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ÇÀÄÀ×À ÊÎØI ÄËß ÅÂÎËÞÖIÉÍÈÕ ÐIÂÍßÍÜ ÂÈÙÎÃÎ ÏÎÐßÄÊÓ
ÏÎ t Ç ÎÏÅÐÀÒÎÐÎÌ ÁÅÑÑÅËß ÍÅÑÊIÍ×ÅÍÍÎÃÎ ÏÎÐßÄÊÓ

Âñòàíîâëåíà êîðåêòíà ðîçâ`ÿçíiñòü çàäà÷i Êîøi äëÿ îäíîãî êëàñó åâîëþöiéíèõ ðiâíÿíü
âèùîãî ïîðÿäêó çà t ç îïåðàòîðîì Áåññåëÿ íåñêií÷åííîãî ïîðÿäêó é ïî÷àòêîâèìè óìîâàìè,
ÿêi c óçàãàëüíåíèìè ôóíêöiÿìè íåñêií÷åííîãî ïîðÿäêó òèïó óëüòðàðîçïîäiëiâ.

The correct solvability of Cauchy problem is established for one class of evolutionary equati-
ons of higher order on t with Bessel operator of in�nite order and initial conditions, which are
generalized functions of in�nite order of ultradistribution.

1. Ïðîñòið D′
+. Íàãàäàcìî, ùî ñèìâî-

ëîì D ≡ D(R) ïîçíà÷àcòüñÿ ìíîæèíà âñiõ
ôiíiòíèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íà R
ôóíêöié. Ñóêóïíiñòü óñiõ ëiíiéíèõ íåïåðåðâ-
íèõ ôóíêöiîíàëiâ íà D çi ñëàáêîþ çáiæíiñòþ
ïîçíà÷àcòüñÿ ñèìâîëîì D′ ≡ D′(R). Åëåìåí-
òè D′ íàçèâàþòüñÿ óçàãàëüíåíèìè ôóíêöiÿ-
ìè. Ñóêóïíiñòü óçàãàëüíåíèõ ôóíêöié ç D′,
ÿêi îáåðòàþòüñÿ â íóëü íà ïiâîñi (−∞, 0),
ïîçíà÷àcòüñÿ ÷åðåç D′

+. Âiäîìî [1], ùî äëÿ
äîâiëüíèõ {f, g} ⊂ D′

+ ó ïðîñòîði D′
+ iñíóc

çãîðòêà f ∗ g, ÿêà âèçíà÷àcòüñÿ ñïiââiäíîøå-
ííÿì

< f ∗ g, ϕ >=

=< f(x)× g(y), η1(x)η2(y)ϕ(x + y) >,ϕ ∈ D,

äå η1 i η2 � äîâiëüíi ôóíêöi�� ç ïðîñòîðó
C∞(R), ðiâíi îäèíèöi â îêîëi ïiâîñi [0, +∞) i
íóëþ äëÿ äîñèòü âåëèêèõ âiä`cìíèõ çíà÷åíü
àðãóìåíòó. D′

+ óòâîðþc àñîöiàòèâíó é êîìó-
òàòèâíó àëãåáðó âiäíîñíî îïåðàöi�� çãîðòêè.
Îñêiëüêè δ ∗ f = f ∗ δ = f , ∀f ∈ D′

+, òî
îäèíèöåþ â íié c δ-ôóíêöiÿ Äiðàêà.

ßêùî óçàãàëüíåíà ôóíêöiÿ f ≡ ft çàëå-
æèòü âiä ïàðàìåòðà t, ft ∈ D′

+ ïðè êîæíîìó
t, iñíóc ∂ft

∂t
, g ∈ D′

+, òî òîäi [1]

∂m

∂tm
(ft ∗ g) =

∂mft

∂tm
∗ g, m ∈ N.

Íåõàé óçàãàëüíåíà ôóíêöiÿ fα ∈ D′
+ çà-

ëåæèòü âiä ïàðàìåòðà α ∈ (−∞, +∞) i

âèçíà÷àcòüñÿ ôîðìóëîþ

fα(t) =

{
θ(t)tα−1(Γ(α))−1, α > 0,

f
(m)
α+m(t), α ≤ 0,

äå m - íàéìåíøå ñåðåä íàòóðàëüíèõ ÷èñåë
òàêå, ùî m + α > 0, θ - ôóíêöiÿ Õåâiñàéäà.
Ïðàâèëüíèìè c íàñòóïíi òâåðäæåííÿ [1]:

1) ∀{α, β} ⊂ R: fα ∗ fβ = fα+β.
2) Íåõàé I(α)f = f ∗ fα, ∀f ∈ D′

+. Òîäi
à) ∀f ∈ D′

+: I(0)f = f ;
á) ∀f ∈ D′

+ ∀n ∈ N: I(−n)f = f (n);
â) ∀f ∈ D′

+ ∀n ∈ N: (I(n)f)(n) = f ;
ã) ∀f ∈ D′

+ ∀{α, β} ⊂ R:
I(α)I(β)f = I(α + β)f.

Çàâäÿêè âëàñòèâîñòÿì á) i â) îïåðàòîðè
I(α) ïðè α < 0 íàçèâàþòü îïåðàòîðàìè äðî-
áîâîãî äèôåðåíöiþâàííÿ, à ïðè α > 0 � îïå-
ðàòîðàìè äðîáîâîãî iíòåãðóâàííÿ â D′

+.
2. Ïðîñòîðè òèïó W òà

0

W . Ðîçãëÿ-
íåìî ôóíêöi�� ωj : [0, +∞) → [0, +∞), j ∈
{1, . . . , n}, ÿêi c íåïåðåðâíèìè é çðîñòàþ÷è-
ìè, ïðè÷îìó ωj(0) = 0, lim

x→+∞
ωj(x) = +∞,

j ∈ {1, . . . , n}. Äëÿ x ≥ 0 ïîêëàäåìî Ωj(x) =
x∫

0

ωj(ξ)dξ, j ∈ {1, . . . , n}. Äîâèçíà÷èìî ôóí-

êöi�� Ωj íà (−∞, 0] ïàðíèì ÷èíîì. Ïîðó÷ ðîç-
ãëÿíåìî ôóíêöi�� µj, Mj, ÿêi âîëîäiþòü òè-
ìè æ âëàñòèâîñòÿìè, ùî é ôóíêöi�� ωj, Ωj,
j ∈ {1, . . . , n}.
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Ñèìâîëîì WΩ
M ≡ WΩ1,...,Ωn

M1,...,Mn
ïîçíà÷àòèìå-

ìî ïðîñòið óñiõ öiëèõ ôóíêöié ϕ : Cn → C,
äëÿ ÿêèõ
∃c > 0 ∃aj > 0 ∃bj > 0, j ∈ {1, . . . , n},
∀z = x + iy ≡ (x1 + iy1, . . . , xn + iyn) ∈ Cn :

|ϕ(z)| ≡ |ϕ(z1, . . . , zn)| ≤

≤ c

n∏
j=1

exp{−Mj(ajxj) + Ωj(bjyj)}.

Ìóëüòèïëiêàòîðîì ó ïðîñòîði WΩ
M áó-

äå, íàïðèêëàä, öiëà îäíîçíà÷íà ôóíêöiÿ
ψ: Cn → C, ÿêà çàäîâîëüíÿc óìîâó
∀ε = (ε1, . . . , εn) : εj > 0, j ∈ {1, . . . , n},

∃cε > 0 ∀z = x + iy ∈ Cn :

|ψ(z)| ≤ cε

n∏
j=1

exp{Mj(εjxj) + Ωj(εjyj)}.

WΩ
M c ïîâíèì äîñêîíàëèì çëi÷åííî íîðìîâà-

íèì ïðîñòîðîì [2].
Ñèìâîëîì

0

W
Ω
M
≡ 0

W
Ω1,...,Ωn

M1,...,Mn
ïîçíà÷àòè-

ìåìî ñóêóïíiñòü óñiõ öiëèõ ïàðíèõ çà êî-
æíîþ çìiííîþ ôóíêöié ç ïðîñòîðó WΩ

M . Öåé
ïðîñòið íàçèâàòèìåìî îñíîâíèì ïðîñòîðîì
àáî ïðîñòîðîì òèïó

0

W , à éîãî åëåìåíòè -
îñíîâíèìè ôóíêöiÿìè. Ñóêóïíiñòü ôóíêöié,
çàäàíèõ íà Rn, ÿêi äîïóñêàþòü àíàëiòè÷íå
ïðîäîâæåííÿ â Cn i ÿê ôóíêöi�� êîìïëåêñíèõ
çìiííèõ c åëåìåíòàìè ïðîñòîðó

0

W
Ω
M
, ïîçíà-

÷èìî ÷åðåç
0

W
Ω
M

(Rn). Ó ïðîñòîði W Ω
M

âèçíà-
÷åíi é íåïåðåðâíi îïåðàöi�� äèôåðåíöiþâàííÿ
∂

∂zj

òà ìíîæåííÿ íà zj, j ∈ {1, . . . , n}. Ó ïðî-

ñòîði
0

W
Ω
M

âèçíà÷åíi é c íåïåðåâíèìè îïå-
ðàòîðè Aj =

1

zj

∂

∂zj

, j ∈ {1, . . . , n}, à òàêîæ

îïåðàòîð A :=
n∏

j=1

Aj [3]. Çâiäñè âèïëèâàc,

ùî ó ïðîñòîði
0

W
Ω
M

âèçíà÷åíi i c íåïåðåðâ-
íèìè îïåðàòîðè Áåññåëÿ

Bj =
∂2

∂z2
j

+
2νj + 1

zj

∂

∂zj

, (1)

νj > −1

2
, j ∈ {1, . . . , n},

à òàêîæ îïåðàòîð B = B1 . . . Bn. Ó ïðîñòîði
æ

0

W
Ω
M

(Rn) âèçíà÷åíèé i íåïåðåðâíèé îïå-
ðàòîð Áåññåëÿ Bj, ÿêèé âiäïîâiäàc çìiííié
xj, j ∈ {1, . . . , n}, à òàêîæ âiäïîâiäíèé îïå-
ðàòîð B.

Íåõàé

ϕ(z) =
∞∑

|k|=0

c2kz
2k =

∑

l=0

∑

|k|=l

c2kz
2k,

z = (z1, . . . , zn) ∈ Cn,

äå z2k = z2k1
1 . . . z2kn

n , c2k =
1

(2k)!

∂(|2k|)ϕ(0)

∂z2k
�

äåÿêà öiëà ïàðíà ôóíêöiÿ.
Îïåðàòîðîì Áåññåëÿ íåñêií÷åííîãî ïî-

ðÿäêó â ïðîñòîði
0

W
Ω
M

íàçèâàòèìåìî îïå-
ðàòîð

ϕ(B) :=
∞∑

l=0

∑

|k|=l

c2k(−B1)
k1 . . . (−Bn)kn

(Bj, j ∈ {1, . . . , n} � îïåðàòîðè Áåññåëÿ, ùî
âèçíà÷àþòüñÿ ñïiââiäíîøåííÿì (1)), ÿêùî
äëÿ äîâiëüíî�� îñíîâíî�� ôóíêöi�� ψ ∈ 0

W
Ω
M

ðÿä

(ϕ(B)ψ)(z) =

=
∞∑

l=0

∑

|k|=l

c2k(−1)|k|(Bk1
1 . . . Bkn

n )ψ(z) ≡

≡
∞∑

l=0

∑

|k|=l

c2k(−1)|k|(Bk)ψ(z)

çîáðàæàc îñíîâíó ôóíêöiþ ç ïðîñòîðó
0

W
Ω
M
. ßê i ó ïðàöi [3] (îäíîâèìiðíèé âèïà-

äîê), äîâîäèòüñÿ íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. ßêùî öiëà ïàðíà ôóíêöiÿ

ϕ : Cn → C � ìóëüòèïëiêàòîð ó ïðîñòî-
ði

0

W
Ω
M
, òî ó ïðîñòîði

0

W
Ω1

M1 ≡
0

W
Ω1

1,...,Ω1
n

M1
1 ,...,M1

n

âèçíà÷åíèé i c íåïåðåðâíèì îïåðàòîð Áåññå-
ëÿ íåñêií÷åííîãî ïîðÿäêó ϕ(B) (òóò Ω1

j òà
M1

j � ôóíêöi��, äâî��ñòi çà Þíãîì äî ôóíêöié
Mj òà Ωj, j ∈ {1, . . . , n}, âiäïîâiäíî).
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Çàóâàæåííÿ. Çíàéäåíà óìîâà íà ôóí-
êöiþ ϕ c íå ëèøå äîñòàòíüîþ, àëå é íå-
îáõiäíîþ äëÿ òîãî, ùîá îïåðàòîð ϕ(B) áóâ
âèçíà÷åíèé i íåïåðåðâíèé ó ïðîñòîði

0

W
Ω1

M1
.

ßêùî Aϕ - çâóæåííÿ îïåðàòîðà ϕ(B) íà
ïðîñòið

0

W
Ω1

M1 (Rn), òî äëÿ äîâiëüíî�� ôóíêöi��
ψ ∈ 0

W
Ω1

M1 (Rn) ïðàâèëüíîþ c ðiâíiñòü

(Aϕψ)(x) = F−1
B [ϕ(ξ)FB[ψ](ξ)](x), {x, ξ} ⊂ Rn.

Òóò FB, F−1
B � ïðÿìå òà îáåðíåíå ïåðåòâî-

ðåííÿ Ôóð`c-Áåññåëÿ ó ïðîñòîði
0

W
Ω
M

(Rn):

ψ(σ) ≡ FB[γ](σ) :=

:=

∫

Rn
+

γ(x)
n∏

s=1

jνs(σsxs)x
2νs+1
s dx1 . . . , dxn,

γ ∈ 0

W
Ω
M

(Rn),

γ(x) = F−1
B [ψ](x) =

= cν

∫

Rn
+

ψ(σ)
n∏

s=1

jνs(σsxs)σ
2νs+1
s dσ1 . . . , dσn,

äå cν = cν1 . . . cνn , cνs = (22νsΓ2(νs + 1))−1,
νs > −1/2, s ∈ {1, . . . , n}, ïðè öüîìó
FB[

0

W
Ω
M

(Rn)] =
0

W
Ω1

M1 (Rn), îïåðàòîð FB:
0

W
Ω
M

(Rn) → 0

W
Ω1

M1 (Rn) c íåïåðåðâíèì (òîá-
òî ïåðåòâîðåííÿì Ôóð`c-Áåññåëÿ ïðîñòîðè
0

W
Ω
M

(Rn) âiäîáðàæàþòüñÿ â ïðîñòîðè òàêîãî
æ òèïó).

Ó ïðîñòîði
0

W
Ω
M

(Rn) âèçíà÷åíà i c íåñêií-
÷åííî äèôåðåíöiéîâíîþ îïåðàöiÿ óçàãàëüíå-
íîãî çñóâó àðãóìåíòó ψ 7−→ T ξ

xψ, äå

T ξ
xψ(x) =

= bν

π∫

0

. . .

π∫

0

ψ(
√

x2
1 + ξ2

1 − 2x1ξ1 cos ω1, . . . ,

√
x2

n + ξ2
n − 2xnξn cos ωn)×

× sin2ν1 ω1 . . . sin2νn ωndω1 . . . dωn,

bν = bν1 . . . bνn , bνs = Γ(νs + 1)/(Γ(1/2)Γ(νs +
1/2)), νs > −1/2, s ∈ {1, . . . , n}.

Êîðèñòóþ÷èñü öicþ âëàñòèâiñòþ, çãîðòêó
óçàãàëüíåíî�� ôóíêöi�� f ∈ (

0

W
Ω
M

(Rn))′ ç
îñíîâíîþ ôóíêöicþ ψ ∈ 0

W
Ω
M

(Rn) âèçíà÷è-
ìî çà äîïîìîãîþ ôîðìóëè

(f ∗ ψ)(x) =< fξ, T
ξ
xψ(x) >≡< fξ, T

x
ξ ψ(ξ) >

(òóò fξ ïîçíà÷àc äiþ ôóíêöiîíàëà f çà çìií-
íîþ ξ).

3. Çàäà÷à Êîøi. Ñèìâîëîì
0

P
Ω
M

≡
0

P
Ω1,...,Ωn

M1,...,Mn
ïîçíà÷èìî êëàñ öiëèõ îäíîçíà-

÷íèõ ôóíêöié ψ: Cn → C, ÿêi c ìóëüòè-
ïëiêàòîðàìè â ïðîñòîði W Ω

M
i òàêèìè, ùî

eϕ ∈ W Ω
M
. Íåõàé ϕ ∈ 0

P
Ω
M
, Aϕ - îïåðà-

òîð Áåññåëÿ íåñêií÷åííîãî ïîðÿäêó, ïîáóäî-
âàíèé çà ôóíêöicþ ϕ.

Ðîçãëÿíåìî ðiâíÿííÿ

Dβ
t u(t, x) = D

{β}
t A−[β]

ϕ u(t, x), (2)

(t, x) ∈ (0, T ]× Rn
+ ≡ Ω+,

ç ïî÷àòêîâîþ óìîâîþ

D
{β}
t u(t, ·)|t=0 = f, f ∈ (

0

W
Ω1

M1
(Rn))′. (3)

Òóò β ∈ (−∞, 0), [β] � öiëà, a {β} � äðîáîâà
÷àñòèíè ÷èñëà β, Dβ

t � îïåðàòîð äðîáîâîãî
äèôåðåíöiþâàííÿ, ÿêèé äic çà çìiííîþ t ó
ïðîñòîði D′

+.
Ïiä ðîçâÿçêîì çàäà÷i Êîøi (2), (3) ðîçó-

ìiòèìåìî ôóíêöiþ u, ÿêà çàäîâîëüíÿc óìî-
âè:

1) u(·, x) ∈ D′
+∩C−[β]((0,∞)) ïðè êîæíî-

ìó x ∈ Rn
+;

2) u ∈ D(A
−[β]
ϕ ), çàäîâîëüíÿc ðiâíÿííÿ

(2) òà ïî÷àòêîâó óìîâó (3) ó òîìó ñåí-
ñi, ùî D

{β}
t u(t, ·) → f , t → +0, ó ïðîñòîði

(
0

W
Ω1

M1 (Rn))′.
Ïðàâèëüíèì c íàñòóïíå îñíîâíå

òâåðäæåííÿ.
Òåîðåìà 2. Äëÿ òîãî, ùîá çàäà÷à Êîøi

(2), (3) áóëà êîðåêòíî ðîçâ`ÿçíîþ ó ïðîñòî-
ði (

0

W
Ω1

M1 (Rn))′ òà
1) ���� ðîçâ`ÿçîê u(t, ·) ïðè êîæíîìó ôiêñî-

âàíîìó t íàëåæàâ äî ïðîñòîðó (
0

W
Ω1

M1 (Rn))′;
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2) u(t, x) = θ(t)z(t, x) ∗ f−{β}(t),
äå z(t, x) = (f ∗ G)(t, x), G(t, x) =
F−1

B [exp{tϕ(σ)}](x), (t, x) ∈ Ω+, íåîáõi-
äíî é äîñèòü, ùîá óçàãàëüíåíà ôóíêöiÿ
FB[f ] áóëà ìóëüòèïëiêàòîðîì ó ïðîñòîði
0

W
Ω
M

(Rn).
Çàóâàæåííÿ. ßêùî β = −p, p ∈ N, òî

ðiâíÿííÿ (2) íàáóâàc âèãëÿäó

∂pu

∂tp
= Ap

ϕu, p ∈ N, (t, x) ∈ Ω+.
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