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ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐIÂÍßÍÜ Ç

ÏÓÀÑÑÎÍIÂÑÜÊÈÌÈ ÇÁÓÐÅÍÍßÌÈ
Îäåðæàíî íåîáõiäíi òà äîñòàòíi óìîâè àñèìïòîòè÷íî�� ñòiéêîñòi òà äîñòàòíi óìîâè íå-

îáìåæåíîñòi â ñåðåäíüîìó êâàäðàòè÷íîìó òðèâiàëüíîãî ðîçâ'ÿçêó ðiâíÿíü Iòî-Ñêîðîõîäà ç
íåîáìåæåíîþ ïiñëÿäicþ ç óðàõóâàííÿì ïóàññîíiâñüêèõ çáóðåíü.

The necessary and su�cient conditions of asymptotic stability and su�cient conditions of
unboundedness in the mean square is obtained for trivial solution of Ito-Skorokhod equations with
in�nite aftere�ect and Poisson disturbances.

Íåõàé çàäàíî éìîâiðíiñíèé ïðîñòið
(Ω, F,P) ç ïîòîêîì σ-àëãåáð {Ft, t ∈ [0, T ]},
F0 ⊂ F ; R � äiéñíèé îäíîâèìiðíèé åâêëiäî-
âèé ïðîñòið ç íîðìîþ |x| åëåìåíòà x ∈ R,
DT � ïðîñòið Ñêîðîõîäà ôóíêöié {ϕ(θ)},
−∞ < θ ≤ T çi çíà÷åííÿìè â R, ÿêi ìàþòü ó
êîæíié òî÷öi îáëàñòi (−∞, T ] ãðàíèöi çëiâà
i ñïðàâà é íåïåðåðâíi ñïðàâà, ïðè÷îìó ïðè
θ → −∞ òàêîæ iñíóc ãðàíèöÿ [1].

Âèïàäêîâèé ïðîöåñ {x(t) ≡ x(t, ω)} ⊂
R âèçíà÷åíèé äëÿ t ≥ 0 ñòîõàñòè-
÷íèì ôóíêöiîíàëüíî-äèôåðåíöiàëüíèì ðiâ-
íÿííÿì Iòî-Ñêîðîõîäà [1], [2], [5]

dx(t) = a(xt)dt + b(xt)dw(t)+

+

∫

R

g(xt, u)ν̃(dt, du), (1)

x(t) = ϕ(t), ∀ t ∈ (−∞, 0], (2)

äå ϕ(t) ∈ DT ; íàäàëi âñþ òðàcêòîðiþ ïðî-
öåñó {x(t)} ⊂ R äî ìîìåíòó t áóäåìî ïî-
çíà÷àòè xt ≡ {x(t + θ),−∞ < θ ≤ 0};
{w(t) ≡ w(t, ω)} ⊂ R � âiíåðiâñüêèé ïðî-
öåñ; ν̃(t, A) = ν(t, A) − tΠ(A), A ⊂ R � öåí-
òðîâàíà ïóàññîíiâñüêà ìiðà â R ç ïàðàìå-
òðîì tΠ(A) = M{ν(t, A)}, ïðè öüîìó {w(t)}
i {ν̃(t, A)} ïîïàðíî íåçàëåæíi òà Ft-âèìiðíi
ïðè t > 0. {a(ϕ, ω)}, {b(ϕ, ω)}, {g(ϕ, u, ω)} �
âèïàäêîâi ôóíêöi��, ùî âiäïîâiäíî âèçíà÷åíi
íà D×Ω òà D×R×Ω. Ïðîñòið D ≡ D0 áóäåìî
ââàæàòè ìåòðè÷íèì ç ìåòðèêîþ ρD ïðîñòî-

ðó Ñêîðîõîäà ôóíêöié áåç ðîçðèâiâ äðóãîãî
ðîäó [4; ðîçä.VI, �5].

Ùîá ñïðîñòèòè ðîçãëÿä ïîâåäiíêè âèïàä-
êîâèõ ïðîöåñiâ {x(t)} ⊂ R áåç ðîçðèâiâ äðó-
ãîãî ðîäó, ðîçãëÿíåìî áiëüø ïðîñòó ìåòðè-
êó, ÿêà ïîðîäæócòüñÿ íàïiâíîðìîþ

‖ϕ‖ =





0∫

−∞

|ϕ(θ)|2K(dθ)





1/2

, (3)

äå K(·) � äåÿêà ñêií÷åííà ìiðà, ùî âèçíà÷å-
íà íà áîðåëiâñüêèõ ìíîæèíàõ íà ïiâïðÿìié
(−∞, 0]; K(−∞, 0) = K < ∞ [1], [5].

Îçíà÷åííÿ. Ïiä ðîçâ'ÿçêîì ñòîõàñòè-
÷íîãî ôóíêöiîíàëüíî-äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ (1) ç ïî÷àòêîâîþ óìîâîþ (2) áóäå-
ìî ðîçóìiòè ñåïàðàáåëüíèé ïðîöåñ {x(t)} ⊂
R, âèçíà÷åíèé ïðè t ∈ (−∞, 0] ñïiââiäíî-
øåííÿì (2), âèìiðíèé âiäíîñíî σ-àëãåáðè
Ft × Lt (Lt � σ-àëãåáðà áîðåëåâèõ ìíîæèí
íà (−∞, t]) i òàêèé, ùî ïðè êîæíîìó t ∈
[0,∞):

x(t) = ϕ(0) +

t∫

0

a(xs)ds+

+

t∫

0

b(xs)dw(s) +

t∫

0

∫

R

g(xs, u)ν̃(ds, du) (4)

ç iìîâiðíiñòþ îäèíèöÿ.
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Ïîçíà÷èìî ÷åðåç H1 [1], [5] ïðîñòið âèïàä-
êîâèõ ïðîöåñiâ {x(t)} ⊂ R òàêèé, ùî {x(t)}
óçãîäæåíèé ç {Ft, t ∈ [0, T ]}, âèáiðêîâi ôóí-
êöi�� ïðîöåñó {x(t)} ç iìîâiðíiñòþ îäèíèöÿ
íàëåæàòü DT , i ç íîðìîþ

‖x(t)‖2 ≡ { sup
0≤t≤T

M{|x(t)|2}}1/2 < ∞. (5)

×åðåç H0 ïîçíà÷èìî ïðîñòið F0-âèìiðíèõ
ôóíêöié ϕ : (−∞, 0]× Ω → R ç íîðìîþ

‖ϕ‖0 ≡ { sup
−∞<θ≤0

M{|ϕ(θ)|2}}1/2. (6)

Ïðèïóñòèìî, ùî a, b : D × Ω → R, g :
D×R×Ω → R âèìiðíi çà ñóêóïíiñòþ çìiííèõ
i äëÿ äîâiëüíèõ ϕ, ψ ∈ D:

|a(ϕ)|2 + |b(ϕ)|2 +

∫

R

|g(ϕ, u)|2Π(du) ≤

≤
0∫

−infty

(1 + |ϕ(θ)|2)dK(θ), (7)

|a(ϕ)− a(ψ)|2 + |b(ϕ)− b(ψ)|2+

+

∫

R

|g(ϕ, u)− g(ψ, u)|2Π(du) ≤

≤
0∫

−∞

|ϕ(θ)− ψ(θ)|2dK(θ). (8)

Òîäi ç [1; òåîðåìà 3, ñ.186�190, òåîðå-
ìà 4, ñ.191-193], [5; òåîðåìà 6.2.1, ñ.184�186]
âèïëèâàc, ùî äëÿ äîâiëüíîãî ϕ ∈ D iñíóc
cäèíèé ðîçâ'ÿçîê {x(t)} ç DT çàäà÷i (1), (2)
ç òî÷íiñòþ äî ñòîõàñòè÷íî�� åêâiâàëåíòíîñòi
òàêèé, ùî

M{ sup
0≤s≤T

|x(s)|2 |Ft} ≤ A(1 + ‖ϕ‖2
0),

M{ sup
t≤s≤t+h

|x(s)− x(t)|2 |Ft} ≤ B(1 + ‖ϕ‖2
0)h,

äå A,B � ñòàëi, ÿêi çàëåæàòü òiëüêè âiä T i
K.

Ïîçíà÷èìî ÷åðåç MT
1 i MT

2 ïðîñòîðè âè-
ïàäêîâîãî ïðîöåñó f1(t) i âèïàäêîâî�� ôóíêöi��

f2(t, u), âèìiðíèõ ïðè t ∈ [0, T ] i u ∈ R âiä-
íîñíî ñiìåéñòâà {Ft}, âiäïîâiäíî òàêi, ùî

T∫

0

M{|f2(t)|2}dt < ∞,

T∫

0

∫

R

M |f2(t2, u)|2
|u|2 dudt < ∞,

NT ≡ MT
1 ∨MT

2 .
Ïðèïóñêàcìî, ùî âëàñíi çíà÷åííÿ òâiðíî-

ãî îïåðàòîðà ïiâãðóïè ðîçâ'ÿçêiâ ðiâíÿííÿ

dy(t) = a(yt)dt (9)

ëåæàòü ó ëiâié ïiâïëîùèíi. Ðîçãëÿíåìî âè-
ïàäêîâèé ïðîöåñ

z(t) =

t∫

0

h1(t, τ)g1(τ)dw(τ)+

+

t∫

0

∫

R

h2(t, τ)g2(τ, u)ν̃(dτ, du), (10)

äå g1 ∈ MT
1 , g2 ∈ MT

2 , {hi(t, τ)},
{

dhi(t, τ)

dt

}
,

i = 1, 2, âèçíà÷åíi é íåïåðåðâíi çà ñóêóïíi-
ñòþ çìiííèõ (t ≥ τ ≥ 0).

Çãiäíî ç [2], ÿêùî {g1(t) ≡ g1(t, ω)},
{g2(t, u)} ≡ {g2(t, u, ω)} � íåïåðåðâíi ìàé-
æå ñêðiçü âèïàäêîâi ïðîöåñè é âîíè íàëå-
æàòü ïðîñòîðó NT , òî âèïàäêîâèé ïðîöåñ
{z(t) ≡ z(t, ω)} ìàc ñòîõàñòè÷íèé äèôåðåí-
öiàë

dz(t) =

[ t∫

0

dh1(t, τ)

dt
g1(τ)dw(τ)

]
dt+

+

[ t∫

0

∫

R

dh2(t, τ)

dt
g2(t, u)ν̃(dτ, du)

]
dt+

+h1(t, t)g1(t)dw(t)+

+

∫

R

h2(t, t)g2(t, u)ν̃(dt, du).

112 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2003. Âèïóñê 160. Ìàòåìàòèêà.



Íàçâåìî ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì
ðiâíÿííÿ (9) ðîçâ'ÿçîê, ïîáóäîâàíèé çà ïî-
÷àòêîâîþ ôóíêöicþ ϕ(θ) = 0 ïðè θ ∈
(−∞, 0), ϕ(0) = 1 i ïîçíà÷èìî éîãî ÷åðåç
h(t). Òîäi h(t) = 0 ïðè t < 0, h(0) = 1 ïðè
t = 0 i ïðè t > 0

h(t) =
1

2πi

∫

Γ

eλtV −1(λ)dλ,

äå V (λ) = λ− a(eλθ) � êâàçiïîëiíîì ðiâíÿí-
íÿ (9), à Γ � êîíòóð, ùî îõîïëþc âñi êîðåíi
ðiâíÿííÿ V (λ) = 0 [6].

Ëåìà. Ðîçâ'ÿçîê çàäà÷i (1), (2) ç âèêîðè-
ñòàííÿì {h(t)} ìîæíà ïîäàòè ó âèãëÿäi

x(t) = y(t) +

t∫

0

h(t− τ)b(xτ )dw(τ)+

+

t∫

0

∫

R

h(t− τ)g(xτ , u)ν̃(dτ, du), (11)

äå {y(t)} � ðîçâ'ÿçîê (9), ïîáóäîâàíèé çà
{ϕ(θ)}.

Äîâåäåííÿ. Âèïàäêîâèé ïðîöåñ, ùî
çàäàcòüñÿ âèðàçîì (11), ìàc, çãiäíî ç âèùå-
íàâåäåíèì, ñòîõàñòè÷íèé äèôåðåíöiàë âè-
ãëÿäó

dx(t) = dy(t) + b(xt)dw(t)+

+

∫

R

g(xt, u)ν̃(dt, du)+

+

[ t∫

0

dh(t− τ)

dt
b(xτ )dw(τ)

]
dt+

+

[ t∫

0

∫

R

dh(t− τ)

dt
g(xτ , u)ν̃(dτ, du)

]
dt,

ÿêèé çáiãàcòüñÿ ç (1).
Äiéñíî, çà îçíà÷åííÿì ôóíäàìåíòàëüíî-

ãî ðîçâ'ÿçêó

dh(t− τ)

dt
= a(ht−τ (θ)).

Çãiäíî ç ëiíiéíiñòþ îïåðàòîðà a(·), îäåðæè-
ìî

t∫

0

dh(t− τ)

dt
b(xτ )dw(τ)+

+

t∫

0

∫

R

dh(t− τ)

dt
g(xτ , u)ν̃(dτ, du) =

= a

[ t∫

0

h(t− τ)bxτdw(τ)+

+

t∫

0

∫

R

h(t− τ)g(xτ , u)ν̃(dτ, du)

]
=

= a(xt − yt),

ùî é äîâîäèòü ëåìó.
Îäåðæèìî íåîáõiäíi i äîñòàòíi óìîâè íà-

ëåæíîñòi ðîçâ'ÿçêó ðiâíÿííÿ (1) ïðîñòîðó
N∞.

Òåîðåìà 1. Íåîáõiäíîþ i äîñòàòíüîþ
óìîâîþ íàëåæíîñòi ïðîñòîðó N∞ áóäü-
ÿêîãî ëiíiéíîãî îïåðàòîðà f(xt), f(xt, u) :
DT → R, DT × R → R äëÿ äîâiëüíèõ t ∈
[0,∞) i u ∈ R, ÿêi âèçíà÷åíi íà xt ∈ D, c
âèêîíàííÿ íåðiâíîñòi

B ≡
∞∫

0

[b(ht)]
2dt +

∞∫

0

∫

R

[g(ht, u)]2

|u|2 dudt < 1,

(12)
äå {x(t)} � ðîçâ'ÿçîê çàäà÷i (1), (2).

Äîâåäåííÿ.Íåîáõiäíiñòü. ßêùî f(·) ∈
N∞, f(·, u) ∈ N∞, òî b(xt) ∈ N∞ i g(xt, u) ∈
N∞.

Çðîçóìiëèì c ïåðåõiä âiä (1) äî ðiâíÿíü

b(xt) = b(yt) +

t∫

0

b(ht−τ )b(xτ )dw(τ)+

+

t∫

0

∫

R

b(ht−τ )g(xτ , u)ν̃(dτ, du),

g(xt, u) = g(yt, u) +

t∫

0

g(ht−τ , u)b(xτ )dw(τ)+
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+

t∫

0

∫

R

g(ht−τ , u)g(xτ , u)ν̃(dτ, du),

Ïiäíîñÿ÷è îáèäâi ÷àñòèíè öèõ ðiâíÿíü äî
êâàäðàòó, çàñòîñóâàâøè îïåðàöiþ ìàòåìà-
òè÷íîãî ñïîäiâàííÿ i âèêîðèñòîâóþ÷è âëà-
ñòèâîñòi ñòîõàñòè÷íèõ iíòåãðàëiâ [7], ìîæíà
îäåðæàòè

µb(t) = [b(yt)]
2 +

t∫

0

[b(ht−τ )]
2µb(τ)dτ+

+

t∫

0

∫

R

[b(ht−τ )]
2µg(τ, u)

dudτ

|u|2 , (13)

∫

R

µg(t, u1)

|u1|2 du1 =

∫

R

[g(yt, u1)]
2

|u1|2 du1+

+

∫

R

t∫

0

[g(ht−τ , us)]
2µb(τ)du1dτ

|u1|2 +

+

∫

R

t∫

0

∫

R

[g(ht−τ , us)]
2

|u1|2 µg(τ, u)
dudτdu1

|u|2 ,

(14)
äå

µb(t) ≡ M{[b(xt)]
2}, µg(t, u) ≡ M{[g(xt, u)]2}.

Iíòåãðóþ÷è (7),(8) çà t âiä 0 äî ∞, çìi-
íþþ÷è ïîðÿäîê iíòåãðóâàííÿ é äîäàþ÷è ��õ,
îäåðæèìî

∞∫

0

µb(t)dt +

∞∫

0

∫

R

µg(t, u)

|u|2 dudt >

> B

[ ∞∫

0

µb(t)dt +

∞∫

0

∫

R

µg(t, u)

|u|2 dudt

]
,

ùî é äîâîäèòü íåîáõiäíiñòü.
Äîñòàòíiñòü. Ïiñëÿ iíòåãðóâàííÿ (13) i

(14) çà t âiä 0 äî ∞, îäåðæèìî
∞∫

0

µb(t)dt =
1

1−B

{ ∞∫

0

[b(yt)]
2dt×

×
(

1−
∞∫

0

∫

R

[g(ht, u)]2dudt

|u|2
)

+

+

∞∫

0

∫

R

[g(yt, u)]2

|u|2 dudt

∞∫

0

[b(ht)]
2dt

}
;

∞∫

0

∫

R

µg(t, u)

|u|2 dudt =
1

1−B

{(
1−

∞∫

0

[b(ht)]
2dt×

×
∞∫

0

∫

R

[g(yt, u)]2

|u|2 dudt+

+

∞∫

0

[b(yt)]
2dt

∞∫

0

∫

R

[g(ht, u)]2

|u|2 dudt

}
,

äå B âèçíà÷åíî ó (12).
Íåõàé âèêîíócòüñÿ óìîâà (12) (B < 1),

òîäi ç îäåðæàíèõ ðiâíîñòåé âèïëèâàc, ùî
b(xt) ∈ N∞ i g(xt, u) ∈ N∞. Àíàëîãi÷íî (13),
(14) ìîæíà âèïèñàòè äëÿ äîâiëüíî�� ôóíêöi��
f ∈ N∞ ñïiââiäíîøåííÿ

∞∫

0

µf (t)dt =

∞∫

0

[f(yt)]
2dt+

+

∞∫

0

[f(ht)]
2dt

∞∫

0

µb(t)dt+

+

∞∫

0

[f(hτ )]
2dt

∞∫

0

∫

R

µg(t, u)

|u|2 dudt, (15)

∞∫

0

∫

R

µf (t, u)

|u|2 dudt =

∞∫

0

∫

R

[f(yt, u)]2

|u|2 dudt+

+

∞∫

0

∫

R

[f(ht, u)]2

|u|2 dudt

∞∫

0

µb(t)dt+

+

∞∫

0

∫

R

[f(ht, u)]2

|u|2 dudt

∞∫

0

∫

R

µg(t, u)

|u|2 dudt.

(16)
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Çãiäíî ç ïðèïóùåííÿì, óñi iíòåãðàëè
ñïðàâà iñíóþòü, òîìó µf (t) ∈ L1(0,∞). Çâiä-
ñè âèïëèâàc, ùî f(·) ∈ N∞, f(·, u) ∈ N∞ äëÿ
âñiõ u ∈ R. Òåîðåìà 1 äîâåäåíà.

Íàñëiäîê 1. Ïðè âèêîíàííi óìîâ òåîðå-
ìè 1 òðèâiàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2)
àñèìïòîòè÷íî ñòiéêèé ó ñåðåäíüîìó êâà-
äðàòè÷íîìó.

Äîâåäåííÿ. Ïðè âèêîíàííi ïðèïóùåí-
íÿ äëÿ äîâiëüíîãî ðîçâ'ÿçêó {y(t)} ðiâíÿííÿ
(9), ïîáóäîâàíîãî çà ïî÷àòêîâîþ ôóíêöicþ
{ϕ(θ)}, âèêîíócòüñÿ íåðiâíiñòü

|y(t)| ≤ Ne−βt‖ϕ‖2, N > 0, β > 0.

Îòæå, ç (13) i (14) âèïëèâàc, ùî
∞∫

0

µb(t)dt ≤ N2‖b‖2‖ϕ‖2
2

2β(1−B)
×

×
{(

1−
∞∫

0

∫

R

[g(ht, u)]2

|u|2 dudt

)
+

+
N2|y|2‖ϕ‖2

2

2β

∫

R

du

|u|2
}

;

∞∫

0

∫

R

µg(t, u)

|u|2 dudt ≤ N2‖g‖2‖ϕ‖2
2

2β(1−B)
×

×
∫

R

du

|u|2
{(

1−
∞∫

0

[b(ht)]
2dt

)
+ N2‖b‖2‖ϕ‖2

2

}
.

Ç (16) íåâàæêî îäåðæàòè íåðiâíiñòü

M{x2(t)} ≤ N2e−2βt‖ϕ‖2
2|h(t)|

∞∫

0

µb(t)dt+

+‖ht‖2

∞∫

0

∫

R

µg(t, u)

|u|2 dudt.

Çâiäñè âèïëèâàc ñòiéêiñòü ó ñåðåäíüîìó êâà-
äðàòè÷íîìó.

Äîâåäåìî, ùî äëÿ äîâiëüíèõ f(·), f(·, u) ∈
DT

lim
t→∞

µf (t) = 0, lim
t→∞

µf (t, u) = 0, (17)

äëÿ äîâiëüíîãî u ∈ R.
Ç (15) i (16) âèïëèâàc íåðiâíiñòü

µf (t) ≤ N2‖f‖2e−2βt‖ϕ‖2
2+

+‖f‖2|h(t)|2
{ ∞∫

0

µb(t)dt+

∞∫

0

∫

R

µg(t, u)

|u|2 dudt

}
.

Îñêiëüêè µb(t) ∈ L1[0,∞) i µg(t, u) ∈
L1[0,∞) äëÿ äîâiëüíèõ u ∈ R, òîäi ñïðàâ-
äæóþòüñÿ ñïiââiäíîøåííÿ (11), à îòæå,

lim
t→∞

M{x2(t)} = 0.

Íàñëiäîê 1 äîâåäåíî.
Òåîðåìà 2. ßêùî B = 1, òî â äîâiëüíî-

ìó îêîëi íóëÿ çíàéäåòüñÿ òàêà ïî÷àòêîâà
ôóíêöiÿ, ùî lim

t→∞
M{x2(t)} 6= 0 .

Äîâåäåííÿ. Âiçüìåìî çà ïî÷àòêîâó ôóí-
êöiþ

ϕ(θ) =

{
0, t ∈ (−∞, 0),
δ, θ = 0.

Òîäi y(t) = δh(t) � ðîçâ'ÿçîê (9) i

µb(t) = δ2[b(ht)]
2 +

t∫

0

[b(ht−τ )]
2µb(τ)dτ+

+

t∫

0

∫

R

[b(ht−τ )]
2µg(τ, u)

|u|2 dudτ ;

∫

R

µg(t, u)

|u|2 du = δ2

∫

R

[g(ht, u)]2

|u|2 du+

+

t∫

0

∫

R

[g(ht−τ , u)]2

|u|2 µb(τ)dudτ+

+

t∫

0

∫

R

∫

R

[g(ht−τ , u1)]
2

|u1|2
µg(τ, u)

|u|2 du1dudτ.

Çàñòîñóâàâøè ïåðåòâîðåííÿ Ëàïëàñà [3] äî
îäåðæàíèõ ðiâíÿíü, ëåãêî âèïèñàòè çîáðà-
æåííÿ

µb(λ) =
δ2Hb(λ)

1−Hb(λ)−Hg(λ)
;
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Mg(λ) =
δ2Hg(λ)

1−Hb(λ)−Hg(λ)
,

äå
Mb(λ) = L{µb(t)}; Hb(λ) = L{[b(ht)]

2},

Mg(λ) = L

{∫

R

µg(t, u)

|u|2 du

}
;

Hg(λ) = L

{
[g(ht, u)]2

|u|2 du

}
.

Çàóâàæèìî, ùî {Mb(λ)}, à òàêîæ {Mg(λ)}
ìàc ïîëþñ ó òî÷öi λ = 0, à ðåøòà ïîëþñiâ
çíàõîäèòüñÿ â ïiâïëîùèíi Re λ < 0, òîäi îðè-
ãiíàë {µb(t)} (àíàëîã {µg(t)}) ìîæíà ïîäàòè
ó âèãëÿäi P (t) + e−βtQ(t), äå P (t) � ìíîãî-
÷ëåí, Q(t) � îáìåæåíà ôóíêöiÿ i β > 0. Îò-
æå, lim

t→∞
µb(t) i lim

t→∞
µg(t) iñíóþòü. Îñêiëüêè

{Hb(λ)} i {Hg(λ)} � àíàëiòè÷íi ôóíêöi�� â òî-
÷öi λ = 0, òî ìîæëèâi íàñòóïíi çîáðàæåííÿ
[3]:

Hb(λ) =
∞∑
i=0

αiλ
t, 0 ≤ α0 =

∞∫

0

[b(ht)]dt ≤ 1,

α1 = −
∞∫

0

t[b(ht)]
2dt < ∞,

αi =
1

i!
H(i)(λ)

∣∣∣∣
λ=0

, i = 2, 3, ...

Hg(λ) =
∞∑
i=0

bjλ
j,

0 ≤ b0 ≤
∞∫

0

∫

R

[g(ht, u)]2

|u|2 dudt ≤ 1,

b1 = −
∞∫

0

∫

R

t[g(ht, u)]2

|u|2 dudt < ∞,

bj =
1

j!
H(j)(λ)

∣∣∣∣
λ=0

, j = 2, 3, ...

Âèêîðèñòîâóþ÷è âiäîìå ãðàíè÷íå ñïiââiäíî-
øåííÿ [3], ìîæíà îäåðæàòè, ùî

lim
t→∞

µb(t) = δ2 lim
λ→0

λHb(λ)

1−Hb(λ)−Hg(λ)
=

= − δ2α0

α1 + b1

6= 0,

lim
t→∞

µg(t) = δ2 lim
λ→0

λHg(λ)

1−Hb(λ)−Hg(λ)
=

= − δ2b0

α1 + b1

6= 0.

ßêùî α0 6= 0, b0 6= 0, òîäi ïåðåòâîðèòè-
ñÿ íà íóëü ìîæå òiëüêè îäíà ç ãðàíèöü,
ùî âèïëèâàc ç óìîâè òåîðåìè 2. Ïðèïóñòè-
ìî ïðîòèëåæíå, òîäi ç íåðiâíîñòåé µb(t) ≤
‖b‖M{x2(t)}, µg(t) ≤ ‖g‖M{x2(t)} îäåðæè-
ìî, ùî lim

t→∞
µb(t) = lim

t→∞
µg(t) = 0, ùî é äîâî-

äèòü òåîðåìó 2.
Òåîðåìà 3. ßêùî B > 1, òîäi â äîâiëü-

íîìó ìàëîìó îêîëi íóëÿ çíàéäåòüñÿ òà-
êà ïî÷àòêîâà ôóíêöiÿ, ùî äðóãèé ìîìåíò
ðîçâ'ÿçêó (1), (2) íåîáìåæåíî çðîñòàc.

Äîâåäåííÿ. Çàñòîñóâàâøè L-ïåðåòâî-
ðåííÿ äî (13) i (14), ìîæíà îäåðæàòè, ùî

Mb(λ) =
Yb(λ)[1−Hb(λ)] + Hb(λ)Yg(λ)

1−Hb(λ)−Hg(λ)
,

Mg(λ) =
Yg(λ)[1−Hb(λ)] + Hg(λ)Yb(λ)

1−Hb(λ)−Hg(λ)
,

äå

Yb(λ) ≡ L{[b(yt)]
2}, Yg(λ) ≡ L

{∫

R

g(yt, u)

|u|2 du

}
.

Çãiäíî ç ïðèïóùåííÿì,

[b(yt)]
2 → 0;

∫

R

[g(yt, u)]2

|u|2 → 0; [b(ht)]
2 → 0;

∫

R

[g(ht, u)]2

|u|2 → 0 t →∞.

Çâiäñè âèïëèâàc, ùî Yb(λ), Yg(λ), Hb(λ) i
Hg(λ) � àíàëiòè÷íi ôóíêöi�� â ïiâïëîùèíi
Re λ > 0. Ïîëþñè Hb(λ) i Mg(λ) ìîæóòü
ç'ÿâèòèñÿ ó ïðàâié ïiâïëîùèíi òiëüêè ïðè
Hb(λ)+Hg(λ) = 1, òîáòî ïðè âèêîíàííi óìî-
âè

f(λ) = L

{
[b(ht)]

2 +

∫

R

[g(ht, u)]2

|u|2 du

}
= 1.

(18)
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Ïiä çíàêîì L-ïåðåòâîðåííÿ ó (18) ñòî��òü
íåâiä'cìíà ôóíêöiÿ, òîìó |P (λ)| äîñÿãàc
íàéáiëüøîãî çíà÷åííÿ íà äiéñíié îñi. Çà óìî-
âîþ òåîðåìè 3 îäåðæèìî, ùî lim

λ→∞
f(λ) = 0.

Òîäi, âðàõîâóþ÷è íåïåðåðâíiñòü {f(λ)} ÿê
ôóíêöi�� äiéñíîãî àðãóìåíòó, çíàéäåòüñÿ òàêå
λ0 > 0, ïðè ÿêîìó f(λ0) = 1. À öå îçíà÷àc,
ùî {Mb(λ)} i {Mg(λ)} ìàþòü ó ïðàâié ïiâ-
ïëîùèíi õî÷à á ïî îäíîìó ïîëþñó i âiäïîâiä-
íi îðèãiíàëè {µb(t)} i {µg(t, u)} âåäóòü ñåáå
ïðè t →∞ ÿê ect, äå c � äiéñíà ÷àñòèíà íàé-
áiëüø âiääàëåíîãî ñïðàâà çîáðàæåííÿ. Îò-
æå, lim

t→∞
µb(t) = ∞ i lim

t→∞
µg(t, u) = ∞ äëÿ

äîâiëüíèõ u ∈ R, òîäi
lim
t→∞

M{x2(t)} = ∞,

ùî é äîâîäèòü òåîðåìó 3.
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