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ÊÀÍÎÍI×ÍÎ IÍÒÅÃÐÎÂÍÀ ÍÅËIÍIÉÍÀ ÄÈÍÀÌI×ÍÀ ÑÈÑÒÅÌÀ
ÒÈÏÓ ØÐÅÄIÍÃÅÐÀ

Ïîáóäîâàíî íîâó êàíîíi÷íî iíòåãðîâíó íåëiíiéíó äèíàìi÷íó ñèñòåìó òèïó Øðåäiíãåðà,
âèêîðèñòîâóþ÷è ïîòåíöiàë âçà¹ìîäi¨ δ-ïîäiáíîãî òèïó é ñõåìó âòîðèííîãî êâàíòóâàííÿ. Çíà-
éäåíî íåñêií÷åííó i¹ðàðõiþ çàêîíiâ çáåðåæåííÿ â ÿâíîìó âèãëÿäi. Äëÿ áåçïîñåðåäíüîãî ïî-
øóêó çîáðàæåííÿ òèïó Ëàêñà äèíàìi÷íî¨ ñèñòåìè ïðîïîíó¹òüñÿ çàñòîñóâàííÿ ãðàäi¹íòíî-
ãîëîíîìíîãî ìåòîäó.

Based on a manyparticle δ-like interaction potential and the second quantization scheme a
new Shredinger type canonically integrable dynamical system is constructed. An in�nite hierarchy
of conservation laws is found in exact form. The gradient-holonomic algorithm is discussed subject
to direct searching a Lax type representation supposed to exist for this dynamical system.

1. Äâî- i áàãàòî÷àñòèíêîâi êâàíòîâi çà-
äà÷i ìåõàíiêè ç ïîòåíöiàëîì âçà¹ìîäi¨ òè-
ïó δ- Äiðàêà ðîçãëÿíóòî â [1]. Ðîêiâ ï'ÿ-
òíàäöÿòü íàçàä ó [2] iíòåíñèâíî âèâ÷àëàñÿ
êâàíòîâî-ìåõàíi÷íà ñèñòåìà íà îñi R1 ç N -
÷àñòèíêîâèì ãàìiëüòîíiàíîì âèãëÿäó:

HN := −
N∑

j=s

~2

2

∂2

∂x2
j

+ α

N∑

j<k=1

δ(xj − xk)+

+i~β
N∑

j<k=1

δ′(xj − xk), (1)

äå xj ∈ R, j = 1, N , ~� ñòàëà Ïëàíêà i
α, β ∈ R � äåÿêi äîâiëüíi äiéñíi ïàðàìåòðè.
Îïåðàòîð (1) ó âòîðèííî-êâàíòîâàíîìó çî-
áðàæåííi ìà¹ âèãëÿä

H:=
1

2

∫

R

dxψ+
x ψx+

+
α

2

∫

R

dxψ+(x)ψ+(x)ψ(x)ψ(x)+

+
i

4
β

∫

R

dx(ψ+(x)ψ+(x)ψ(x)ψx(x)−

−ψ+
x (x)ψ+(x)ψ(x)ψ(x), (2)

äå äëÿ âñiõ x, y ∈ R îïåðàòîð ψ(x) i éîãî
ñïðÿæåíèé ψ+(y) çàäîâîëüíÿþòü òàêi ñïiâ-
âiäíîøåííÿ êîìóòàöi¨:

[ψ(x), ψ(y)] = 0 = [ψ+(y), ψ+(x)]

[ψ(x), ψ+(y)] = ~δ(x− y). (3)

Âèêîðèñòîâóþ÷è ãàìiëüòîíiàí (2), ìîæ-
íà ïîáóäóâàòè íàñòóïíi åâîëþöiéíi ðiâ-
íÿííÿ Ãàéçåíáåðãà äëÿ êàíîíi÷íèõ ïîëiâ
ψ(x), ψ+(x) : Φ → Φ, x ∈ R:

dψ

dt
:=

i

~
[H, ψ]=− i

2
ψxx + iαψ+ψ2 + βψ+ψψx

dψ+

dt
:=

i

~
[H, ψ+]=

i

2
ψ+

xx−iαψψ+ψ++βψ+
x ψ+ψ.

(4)
Âiäïîâiäíà êâàçiêëàñè÷íà ðåäóêöiÿ ðiâíÿíü
(4) îäåðæó¹òüñÿ ïðè ~ → 0 i i

~ [·, ·] → {·, ·},
äå {·, ·} � ñòàíäàðòíà (êàíîíi÷íà) äóæêà Ïó-
àññîíà íà ôóíêöiîíàëüíîìó ïðîñòîði M ∈
W 2

2 (R;C2) 3 (ψ, ψ∗) ïðè ~ → 0. Îòðèìàíà
íåëiíiéíà äèíàìi÷íà ñèñòåìà (4) òèïó Øðå-
äiíãåðà íà ôóíêöiîíàëüíîìó ìíîãîâèäi M ,
ÿê äîâåäåíî ó [2], ¹ öiëêîì iíòåãðîâíîþ çà
Ëàêñîì ÿê ó êâàíòîâîìó, òàê i ó êâàçiêëàñè-
÷íîìó âèïàäêàõ.

2. Íà îñíîâi ïîïåðåäíiõ ìiðêóâàíü ïðè-
ðîäíèì ¹ óçàãàëüíèòè ãàìiëüòîíiàí (1),
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äîäàþ÷è äâî÷àñòèíêîâó âçà¹ìîäiþ δ-òèïó
HN → Hξ

N , ξ ∈ R, äå

Hξ
N :=

N∑
j=1

~2
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∂x2
j

+α

N∑
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N∑
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δ′(xj−xk)+ξ~2
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(5)
Âiäïîâiäíå äî (5) äâi÷i êâàíòîâàíå çîáðà-
æåííÿ çàäà¹òüñÿ îïåðàòîðîì Hξ : Φ → Φ,
äå

Hξ
N :=

1

2

∫

R

dxψ+
x ψx+

+
α

2

∫

R

ψ+(x)ψ+(x)ψ(x)ψ(x)+

+
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4

∫

R

dx(ψ+(x)ψ+(x)ψ(x)ψx(x)−

−ψ+
x (x)ψ+(x)ψ(x)ψ(x))+

+
ξ

2

∫

R

dx(ψ+(x)ψ+
x (x)ψ(x)ψx(x)). (6)

ßê ðåçóëüòàò, ìîæíà çàïèñàòè íîâó äèíàìi-
÷íó ñèñòåìó òèïó Øðåäiíãåðà çà äîïîìîãîþ
åâîëþöiéíîãî ðiâíÿííÿ Ãàéçåíáåðãà

ψt :=
i

~
[Hξ, ψ] = − i

2
ψxx + iαψ+ψ2+

+βψ+ψψx − iξ

2
(ψ+ψψxx + ψ+ψxψx),

ψ+
t :=

i

~
[Hξ, ψ] =

i

2
ψ+

xx − iαψ+ψ+ψ+

+βψ+
x ψ+ψ +

iξ

2
(ψ+

xxψ
+ψ + ψ+

x ψ+
x ψ), (7)

ÿêà ìà¹ áóòè öiëêîì iíòåãðîâíîþ çà Ëà-
êñîì â îáèäâîõ âèïàäêàõ, ÿê ó êâàíòîâî-
ìó, òàê i ó êâàçiêëàñè÷íîìó (~ → 0). Äî-
ñëiäæåííÿ ïèòàííÿ iíòåãðîâíîñòi áóäå çà-
ïðîïîíîâàíî â íàñòóïíié ðîáîòi ç âèêîðè-
ñòàííÿì ãðàäi¹íòíî-ãîëîíîìíîãî àëãîðèòìó,
ðîçâèíóòîãî â [3].
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