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ÑÏÅÖIÀËÜÍÎÃÎ ÂÈÃËßÄÓ

Âèêîðèñòîâóþ÷è ìåòîä ìàæîðàíò, âñòàíîâëåíî îçíàêè çáiæíîñòi äëÿ äâîâèìiðíèõ íåïå-
ðåðâíèõ äðîáiâ ç ÷àñòèííèìè ëàíêàìè (1− gi−1,j)gijzij

1
, (1− gi,j−1)gijzij

1
i giigi−1,i−1zii

1
.

For two-dimensional continued fractions with partial quotients equal (1− gi−1,j)gijzij

1
,

(1− gi,j−1)gijzij

1
, giigi−1,i−1zii

1
convergence criteria have been established using the method of

majorants.

1. Âñòóï. Îäíèì iç äîñèòü äîáðå âèâ÷å-
íèõ òèïiâ íåïåðåðâíèõ äðîáiâ c äðîáè âèãëÿ-
äó

∞

D
i=1

(1− gi−1)gizi

1
=

=
g1z1

1 +
(1− g1)g2z2

1 +
(1− g2)g3z3

1+...

, (1)

äå g0 = 0, gi, i ≥ 1, � äiéñíi ñòàëi òàêi, ùî
0 ≤ gi ≤ 1, i ≥ 1, zi, i ≥ 1, � êîìïëåêñíi
çìiííi [1]. Òàêi äðîáè âïåðøå ðîçãëÿäàëèñÿ
â ïðàöi Ñëåøèíñüêîãî [2]. Äðîáè âèãëÿäó (1)
çíàéøëè øèðîêå çàñòîñóâàííÿ ïðè âñòàíîâ-
ëåííi îçíàê çáiæíîñòi äëÿ íåïåðåðâíèõ äðî-
áiâ i äîñëiäæåííi çáiæíîñòi ôóíêöiîíàëüíèõ
íåïåðåðâíèõ äðîáiâ (g-, S-, J-äðîáiâ). Äå-
òàëüíèé îãëÿä ðåçóëüòàòiâ äîñëiäæåíü òàêèõ
äðîáiâ íàâåäåíî â ìîíîãðàôiÿõ [1, 3, 4].

Ïåðøi áàãàòîâèìiðíi óçàãàëüíåííÿ äðîáiâ
âèãëÿäó (1) ðîçãëÿíóòî â ïðàöÿõ [5�8]. Òàê,
ó [7] ââåäåíî äâîâèìiðíèé íåïåðåðâíèé äðiá
(ÄÍÄ) âèãëÿäó

1

2
g00z00

1 +
1

2
Φ0 +

∞

D
i=1

1

4
gi−1,i−1giizii

1 +
1

2
Φi

,

äå

Φk =
∞

D
j=1

(1− gj+k−1,k)gj+k,kzj+k,k

1
+

+
∞

D
j=1

(1− gk,j+k−1)gk,j+kzk,j+k

1
, k ≥ 0,

gij, i ≥ 0, j ≥ 0, � äiéñíi ñòàëi òàêi, ùî
0 ≤ gij ≤ 1, i ≥ 0, j ≥ 0, zij, i ≥ 0, j ≥ 0, �
êîìïëåêñíi çìiííi, i äîâåäåíî, ùî òàêèé äðiá
àáñîëþòíî çáiæíèé ïðè |zij| ≤ 1, i ≥ 0, j ≥
0.

Çáiæíiñòü ÄÍÄ âèãëÿäó
g0

Φ0 +
∞

D
i=1

(1− gi−1)gixi

Φi

,

äå
Φk = 1+

+
(1− gi)gi+1,ixi+1,i

1 +
∞

D
j=1

(1− gj+k,k)gj+k+1,kxj+k+1,k

1

+

+
(1− gi)gi,i+1xi,i+1

1 +
∞

D
j=1

(1− gk,j+k)gk,j+k+1xk,j+k+1

1

, k ≥ 0,

gi, gij, i ≥ 0, j ≥ 0, i + j ≥ 1, � äiéñíi ñòàëi
òàêi, ùî 0 ≤ gi ≤ 1, 0 ≤ gij ≤ 1, i ≥ 0, j ≥
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0, i + j ≥ 1, xi+1, xij, i ≥ 0, j ≥ 0, i + j ≥ 1,
� êîìïëåêñíi çìiííi, äîñëiäæåíî â ðîáîòi [8].

Ó ïðàöÿõ [5, 9] âñòàíîâëåíî îçíàêè çáiæ-
íîñòi äëÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ âè-
ãëÿäó

1 +
∞

D
k=1

N∑
ik=1

(1− gi(k−1))gi(k)zi(k)

1
,

äå i(k) = i1, i2, . . . , ik � ìóëüòèiíäåêñ, N
� ôiêñîâàíå íàòóðàëüíå ÷èñëî, gi(k), k ≥
0, 1 ≤ ip ≤ N, 1 ≤ p ≤ k, � äiéñíi ñòàëi òà-
êi, ùî 0 ≤ gi(k) ≤ 1, k ≥ 0, 1 ≤ ip ≤ N, 1 ≤
p ≤ k, zi(k), k ≥ 1, 1 ≤ ip ≤ N, 1 ≤ p ≤ k, �
êîìïëåêñíi çìiííi.

Ìåòîþ äàíî�� ñòàòòi c âñòàíîâëåííÿ
îçíàê çáiæíîñòi äëÿ ÄÍÄ ç ÷àñòèííèìè
ëàíêàìè (1− gi−1,j)gijzij

1
,

(1− gi,j−1)gijzij

1
i

giigi−1,i−1zii

1
.

2. Îñíîâíi ðåçóëüòàòè. Ðîçãëÿíåìî
ÄÍÄ âèãëÿäó

1 + Φ0 +
g11z11

1 + Φ1 +
∞

D
i=2

gi−1,i−1giizii

1 + Φi

, (2)

äå

Φk =
∞

D
j=1

(1− gj+k−1,k)gj+k,kzj+k,k

1
+

+
∞

D
j=1

(1− gk,j+k−1)gk,j+kzk,j+k

1
, k ≥ 0,

g00 = 0, gij, i ≥ 0, j ≥ 0, i + j ≥ 1, �
äiéñíi ñòàëi òàêi, ùî 0 ≤ gij ≤ 1, i ≥ 0, j ≥
0, i + j ≥ 1, zij, i ≥ 0, j ≥ 0, i + j ≥ 1, �
êîìïëåêñíi çìiííi.

Íåõàé f0 = 1, f1 = 1 + Φ1
0 +

g11z11

1 + Φ0
1

,

fn = 1 + Φ
(n)
0 +

+
g11z11

1 + Φ
(n−1)
1 +

n

D
i=2

gi−1,i−1giizii

1 + Φ
(n−i)
i

, n ≥ 2,

äå Φ1
0 = g10z10 + g01z01, Φ

(0)
n−1 = 0,

Φ
(n−k)
k =

n−k

D
j=1

(1− gj+k−1,k)gj+k,kzj+k,k

1
+

+
n−k

D
j=1

(1− gk,j+k−1)gk,j+kzk,j+k

1
,

0 ≤ k ≤ n− 1, � n-ïiäõiäíi äðîáè ÄÍÄ (2).
Ââåäåìî íàñòóïíi ïîçíà÷åííÿ Q

(0)
s−1 = 1,

Q
(s−i)
i = 1 + Φ

(s−i)
i +

+
s−i

D
j=1

gi+j−1,i+j−1gi+j,i+jzi+j,i+j

1 + Φ
(s−i−j)
i+j

,

äå s ≥ 2, 1 ≤ i ≤ s− 1,

Q
(s−i)
i+k,i = 1 +

s−i−1

D
j=k

(1− gi+j,i)gi+j+1,izi+j+1,i

1
,

Q
(s−i)
i,i+k = 1 +

s−i−1

D
j=k

(1− gi,i+j)gi,i+j+1zi,i+j+1

1
,

äå s ≥ 1, 1 ≤ k ≤ s − i − 1, 0 ≤ i ≤ s − 1,

i Q
(s−i)
s,i = Q

(s−i)
i,s = 1. Ïðè öüîìó îòðèìàcìî

ðåêóðåíòíi ñïiââiäíîøåííÿ

Q
(s−i)
i = 1 + Φ

(s−i)
i +

giigi+1,i+1zi+1,i+1

Q
(s−i−1)
i+1

, (3)

äå s ≥ 2, 1 ≤ i ≤ s− 1, òà

Q
(s−i)
i+k,i = 1 +

(1− gi+k,i)gi+k+1,izi+k+1,i

Q
(s−i)
i+k+1,i

,

Q
(s−i)
i,i+k = 1 +

(1− gi,i+k)gi,i+k+1zi,i+k+1

Q
(s−i)
i,i+k+1

, (4)

äå s ≥ 1, 1 ≤ k ≤ s− i− 1, 0 ≤ i ≤ s− 1.
Âèêîðèñòîâóþ÷è ôîðìóëó ðiçíèöi ìiæ

ïiäõiäíèìè äðîáàìè ÄÍÄ [5, 10], îòðèìócìî
äëÿ ðiçíèöi äâîõ ïiäõiäíèõ äðîáiâ ÄÍÄ (2)
fm − fn, m > n ≥ 1, íàñòóïíó ôîðìóëó:

fm − fn = Φ
(m)
0 − Φ

(n)
0 +

+
n∑

i=1

(−1)ig11z11

i∏

k=2

gk−1,k−1gkkzkk

(Φ
(m−i)
i − Φ

(n−i)
i )−1

i∏

k=1

Q
(m−k)
k Q

(n−k)
k

+
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+

(−1)ng11z11

n+1∏

k=2

gk−1,k−1gkkzkk

n+1∏

k=1

Q
(m−k)
k

n∏

k=1

Q
(n−k)
k

, (5)

äå
Φ

(m−j)
j − Φ

(n−j)
j =

=

(−1)n−j

n−j+1∏

k=1

(1− gj+k−1,j)gj+k,jzj+k,j

n−j+1∏

k=1

Q
(m−j)
j+k,j

n−j∏

k=1

Q
(n−j)
j+k,j

+

+

(−1)n−j

n−j+1∏

k=1

(1− gj,j+k−1)gj,j+kzj,j+k

n−j+1∏

k=1

Q
(m−j)
j,j+k

n−j∏

k=1

Q
(n−j)
j,j+k

, (6)

0 ≤ j ≤ n, ïðè óìîâi, ùî âñi Q
(s−r)
r 6=

0, Q
(s−r)
r+k,r 6= 0 i Q

(s−r)
r,r+k 6= 0.

ÄÍÄ ç f ∗n-ìè ïiäõiäíèìè äðîáàìè
íàçèâàcòüñÿ ìàæîðàíòîþ ÄÍÄ ç fn-ìè
ïiäõiäíèìè äðîáàìè, ÿêùî iñíóþòü íàòó-
ðàëüíå ÷èñëî n0 i äîäàòíà ñòàëà M òàêi, ùî
ñïðàâåäëèâi ñïiââiäíîøåííÿ

|fn − fm| ≤ M |f ∗n − f ∗m|
äëÿ âñiõ n ≥ n0, m ≥ n0.

Ñïðàâäæócòüñÿ íàñòóïíà òåîðåìà.
Òåîðåìà 1. Íåõàé åëåìåíòè äðîáó (2)

çàäîâîëüíÿþòü îäíó ç óìîâ

0 ≤ gi+1,i+1 < 1, 0 ≤ gj+i,i < 1,

0 ≤ gi,j+i < 1, i ≥ 0, j ≥ 1, (7)

àáî

0 < gi+1,i+1 ≤ 1, 0 < gj+i,i ≤ 1,

0 < gi,j+i ≤ 1, i ≥ 0, j ≥ 1. (8)

Òîäi:
1) ÄÍÄ (2) àáñîëþòíî i ðiâíîìiðíî

çáiæíèé, ÿêùî

|z10| ≤ r1, |z01| ≤ r2, |z11| ≤ r3, (9)

i

|zi+2,i+1| ≤ 1

2
, |zi+1,i+2| ≤ 1

2
, |zi+2,i+2| ≤ 1

4
,

|zi+j,i| ≤ 1, |zi,i+j| ≤ 1, i ≥ 0, j−i ≥ 2, (10)

äå r1, r2, r3 � äiéñíi ñòàëi.
2) Çíà÷åííÿ ÄÍÄ (2) i âñiõ éîãî ïiäõiä-

íèõ äðîáiâ íàëåæàòü êðóãó

|z − 1| ≤ r1 + r2 + 2r3.

Äîâåäåííÿ. Ïîêàæåìî, ùî ìàæîðàíòîþ
ÄÍÄ (2) c ÄÍÄ

1 +
1

2
Φ̃0 +

−g11r3

1 +
1

2
Φ̃1 +

∞

D
i=2

−1

4
gi−1,i−1gii

1 +
1

2
Φ̃i

, (11)

äå

Φ̃0 =
−g10r1

1 +
∞

D
j=2

−(1− gj+k−1,k)gj+k,k

1

+

+
−g01r2

1 +
∞

D
j=2

−(1− gk,j+k−1)gk,j+k

1

,

Φ̃k =
∞

D
j=1

−(1− gj+k−1,k)gj+k,k

1
+

+
∞

D
j=1

−(1− gk,j+k−1)gk,j+k

1
, k ≥ 1.

Äëÿ äðîáó (11) ñïðàâåäëèâi ðåêóðåíòíi
ñïiââiäíîøåííÿ, àíàëîãi÷íi (3)�(4)

Q̃
(s−i)
i = 1 +

1

2
Φ̃

(s−i)
i − giigi+1,i+1

4Q̃
(s−i−1)
i+1

, (12)

äå s ≥ 2, 1 ≤ i ≤ s− 1, òà

Q̃
(s−j)
j+k,j = 1− (1− gj+k,j)gj+k+1,j

Q̃
(s−j)
j+k+1,j

,

Q̃
(s−j)
j,j+k = 1− (1− gj,j+k)gj,j+k+1

Q̃
(s−j)
j,j+k+1

, (13)
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äå s ≥ 1, 1 ≤ k ≤ s − j − 1, 0 ≤ j ≤ s − 1,

ïðè ïî÷àòêîâèõ óìîâàõ Q̃
(0)
s−1 = 1, Q̃

(s−j)
sj =

Q̃
(s−j)
js = 1.
Äîâåäåìî ñïðàâåäëèâiñòü íåðiâíîñòåé

|Q(s−r)
r+k,r| ≥ Q̃

(s−r)
r+k,r > gr+k,r,

|Q(s−r)
r,r+k| ≥ Q̃

(s−r)
r,r+k > gr,r+k, (14)

äå s ≥ 1, 0 ≤ r ≤ s− 1, 1 ≤ k ≤ s− r,

|Q(s−r)
r | ≥ Q̃(s−r)

r >
1

2
grr, (15)

äå s ≥ 1, 1 ≤ r ≤ s, ÿêùî âèêîíóþòüñÿ
óìîâè (7), i

|Q(s−r)
r+k,r| ≥ Q̃

(s−r)
r+k,r ≥ gr+k,r,

|Q(s−r)
r,r+k| ≥ Q̃

(s−r)
r,r+k ≥ gr,r+k, (16)

äå s ≥ 1, 0 ≤ r ≤ s− 1, 1 ≤ k ≤ s− r,

|Q(s−r)
r | ≥ Q̃(s−r)

r ≥ 1

2
grr, (17)

äå s ≥ 1, 1 ≤ r ≤ s, ÿêùî âèêîíóþòüñÿ
óìîâè (8).

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (4), (10)
i (13), ïîêàæåìî ñïðàâåäëèâiñòü íåðiâíîñòåé

|Q(s−r)
r+k,r| ≥ Q̃

(s−r)
r+k,r > gr+k,r, (18)

äå s ≥ 1, 0 ≤ r ≤ s− 1, 1 ≤ k ≤ s− r.
Ïðè k = s − r íåðiâíîñòi (18) î÷åâèäíi.

Íåõàé íåðiâíîñòi (18) âèêîíóþòüñÿ ïðè k =
p + 1 < s− r. Òîäi ïðè k = p ìàcìî

|Q(s−r)
r+p,r| ≥ 1− (1− gr+p,r)gr+p+1,r|zr+p+1,r|

|Q(s−r)
r+p+1,r|

≥

≥ 1− (1− gr+p,r)gr+p+1,r

Q̃
(s−r)
r+p+1,r

> gr+p,r.

Àíàëîãi÷íî ìîæíà ïîêàçàòè ñïðàâåäëè-
âiñòü íåðiâíîñòåé |Q(s−r)

r,r+k| ≥ Q̃
(s−r)
r,r+k > gr,r+k

ïðè s ≥ 1, 0 ≤ r ≤ s− 1, 1 ≤ k ≤ s− r.
Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (3), (4),

(10) i (12)�(14), äîâåäåìî, ùî íåðiâíîñòi
(15) ñïðàâåäëèâi. Ïðè r = s íåðiâíîñòi (15)
î÷åâèäíi. Íåõàé íåðiâíîñòi (15) âèêîíóþòüñÿ
ïðè r = p + 1 < s. Òîäi ïðè r = p ìàcìî

|Q(s−p)
p | ≥ 1− (1− gpp)gp+1,p|zp+1,p|

|Q(s−p)
p+1,p|

−

−(1− gpp)gp,p+1|zp,p+1|
|Q(s−p)

p,p+1|
−

−gppgp+1,p+1|zp+1,p+1|
|Q(s−p−1)

p+1 |
≥ 1− (1− gpp)gp+1,p

2Q̃
(s−p)
p+1,p

−

−(1− gpp)gp,p+1

2Q̃
(s−p)
p,p+1

− gppgp+1,p+1

4Q̃
(s−p−1)
p+1

>
1

2
gpp.

Àíàëîãi÷íî ìîæíà äîâåñòè ñïðàâåäëè-
âiñòü íåðiâíîñòåé (16) òà (17).

Îòæå, âñi Q
(s−r)
r 6= 0, Q

(s−r)
r+k,r 6= 0, Q

(s−r)
r,r+k 6=

0 ¼ Q̃
(s−r)
r > 0, Q̃

(s−r)
r+k,r > 0, Q̃

(s−r)
r,r+k > 0.

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (3), (4),
(10) i (12)�(17), ïðè m > n ≥ 1 ìîæíà ïî-
êàçàòè ñïðàâåäëèâiñòü íåðiâíîñòåé

|Φ(m−i)
i − Φ

(n−i)
i | ≤

≤ (−1)n−i(Φ̃
(m−i)
i − Φ̃

(n−i)
i ), 0 ≤ i ≤ n. (19)

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (3)�
(4), (10), (12)�(17) i (19), ïðè m > n ≥ 1
îòðèìàcìî

|fm − fn| ≤ |Φ(m)
0 − Φ

(n)
0 |+

+
n∑

i=1

g11|z11|
i∏

k=2

gk−1,k−1gkk|zkk|

|Φ(m−i)
i − Φ

(n−i)
i |−1

i∏

k=1

|Q(m−k)
k ||Q(n−k)

k |
+

+

g11|z11|
n+1∏

k=2

gk−1,k−1gkk|zkk|
n+1∏

k=1

|Q(m−k)
k |

n∏

k=1

|Q(n−k)
k |

≤

≤ (−1)n(Φ̃
(m)
0 − Φ̃

(n)
0 )+

+
n∑

i=1

(−1)n+i41−ig11r3

i∏

k=2

gk−1,k−1gkk

(Φ̃
(m−i)
i − Φ̃

(n−i)
i )−1

i∏

k=1

Q̃
(m−k)
k Q̃

(n−k)
k

+

+

(−1)2ng11r3

n+1∏

k=2

gk−1,k−1gkk

4n

n+1∏

k=1

Q̃
(m−k)
k

n∏

k=1

Q̃
(n−k)
k

= −(f̃m − f̃n).
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Îòæå,

|fm − fn| ≤ −(f̃m − f̃n), m > n ≥ 1. (20)

Ïîñëiäîâíiñòü {f̃n} ìîíîòîííî ñïàäàc i â ñè-
ëó íåðiâíîñòåé (14)�(17) îáìåæåíà çíèçó

f̃1 = 1− g10r1 − g01r2 − g11r3 ≥ 1− 3R,

f̃n = 1− g10r1

Q̃
(n)
10

− g01r2

Q̃
(n)
01

− g11r3

Q̃
(n−1)
1

> 1− 4R,

äå n ≥ 2, R = max{r1, r2, r3}.
Îòæå, iñíóc ñêií÷åííà ãðàíèöÿ ïîñëiäîâ-

íîñòi {f̃n}, òîáòî lim
n→∞

f̃n = f̃ < ∞.

Àáñîëþòíà çáiæíiñòü ÄÍÄ (2) âèïëèâàc ç
íåðiâíîñòi (20). Âèêîðèñòîâóþ÷è íåðiâíîñòi
(14)�(17) i óìîâè (9), ìàcìî

|fn − 1| ≤ |Φ(n)
0 |+ g11|z11|

|Q(n−1)
1 |

≤ g10|z10|
|Q(n)

10 |
+

+
g01|z01|
|Q(n)

01 |
+

g11|z11|
|Q(n−1)

1 |
< r1 + r2 + 2r3.

Çâiäñè îòðèìócìî òâåðäæåííÿ 2). ¥
Íàñòóïíà òåîðåìà ïðî îçíàêó çáiæíîñòi

äëÿ ÄÍÄ îáåðíåíîãî äî äðîáó (2).
Òåîðåìà 2. Íåõàé åëåìåíòè ÄÍÄ

1

1 + Φ0 +
g11z11

1 + Φ1 +
∞

D
i=2

gi−1,i−1giizii

1 + Φi

, (21)

äå

Φk =
∞

D
j=1

(1− gj+k−1,k)gj+k,kzj+k,k

1
+

+
∞

D
j=1

(1− gk,j+k−1)gk,j+kzk,j+k

1
, k ≥ 0,

g00 = 0, çàäîâîëüíÿþòü óìîâè (7), (10) i

|z10| ≤ 1

3
, |z01| ≤ 1

3
, |z11| ≤ 1

6
. (22)

Òîäi ÄÍÄ (21) çáiæíèé, ÿêùî àáî
(

z10 +
1

3

)(
z01 +

1

3

)(
z11 +

1

6

)
6= 0, (23)

àáî iñíóþòü iíäåêñè i é j, i ≥ 0, j − i ≥ 2,
òàêi, ùî
(

zi+2,i+1 +
1

2

)(
zi+1,i+2 +

1

2

)(
zi+j,i + 1

)
×

×
(

zi+2,i+2 +
1

4

)(
zi,i+j + 1

)
6= 0, (24)

àáî iñíóc iíäåêñ ij, i ≥ 0, j ≥ 0, i + j ≥ 1,
òàêèé, ùî gij = 0.

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 1, ÄÍÄ

Qi = 1 + Φi+

∞

D
j=1

gi+j−1,i+j−1gi+j,i+jzi+j,i+j

1 + Φi+j

, i ≥ 1, (25)

äå

Φk =
∞

D
j=1

(1− gj+k−1,k)gj+k,kzj+k,k

1
+

+
∞

D
j=1

(1− gk,j+k−1)gk,j+kzk,j+k

1
, k ≥ 0,

çáiæíi òà çíà÷åííÿ äðîáó (2) íàëåæàòü êðó-
ãó |z − 1| ≤ 1.

Äîâåäåìî ñïðàâåäëèâiñòü íàñòóïíèõ íå-
ðiâíîñòåé

|Qi − 1| ≤ 1− gii

2
, i ≥ 1, (26)

|Qj+k,j − 1| ≤ 1− gj+k,j,

|Qj,j+k − 1| ≤ 1− gj,j+k, j ≥ 0, k ≥ 1. (27)

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (10),
(14), (15) i (22), äëÿ äîâiëüíîãî iíäåêñó i,
1 ≤ i ≤ s− 1, s ≥ 2, ìàcìî

|Q(s−i)
i − 1| ≤ (1− gii)gi+1,i|zi+1,i|

|Q(s−i)
i+1,i |

+

+
(1− gii)gi,i+1|zi,i+1|

|Q(s−i)
i,i+1 |

+
giigi+1,i+1|zi+1,i+1|

|Q(s−i−1)
2 |

<

< 1− gii

2
.

Çâiäñè îòðèìócìî (26).
Àíàëîãi÷íî ìîæíà äîâåñòè ñïðàâåäëè-

âiñòü íåðiâíîñòåé (27).
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Äëÿ ðîçáiæíîñòi äðîáó (21) íåîáõiäíî,
ùîá

Q0 = 1 + lim
n→∞

l(
g10z10

Q
(n)
10

+
g01z01

Q
(n)
01

+
g11z11

Q
(n−1)
1

)
=

= 1 +
g10z10

Q10

+
g01z01

Q01

+
g11z11

Q1

= 0. (28)

Îñêiëüêè |z10| ≤ 1/3, |z01| ≤ 1/3, |z11| ≤ 1/6 i
âíàñëiäîê íåðiâíîñòåé (14), (15) |Q10| ≥ g10,
|Q01| ≥ g01, |Q1| ≥ g11/2, òî ðiâíiñòü (28)
ðiâíîñèëüíà òîìó, ùî

|z10| = 1

3
, |z01| = 1

3
, |z11| = 1

6
,

g10

|Q10| = 1,
g01

|Q01| = 1,
g11

|Q1| = 2 (29)

i
g10z10

Q10

= −1

3
,

g01z01

Q01

= −1

3
,

g11z11

Q1

= −1

3
.

(30)
Iç óìîâ (26), (27), (29) i (30) âèïëèâàc, ùî

z10 = −1

3
, z01 = −1

3
, z11 = −1

6
,

Q10 = g10, Q01 = g01, Q1 =
g11

2
. (31)

Îñêiëüêè

Q10 = 1 + (1− g10) lim
n→∞

g20z20

Q
(n)
20

,

Q01 = 1 + (1− g01) lim
n→∞

g02z02

Q
(n)
02

,

òî

lim
n→∞

g20z20

Q
(n)
20

= −1, lim
n→∞

g02z02

Q
(n)
02

= −1.

Çâiäêè, âðàõîâóþ÷è íåðiâíîñòi (10), (14),
(15) i (27), îòðèìócìî

z20 = −1, Q20 = g20, z02 = −1, Q02 = g02.

Îñêiëüêè

Q1 = 1 + lim
n→∞

l(
(1− g11)g21z21

Q
(n)
21

+

+
(1− g11)g12z12

Q
(n)
12

+
g11g22z22

Q
(n−2)
2

)
,

òî, ÿê i âèùå, îòðèìócìî

z21 = −1

2
, z12 = −1

2
, z22 = −1

4
,

Q21 = g21, Q12 = g12, Q2 =
g22

2
.

Çàñòîñîâóþ÷è äàëi ìåòîä ìàòåìàòè÷-
íî�� iíäóêöi��, äîõîäèìî âèñíîâêó, ùî äëÿ ðîç-
áiæíîñòi äðîáó (21) íåîáõiäíî âèêîíàííÿ
óìîâ (31) i ùîá

zi+2,i+1 = −1

2
, zi+1,i+2 = −1

2
, zi+2,i+2 = −1

4
,

zi+j,i = −1, zi,i+j = −1, (32)

Qi+2 =
gi+2,i+2

2
, Qi+j,i = gi+j,i, Qi,i+j = gi,i+j,

Qi+2,i+1 = gi+2,i+1, Qi+1,i+2 = gi+1,i+2 (33)

äëÿ âñiõ i ≥ 0, j − i ≥ 2. Òîìó âèêîíàí-
íÿ óìîâ (23) àáî (24) çàáåçïå÷óc çáiæíiñòü
ÄÍÄ (21). Îñêiëüêè âñi Qi+k,i 6= 0, Qi,i+k 6= 0
i Qi 6= 0, òî óìîâè (31)�(33) íå áóäóòü âè-
êîíóâàòèñÿ, ÿêùî iñíóc iíäåêñ ij, i ≥ 0, j ≥
0, i + j ≥ 1, òàêèé, ùî gij = 0. ¥

ßêùî |z10| ≤ r1 < 1/3, |z01| < 1/3, |z11| <
1/6 àáî |z01| ≤ r2 < 1/3, |z10| < 1/3, |z11| <
1/6 àáî |z11| ≤ r3 < 1/6, |z10| < 1/3, |z01| <
1/3 òà âèêîíóþòüñÿ óìîâè (10), òî ÄÍÄ (21)
ðiâíîìiðíî çáiæíèé, áî ÄÍÄ (2) ðiâíîìiðíî
çáiæíèé i çíà÷åííÿ äðîáó òà âñiõ éîãî ïiä-
õiäíèõ äðîáiâ íå äîðiâíþþòü íóëþ.

Îòæå, ñïðàâäæócòüñÿ íàñòóïíà òåîðåìà.
Òåîðåìà 3. Íåõàé åëåìåíòè ÄÍÄ (21)

çàäîâîëüíÿþòü îäíó ç óìîâ (7) àáî (8). Òîäi
ÄÍÄ (21) ðiâíîìiðíî çáiæíèé, ÿêùî |z10| ≤
r1 < 1/3, |z01| < 1/3, |z11| < 1/6 àáî
|z01| ≤ r2 < 1/3, |z10| < 1/3, |z11| < 1/6
àáî |z11| ≤ r3 < 1/6, |z10| < 1/3, |z01| < 1/3 i
âèêîíóþòüñÿ óìîâè (10).

Òåîðåìà 4. ÄÍÄ (2), åëåìåíòè ÿêîãî çà-
äîâîëüíÿþòü îäíó ç óìîâ (7) àáî (8), àáñî-
ëþòíî çáiæíèé, ÿêùî |z10|+|z01|+2|z11| ≤ r
i

|zi+2,i+1|+ |zi+1,i+2| ≤ 1, |zi+2,i+2| ≤ 1

4
,

|zi+j,i| ≤ 1, |zi,i+j| ≤ 1, i ≥ 0, j−i ≥ 2, (34)

äå r � äiéñíà ñòàëà.
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Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ñõåìó,
çàïðîïîíîâàíó ïðè äîâåäåííi òåîðåìè 1,
ìîæíà ïîêàçàòè, ùî ÄÍÄ

1 + Φ̂0 +
−g11|z11|

1 + Φ̂1 +
∞

D
i=2

−gi−1,i−1gii|zii|
1 + Φ̂i

, (35)

äå

Φ̂k =
∞

D
j=1

−(1− gj+k−1,k)gj+k,k|zj+k,k|
1

+

+
∞

D
j=1

−(1− gk,j+k−1)gk,j+k|zk,j+k|
1

, k ≥ 0,

c ìàæîðàíòîþ ÄÍÄ (2). Äiéñíî, ÿêùî ââåñ-
òè ïîçíà÷åííÿ Q̂

(0)
s−1 = 1,

Q̂
(s−i)
i = 1 + Φ̂

(s−i)
i +

+
s−i

D
j=1

−gi+j−1,i+j−1gi+j,i+j|zi+j,i+j|
1 + Φ̂

(s−i−j)
i+j

,

äå Φ̂
(0)
s−1 = 0,

Φ̂
(s−i)
i =

s−i

D
j=1

−(1− gj+i−1,i)gj+i,i|zj+i,i|
1

+

+
s−i

D
j=1

−(1− gi,j+i−1)gi,j+i|zi,j+i|
1

,

s ≥ 2, 1 ≤ i ≤ s− 1, i Q̂
(s−i)
si = Q̂

(s−i)
is = 1,

Q̂
(s−i)
i+k,i = 1 +

s−i−1

D
j=k

(gi+j,i − 1)gi+j+1,i|zi+j+1,i|
1

,

Q̂
(s−i)
i,i+k = 1 +

s−i−1

D
j=k

(gi,i+j − 1)gi,i+j+1|zi,i+j+1|
1

,

äå s ≥ 1, 1 ≤ k ≤ s − i − 1, 0 ≤ i ≤ s − 1,
òî îòðèìàcìî íàñòóïíi ðåêóðåíòíi ñïiââiä-
íîøåííÿ:

Q̂
(s−i)
i = 1 + Φ̂

(s−i)
i − giigi+1,i+1|zi+1,i+1|

Q̂
(s−i−1)
i+1

,

äå s ≥ 2, 1 ≤ i ≤ s− 1,

Q̂
(s−i)
i+k,i = 1− (1− gi+k,i)gi+k+1,i|zi+k+1,i|

Q̂
(s−i)
i+k+1,i

,

Q̂
(s−i)
i,i+k = 1− (1− gi,i+k)gi,i+k+1|zi,i+k+1|

Q̂
(s−i)
i,i+k+1

,

äå s ≥ 1, 1 ≤ k ≤ s− i, 0 ≤ i ≤ s− 1.
Çà àíàëîãicþ äîâåäåííÿ íåðiâíîñòåé

(14)�(17) ìîæíà äîâåñòè ñïðàâåäëèâiñòü
íàñòóïíèõ íåðiâíîñòåé:

|Q(s−r)
r+k,r| ≥ Q̂

(s−r)
r+k,r > gr+k,r,

|Q(s−r)
r,r+k| ≥ Q̂

(s−r)
r,r+k > gr,r+k, (36)

äå s ≥ 1, 0 ≤ r ≤ s− 1, 1 ≤ k ≤ s− r,

|Q(s−r)
r | ≥ Q̂(s−r)

r >
grr

2
, s ≥ 1, 1 ≤ r ≤ s,

(37)
ÿêùî âèêîíóþòüñÿ óìîâè (7), i

|Q(s−r)
r+k,r| ≥ Q̂

(s−r)
r+k,r ≥ gr+k,r,

|Q(s−r)
r,r+k| ≥ Q̂

(s−r)
r,r+k ≥ gr,r+k, (38)

äå s ≥ 1, 0 ≤ r ≤ s− 1, 1 ≤ k ≤ s− r,

|Q(s−r)
r | ≥ Q̂(s−r)

r ≥ grr

2
, s ≥ 1, 1 ≤ r ≤ s,

(39)
ÿêùî âèêîíóþòüñÿ óìîâè (8).

Äàëi, âèêîðèñòîâóþ÷è ôîðìóëè (5), (6) i
ñïiââiäíîøåííÿ (36)�(39), ìîæíà ïåðåêîíà-
òèñÿ â ñïðàâåäëèâîñòi îöiíêè

|fm − fn| ≤ −(f̂m − f̂n), m > n ≥ 1,

äå fn, f̂n � n-ïiäõiäíi äðîáè ÄÍÄ (2)
i (35) âiäïîâiäíî. Îñêiëüêè ïîñëiäîâíiñòü
{f̂n} ìîíîòîííî ñïàäàc i â ñèëó íåðiâíîñòåé
(34), (36)�(39) îáìåæåíà çíèçó, òî çâiäñè
âèïëèâàc àáñîëþòíà çáiæíiñòü ÄÍÄ (2). ¥

Óâåäåìî íàñòóïíi ìíîæèíè iíäåêñiâ:

J2n+1 = {ij : i ≥ 0, j ≥ 0, |i− j| = 1,

i + j = 2n + 1, gij 6= 0}, n ≥ 0.

Áóäåìî ââàæàòè, ùî ìíîæèíà J2n+1 ïî-
ðîæíÿ, ÿêùî g11 = 0 àáî gn+1,n + gn,n+1 = 0
ïðè n ≥ 1.
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Òåîðåìà 5. Íåõàé åëåìåíòè ÄÍÄ (21)
çàäîâîëüíÿþòü óìîâè (7), (34) i

|z10|+ |z01|+ 2|z11| ≤ 1. (40)

Òîäi ÄÍÄ (21) çáiæíèé, ÿêùî âèêîíócòüñÿ
õî÷à á îäíà ç óìîâ

(A) z10+z01+2z11 6= −1 àáî g10+g01+g11 =
0;

(B) ÿêùî g11 = 0, òî iñíóc iíäåêñ j, j ≥ 2,
òàêèé, ùî âèêîíócòüñÿ õî÷à á îäíà ç òàêèõ
óìîâ ïðè i = 0 :

a) (zi+j,i + 1)(zi,i+j + 1) 6= 0 àáî gi+j,i = 0
àáî gi,i+j = 0, ÿêùî gi+1,i 6= 0 i gi,i+1 6= 0;

b) zi+j,i 6= −1 àáî gi+j,i = 0, ÿêùî gi+1,i 6= 0
¼ gi,i+1 = 0;

c) zi,i+j 6= −1 àáî gi,i+j = 0, ÿêùî gi+1,i = 0
¼ gi,i+1 6= 0;

(C) ÿêùî g10 + g01 = 0, òî iñíóþòü ií-
äåêñè i é j, i ≥ 1, j − i ≥ 2, òàêi, ùî
âèêîíócòüñÿ õî÷à á îäíà ç óìîâ a)-c) àáî

(zi+1,i + zi,i+1 + 1)l(zi+1,i+1 +
1

4

)
6= 0,

gi+1,i + gi,i+1 = 0, gi+1,i+1 = 0;

(D) ÿêùî J1 6= ∅ i g11 6= 0, òî iñíóþòü
iíäåêñè i é j, i ≥ 0, j − i ≥ 2, òàêi, ùî
âèêîíócòüñÿ õî÷à á îäíà ç óìîâ a)�c) àáî

(zi+2,i+1 + zi+1,i+2 + 1)l(zi+2,i+2 +
1

4

)
6= 0,

gi+2,i+1 + gi+1,i+2 = 0, gi+2,i+2 = 0.

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 4, ÄÍÄ
(25) çáiæíi. Âèêîðèñòîâóþ÷è íåðiâíîñòi (34)
i (36)�(40), ìîæíà ïîêàçàòè, ùî çíà÷åííÿ
ÄÍÄ (2) íàëåæàòü êðóãó |z−1| ≤ 1, à òàêîæ
ñïðàâåäëèâiñòü íåðiâíîñòåé (26) i (27). Äëÿ
ðîçáiæíîñòi äðîáó (21) íåîáõiäíî, ùîá

Q0 = 1+

+ lim
n→∞

l(
g10z10

Q
(n)
10

+
g01z01

Q
(n)
01

+
g11z11

Q
(n−1)
1

)
= 0. (41)

Î÷åâèäíî, ùî ÄÍÄ (21) çáiæíèé, ÿêùî g10+
g01 + g11 = 0. Äàëi ìîæëèâi íàñòóïíi âèïàä-
êè:

i) J1 6= ∅, g11 = 0;

ii) g10 + g01 = 0, g11 6= 0;
iii) J1 6= ∅, g11 6= 0.
Íåõàé J1 6= ∅ i g11 = 0. Òîäi, âðàõîâóþ÷è

íåðiâíîñòi (36), ñïiââiäíîøåííÿ (41) çàïèøå-
ìî ó âèãëÿäi

lim
n→∞

l(
g10z10

Q
(n)
10

+
g01z01

Q
(n)
01

)
=

=
g10z10

Q10

+
g01z01

Q01

= −1. (42)

Îñêiëüêè |z10|+ |z01|+ 2|z11| ≤ 1 i |Q10| ≥
g10, |Q01| ≥ g01, òî ïîâèííi âèêîíóâàòèñÿ
óìîâè

|z10|+ |z01|+ 2|z11| = 1,
gij

|Qij| = 1 äëÿ âñ¼õ ij ∈ J1. (43)

Iç ñïiââiäíîøåíü (27), (42) i (43) âèïëèâàc,
ùî

z10 + z01 + 2z11 = −1,

Qij = gij i ij ∈ J1.

Òóò ìîæëèâi òàêi âèïàäêè:
1) g10 = 0, g01 6= 0;
2) g10 6= 0, g01 = 0;
3) g10 6= 0, g01 6= 0.
Îñêiëüêè

Q10 = 1 + (1− g10) lim
n→∞

g20z20

Q
(n)
20

,

Q01 = 1 + (1− g01) lim
n→∞

g02z02

Q
(n)
02

,

òî ó âèïàäêó 3) äëÿ ðîçáiæíîñòi äðîáó (21)
íåîáõiäíî, ùîá

lim
n→∞

g20z20

Q
(n)
20

= −1, lim
n→∞

g02z02

Q
(n)
02

= −1.

Î÷åâèäíî, ùî ÄÍÄ (21) çáiæíèé, ÿêùî
g20 = 0 àáî g02 = 0. Íåõàé g20 6= 0 i g02 6=
0. Òîäi, âðàõîâóþ÷è íåðiâíîñòi (36), îñòàííi
ñïiââiäíîøåííÿ çàïèøåìî ó âèãëÿäi

g20z20

Q20

= −1,
g02z02

Q02

= −1.

Çâiäêè, âðàõîâóþ÷è íåðiâíîñòi (27), (34) i
(36), îòðèìócìî

z20 = −1, Q20 = g20, z02 = −1, Q02 = g02.
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Ó âèïàäêó 1) ìàcìî lim
n→∞

g20z20

Q
(n)
20

= −1.

Î÷åâèäíî, ùî ÄÍÄ (21) çáiæíèé, ÿêùî
g20 = 0. Íåõàé g20 6= 0. Òîäi, äëÿ ðîçáiæ-
íîñòi äðîáó (21) íåîáõiäíî, ùîá g20z20

Q20

= −1.
Çâiäêè îòðèìócìî z20 = −1, Q20 = g20.

Âèïàäîê 2) àíàëîãi÷íèé 1).
Çàñòîñîâóþ÷è äàëi ìåòîä ìàòåìàòè÷-

íî�� iíäóêöi�� ïðè g10 + g01 6= 0 i ïðè óìîâàõ:
� gi0 6= 0, g0i 6= 0, i ≥ 2, ÿêùî g10 6=

0, g01 6= 0;
� gi0 6= 0, i ≥ 2, ÿêùî g10 6= 0, g01 = 0;
� g0i 6= 0, i ≥ 2, ÿêùî g10 = 0, g01 6= 0;

äîõîäèìî âèñíîâêó, ùî äëÿ ðîçáiæíîñòi äðî-
áó (21) íåîáõiäíî âèêîíàííÿ óìîâè z10+z01+
2z11 = −1, à òàêîæ óìîâ:

� zi0 = −1, z0i = −1, i ≥ 2, ÿêùî g10 6=
0, g01 6= 0;

� zi0 = −1, i ≥ 2, ÿêùî g10 6= 0, g01 = 0;
� z0i = −1, i ≥ 2, ÿêùî g10 = 0, g01 6= 0.
Ó âèïàäêó ii) ñïiââiäíîøåííÿ (41) çàïè-

øåìî ó âèãëÿäi
g11z11

Q1

= −1. (44)

Îñêiëüêè |z10|+|z01|+2|z11| ≤ 1 i |Q1| ≥ g11/2,
òî ïîâèííi âèêîíóâàòèñÿ óìîâè

|z10|+ |z01|+ 2|z11| = 1,
g11

|Q1| = 2. (45)

Iç ñïiââiäíîøåíü (26), (44) i (45)
âèïëèâàc, ùî z10 + z01 + 2z11 = −1 i
Q1 = g11/2. Îñêiëüêè

Q1 = 1 + lim
n→∞

l(
(1− g11)g21z21

Q
(n)
21

+

+
(1− g11)g12z12

Q
(n)
12

+
g11g22z22

Q
(n−2)
2

)
,

òî

lim
n→∞

l(
(1− g11)g21z21

Q
(n)
21

+
(1− g11)g12z12

Q
(n)
12

+

+
g11g22z22

Q
(n−2)
2

)
=

g11

2
− 1.

Î÷åâèäíî, ùî ÄÍÄ (21) çáiæíèé, ÿêùî g21+
g12 = 0 àáî g22 = 0. Íåõàé J3 6= ∅ i g22 6= 0.

Òîäi äëÿ ðîçáiæíîñòi äðîáó (21) íåîáõiäíî,
ùîá

(1− g11)g21z21

Q21

+
(1− g11)g12z12

Q12

+

+
g11g22z22

Q2

=
g11

2
− 1.

Çâiäêè, ÿê i âèùå, îòðèìócìî

z21 + z12 = −1, z22 = −1

4
,

Qij = gij i ij ∈ J3, Q2 =
g22

2
.

Çàñòîñîâóþ÷è äàëi ìåòîä ìàòåìàòè÷-
íî�� iíäóêöi�� ïðè g11 6= 0, J2n+1 6= ∅, n ≥ 1,
gii 6= 0, i ≥ 2, i ïðè óìîâàõ:

� gi+j,i 6= 0, gi,i+j 6= 0, ÿêùî gi+1,i 6=
0, gi,i+1 6= 0, i ≥ 1, j − i ≥ 2;

� gi+j,i 6= 0, ÿêùî gi+1,i 6= 0, gi,i+1 =
0, i ≥ 1, j − i ≥ 2;

� gi,i+j 6= 0, ÿêùî gi+1,i = 0, gi,i+1 6=
0, i ≥ 1, j − i ≥ 2;
äîõîäèìî âèñíîâêó, ùî äëÿ ðîçáiæíîñòi äðî-
áó (21) íåîáõiäíî âèêîíàííÿ óìîâ z10 + z01 +
2z11 = −1, zi+1,i + zi,i+1 = −1, zi+1,i+1 =
−1/4, i ≥ 1, à òàêîæ óìîâ:

� zi+j,i = −1, zi,i+j = −1, ÿêùî gi+1,i 6=
0, gi,i+1 6= 0, i ≥ 1, j − i ≥ 2;

� zi+j,i = −1, ÿêùî gi+1,i 6= 0, gi,i+1 =
0, i ≥ 1, j − i ≥ 2;

� zi,i+j = −1, ÿêùî gi+1,i = 0, gi,i+1 6=
0, i ≥ 1, j − i ≥ 2.

Íåõàé ñïðàâäæócòüñÿ âèïàäîê iii). Òîäi,
âðàõîâóþ÷è íåðiâíîñòi (36)�(37), ñïiââiäíî-
øåííÿ (41) çàïèøåìî ó âèãëÿäi

lim
n→∞

l(
g10z10

Q
(n)
10

+
g01z01

Q
(n)
01

+
g11z11

Q
(n−1)
1

)
=

=
g10z10

Q10

+
g01z01

Q01

+
g11z11

Q1

= −1. (46)

Îñêiëüêè |z10|+ |z01|+2|z11| ≤ 1 i |Q10| ≥ g10,
|Q01| ≥ g01, |Q1| ≥ g11/2, òî ïîâèííi âèêîíó-
âàòèñÿ óìîâè

|z10|+ |z01|+ 2|z11| = 1,

gij

|Qij| = 1 i ij ∈ J1,
g11

|Q1| = 2. (47)
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Iç ñïiââiäíîøåíü (26), (27), (46) i (47)
âèïëèâàc, ùî

z10 + z01 + 2z11 = −1, Q1 =
g11

2
,

Qij = gij i ij ∈ J1.

Çàñòîñîâóþ÷è äàëi ìåòîä ìàòåìàòè÷íî��
iíäóêöi�� ïðè g10+g01+g11 6= 0 J2n+1 6= ∅, n ≥
1, gii 6= 0, i ≥ 2, i çà óìîâ:

� gi+j,i 6= 0, gi,i+j 6= 0, ÿêùî gi+1,i 6=
0, gi,i+1 6= 0, i ≥ 0, j − i ≥ 2;

� gi+j,i 6= 0, ÿêùî gi+1,i 6= 0, gi,i+1 =
0, i ≥ 0, j − i ≥ 2;

� gi,i+j 6= 0, ÿêùî gi+1,i = 0, gi,i+1 6=
0, i ≥ 0, j − i ≥ 2;
äîõîäèìî âèñíîâêó, ùî äëÿ ðîçáiæíîñòi äðî-
áó (21) íåîáõiäíî âèêîíàííÿ óìîâ z10 + z01 +
2z11 = −1, zi+1,i + zi,i+1 = −1, zi+1,i+1 =
−1/4, i ≥ 1, à òàêîæ óìîâ:

� zi+j,i = −1, zi,i+j = −1, ÿêùî gi+1,i 6=
0, gi,i+1 6= 0, i ≥ 0, j − i ≥ 2;

� zi+j,i = −1, ÿêùî gi+1,i 6= 0, gi,i+1 =
0, i ≥ 0, j − i ≥ 2;

� zi,i+j = −1, ÿêùî gi+1,i = 0, gi,i+1 6=
0, i ≥ 0, j − i ≥ 2.

Ç îãëÿäó íà âèïàäêè i), ii) òà iii) äîõîäèìî
âèñíîâêó, ùî âèêîíàííÿ õî÷à á îäíic�� ç óìîâ
(A)�(D) çàáåçïå÷óc çáiæíiñòü ÄÍÄ (21). ¥

Òåîðåìà 6. ÄÍÄ (21), åëåìåíòè ÿêîãî
çàäîâîëüíÿþòü îäíó ç óìîâ (7) àáî (8), àá-
ñîëþòíî çáiæíèé, ÿêùî |z10|+|z01|+2|z11| ≤
r < 1 i âèêîíóþòüñÿ óìîâè (34).

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ñïiââiäíî-
øåííÿ (36)�(39), ÿêi ñïðàâåäëèâi äëÿ ÄÍÄ
(2), ìîæíà ïîêàçàòè, ùî çíà÷åíííÿ ÄÍÄ
(2) íàëåæàòü êðóãó |z − 1| ≤ r. Iç äîâåäåí-
íÿ òåîðåìè 4 âèïëèâàc, ùî ïiäõiäíi äðîáè
ÄÍÄ (21) óòâîðþþòü ìîíîòîííî çðîñòàþ÷ó
é îáìåæåíó çâåðõó ïîñëiäîâíiñòü. Çâiäñè äî-
õîäèìî âèñíîâêó ïðî àáñîëþòíó çáiæíiñòü
ÄÍÄ (21).

3. Âèñíîâêè. Çàïðîïîíîâàíi îçíàêè
çáiæíîñòi ìîæíà âèêîðèñòàòè ïðè âñòàíîâ-
ëåííi îçíàê çáiæíîñòi òèïó Ñëåøèíñüêîãî-
Ïðiíãñãåéìà äëÿ äâîâèìiðíèõ íåïåðåðâíèõ
äðîáiâ, à òàêîæ ïðè äîñëiäæåííi çáiæíîñòi
ôóíêöiîíàëüíèõ äâîâèìiðíèõ íåïåðåðâíèõ
äðîáiâ.
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