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Ðîçâèâàcòüñÿ òåîðiÿ çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü íåñêií÷åííîãî
ïîðÿäêó ç îïåðàòîðîì, ñïåêòð ÿêîãî c ñóòî äèñêðåòíèì. Îïèñóþòüñÿ ìíîæèíè ïî÷àòêîâèõ
çíà÷åíü ãëàäêèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü. Âñòàíîâëþcòüñÿ êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi
ó ïðîñòîðàõ ëiíiéíèõ ôóíêöiîíàëiâ íåñêií÷åííîãî ïîðÿäêó òèïó óëüòðàðîçïîäiëiâ.

Theory of the Cauchy problem is developed for the di�erential-operator equations of the in�ni-
te order with totally discrete spectrum of operator. The sets of initial values of the smooth solutions
are described for such equations. The correct solvability of the Cauchy problem is established on
the spaces of linear functionals of the in�nite order of the ultradistribution type.

Çîáðàæåííþ ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-
îïåðàòîðíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó âè-
ãëÿäó

u′(t) + Au(t) = 0, t > 0, (1)

òà äîñëiäæåííþ ��õ ãðàíè÷íèõ çíà÷åíü ïðè-
ñâÿ÷åíi ïðàöi [1�7]. Ì.Ë. Ãîðáà÷óêîì òà
Â.I. Ãîðáà÷óê (äèâ. [1�3]) âñòàíîâëåíî, ùî
êîëè A � íåâiä'cìíèé ñàìîñïðÿæåíèé îïå-
ðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H, òî çà-
ãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1) ïîäàcòüñÿ ó
âèãëÿäi

u(t) = e−tÂf, f ∈ H−,

äå H− � ñóêóïíiñòü âñiõ ëiíiéíèõ íåïå-
ðåðâíèõ ôóíêöiîíàëiâ íàä ïðîñòîðîì àíà-
ëiòè÷íèõ âåêòîðiâ îïåðàòîðà A. Çâiäñè
âèïëèâàc, ùî çàäà÷à Êîøi äëÿ òàêîãî ðiâ-
íÿííÿ êîðåêòíî ðîçâ'ÿçíà ó ïðîñòîði H−.
Äàíèé ðåçóëüòàò â [4,5] ïåðåíåñåíî íà øèð-
øèé êëàñ îïåðàòîðiâ, ùî äiþòü ó áàíàõîâî-
ìó ïðîñòîði. Ó ïðàöÿõ [2,3,5] äàcòüñÿ òàêîæ
âiäïîâiäü íà ïèòàííÿ ïðî òå, ÿê ïîâèíåí ïî-
âîäèòèñü ðîçâ'ÿçîê ðiâíÿííÿ (1), ùîá éîãî
ãðàíè÷íå çíà÷åííÿ â íóëi íàëåæàëî äî ïåâ-
íîãî ïðîñòîðó, ðîçìiùåíîãî ìiæ H òà H−.

Ó âèïàäêó áiëüø çàãàëüíîãî ðiâíÿííÿ
ïåðøîãî ïîðÿäêó

α(t)u′(t) + Au(t) = 0, t ∈ (0, T ], (2)

äå α > 0 � ñêàëÿðíà íåïåðåðâíà íà (0, T ]
ôóíêöiÿ, ïèòàííÿ ïðî çîáðàæåííÿ ðîçâ'ÿç-
êó i éîãî ïîâåäiíêó â îêîëi íóëÿ äëÿ
íåâiä'cìíîãî ñàìîñïðÿæåíîãî îïåðàòîðà A
ó ãiëüáåðòîâîìó ïðîñòîði âèâ÷àëîñü ó ïðàöi
[6], à äëÿ ãåíåðàòîðà àíàëiòè÷íî�� ïiâãðóïè ó
áàíàõîâîìó ïðîñòîði � â [7] (çàçíà÷èìî, ùî
îñêiëüêè ôóíêöiÿ α ó òî÷öi t = 0 ìîæå äî-
ðiâíþâàòè íóëåâi àáî íåñêií÷åííîñòi, òî ðiâ-
íÿííÿ (2), âçàãàëi êàæó÷è, âèðîäæócòüñÿ).

Ó äàíié ñòàòòi àíàëîãi÷íi ïèòàííÿ âè-
â÷àþòüñÿ ó âèïàäêó, êîëè îïåðàòîð A ó
ðiâíÿííi (1) c íåâiä'cìíèì ñàìîñïðÿæåíèì
îïåðàòîðîì íåñêií÷åííîãî ïîðÿäêó âèãëÿäó
∞∑

k=0

ckB
k, äå B ≥ 0 � ñàìîñïðÿæåíèé îïåðà-

òîð ó ãiëüáåðòîâîìó ïðîñòîði ç ñóòî äèñêðåò-
íèì ñïåêòðîì.

1. Ïðîñòîðè îñíîâíèõ òà óçàãàëüíå-
íèõ åëåìåíòiâ. Ôîðìàëüíi ðÿäè Ôóð'c.
Íåõàé H � ñåïàðàáåëüíèé ãiëüáåðòiâ ïðî-
ñòið çi ñêàëÿðíèì äîáóòêîì (·, ·) i íîðìîþ
‖ · ‖, {ek, k ≥ 1} � îðòîíîðìîâàíèé áàçèñ â
H. Ïîçíà÷èìî

Φm = {ϕ ∈ H |ϕ =
m∑

k=1

ck,ϕek, ck,ϕ ∈ C},

Φ = lim
m→∞

ind Φm.
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Îòæå, ïîñëiäîâíiñòü {ϕν , ν ≥ 1} ⊂ Φ
çáiãàcòüñÿ â Φ äî åëåìåíòà ϕ ∈ Φ, ÿêùî

∃ m∃ ν0 ∀ ν ≥ ν0 : ϕν ∈ Φm;

ck,ϕν →
ν→∞

ck,ϕ, ∀ k ∈ {1, ..., m}.
Î÷åâèäíî, ùî Φ ëåæèòü ùiëüíî â H.

×åðåç Φ′ ïîçíà÷èìî ïðîñòið óñiõ àíòèëi-
íiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà Φ çi
ñëàáêîþ çáiæíiñòþ:

(Φ′ 3 fn
Φ′→

n→∞
f ∈ Φ′) ⇔

⇔ (< fn, ϕ > →
n→∞

< f, ϕ >, ∀ϕ ∈ Φ)

(òóò < f, ϕ > ïîçíà÷àc äiþ ôóíêöiîíàëà f
íà åëåìåíò ϕ ∈ Φ).

Çiñòàâëåííÿ

H 3 ϕ 7→ fϕ ∈ Φ′ :< fϕ, ψ >= (ϕ, ψ), ∀ψ ∈ Φ,

âèçíà÷àc âêëàäåííÿ H ⊂ Φ′. Åëåìåíòè ç Φ′

íàçèâàþòüñÿ óçàãàëüíåíèìè.
Íåõàé s � ïðîñòið óñiõ ÷èñëîâèõ ïîñëi-

äîâíîñòåé {sk, k ≥ 1} ç ïîêîîðäèíàòíîþ
çáiæíiñòþ. Âiäîáðàæåííÿ

Φ′ 3 f
F7→{ck(f) =< f, ek >, k ∈ N} ∈ s

c içîìîðôiçìîì; ïðè öüîìó çáiæíiñòü ó Φ′

ðiâíîñèëüíà ïîêîîðäèíàòíié çáiæíîñòi âiä-
ïîâiäíèõ ïîñëiäîâíîñòåé â s. Çàóâàæèìî, ùî
F âiäîáðàæàc Φ ó ìíîæèíó ôiíiòíèõ ïîñëi-
äîâíîñòåé â s, à H � â l2.

Íåõàé f ∈ Φ′. Ðÿä
∞∑

k=1

ckek, äå ck =< f ,

ek >, íàçèâàcòüñÿ ðÿäîì Ôóð'c åëåìåíòà f ∈
Φ′, à ÷èñëà ck � éîãî êîåôiöicíòàìè Ôóð'c.
Äëÿ äîâiëüíîãî åëåìåíòà f ∈ Φ′ éîãî ðÿä
Ôóð'c çáiãàcòüñÿ â Φ′ äî f . Íàâïàêè, äîâiëü-

íèé ðÿä
∞∑

k=1

ckek çáiãàcòüñÿ â Φ′ äî äåÿêîãî

åëåìåíòà f ∈ Φ′ i öåé ðÿä c ðÿäîì Ôóð'c äëÿ
f [3]. Îòæå, Φ′ ìîæíà ðîçóìiòè ÿê ïðîñòið

ôîðìàëüíèõ ðÿäiâ âèãëÿäó
∞∑

k=1

ckek. Çâiäñè

âèïëèâàc òàêîæ, ùî Φ̄ = Φ′.

Íåõàé G � íåïåðåðâíà íà [0,∞) ôóíêöiÿ
òàêà, ùî

∃ c > 0 ∀x ∈ [0, +∞) : G(x) ≥ c;

lim
x→+∞

G(x) = +∞,

∞∑

k=1

1

G2(k)
< +∞.

Çà ôóíêöicþ G ó ïðîñòîði Φ′ ïîáóäócìî îïå-
ðàòîð

Â : Φ′ 3 f 7→ F−1{G(k)ck(f), k ≥ 1} ∈ Φ′,

ck(f) =< f, ek >,

òîáòî

Âf ≡ Â

( ∞∑

k=1

ck(f)ek

)
:=

∞∑

k=1

G(k)ck(f)ek ∈ Φ′.

Ëåãêî áà÷èòè, ùî îïåðàòîð Â c ëiíiéíèì i
íåïåðåðâíèì â Φ′.

Òåîðåìà 1. Íåõàé A � çâóæåííÿ îïå-
ðàòîðà Â íà H. Òîäi A � íåâiä'cìíèé ñà-
ìîñïðÿæåíèé îïåðàòîð â H çi ùiëüíîþ â
H îáëàñòþ âèçíà÷åííÿ D(A), ïðè÷îìó Φ ⊂
D(A).

Äîâåäåííÿ. Îñêiëüêè H � ãiëüáåðòiâ
ïðîñòið, {ek, k ≥ 1} � îðòîíîðìîâàíà ñèñòå-
ìà (áàçèñ) â H, òî ç îçíà÷åííÿ îïåðàòîðà A
âèïëèâàc, ùî

D(A) =

{
ϕ ∈ H |

∞∑

k=1

G2(k)|ck(ϕ)|2 < ∞,

ck(ϕ) = (ϕ, ek), k ∈ N
}

. (3)

ßêùî ϕ ∈ Φ ⊂ H ⊂ Φ′, òî ϕ =

m(ϕ)∑

k=1

ckek,

ck = (ϕ, ek); ïðè öüîìó

Aϕ = Âϕ = F−1{G(1)e1, ..., G(m)em, 0, ...} =

=
m∑

k=1

G(k)ck(ϕ)ek.

Îòæå, äëÿ ϕ ∈ Φ óìîâà (3) âèêîíócòüñÿ, òîá-
òî Φ ⊂ D(A). Öèì äîâåäåíî, ùî D(A) = H.
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Îïåðàòîð A ñèìåòðè÷íèé â H, áî

(Aϕ, ψ) =
∞∑

k=1

G(k)ck(ϕ)ck(ψ) = (ϕ,Aψ),

{ϕ, ψ} ⊂ D(A).

Îñêiëüêè D(A) = H, òî iñíóc îïåðà-
òîð A∗, îáëàñòü âèçíà÷åííÿ D(A∗) ÿêîãî
ñêëàäàcòüñÿ ç òèõ åëåìåíòiâ ψ ∈ H, äëÿ
ÿêèõ iñíóþòü åëåìåíòè ψ∗ ∈ H, ùî çàäî-
âîëüíÿþòü ñïiââiäíîøåííÿ (Aϕ,ψ) = (ϕ, ψ∗)
äëÿ äîâiëüíîãî ϕ ∈ D(A); ïðè öüîìó A∗ψ =
ψ∗.

Äîâåäåìî, ùî A∗ ⊆ A (áî âêëþ÷åííÿ
A ⊆ A∗ äëÿ ñèìåòðè÷íîãî îïåðàòîðà c î÷å-
âèäíèì). Íåõàé ψ ∈ D(A∗) i A∗ψ = ψ∗. Ïî-
êëàäåìî

ψ =
∞∑

k=1

ck(ψ)ek, ψ
∗ =

∞∑

k=1

ck(ψ
∗)ek.

Òîäi

ck(ψ
∗) = (ψ∗, ek) = (ek, A∗ψ) = (Aek, ψ) =

= (ψ, Aek) = G(k)(ψ, ek) = G(k)ck(ψ)

(òóò ìè ñêîðèñòàëèñü òèì, ùî ek ∈ D(A) ïðè
êîæíîìó k ∈ N, ïðè÷îìó ek c âëàñíèì âåêòî-
ðîì îïåðàòîðà A, à G(k) � âiäïîâiäíå âëàñíå
÷èñëî). Çâiäñè çíàõîäèìî, ùî

∞∑

k=1

G2(k)|ck(ψ)|2 =
∞∑

k=1

|ck(ψ
∗)|2 =

= ‖ψ∗‖2
H < ∞,

òîáòî ψ ∈ D(A). Êðiì òîãî,

Aψ =
∞∑

k=1

G(k)ck(ψ)ek =
∞∑

k=1

ck(ψ
∗)ek = ψ∗.

Îòæå, A∗ ⊆ A. Íåâiä'cìíiñòü îïåðàòîðà A
ïåðåâiðÿcòüñÿ áåçïîñåðåäíüî. Òåîðåìà äîâå-
äåíà.

ßê íàñëiäîê äiñòàcìî, ùî ñïåêòð îïåðà-
òîðà A ñóòî äèñêðåòíèé ç cäèíîþ ãðà-
íè÷íîþ òî÷êîþ â íåñêií÷åííîñòi.

Óâåäåìî òåïåð äåÿêi êëàñè íåñêií÷åí-
íî äèôåðåíöiéîâíèõ åëåìåíòiâ îïåðàòîðà A.

Ïðèïóñòèìî, ùî ìîíîòîííî çðîñòàþ÷à ïî-
ñëiäîâíiñòü {mn, n ∈ Z+} äîäàòíèõ ÷èñåë
âîëîäic âëàñòèâîñòÿìè:

1) ∃M > 0 ∃h > 0 ∀n ∈ Z+ : mn+1 ≤
Mhnmn; m0 = 1;

2) ∀α > 0 ∃ cα > 0 ∀n ∈ Z+ : mn ≥ cα ·
αn.

Ïîçíà÷èìî

H∞(A) = lim
α→∞

prHα(A), Hα(A) = D(Aα)

(D(Aα) � îáëàñòü âèçíà÷åííÿ îïåðàòîðà
Aα),

(ϕ, ψ)Hα = (ϕ, ψ) + (Aαϕ, Aαψ),

∀ {ϕ, ψ} ⊂ D(Aα),

Hα < mn >= {ϕ ∈ H∞(A) | ∃ c > 0 :

‖Anϕ‖ ≤ cαnmn, α > 0, n ∈ Z+}.
Ïðîñòið Hα < mn >⊃ Φ c áàíàõîâèì âiä-

íîñíî íîðìè

‖ϕ‖Hα<mn> = sup
n∈Z+

‖Anϕ‖
αnmn

.

Áóäåìî ââàæàòè, ùî H∞ < mn >:=
lim

α→∞
ind Hα < mn >. Î÷åâèäíî, ùî Φ ⊂

H∞ < mn >⊂ H∞(A) ⊂ H, ïðè÷îìó âñi
âêëàäåííÿ ùiëüíi òà íåïåðåðâíi. ßêùî ÷å-
ðåç H

′
∞(A), H

′
α < mn > ïîçíà÷èòè ïðîñòî-

ðè àíòèëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ
íàä H∞(A), Hα < mn > âiäïîâiäíî, òî, çãiä-
íî ç [3], ïðèéäåìî äî ëàíöþæêà ùiëüíèõ i
íåïåðåðâíèõ âêëàäåíü H ⊂ H

′
∞(A) ⊂ H

′
∞ <

mn >⊂ Φ′; ïðè öüîìó

H
′
∞ < mn >= lim

α→∞
pr H

′
α < mn > .

Ïðîñòîðè G{β}(A) = H∞ < nnβ >, β >
0, íàçèâàþòüñÿ ïðîñòîðàìè Æåâðå ïîðÿä-
êó β, ïîðîäæåíèìè îïåðàòîðîì A; G{1}(A)
çáiãàcòüñÿ ç ìíîæèíîþ àíàëiòè÷íèõ âåêòî-
ðiâ îïåðàòîðà A [3].

Íåõàé

ρ(λ) = sup
n∈Z+

λn

mn

, λ ∈ [1, +∞).
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Iç âëàñòèâîñòåé ïîñëiäîâíîñòi {mn, n ∈ Z+}
âèïëèâàc, ùî ôóíêöiÿ ρ íåïåðåðâíà, ìîíî-
òîííî çðîñòàc (øâèäøå íiæ λn, ∀n ∈ N) i
ρ(λ) ≥ 1, ∀λ ∈ [1, +∞). ßê âèïëèâàc ç íà-
ñòóïíîãî òâåðäæåííÿ, ôóíêöiÿ ρ âîëîäic ùå
îäíicþ âàæëèâîþ âëàñòèâiñòþ.

Ëåìà 1. Ôóíêöiÿ ln ρ � îïóêëà íà
(1, +∞), òîáòî

∀ {x1, x2} ⊂ (1, +∞) :

ln ρ(x1) + ln ρ(x2) ≤ ln ρ(x1 + x2) (4)

(îçíà÷åííÿ (4) âiäïîâiäàc îçíà÷åííþ îïóêëî��
ôóíêöi�� f ç [8]: f(x1) + f(x2) ≤ f(x1 + x2),
x1 > 0, x2 > 0).

Äîâåäåííÿ. Î÷åâèäíî, ùî íåðiâíiñòü (4)
ðiâíîñèëüíà íåðiâíîñòi

ρ(x1)ρ(x2) ≤ ρ(x1 + x2). (5)

Äëÿ äîâåäåííÿ (5) äîñèòü âñòàíîâèòè, ùî

ρ(x1)ρ(x2)

ρ(x1 + x2)
≤ 1, {x1, x2} ⊂ (1, +∞).

Íåõàé x1 ≤ x2. Îñêiëüêè ρ ìîíîòîííî
çðîñòàc íà ïðîìiæêó (1, +∞), òî ρ(x1) ≤
ρ(x2). Îòæå,

ρ(x1)ρ(x2)

ρ(x1 + x2)
≤ ρ2(x2)

ρ(x1 + x2)
.

Çà îçíà÷åííÿì, ρ(x2) = sup
n∈Z+

xn
2

mn

, x2 ∈
(1, +∞). Ðîçãëÿíåìî ïîñëiäîâíiñòü {εk =
βkρ(x2), k ∈ N}, äå ïîñëiäîâíiñòü {βk, k ∈ N}
äîäàòíèõ ÷èñåë ìîíîòîííî ïðÿìóc äî íóëÿ,
ïðè÷îìó β1 < 1. Òîäi äëÿ çàäàíîãî εk > 0
çíàéäåòüñÿ íîìåð nk = nk(εk) òàêèé, ùî

xnk
2

mnk

> ρ(x2)− εk = ρ(x2)− βkρ(x2), k ≥ 1,

òîáòî

ρ(x2) <
1

1− βk

xnk
2

mnk

, k ≥ 1.

Âiäïîâiäíî,

ρ(x1 + x2) ≥ (x1 + x2)
nk

mnk

, k ≥ 1.

Óðàõóâàâøè öi íåðiâíîñòi, çíàéäåìî, ùî
ρ(x1)ρ(x2)

ρ(x1 + x2)
≤ ρ2(x2)

ρ(x1 + x2)
≤

≤ x2nk
2 mnk

(1− βk)2m2
nk

(x1 + x2)nk
≤

≤ xnk
2

(1− βk)2mnk

, k ≥ 1

(òóò âðàõîâàíî, ùî x1 + x2 ≥ x2). Êðiì òî-
ãî, ρ(α) ≥ αn

mn

, n ∈ Z+, äëÿ äîâiëüíîãî
α ∈ [1, +∞), àáî

∀α ≥ 1 ∀n ∈ Z+ : mn ≥ αn

ρ(α)
.

Îòæå,
ρ(x1)ρ(x2)

ρ(x1 + x2)
≤ xnk

2

(1− βk)2
inf
α≥1

ρ(α)

αnk
, k ≥ 1.

Óâåäåìî ïîçíà÷åííÿ:

inf
α≥1

ρ(α)

αnk
:= ρnk

, k ≥ 1.

Ó ïðàöi [9] äîâåäåíî, ùî ïîñëiäîâ-
íiñòü {ρnk

, k ≥ 1} âîëîäic âëàñòèâiñòþ:
lim
k→∞

nk
√

ρnk
= 0. Òîäi

∀ ε > 0 ∃nk0 = nk0(ε) ∀nk ≥ nk0 : ρnk
< εnk .

Âiçüìåìî ε =
(1− β1)

2

x2

. Äëÿ âñiõ nk ≥ n0,
ñïðàâäæóþòüñÿ íåðiâíîñòi

ρ(x1)ρ(x2)

ρ(x1 + x2)
≤ xnk

2

(1− βk)2
ρnk

≤

≤ xnk
2 (1− β1)

2nk

(1− βk)2xnk
2

≤

≤ (1− β1)
2

(1− βk)2
≤ 1, {x1, x2} ⊂ (1, +∞),

ùî é ïîòðiáíî áóëî äîâåñòè.
Iç ðåçóëüòàòiâ, îäåðæàíèõ ó [3], âèïëèâàc,

ùî ïðîñòið H∞ < mn > çáiãàcòüñÿ ç iíäóê-
òèâíîþ ãðàíèöåþ ãiëüáåðòîâèõ ïðîñòîðiâ

H{α} =

{
f ∈ Φ′

∣∣∣∣
∞∑

k=1

|ck(f)|2ρ2×
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×
(

λk

α

)
< +∞, λk := G(k)

}
,

ñêàëÿðíèé äîáóòîê â H{α} âèçíà÷àcòüñÿ
ôîðìóëîþ

(f, g)H{α} =
∞∑

k=1

ck(f)ck(g)ρ2

(
λk

α

)
.

Ç òî÷êè çîðó ïîâåäiíêè êîåôiöicíòiâ Ôóð'c
��õíiõ åëåìåíòiâ ïðîñòîðè H∞ < mn > òà
H

′
∞ < mn > îïèñóþòüñÿ òàê:

(f ∈ H∞ < mn >) ⇔ (∃µ > 0 ∃ c > 0 :

|ck(f)| ≤ cρ−1(µλk), k ≥ 1);

(f ∈ H
′
∞ < mn >) ⇔ (∀µ > 0 ∃ c = c(µ) > 0 :

|ck(f)| ≤ cρ(µλk), k ≥ 1).

ßêùî mn = nnβ, β > 0, òî ρ(λ) ∼
exp(λ1/β), òîáòî â öüîìó âèïàäêó äëÿ f ∈ Φ′

ïðàâèëüíèìè c ñïiââiäíîøåííÿ åêâiâàëåíò-
íîñòi:

(f ∈ G{β}(A)) ⇔ (∃µ > 0 ∃ c > 0 :

|ck(f)| ≤ c exp(−µλ
1/β
k ), k ≥ 1);

(f ∈ G
′
{β}(A)) ⇔ (∀µ > 0 ∃ c = c(µ) > 0 :

|ck(f)| ≤ c exp(µλ
1/β
k ), k ≥ 1).

Ðîçãëÿíåìî íåñêií÷åííî äèôåðåíöiéîâíó

ôóíêöiþ ϕ(x) =
∞∑

j=0

bjx
j, ÿêà íàáóâàc íà R

íåâiä'cìíèõ çíà÷åíü, ìîíîòîííî çðîñòàc íà
R, i ïîáóäócìî â ïðîñòîði Φ′ çà îïåðàòîðîì
Â îïåðàòîð íåñêií÷åííîãî ïîðÿäêó ϕ(Â):

ϕ(Â)f =
∞∑

j=0

bjA
jf, ∀ f =

∞∑

k=1

ck(f)ek ∈ Φ′.

Îñêiëüêè

Ajf = F−1{Gj(k)ck(f), k ≥ 1} ≡

≡
∞∑

k=1

Gj(k)ck(f)ek,

òî

ϕ(Â)f =
∞∑

j=0

bj

( ∞∑

k=1

Gj(k)ck(f)ek

)
=

=
∞∑

k=1

ck(f)

( ∞∑
j=0

bjG
j(k)

)
ek =

=
∞∑

k=1

ck(f)ϕ(G(k))ek ≡

≡
∞∑

k=1

ϕ(λk)ck(f)ek, λk = G(k).

Íåõàé Aϕ � çâóæåííÿ îïåðàòîðà ϕ(Â) íà
H. Òîäi Aϕ � íåâiä'cìíèé ñàìîñïðÿæåíèé
îïåðàòîð â H çi ùiëüíîþ îáëàñòþ âèçíà÷åí-
íÿ D(Aϕ), ïðè÷îìó Φ ⊂ D(Aϕ). Äîâåäåííÿ
öüîãî òâåðäæåííÿ àíàëîãi÷íå äîâåäåííþ òå-
îðåìè 1. Ç'ÿñócìî, çà ÿêèõ óìîâ íà ôóíêöiþ
ϕ îïåðàòîð Aϕ áóäå íåïåðåðâíèì ó ïðîñòîði
H∞ < mn >. Äëÿ öüîãî ðîçãëÿíåìî óçàãàëü-
íåíèé åëåìåíò Fϕ ç ïðîñòîðó Φ′, ïîáóäîâà-
íèé çà ôóíêöicþ ϕ:

Fϕ =
∞∑

k=1

ϕ(G(k))ek ≡
∞∑

k=1

ϕ(λk)ek.

Òåîðåìà 2. Îïåðàòîð Aϕ íåïåðåðâíèé ó
ïðîñòîði H∞ < mn > òîäi i ëèøå òîäi, êîëè
Fϕ ∈ H

′
∞ < mn >.

Äîâåäåííÿ. Íåõàé Fϕ ∈ H
′
∞ < mn >,

òîáòî

∀µ > 0 ∃ c = c(µ) > 0 ∀ k ≥ 1 :

ϕ(λk) ≤ cρ(µλk). (6)

Äîâåäåìî, ùî òîäi Aϕψ ∈ H∞ < mn >
äëÿ äîâiëüíîãî åëåìåíòà ψ ∈ H∞ < mn >.
Îñêiëüêè

ck(Aϕψ) = (Aϕψ, ek) = (ψ, Aϕek) =

= ϕ(λk)(ψ, ek) = ϕ(λk)ck(ψ),

òî äîñèòü äîâåñòè, ùî

∃µ0 > 0 ∃ c0 > 0 ∀ k ≥ 1 :

ϕ(λk)|ck(ψ)| ≤ c0ρ
−1(µ0λk).

Çà óìîâîþ ψ ∈ H∞ < mn >, òîáòî

∃µ1 > 0 ∃ c1 > 0 ∀ k ≥ 1 :

|ck(ψ)| ≤ c1ρ
−1(µ1λk).
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Îòæå,

ϕ(λk)|ck(ψ)| ≤ cc1ρ(µλk)ρ
−1(µ1λk) =

= cc1e
ln ρ(µλk)e− ln ρ(µ1λk) =

= cc1e
ln ρ(µλk)−ln ρ(µ1λk).

Âiçüìåìî ïàðàìåòð µ ç ïðîìiæêó (0, µ1).
Âðàõóâàâøè íåðiâíiñòü îïóêëîñòi (4), äëÿ
ôóíêöi�� ln ρ çíàéäåìî, ùî

ln ρ(µλk)− ln ρ(µ1λk) ≤
≤ − ln ρ((µ1 − µ)λk) ≡ − ln ρ(µ0λk),

äå µ1 − µ = µ0. Òîäi

ϕ(λk)|ck(ψ)| ≤ c0e
− ln ρ(µ0λk) = c0ρ

−1(µ0λk),

çâiäêè é âèïëèâàc, ùî Aϕψ ∈ H∞ < mn >.
Äîâåäåìî, ùî Aϕ � íåïåðåðâíèé îïåðà-

òîð ó ïðîñòîði H∞ < mn >, òîáòî ùî êî-
æíó îáìåæåíó ìíîæèíó öüîãî ïðîñòîðó îïå-
ðàòîð Aϕ âiäîáðàæàc â îáìåæåíó ìíîæèíó
öüîãî æ ïðîñòîðó.

Íåõàé L � îáìåæåíà ìíîæèíà â ïðîñòî-
ði H∞ < mn >. Îñêiëüêè H∞ < mn >=⋃
α>0

H{α}, òî L � îáìåæåíà ìíîæèíà â äå-
ÿêîìó ãiëüáåðòîâîìó ïðîñòîði H{α0}, òîáòî
∃ b > 0 ∀ψ ∈ L :

‖ψ‖H{α0}
=

∞∑

k=1

|ck(ψ)|2ρ2

(
λk

α0

)
≤ b,

àáî, ùî ðiâíîñèëüíî,

∃ b > 0 ∀ψ ∈ L : |ck(ψ)| ≤ bρ−1

(
λk

α0

)
, k ≥ 1.

Ó íåðiâíîñòi (6) íåõàé µ =
1

2α0

. Òîäi, ñêîðèñ-
òàâøèñü íåðiâíiñòþ îïóêëîñòi (4), çíàéäåìî,
ùî

|ck(Aϕψ)| = ϕ(λ)|ck(ψ)| ≤ cb−1ρ−1×

×
((

1

α0

− µ

)
λk

)
= b1ρ

−1

(
λk

2α0

)
, k ≥ 1,

äå b1 = cb. Îòæå, ìíîæèíà AϕL îáìåæåíà
ó ïðîñòîði H{2α0}, òîáòî ó ïðîñòîði H∞ <
mn >.

Îáåðíåíå òâåðäæåííÿ äîâîäèòüñÿ àíàëî-
ãi÷íî ç âèêîðèñòàííÿì íåðiâíîñòi îïóêëîñòi
(4).

Çàóâàæåííÿ 1. Óìîâà Fϕ ∈ H
′
∞ < mn >

åêâiâàëåíòíà òàêié óìîâi íà ôóíêöiþ ϕ:

∀µ > 0 ∃ c = c(µ) > 0 :

0 < ϕ(λ) ≤ cρ(µλ), λ ∈ [0, +∞).

Çàóâàæåííÿ 2. ßêùî ôóíêöiÿ ϕ
çàäîâîëüíÿc óìîâó

∃µ0 > 0 ∃ c0 > 0 : 0 < ϕ(λ) ≤ c0ρ(µ0λ),

òî îïåðàòîð Aϕ íåïåðåðâíî âiäîáðàæàòè-
ìå ïðîñòið Hα+µ0 < mn > ó ïðîñòið Hα <
mn > äëÿ äîâiëüíîãî α > 0.

2. Äèôåðåíöiàëüíî-îïåðàòîðíi ðiâ-
íÿííÿ ç îïåðàòîðîì, ñïåêòð ÿêî-
ãî c ñóòî äèñêðåòíèì. Ðîçãëÿíåìî
äèôåðåíöiàëüíî-îïåðàòîðíå ðiâíÿííÿ

u′(t) + Aϕu(t) = 0, t ∈ (0, T ], 0 < T < ∞,
(7)

äå Aϕ � îïåðàòîð, ïîáóäîâàíèé çà ôóíêöicþ
ϕ (äèâ. ï.1), ÿêèé äic ó ïðîñòîði H∞ < mn >.
Ââàæàcìî, ùî ϕ äîäàòêîâî çàäîâîëüíÿc ùå
òàêó óìîâó:

∃ p0 ∈ N ∃ ε0 > 0 ∃ c0 > 0 :

ϕ(λ) ≥ p0
√

ρ(ε0λ), λ ∈
[

1

ε0

, +∞
)

. (8)

Ðiâíÿííÿ (7) íàçèâàòèìåìî åâîëþöiéíèì
ðiâíÿííÿì íåñêií÷åííîãî ïîðÿäêó.

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (7) ðîçóìiòèìå-
ìî ôóíêöiþ u : (0, T ] 7→ H∞ < mn >,
ÿêà ñèëüíî íåïåðåðâíî äèôåðåíöiéîâíà â H
i çàäîâîëüíÿc ðiâíÿííÿ (7).

Òåîðåìà 3. Äëÿ äîâiëüíîãî f =
∞∑

k=1

ckek ∈ H
′
∞ < mn > ôóíêöiÿ

u(t) =
∞∑

k=1

exp(−tϕ(λk))ckek

c ðîçâ'ÿçêîì ðiâíÿííÿ (7), ïðè öüîìó u(t) ∈
H∞ < mn > ïðè êîæíîìó t ∈ (0, T ].
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Äîâåäåííÿ. Äîâåäåìî, ùî u(t) ∈ H∞ <
mn > ïðè êîæíîìó t > 0. Îñêiëüêè H∞ <
mn >=

⋃
α>0

H{α}, òî äîñèòü âêàçàòè α0 > 0

òàêå, ùî u(t) ∈ H{α0}, òîáòî äîâåñòè, ùî
∞∑

k=1

|ck(u(t))|2ρ2

(
λk

α0

)
< +∞.

Çà óìîâîþ f ∈ H
′
∞ < mn >, òîáòî

∀µ > 0 ∃ c = c(µ) > 0 : |ck| ≤ cρ(µλk), k ≥ 1.

Îòæå, âðàõóâàâøè (8), à òàêîæ òå, ùî
ck(u(t)) = cke

−tϕ(λk), çíàéäåìî, ùî

|ck(u(t))| ≤ cρ(µλk)e
−tϕ(λk) ≤

≤ c(p0)!ρ(µλk)

tp0ϕp0(λk)
≤ c̃ρ(µλk)ρ

−1(ε0λk) ≤

≤ c̃M

µhλk

ρ−1(ε0λk) sup
n

µn+1λn+1
k hn+1

mn+1

≤

≤ c̃′
1

λk

ρ−1(ε0λk)ρ(µhλk) =

=
c̃′

λk

eln ρ(µhλk)−ln ρ(ε0λk) ≤

≤ c̃′

λk

e− ln ρ((ε0−µh)λk) =
c̃′

λk

ρ−1((ε0 − µh)λk),

c̃′ =
c̃M

µh
, c̃ =

c(p0)!

tp0

(òóò ìè ñêîðèñòàëèñü òàêîæ íåðiâíiñòþ îïó-
êëîñòi (4)). Íåõàé µ =

ε0

2h
. Òîäi

|ck(u(t))| ≤ c̃

λk

ρ−1

(
ε0

2
λk

)
.

Îòæå,
∞∑

k=1

|ck(u(t))|2ρ2

(
ε0

2
λk

)
≤ c̃′

∞∑

k=1

1

λ2
k

< +∞,

òîáòî u(t) ∈ H{ 2
ε0
}. Çâiäñè âèïëèâàc, ùî

u(t) ∈ H∞ < mn > ïðè êîæíîìó t > 0.
Äàëi âñòàíîâëþcìî ñèëüíó íåïåðåðâ-

íó äèôåðåíöiéîâíiñòü u(t) â H (u ∈
C1((0, T ], H)) i áåçïîñåðåäíüî ïåðåêîíócìîñÿ
â òîìó, ùî u(t) çàäîâîëüíÿc ðiâíÿííÿ (7).

Íàñëiäîê 1. Ãðàíè÷íå çíà÷åííÿ u(t) ïðè
t → +0 iñíóc â ïðîñòîði H

′
∞ < mn >, òîáòî

u(t) → f =
∞∑

k=1

ckek ∈ H
′
∞ < mn >, t → +0.

Çàäà÷à Êîøi äëÿ ðiâíÿííÿ (7) ïîëÿãàc
ó âiäøóêàííi ðîçâ'ÿçêó öüîãî ðiâíÿííÿ,
ÿêèé çàäîâîëüíÿc ïî÷àòêîâó óìîâó u(0) =
lim

t→+0
u(t) = f , äå ãðàíèöÿ áåðåòüñÿ ó ïðîñòî-

ði Φ′. Ïîïåðåäíi òåîðåìè ïðèâîäÿòü äî íà-
ñòóïíîãî òâåðäæåííÿ.

Òåîðåìà 4. Çàäà÷à Êîøi äëÿ ðiâíÿí-
íÿ (7) êîðåêòíî ðîçâ'ÿçíà ó ïðîñòîði ïî-
÷àòêîâèõ äàíèõ H

′
∞ < mn >. �I�� ðîçâ'ÿçîê

çîáðàæàcòüñÿ ôîðìóëîþ

u(t) =
∞∑

k=1

exp(−tϕ(λk))ckek,

f =
∞∑

k=1

ckek ∈ H
′
∞ < mn >,

ïðè÷îìó u(t) ∈ H∞ < mn > ïðè êîæíîìó
t > 0 i u(t) → f ïðè t → +0 ó ïðîñòîði
H

′
∞ < mn >.
Çàçíà÷èìî, ùî ïðîñòið H

′
∞ < mn > c

ìàêñèìàëüíèì ïðîñòîðîì ïî÷àòêîâèõ çíà-
÷åíü, ó ÿêîìó çàäà÷à Êîøi äëÿ ðiâíÿííÿ (7)
c ðîçâ'ÿçíîþ ó âêàçàíîìó ñåíñi.

ßê ïðèêëàä ðîçãëÿíåìî ôóíêöiþ ϕ(λ) =
∞∑

k=0

λk

(n!)β
, β > 0.

Âiäîìî (äèâ.[10]), ùî äëÿ äîâiëüíîãî ε >
0 iñíóþòü äîäàòíi ñòàëi c1, c2 òàêi, ùî

c1 exp(βλ1/β) ≤ ϕ(λ) ≤ c2 exp(β(1 + ε)λ1/β).

Îòæå, ôóíêöiÿ ϕ çàäîâîëüíÿc óìîâó (8) ç
ïàðàìåòðàìè: p0 = 1, ε0 = β. Ïðèïóñòèìî,
ùî mn = nnβ, β > 0. Òîäi ρ(λ) ∼ exp(λ1/β),
òîáòî H∞ < nnβ >= G{β}(A). Âíàñëiäîê òåî-
ðåìè 4 òà çàóâàæåííÿ 2 çàäà÷à Êîøi äëÿ åâî-
ëþöiéíîãî ðiâíÿííÿ íåñêií÷åííîãî ïîðÿäêó

u′(t) +
∞∑

k=0

Ak

(k!)β
u(t) = 0, t > 0, (9)
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áóäå êîðåêòíî ðîçâ'ÿçíîþ â ïðîñòîði ïî÷àò-
êîâèõ äàíèõ H

′
∞ < nnβ >= G

′
{β}(A), ïðè÷î-

ìó u(t) ∈ Hβ
2

< nnβ >⊂ G{β}(A) ïðè êîæíî-
ìó t > 0.

Çîêðåìà, ÿêùî çà ôóíêöiþ G âçÿòè íåïå-
ðåðâíó îäíîðiäíó ïîðÿäêó γ > 1

2
ôóíêöiþ

âèãëÿäó G(x) = |x|γ, à çà Φ � ïðîñòið óñiõ
òðèãîíîìåòðè÷íèõ ïîëiíîìiâ

P (x) =
s∑

k=−s

ck,pe
ikx, x ∈ R, s ∈ Z+, ck,p ∈ C,

òî â öüîìó âèïàäêó Â çáiãàcòüñÿ ç îïåðàòî-
ðîì äðîáîâîãî äèôåðåíöiþâàííÿ, ÿêèé äic
â ïðîñòîði óçàãàëüíåíèõ ïåðiîäè÷íèõ ôóíê-
öié [11], Aϕ � ç îïåðàòîðîì äðîáîâîãî äè-
ôåðåíöiþâàííÿ íåñêií÷åííîãî ïîðÿäêó. Çà-
äà÷à Êîøi äëÿ ðiâíÿííÿ (9) ó öüîìó âèïàäêó
êîðåêòíî ðîçâ'ÿçíà â ïðîñòîði ïåðiîäè÷íèõ
óëüòðàðîçïîäiëiâ G

′
{β}([0, 2π]).
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