−|γ|−|η|−r0]
t (Φ̃k

c (%(x, t), t))×

×νγ
( ∂

∂ν x

)|η|
G0(x, t; y, τ) dSdt.

Âèêîðèñòîâóþ÷è îöiíêè ïîõiäíèõ ìàòðè-
öi Ãðiíà òà âëàñòèâiñòü (6), îäåðæócìî

R4(y, τ) ≤ C21e
−c×

× lim
ε→0

∑

| β|≤|α |,
|γ |≤| β|

2b−1∑

|η|=0

∫

Γε

t
k−2bβ0−(|β|−|γ|−|η|−r0)

2b ×

×|MP |−n−2b+r0−|η| dSdt ≤ C22e
−c×

× lim
ε→0

∑

| β|≤|α |,
|γ |≤| β|

2b−1∑

|η|=0

τ
k−2bβ0−|β|+|γ|+|η|+r0

2b ×

×ε
−n−2b+r0−|η|

2b

∫

Γε

dSdt ≤

≤ C22e
−c

∑

| β|≤|α |,
|γ |≤| β|

2b−1∑

|η|=0

τ
k−|β|+|γ|+|η|+r0

2b ×

× lim
ε→0

ε
r0−|η|−1

2b .

Îñêiëüêè r0 − 1 − |η| ≥ 0, òî R4(y, τ) �
ñêií÷åííà âåëè÷èíà.

Îòæå,

I21(y, τ) ≤ C23e
−c(τ

k+r0−|α|
2b + 1),

(y, τ) ∈ Q0. (22)

2) Ïðè P = (x, t) ∈ Q22
0 , ÿê i ó âèïàäêó

ïðè |α| < 2b, ïiäiíòåãðàëüíèé âèðàç â I22

îáìåæåíèé i òîìó

I22(y, τ) ≤ C24e
−c, (y, τ) ∈ Q0. (23)

Îòæå, iç (22), (23) âèïëèâàc, ùî

I2(y, τ) ≤ Ĉ6e
−c(τ

k+r0−|α|
2b + 1),

(y, τ) ∈ Q0, (24)

äå Ĉ6 � äîäàòíà ñòàëà.
Ç (21), (24) âèïëèâàc òâåðäæåííÿ ëåìè

ïðè |α| ≥ 2b.
Íåõàé (x̂, t̂) � äîâiëüíà ôiêñîâàíà òî÷êà

Q1.
Ëåìà 2.

Dα
y,τ

∫

Q0

Φ̃k
c (min(d(x, t; x̂, t̂), t

1
2b ), t)×
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×Gi(x, t; y, τ) dxdt

=





Ĉ
′
1Ec(|y − x̂|, τ)×
×(|y − x̂|k+ri+(i)−|α| + 1),

d(y) ≤ 2b
√

τ ,

Ĉ
′
2e
−c[τ

k+ri+(i)−|α|
2b + 1],

d(y) > 2b
√

τ

äëÿ äîâiëüíîãî ìóëüòèiíäåêñó α,
i = 1,m, (y, τ) ∈ Q1, k > −n − 2b, Ĉ

′
1 , Ĉ

′
2 �

äîäàòíi ñòàëi.
Äîâåäåííÿ. Âèïàäîê d(y) ≤ 2b

√
τ ðîç-

ãëÿíóòî â [2]. Îöiíêè âiäïîâiäíèõ iíòåãðàëiâ
ïðè d(y) > 2b

√
τ ïðîâîäèìî ÿê ó ëåìi 1, âèêî-

ðèñòîâóþ÷è îöiíêè ïîõiäíèõ ìàòðèöi Ãðiíà.
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