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ÏÐÎ ÐIÑÒ ÑÓÁÃÀÐÌÎÍIÉÍÈÕ Ó ÏÐÎÑÒÎÐI Rm ÔÓÍÊÖIÉ
Ç ÐÀÄIÀËÜÍÈÌ ÐÎÇÏÎÄIËÎÌ ÌÀÑ

Äîâåäåíî, ùî iç ñêií÷åííîñòi íèæíüîãî ïîðÿäêó ñóáãàðìîíiéíî�� â Rm ôóíêöi�� ç ðàäiàëü-
íèì ðîçïîäiëîì ìàñ Ðiññà âèïëèâàc ñêií÷åííiñòü ���� ïîðÿäêó çà Ïîéà.

For an subharmonic function in Rm with radial distribution of Riesz mass sequence the �nity
of Polya order from �nity of lower order is proved.

Ó 1986 ð. Ä.Á. Ìàéëçîì [1] äëÿ õàðàêòå-
ðèñòèêè Íåâàíëiííè T (r, f) öiëî�� ó ïëîùè-
íi ôóíêöi�� f ñêií÷åííîãî ïîðÿäêó ç íóëÿìè,
ðîçòàøîâàíèìè íà ñêií÷åííié ñèñòåìi ïðî-
ìåíiâ, ùî âèõîäÿòü ç ïî÷àòêó êîîðäèíàò, äî-
âåäåíà íåðiâíiñòü T (αr, f) < MT (r, f), r >
r0, äå α > 1, M � äîäàòíà ñòàëà.

Ó äàíié ïðàöi âèçíà÷àcòüñÿ àíàëîãi÷íà
íåðiâíiñòü äëÿ ñóáãàðìîíiéíî�� â ïðîñòîði Rm

ôóíêöi�� ñêií÷åííîãî íèæíüîãî ïîðÿäêó, ìà-
ñè Ðiññà ÿêî�� çîñåðåäæåíi íà äîäàòíié ÷àñòè-
íi x1-îñi. Êðiì òîãî, äîâîäèòüñÿ, ùî iç ñêií-
÷åííîñòi íèæíüîãî ïîðÿäêó äàíî�� ôóíêöi��
âèïëèâàc ñêií÷åííiñòü ���� ïîðÿäêó çà Ïîéà.

Ïîçíà÷èìî

Sm = {x ∈ Rm : |x| = 1}, ωm = mes Sm,

dm =

{
1, m = 2,

m− 2, m > 2.

Íåõàé u � ñóáãàðìîíiéíà â Rm, m ≥ 2,
ôóíêöiÿ, à ∆ � îïåðàòîð Ëàïëàñà. Îñêiëü-
êè ∆u ≥ 0 â ðîçóìiííi óçàãàëüíåíèõ ôóíê-
öié, òî êîæíié ôóíêöi�� u âiäïîâiäàc cäèíèé
ðîçïîäië ìàñ µu = 1/(dmωm)∆u, ÿêèé
íàçèâàcòüñÿ ðîçïîäiëîì ìàñ, àñîöiéîâàíèõ
çà Ðiññîì iç ñóáãàðìîíiéíîþ ôóíêöicþ u [2,
c. 55�58].

Ðîçïîäië ìàñ µ â Rm çîñåðåäæåíèé [3,
c. 589] íà ìíîæèíi X, ÿêùî µ(CX) = 0, äå
CX � äîïîâíåííÿ äî ìíîæèíè X.

Ôóíêöiÿ

T (r, u) =
1

ωm

∫

Sm

u+(rξ)dS(ξ), u+ = max(u; 0),

íàçèâàcòüñÿ õàðàêòåðèñòèêîþ Íåâàíëiííè
[4, c.145] ôóíêöi�� u, à âåëè÷èíè

λ(u) = lim
r→∞

ln T (r, u)

ln r
,

ρ(u) = lim
r→∞

ln T (r, u)

ln r
,

ρ∗(u) = sup{s : lim
r,A→∞

T (Ar, u)

AsT (r, u)
= +∞}

� ���� íèæíiì ïîðÿäêîì, ïîðÿäêîì [4, c. 161�
162] òà ïîðÿäêîì çà Ïîéà [5] âiäïîâiäíî.

Òåîðåìà 1. Íåõàé u � ñóáãàðìîíié-
íà ôóíêöiÿ ñêií÷åííîãî íèæíüîãî ïîðÿäêó
i ðîçïîäië ìàñ, àñîöiéîâàíèõ çà Ðiññîì ç
ôóíêöicþ u, çîñåðåäæåíèé íà äîäàòíié ÷à-
ñòèíi x1-îñi. Òîäi iñíóc ñòàëà M > 0 òàêà,
ùî

T (αr, u) < MT (r, u) (1)

ïðè r > r0 i α > 1.
Äëÿ äîâåäåííÿ äàíî�� òåîðåìè íàì ïîòðiá-

íi äåÿêi âiäîìîñòi ïðî ñôåðè÷íi ãàðìîíiêè
(áiëüø äåòàëüíî äèâ., íàïðèêëàä, [6, c. 157�
174]).

Ñôåðè÷íîþ ãàðìîíiêîþ àáî ñôåðè÷íîþ
ôóíêöicþ Ëàïëàñà ñòåïåíÿ k, k ∈ Z+ =
{0, 1, 2, ...}, ÿêó ìè áóäåìî ïîçíà÷àòè ÷å-
ðåç Y (k), íàçèâàcòüñÿ çâóæåííÿ íà îäèíè÷íó
ñôåðó Sm, m ≥ 2, îäíîðiäíîãî ãàðìîíiéíî-
ãî ìíîãî÷ëåíà ñòåïåíÿ k. Ìíîæèíó ñôåðè÷-
íèõ ãàðìîíiê ñòåïåíÿ k ìîæíà ðîçãëÿäàòè
ÿê ïiäïðîñòið ïðîñòîðó L2(Sm) äiéñíîçíà÷-
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íèõ ôóíêöié çi ñêàëÿðíèì äîáóòêîì

(f, g) =
1

ωm

∫

Sm

f(x)g(x)dS,

äå dS � åëåìåíò ïëîùi ñôåðè Sm. ßêùî
{Y (k)

1 , ..., Y
(k)
γk } � îðòîíîðìîâàíèé áàçèñ ó

öüîìó ïiäïðîñòîði, òî
∞⋃

k=0

{Y (k)
1 , ..., Y (k)

γk
} áóäå

îðòîíîðìîâàíèì áàçèñîì ó ïðîñòîði L2(Sm).
Òóò γk = (2k+m−2)(k+m−3)!/(k!(m−2)!)
� êiëüêiñòü ëiíiéíî-íåçàëåæíèõ ñôåðè÷íèõ
ãàðìîíiê ñòåïåíÿ k.

Ðÿäîì Ôóð'c-Ëàïëàñà ôóíêöi�� f ∈
L1(Sm) íàçèâàcòüñÿ ðÿä

∞∑

k=0

Y (k)(x; f), x ∈ Sm,

äå

Y (k)(x; f) = a
(k)
1 Y

(k)
1 (x) + ... + a(k)

γk
Y (k)

γk
(x),

a
(k)
j = (f, Y

(k)
j ), j = 1, ..., γk,

(f, Y
(k)
j ) � ñêàëÿðíèé äîáóòîê â L2(Sm). Ïðè

m = 2 ìàcìî çâè÷àéíèé òðèãîíîìåòðè÷íèé
ðÿä Ôóð'c. Ñôåðè÷íi ãàðìîíiêè Y (k)(x; f)
ìîæóòü áóòè âèðàæåíi ñïiââiäíîøåííÿìè

Y (k)(x; f) =
2(k + ν)

dmωm

∫

Sm

P ν
k [(x, ξ)]f(ξ)dS(ξ),

(2)

äå ν =
m− 2

2
, (·, ·) � ñêàëÿðíèé äîáóòîê â

Rm, à P ν
k � ìíîãî÷ëåíè Ãåãåíáàóåðà, ùî âè-

çíà÷àþòüñÿ ç ðîçêëàäó

1− τ 2

(1− 2τt + τ 2)ν+1
= 1 + 2

∞∑

k=1

k + ν

dm

P ν
k (t)τ k,

|t| ≤ 1, 0 ≤ τ < 1.

Âiäîìî, ùî

max
−1≤t≤1

|P ν
k (t)| = P ν

k (1) =
(k + 2ν − 1)!

(dm − 1)!k!
. (3)

Ñôåðè÷íi ãàðìîíiêè, àñîöiéîâàíi iç
ñóáãàðìîíiéíîþ ôóíêöicþ u, ïîçíà÷èìî

ck(x, r; u) = Y (k)(x; ur), r > 0, x ∈ Sm, äå
ur = u(rx).

Äîâåäåííÿ òåîðåìè 1. ×åðåç µ ïîçíà÷è-
ìî ðîçïîäië ìàñ, àñîöiéîâàíèõ çà Ðiññîì ç
ôóíêöicþ u, i, íå çìåíøóþ÷è çàãàëüíîñòi,
áóäåìî ïðèïóñêàòè, ùî u(0) = 0 i α = 2.
Çãiäíî ç ðåçóëüòàòàìè À.Ñ. Êîëîêîëüíiêîâà
[7], iç ñêií÷åííîñòi íèæíüîãî ïîðÿäêó ôóíê-
öi�� u âèïëèâàc ñêií÷åííiñòü ���� ïîðÿäêó ρ =
ρ(u). Òîìó çà òåîðåìîþ Áðåëî-Àäàìàðà [4,
c. 165]

u(y) = Jp(y; µ) + Φ(y),

äå Jp(y; µ) � êàíîíi÷íèé iíòåãðàë
Âåécðøòðàññà ðîäó p [4, c. 163], à

Φ(y) =
l∑

j=1

Y (j)(x)rj, y = rx, r > 0, x ∈ Sm,

� ãàðìîíiéíèé ìíîãî÷ëåí ñòåïåíÿ l ≤ [ρ].
ßêùî l ≥ p + 1, òî, âèêîðèñòîâóþ÷è âi-

äîìå ñïiââiäíîøåííÿ T (r, Jp(y; µ)) = o(rp+1),
r →∞, [8], îòðèìàcìî T (r, u) = brl +o(rp+1),
r →∞, äå b � äåÿêà äîäàòíà ñòàëà. Çâiäñè

T (2r, u) < 2ρ+1T (r, u)

ïðè r > r0.
Íåõàé òåïåð l ≤ p. Òîäi âiäîìi ôîðìóëè

[9] äëÿ ñôåðè÷íèõ ãàðìîíiê ck(x, r; u), àñîöi-
éîâàíèõ ç ôóíêöicþ u, çàïèøóòüñÿ ó âèãëÿ-
äi:

ck(x, r; u) = Y (k)(x)rk + P ν
k [(x, e)]×

×




∫

|y|≤r

rk

|y|k+2ν
dµ(y)−

∫

|y|≤r

|y|k
rk+2ν

dµ(y)


 ,

1 ≤ k ≤ p;

ck(x, r; u) = −P ν
k [(x, e)]×

×




∫

|y|>r

rk

|y|k+2ν
dµ(y) +

∫

|y|≤r

|y|k
rk+2ν

dµ(y)


 ,

k ≥ p + 1, (4)

äå x ∈ Sm, e = (1, 0, ..., 0) � îäèíè÷íèé âåê-
òîð x1-îñi, à P ν

k � ìíîãî÷ëåíè Ãåãåíáàóåðà
ñòåïåíÿ k i ïîðÿäêó ν.
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Îöiíèìî êîæíó iç ñôåðè÷íèõ ãàðìîíiê

ck(x, r; u). Íåõàé N(r, µ) = dm

r∫

0

n(t, µ)

tm−1
dt,

n(t, µ) =

∫

|τ |≤t

dµ(τ). Ó [9] ïîêàçàíî, ùî

c0(x, 2r; u) = c0(2r; u) = N(2r, µ). Çàïèøåìî
N(2r, µ) ó âèãëÿäi ñóìè N(2r, µ) = N(r, µ) +
[N(2r, µ)−N(r, µ)]. Ïåðøèé äîäàíîê íà ïiä-
ñòàâi ïåðøî�� ôóíäàìåíòàëüíî�� òåîðåìè Íå-
âàíëiííè äëÿ ñóáãàðìîíiéíèõ ôóíêöié [4,
c. 146] ìàc îöiíêó

N(r, µ) ≤ T (r, u). (5)

Äëÿ äðóãîãî äîäàíêó ñïðàâäæócòüñÿ íåðiâ-
íiñòü

N(2r, µ)−N(r, µ) = dm

2r∫

r

n(t, µ)

t2ν+1
dt ≤

≤ dmn(2r, µ)

2r∫

r

dt

t2ν+1
≤ 22ν n(2r, µ)

(2r)2ν
.

Ðîçãëÿíåìî ðiçíèöþ 1

2p+2ν+1r2ν
[n(2r, µ)−

n(r/2, µ)]. Çà äîïîìîãîþ ôîðìóë (4), â ÿêèõ
âiçüìåìî x = e, îòðèìócìî

1

2p+2ν+1r2ν
[n(2r, µ)− n(r/2, µ)] ≤

≤
∫

r/2<|y|≤2r

rp+1

|y|p+2ν+1
dµ(y) ≤

≤
∫

|y|>r/2

rp+1

|y|p+2ν+1
dµ(y) = 2p+1×

×

∣∣∣∣∣∣∣
cp+1(e, r/2; u)

P ν
p+1(1)

+

∫

|y|≤r/2

|y|p+1

(r/2)p+2ν+1
dµ(y)

∣∣∣∣∣∣∣
≤

≤ 2p+1

P ν
p+1(1)

|cp+1(e, r/2; u)|+ 2p+1n(r/2, µ)

(r/2)2ν
.

Îñêiëüêè, çãiäíî çi ñïiââiäíîøåííÿìè (2),
(3), (5)

|ck(x, r; u)| ≤ 2(k + ν)

dmωm

P ν
k (1)

∫

Sm

|u(rξ)|dS(ξ) ≤

≤ 4
k + ν

dm

P ν
k (1)T (r, u), k ∈ Z+, (6)

i
T (2r, u) ≥ N(2r, µ) ≥

≥ dmn(r, µ)

2r∫

r

dt

t2ν+1
≥ n(r, µ)

2r2ν
, (7)

òî
1

2p+2ν+1r2ν
[n(2r, µ)− n(r/2, µ)] ≤

≤ 2p+3p + ν + 1

dm

T (r, u) + 2p+2T (r, u) ≤

≤ 2p+3(p + 2)T (r, u). (8)

Çâiäñè, âðàõîâóþ÷è (7), çíàõîäèìî

n(2r, µ)

(2r)2ν
≤ n(r/2, µ)

(2r)2ν
+

+22p+4(p+2)T (r, u) ≤ 22p+5(p+2)T (r, u). (9)

Îòæå,

c0(2r; u) ≤ T (r, u) + 22p+2ν+5(p + 2)T (r, u) ≤
≤ 22p+2ν+6(p + 2)T (r, u).

Íåõàé 1 ≤ k ≤ p. Òîäi

|ck(x, 2r; u)| ≤
∣∣∣∣∣∣∣
Y (k)(x)(2r)k + P ν

k [(x, e)]

∫

|y|≤r/2

(2r)k

|y|k+2ν
dµ(y)

∣∣∣∣∣∣∣
+

+P ν
k (1)




∫

r/2<|y|≤2r

(2r)k

|y|k+2ν
dµ(y)+

+

∫

|y|≤2r

|y|k
(2r)k+2ν

dµ(y)


 .

Îñêiëüêè íà ïiäñòàâi ôîðìóë (4)

Y (k)(x)(2r)k + P ν
k [(x, e)]

∫

|y|≤r/2

(2r)k

|y|k+2ν
dµ(y) =
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= 4k

(
Y (k)(x)(r/2)k + P ν

k [(x, e)]×

×
∫

|y|≤r/2

(r/2)k

|y|k+2ν
dµ(y)

)
=

= 4k

(
ck(x, r/2; u) + P ν

k [(x, e)]×

×
∫

|y|≤r/2

|y|k
(r/2)k+2ν

dµ(y)

)
,

òî, ñêîðèñòàâøèñü íåðiâíîñòÿìè (6)�(9),
îòðèìàcìî

|ck(x, 2r; u)| ≤ 22k

(
|ck(x, r/2; u)|+ P ν

k (1)×

×
∫

|y|≤r/2

|y|k
(r/2)k+2ν

dµ(y)

)
+

+P ν
k (1)

( ∫

r/2<|y|≤2r

(2r)k

|y|k+2ν
dµ(y)+

+

∫

|y|≤2r

|y|k
(2r)k+2ν

dµ(y)

)
≤

≤ 22k |ck(x, r/2; u)|+ P ν
k (1)

(
22k n(r/2, µ)

(r/2)2ν
+

+22k+2ν n(2r, µ)− n(r/2, µ)

r2ν
+

n(2r, µ)

(2r)2ν

)
≤

≤ 24p+4ν+5(p + 2)P ν
k (1)T (r, u).

Ïðèïóñòèìî òåïåð, ùî k ≥ p + 1. Ïîçíà-
÷èìî

Ik = Ik(r; x) =

−P ν
k [(x, e)]

∫

|y|>2r

(2r)k

|y|k+2ν
dµ(y).

Âðàõîâóþ÷è íåðiâíîñòi (6) i (7), ìàcìî

|Ik| ≤ P ν
k (1)

∫

|y|>2r

(
2r

|y|
)k

dµ(y)

|y|2ν ≤

≤ P ν
k (1)

∫

|y|>2r

(
2r

|y|
)p+1

dµ(y)

|y|2ν ≤

≤ P ν
k (1)

∫

|y|>r/2

(2r)p+1

|y|p+2ν+1dµ(y) =

= 22p+2P ν
k (1)

∣∣∣∣
cp+1(e, r/2; u)

P ν
p+1(1)

+

+

∫

|y|≤r/2

|y|p+1

(r/2)p+2ν+1
dµ(y)

∣∣∣∣∣ ≤ 22p+2P ν
k (1)×

×
(

22p + ν + 1

dm

T (r, u) +
n(r/2, µ)

(r/2)2ν

)
≤

≤ 22p+4p + ν + 1

dm

P ν
k (1)T (r, u) + 22p+3P ν

k (1)×
×T (r, u) ≤ 22p+4(p + 2)P ν

k (1)T (r, u).

Ïiäñòàâëÿþ÷è îòðèìàíó îöiíêó ó ôîðìó-
ëè (4) i âèêîðèñòîâóþ÷è íåðiâíiñòü (9), çíà-
õîäèìî

|ck(x, 2r; u)| ≤

≤ |Ik|+ P ν
k (1)

∫

|y|≤2r

|y|k
(2r)k+2ν

dµ(y) ≤

≤ 22p+4(p + 2)P ν
k (1)T (r, u) + P ν

k (1)
n(2r, µ)

(2r)2ν
≤

≤ 22p+6(p + 2)P ν
k (1)T (r, u).

Òåïåð äîâåäåìî íåðiâíiñòü (1). Âiäîìî
[4, c. 66], ùî iíòåãðàë Ïóàññîíà c íàéêðà-
ùîþ ãàðìîíiéíîþ ìàæîðàíòîþ ñóáãàðìî-
íiéíî�� ôóíêöi�� â êóëi. Òîìó äëÿ ôóíêöi�� u
ïðè r < R âèêîíócòüñÿ

u(rx) ≤ R2ν

ωm

∫

Sm

(R2 − r2)u(Rξ)dS(ξ)

[R2 − 2Rr(x, ξ) + r2]ν+1 .

Ðîçêëàäåìî iíòåãðàë Ïóàññîíà â ðÿä
∞∑

k=0

( r

R

)k

ck(x,R; u) (äèâ.[9]). Òîäi

u+(rx) ≤
∣∣∣∣∣
∞∑

k=0

( r

R

)k

ck(x,R; u)

∣∣∣∣∣ .

Ââàæàþ÷è, ùî R =
√

2r i âèêîðèñòîâóþ-
÷è îòðèìàíi ðàíiøå îöiíêè íà ñôåðè÷íi ãàð-
ìîíiêè, àñîöiéîâàíi ç ôóíêöicþ u, ìàcìî

u+(rx) ≤
∞∑

k=0

(
1√
2

)k ∣∣∣ck(x,
√

2r; u)
∣∣∣ ≤
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(
22p+2ν+6(p + 2)+

+ 24p+4ν+5(p + 2)

p∑

k=1

(
1√
2

)k

P ν
k (1)+

+22p+6(p + 2)
∞∑

k=p+1

(
1√
2

)k

P ν
k (1)

)
×

×T

(
r√
2
, u

)
.

Íà ïiäñòàâi ñïiââiäíîøåííÿ (3) ðÿä ó ïî-
ïåðåäíié íåðiâíîñòi çáiãàcòüñÿ, à òîìó âèðàç
ó ôiãóðíèõ äóæêàõ c ñòàëîþ, ÿêó ìè ïîçíà-
÷èìî ÷åðåç Mp.

Îòæå,

T (r, u) ≤ MpT

(
r√
2
, u

)
,

çâiäêè

T (2r, u) ≤ MpT
(√

2r, u
)
≤ M2

p T (r, u),

ùî ïîòðiáíî áóëî äîâåñòè.
Òåîðåìà 2. ßêùî íèæíié ïîðÿäîê ñóá-

ãàðìîíiéíî�� â Rm ôóíêöi�� u, ìàñè Ðiññà
ÿêî�� çîñåðåäæåíi íà äîäàòíié ÷àñòèíi x1-
îñi, ñêií÷åííèé, òî ñêií÷åííèé i ���� ïîðÿäîê
çà Ïîéà.

Äîâåäåííÿ òåîðåìè 2. Ïîêàæåìî, ùî
ñêií÷åííiñòü ïîðÿäêó çà Ïîéà ôóíêöi�� u
åêâiâàëåíòíà íåðiâíîñòi (1).

Äiéñíî, ÿêùî ρ∗ = ρ ∗ (u) < ∞, òî äëÿ
äîâiëüíîãî ε > 0 çíàéäåòüñÿ ñòàëà B > 0
òàêà, ùî

T (Ar, u) ≤ BAρ∗+εT (r, u)

ïðè A > A0 > 1, r > r0. Âèáðàâøè A = 2A0,
îòðèìàcìî

T (2r, u) < T (2A0r, u) ≤ B1T (r, u),

äå B1 = B · (2A0)
ρ∗+ε.

Íàâïàêè, ç íåðiâíîñòi (1) âèïëèâàc, ùî

T (Ar, u) = T (2log2 Ar, u) <

< M log2 A+1T (r, u) = MAlog2 MT (r, u)

i, îòæå, ρ∗(u) < ∞.
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