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ÃIÁÐÈÄÍI IÍÒÅÃÐÀËÜÍI ÏÅÐÅÒÂÎÐÅÍÍß ÒÈÏÓ
ÁÅÑÑÅËß-ËÅÆÀÍÄÐÀ-ÁÅÑÑÅËß -...-ÁÅÑÑÅËß-ËÅÆÀÍÄÐÀ-ÁÅÑÑÅËß

Ìåòîäîì äåëüòîïîäiáíî�� ïîñëiäîâíîñòi íà ïîëÿðíié îñi r ≥ R0 > 0 ç 2n òî÷êàìè ñïðÿæå-
ííÿ ïîáóäîâàíî ãiáðèäíi iíòåãðàëüíi ïåðåòâîðåííÿ òèïó Áåññåëÿ - Ëåæàíäðà - Áåññåëÿ - ... -
Áåññåëÿ - Ëåæàíäðà - Áåññåëÿ.

Hybrid integral transition of Bessel - Legendres - Bessel -... - Bessel - Legendres - Bessel type
are constructed with the help of delta-form sequence method on polar half-axis r ≥ R0 > 0 with
2n dots of conjugation.

Ðîçãëÿíåìî ñïåêòðàëüíó çàäà÷ó
Øòóðìà-Ëióâiëëÿ ïðî êîíñòðóêöiþ íà
ìíîæèíi

I+
2n = {r : r ∈

2n⋃

k=0

(Rk, Rk+1); R0 > 0,

R2n+1 = ∞)}
ðîçâ'ÿçêó ñåïàðàòíî�� ëiíiéíî�� ñèñòåìè çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü 2-ãî ïî-
ðÿäêó

(Bνk+1,αk+1
+ q2

2k+1)v2k+1(r) = 0,

r ∈ (R2k, R2k+1), k = 0, n,

(Λµk
+ q2

2k)v2k(r) = 0,

r ∈ (R2k−1, R2k), k = 1, n (1)

çà êðàéîâèìè óìîâàìè
(

α0
11

d

dr
+ β0

11

)
v1

∣∣∣∣
r=R0

= 0,

[
rαn+1 d

dr
v2n+1

]∣∣∣∣
r=∞

= 0 (2)

òà óìîâàìè ñïðÿæåííÿ
[(

αk
j1

d

dr
+ βk

j1

)
vk−

−
(

αk
j2

d

dr
+ βk

j2

)
vk+1

]∣∣∣∣
r=Rk

= 0,

j = 1, 2; k = 1, 2n. (3)

Òóò q2
k = a−2

k b2
k(λ) ≡ (λ2 + γ2

k)a
−2
k , ak > 0,

γk ≥ 0, αk
jm ≥ 0, βk

jm ≥ 0, λ ∈ [0, +∞), cik =

αk
2iβ

k
1i − αk

1iβ
k
2i, c1k · c2k > 0,

Bν,α =
d2

dr2
+

2α + 1

r

d

dr
− ν2 − α2

r2

(ν ≥ α ≥ −1/2) - äèôåðåíöiàëüíèé îïåðàòîð
Áåññåëÿ [1],

Λµ =
d2

dr2
+ cthr

d

dr
+

1

4
− µ2

sh2r

(µ ≥ 0) - äèôåðåíöiàëüíèé îïåðàòîð Ëåæàí-
äðà [2].

Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ
ðiâíÿííÿ (Bν,α + q2)v = 0 óòâîðþþòü ôóí-
êöi�� Jν,α(qr) = (qr)−αJν(qr) i Nν,α(qr) =
(qr)−αNν(qr) [1], à äëÿ ðiâíÿííÿ (Λµ +q2)v =
0 - ôóíêöi�� P µ

−1/2+iq(chr) i Lµ
−1/2+iq(chr) =

2π−1eiµπQµ
−1/2+iq(chr) [2], àáî òàêi äâi äiéñíi

ôóíêöi�� [2]:

Aµ
−1/2+iq(chr) =

ithπqP µ
−1/2+iq(chr)

cos µπ + ithπq · sin µπ
+

+
cos µπLµ

−1/2+iq(chr)

cos µπ + ithπq · sin µπ
,

Bµ
−1/2+iq(chr) =

P µ
−1/2+iq(chr)

cos µπ + ithπq · sin µπ
−

−
sin µπLµ

−1/2+iq(chr)

cos µπ + ithπq · sin µπ
.
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Âèçíà÷èìî âåëè÷èíè òà ôóíêöi��:

uk1
ν,α;mj(qsRk) =

(
αk

mj

ν − α

Rk

+ βk
mj

)
Jν,α(qsRk)−

−αk
mjq

2
sRkJν+1,α+1(qsRk),

uk2
ν,α;mj(qsRk) =

(
αk

mj

ν − α

Rk

+ βk
mj

)
×

×Nν,α(qsRk)− αk
mjq

2
sRkNν+1,α+1(qsRk),

Y µ,m1
−1/2+iλ;sj(chRm) = αm

sjshRmAµ′
−1/2+iλ(chRm)+

+βm
sjA

µ
−1/2+iλ(chRm), (4)

Y µ,m2
−1/2+iλ;sj(chRm) = αm

sjshRmBµ′
−1/2+iλ(chRm)+

+βm
sjB

µ
−1/2+iλ(chRm),

Ψn
ν,α;km(qsRn, qsx) = un1

ν,α;km(qsRn)×
×Nν,α(qsx)− un2

ν,α;km(qsRn)Jν,α(qsx),

F µ,m
−1/2+iλ;sj((chr, chRm) = Y µ,m2

−1/2+iλ;sj(chRm)×
×Aµ

−1/2+iλ(chr)− Y µ,m1
−1/2+iλ;sj(chRm)×

×Bµ
−1/2+iλ(chr),

Z(q, µ,R) =
Γ(1/2 + iq + µ)

Γ(1/2 + iq − µ)

1

shR
×

× 1

(chµπ + ithπq · sin µπ)
,

Z(q2k, µk, R2k−1) = Zk,

σ2n+1 =
1

a2
2n+1

, σ2k =
1

a2
2k

2n∏

s=2k

c1s

c2s

×

×

n∏
s=k

R
2αs+1+1
2s

n∏
s=k+1

shR2s−1

n∏
s=k+1

R2αs+1
2s−1

n∏
s=k

shR2s

, σ2k+1 =

=
1

a2
2k+1

2n∏

s=2k+1

c1s

c2s

n∏

s=k+1

R
2αs+1+1
2s shR2s−1

R2αs+1
2s−1 shR2s

.

Áåçïîñåðåäíüî ïåðåâiðÿcòüñÿ, ùî ðîçâ'ÿç-
êîì ñïåêòðàëüíî�� çàäà÷i (1)�(3) c ôóíêöi��

v1(r, λ) =

(
2

π

)2n 2n∏
s=1

c2s

n∏
s=1

q2s+1

(q2s+1R2s)2αs+1+1
×

×
n∏

s=k+1

ZsΨ
0
ν1,α1;11(q1r, q1R0);

v2(r, λ) =

(
2

π

)2n−2k+1

×

×
2n∏

s=2k

c2s

n∏

s=k

q2s+1

(q2s+1R2s)2αs+1+1
×

×
n∏

s=k+1

Zs

[
F µk,2k−1
−1/2+iq2k;12(chr; chR2k−1)×

×B(1,4k−4),4k−2;(1,4k−3)−
−F µk,2k−1

−1/2+iq2k;22(chr; chR2k−1)×

×B(1,4k−3);(1,4k−3)

]
, 1 ≤ k ≤ n,

v2k+1(r, λ) =

(
2

π

)2n−2k 2n∏

s=2k+1

c2s×

×
n∏

s=k+1

q2s+1

(q2s+1R2s)2αs+1+1

n∏

s=k+1

Zs×

×
[
Ψ2k

νk+1,αk+1;22(q2k+1r; q2k+1R2k)×
×B(1,4k−1);(1,4k−1)−

−Ψ2k
νk+1,αk+1;12(q2k+1r; q2k+1R2k)×

×B(1,4k−2),4k;(1,4k−1)

]
, 1 ≤ k ≤ n− 1, (5)

v2n+1(r, λ) = Ψ2n
νn+1,αn+1;22(q2n+1r; q2n+1R2n)×

×B(1,4n−1);(1,4n−1)−
−Ψ2n

νn+1,αn+1;12(q2n+1r; q2n+1R2n)×
×B(1,4n−2),4n;(1,4n−1) ≡

≡ ω1(λ)Nνn+1,αn+1(q2n+1r)−
−ω2(λ)Jνn+1,αn+1(q2n+1r),

ωj(λ) = U2n,j
νn+1,αn+1;22(q2n+1R2n)×

×B(1,4n−1);(1,4n−1) − U2n,j
νn+1,αn+1;12(q2n+1R2n)×

×B(1,4n−2),4n;(1,4n−1)(j = 1, 2).

Ó ôîðìóëàõ (5) áåðóòü ó÷àñòü âèçíà-
÷íèêè B(1,j);(1+j), B(1,j−1),j+1;(1,j) ïðÿìîêóòíî��
áëî÷íî�� ìàòðèöi (bp,k) ðîçìiðíîñòi 4n×(4n−
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1), â ÿêié âiäìiííèìè âiä íóëÿ c ëèøå åëå-
ìåíòè âèãëÿäó:

bj;1 = u02
ν1,α1;11(q1R0)u

11
ν1,α1;j1(q1R1)−

−u01
ν1,α1;11(q1R0)u

12
ν1,α1;j1(q1R1),

b4(l−1)+j;4l−3+s = −Y 2l−1,s;µl

−1/2+iq2l;j2
(chR2l−1),

b4l−2+j;4l−3+s = Y 2l,s;µl

−1/2+iq2l;j1
(chR2l),

b4m−2+j;4m−1+s = −u2m,s
νm+1,αm+1;j2

(q2m+1R2m),

b4m+j;4m−1+s = u2m+1,s
νm+1,αm+1;j1

(q2m+1R2m+1),

äå j = 1, 2, s = 1, 2, 1 ≤ l ≤ n, 1 ≤ m ≤ n−1.
Iíäåêñ (1, j) âêàçóc, ùî â óòâîðåííi äà-

íîãî âèçíà÷íèêà áåðóòü ó÷àñòü ðÿäêè (ñòîâ-
ïöi) ìàòðèöi ç íîìåðàìè âiä 1 äî j, à iíäå-
êñîì (1, j − 1), j + 1 âiäìi÷àcòüñÿ, ùî j-èé
ðÿäîê çàìiíþcòüñÿ (j + 1)-èì.

Ç äîïîìîãîþ îäèíè÷íî�� ôóíêöi�� Õåâiñàé-
äà θ(r) ïîáóäócìî ñïåêòðàëüíó ôóíêöiþ

V (r, λ) =
2n∑

j=1

vj(r, λ)θ(r −Rj−1)θ(Rj − r)+

+v2n+1(r, λ)θ(r −R2n), (6)

âàãîâó ôóíêöiþ

σ(r) =
n∑

j=1

σ2jθ(r −R2j−1)θ(R2j − r)shr+

+
n−1∑
j=0

σ2j+1θ(r −R2j)θ(R2j+1 − r)r2αj+1+1+

+σ2n+1θ(r −R2n)r2αn+1+1, (7)

õàðàêòåðèñòè÷íó ôóíêöiþ

χ(r) =
2n∑

j=1

a2
jθ(r −Rj−1)θ(Rj − r)+

+a2
2n+1θ(r −R2n) (8)

i ñïåêòðàëüíó ãóñòèíó

Ω(λ) = λ[q2n+1(λ)]2αn+1(ω2
1(λ) + ω2

2(λ))−1.
(9)

Íàÿâíiñòü ñïåêòðàëüíî�� ôóíêöi�� V (r, λ),
âàãîâî�� ôóíêöi�� σ(r) i ñïåêòðàëüíî�� ãóñòèíè

Ω(λ) äîçâîëÿc íàïèñàòè iíòåãðàëüíå çîáðà-
æåííÿ ìiðè Äiðàêà [3] íà ìíîæèíi I+

2n:

δ(r − ρ)

σ(r)
=

∞∫

0

V (r, λ)V (ρ, λ)Ω(λ)dλ. (10)

Âîíî ïîðîäæóc ïðÿìå H2n i îáåðíåíå H−1
2n

ãiáðèäíå iíòåãðàëüíå ïåðåòâîðåííÿ Áåññåëÿ
- Ëåæàíäðà - Áåññåëÿ - ... - Áåññåëÿ - Ëåæàí-
äðà - Áåññåëÿ íà îñi r ≥ R0 > 0 ç 2n òî÷êàìè
ñïðÿæåííÿ

H2n[f(r)] =

∞∫

R0

f(r)V (r, λ)σ(r)dr ≡ f̃(λ),

(11)

H−1
2n [f̃(λ)] =

∞∫

0

f̃(λ)V (r, λ)Ω(λ)dλ. (12)

Ìàòåìàòè÷íèì îáãðóíòóâàííÿì ôîðìóë
(11), (12) c òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé ôóíêöiÿ f(r) âèçíà÷å-
íà é êóñêîâî-íåïåðåðâíà íà I+

2n, à ôóíêöiÿ

g(r) = f(r)
[n−1∑

k=0

rαk+1+1/2θ(R2k+1−r)θ(r−R2k)+

+
n∑

k=1

√
shrθ(R2k − r)θ(r −R2k−1)+

+θ(r −R2n)rαn+1+1/2
]

àáñîëþòíî iíòåãðîâíà é ìàc îáìåæåíó âà-
ðiàöiþ íà ìíîæèíi (R0,∞). Òîäi äëÿ r ∈ I+

2n

ñïðàâåäëèâå iíòåãðàëüíå çîáðàæåííÿ
1

2
[f(r − 0) + f(r + 0)] =

=

∞∫

0

V (r, λ)

∞∫

R0

f(ρ)V (ρ, λ)σ(ρ)dρΩ(λ)dλ.

(13)

Äîâåäåííÿ. Äëÿ ôóíêöié v2k+1(r, λ) i
v2k+1(r, β) (k = 0, n) òà v2k(r, λ) i v2k(r, β)
(k = 1, n) ñïðàâäæóþòüñÿ ðiâíîñòi

(Bνk+1,αk+1
+ q2

2k+1(λ))v2k+1(r, λ) = 0, (14)
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(Bνk+1,αk+1
+ q2

2k+1(β))v2k+1(r, β) = 0, (15)

(Λµk
+ q2

2k(λ))v2k(r, λ) = 0, (16)

(Λµk
+ q2

2k(β))v2k(r, β) = 0. (17)

Ïîìíîæèìî ðiâíiñòü (14) íà
r2αk+1+1v2k+1(r, β), à (15) � íà
r2αk+1+1v2k+1(r, λ) i âiäíiìåìî âiä ïåðøî��
äðóãó

v2k+1(r, λ)v2k+1(r, β)r2αk+1+1 =
a2

2k+1

λ2 − β2
×

× d

dr

[
r2αk+1+1

(
v2k+1(r, λ)

d

dr
v2k+1(r, β)−

−v2k+1(r, β)
d

dr
v2k+1(r, λ)

)]
, 0 ≤ k ≤ n.

(18)
Ïîìíîæèìî ñïiââiäíîøåííÿ (16) íà

v2k(r, β)shr, à (17) � íà v2k(r, λ)shr i âiäíiìå-
ìî îäíå âiä iíøîãî

v2k(r, λ)v2k(r, β)shr =
a2

2k

λ2 − β2
×

× d

dr

[
shr

(
v2k(r, λ)

d

dr
v2k(r, β)−

−v2k(r, β)
d

dr
v2k(r, λ)

)]
, 1 ≤ k ≤ n. (19)

Çàäàìî äåÿêå äîñèòü âåëèêå ÷èñëî A >
R2n.

Ðiâíiñòü (18) ïîìíîæèìî íà σ2k+1 i
ïðîiíòåãðócìî âiä R2k äî R2k+1 äëÿ 0 ≤ k ≤
n − 1, à ó âèïàäêó k = n ïðîiíòåãðócìî â
ìåæàõ âiä R2n äî A.

Ðiâíiñòü (19) ïîìíîæèìî íà σ2k i
ïðîiíòåãðócìî âiä R2k−1 äî R2k äëÿ
1 ≤ k ≤ n.

Ïðîñóìóâàâøè âñi iíòåãðàëè, îäåðæèìî,
ùî

A∫

R0

V (r, λ)V (r, β)σ(r)dr =
n−1∑

k=0

R2k+1∫

R2k

v2k+1(r, λ)×

×v2k+1(r, β)r2αk+1+1σ2k+1dr+

+
n∑

k=1

R2k∫

R2k−1

v2k(r, λ)v2k(r, β)shrσ2kdr+

+

A∫

R2n

v2n+1(r, λ)v2n+1(r, β)r2αn+1+1σ2n+1dr.

Âðàõóâàâøè ñïiââiäíîøåííÿ (18),
(19), êðàéîâó óìîâó (2) òà çíà÷åííÿ σk,
îòðèìàcìî, ùî

A∫

R0

V (r, λ)V (r, β)σ(r)dr =
1

λ2 − β2

[
A2αn+1+1×

×
(
v2n+1(A, λ)

d

dr
v2n+1(A, β)−

−v2n+1(A, β)
d

dr
v2n+1(A, λ)

)]
. (20)

Äëÿ äîâiëüíèõ äîäàòíèõ ÷èñåë c i d (c <
d) òà äîâiëüíî�� ñêií÷åííî�� ôóíêöi�� Ψ(λ), çà-
äàíî�� íà ñåãìåíòi [c, d], îá÷èñëèìî ïîäâiéíèé
iíòåãðàë

∞∫

R0

d∫

c

Ψ(λ)V (r, λ)dλV (r, β)σ(r)dr =

= lim
A→∞

A∫

R0

( d∫

c

(Ψ(λ)V (r, λ)dλ)V (r, β)σ(r)
)
dr =

= lim
A→∞

d∫

c

( A∫

R0

Ψ(λ)V (r, λ)V (r, β)σ(r)dr
)
dλ.

(21)
Çãiäíî iç ôîðìóëîþ (20), iíòåãðàë (21) çî-

áðàçèìî ó âèãëÿäi

lim
A→∞

d∫

c

Ψ(λ)

λ2 − β2

[
A2αn+1+1

(
v2n+1(A, λ)×

× d

dr
v2n+1(A, β)− v2n+1(A, β)×

× d

dr
v2n+1(A, λ)

)]
dλ. (22)

Îñêiëüêè 0 < c < d, òî ïðè îá÷èñëåí-
íi ãðàíèöi (22) ñêîðèñòàcìîñÿ äëÿ ôóíêöié
v2n+1 i d

dr
v2n+1 àñèìïòîòè÷íèìè ôîðìóëàìè

ïðè âåëèêèõ çíà÷åííÿõ àðãóìåíòó A, áåðó÷è
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äî óâàãè àñèìïòîòèêó öèëiíäðè÷íèõ ôóí-
êöié 1-ãî i 2-ãî ðîäó äiéñíîãî àðãóìåíòó [4]:

Jν,α(x) ≈
√

2

π
x−(α+1/2) cos

(
x− πν

2
− π

4

)
;

Nν,α(x) ≈
√

2

π
x−(α+1/2) sin

(
x− πν

2
− π

4

)
.

Áåçïîñåðåäíüî âñòàíîâëþcìî, ùî

v2n+1(A, λ) ≈
√

2

π
(Aq2n+1)

−(αn+1+1/2)
[
ω1(λ)×

× sin
(
q2n+1A− πνn+1

2
− π

4

)
−

−ω2(λ) cos
(
q2n+1A− πνn+1

2
− π

4

)]
.

d

dr
v2n+1(A, λ) ≈

√
2

π
(Aq2n+1)

−(αn+1+1/2)×

×
{(

ω1(λ)
νn+1 − αn+1

A
+ q2n+1ω2(λ)

)
×

× sin
(
q2n+1A− πνn+1

2
− π

4

)
−

−
(
ω2(λ)

νn+1 − αn+1

A
− q2n+1ω1(λ)

)
×

× cos
(
q2n+1A− πνn+1

2
− π

4

)}
.

Ïiñëÿ åëåìåíòàðíèõ ïåðåòâîðåíü ìàcìî

v2n+1(A, λ)
d

dr
v2n+1(A, β)−

−v2n+1(A, β)
d

dr
v2n+1(A, λ) ≈

≈ 1

πA2αn+1+1

1

[q2n+1(λ)q2n+1(β)]αn+1+1/2
×

×{(q2n+1(λ) + q2n+1(β)) sin A(q2n+1(λ)−
−q2n+1(β))[ω1(λ)ω1(β) + ω2(λ)ω2(β)]+

+(q2n+1(λ) + q2n+1(β)) cos A(q2n+1(λ)−
−q2n+1(β))[ω1(λ)ω2(β)− ω2(λ)ω1(β)]+

+(q2n+1(λ)− q2n+1(β)) sin[A(q2n+1(λ)+

+q2n+1(β))−πνn+1][ω1(λ)ω2(β)+ω2(λ)ω1(β)]+

+(q2n+1(λ)− q2n+1(β)) cos[A(q2n+1(λ)+

+q2n+1(β))−πνn+1][ω1(λ)ω1(β)−ω2(λ)ω2(β)]}.
(23)

ßêùî ôóíêöiÿ Ψ(λ) íåïåðåðâíà, àáñîëþ-
òíî iíòåãðîâíà é ìàc îáìåæåíó âàðiàöiþ íà
[c, d], òî ïiäñòàíîâêà (23) â (22) ç âèêîðèñòà-
ííÿì ëåì Ðiìàíà é Äiðiõëå [5] ïðèâîäèòü äî
ðiâíîñòi

∞∫

R0

d∫

c

Ψ(λ)V (r, λ)V (r, β)dλσ(r)dr =

=

{
Ψ(β)Ω−1(β), β ∈ [c, d],
0, β 6∈ [c, d].

ßêùî æ ôóíêöiÿ Ψ(λ) âîëîäic âêàçàíèìè
âèùå âëàñòèâîñòÿìè íà ìíîæèíi (0,∞), òî
∞∫

R0




∞∫

0

Ψ(λ)V (r, λ)Ω(λ)dλ


 V (r, β)σ(r)dr =

=

{
Ψ(β), β ≥ 0,
0, β < 0.

(24)

Ïðèïóñòèìî òåïåð, ùî ôóíêöiÿ

f(r) =

∞∫

0

Ψ(λ)V (r, λ)Ω(λ)dλ. (25)

Ïîìíîæèìî ðiâíiñòü (25) íà V (r, β)σ(r),
äå β - äîâiëüíå äîäàòíe ÷èñëî, i
ïðîiíòåãðócìî çà r âiä r = R0 äî r = ∞.

Çãiäíî iç ôîðìóëîþ (24),
∞∫

R0

f(r)V (r, β)σ(r)dr = Ψ(β).

Ïiäñòàâèâøè ôóíêöiþ

Ψ(λ) =

∞∫

R0

f(ρ)V (ρ, λ)σ(ρ)dρ

ó ðiâíiñòü (25), îäåðæèìî iíòåãðàëüíå çîáðà-
æåííÿ

f(r) =

∞∫

0

V (r, λ)Ω(λ)

∞∫

R0

f(ρ)V (ρ, λ)σ(ρ)dρdλ.

(26)
ßêùî f - êóñêoâî-íåïåðåðâíà íà I+

2n, òî
ïðèéäåìî äî ðiâíîñòi (13).
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Ç ìåòîþ çàñòîñóâàííÿ îäåðæàíèõ ií-
òåãðàëüíèõ ïåðåòâîðåíü äëÿ ðîçâ'ÿçóâàí-
íÿ âiäïîâiäíèõ çàäà÷ ìàòåìàòè÷íî�� ôiçèêè
îäåðæèìî îñíîâíó òîòîæíiñòü iíòåãðàëüíî-
ãî ïåðåòâîðåííÿ ãiáðèäíîãî äèôåðåíöiàëü-
íîãî îïåðàòîðà

M =
n−1∑

k=0

a2
2k+1θ(r−R2k)θ(R2k+1−r)Bνk+1,αk+1

+

+
n∑

k=1

a2
2kθ(r −R2k−1)θ(R2k − r)Λµk

+

+a2
2n+1θ(r −R2n)Bνn+1,αn+1 . (27)

Òåîðåìà 2. ßêùî ôóíêöiÿ f(r) äâi-
÷i íåïåðåðâíî äèôåðåíöiéîâíà íà I+

2n,
çàäîâîëüíÿc óìîâè ñïðÿæåííÿ, êðàéî-
âó óìîâó

(
α0

11

d

dr
+ β0

11

)
f |r=R0 = g0 i

lim
r→∞

f(r) = lim
r→∞

(rαn+1+3/2 df

dr
) = 0, òî ìàc

ìiñöå òîòîæíiñòü

H2n[M[f(r)]] = −λ2f̃(λ)− a2
1σ1(α

0
11)

−1g0×

×v1(R0, λ)R2α1+1
0 −

n∑

k=0

γ2
2k+1

R2k+1∫

R2k

f(r)×

×v2k+1(r, λ)r2αk+1+1σ2k+1dr−

−
n∑

k=1

γ2
2k

R2k∫

R2k−1

f(r)v2k(r, λ)shrσ2kdr,

R2n+1 = ∞. (28)

Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ
−
f(Rm) = lim

r→Rm−0
f(r),

+

f(Rm) = lim
r→Rm+0

f(r).

Iç óìîâ ñïðÿæåííÿ â òî÷öi r = Rm

αm
j1

d
−
f(Rm)

dr
+ βm

j1

−
f(Rm) = αm

j1

d

dr

+

f(Rm)+

+βm
j1

+

f(Rm)(j = 1, 2)

çíàõîäèìî ñïiââiäíîøåííÿ

d
−
f(Rm)

dr
=

1

c1m

[
(αm

22β
m
11 − αm

12β
m
21)

d
+

f(Rm)

dr
+

+(βm
11β

m
22 − βm

12β
m
21)

+

f(Rm)
]
,

−
f(Rm) = − 1

c1m

[
(αm

11α
m
22 − αm

12α
m
21)

d
+

f(Rm)

dr
+

+(αm
11β

m
22 − αm

21β
m
12)

+

f(Rm)
]
. (29)

Òàêèìè æå ðiâíîñòÿìè ïîâ'ÿçàíi â òî÷öi
r = Rm i ôóíêöi�� vm(r, λ) i vm+1(r, λ), ÿêùî
ââàæàòè

−
f(Rm) = vm(Rm, λ), à

+

f(Rm) =
vm+1(Rm, λ).

Òîäi íà îñíîâi (29) â ðåçóëüòàòi áåçïîñåðå-
äíiõ îá÷èñëåíü îäåðæèìî áàçîâó òîòîæíiñòü

vm(Rm, λ)
d
−
f(Rm)

dr
−

−
f(Rm)

dvm(Rm, λ)

dr
=

=
c2m

c1m

[vm+1(Rm, λ)
d

+

f(Rm)

dr
−

−
+

f(Rm)
dvm+1(Rm, λ)

dr
].

Ðîçãëÿíåìî

H2n[M[f(r)]] =
n∑

k=0

a2
2k+1

R2k+1∫

R2k

Bνk+1,αk+1
(f)×

×v2k+1(r, λ)r2αk+1+1σ2k+1dr+

+
n∑

k=1

a2
2k

R2k∫

R2k−1

Λµk
(f)v2k(r, λ)shrσ2kdr. (31)

Iíòåãðóþ÷è äâà ðàçè ÷àñòèíàìè é âðàõî-
âóþ÷è òå, ùî ôóíêöi�� vk(r, λ) c ðîçâ'ÿçêàìè
ñèñòåìè (1), îòðèìàcìî ñïiââiäíîøåííÿ

R2k∫

R2k−1

Λµk
(f)v2k(r, λ)shrdr =

=

(
v2k(r, λ)

df

dr
− f(r)

d

dr
v2k(r, λ)

)
shr

∣∣∣∣
R2k

R2k−1

−
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−
R2k∫

R2k−1

f(r)shr
b2
2k(λ)

a2
2k

v2k(r, λ)dr,

R2k+1∫

R2k

Bνk+1,αk+1
(f)v2k+1(r, λ)r2αk+1+1dr =

=

(
v2k+1(r, λ)

df

dr
− f(r)

dv2k+1

dr
(r, λ)

)
×

×r2αk+1+1
∣∣R2k+1

R2k
−

−
R2k+1∫

R2k

f(r)r2αk+1+1 b2
2k+1(λ)

a2
2k+1

v2k+1(r, λ)dr,

äå b2
j(λ) = λ2 + γ2

j .
Ïiäñòàâèâøè ðåçóëüòàòè iíòåãðóâàííÿ â

(31), ìàcìî

H2n[M[f(r)]] = −λ2f̃(λ)+

+
n∑

k=1

a2
2k

{[
v2k(R2k, λ)

d
−
f(R2k)

dr
−

−
−
f(R2k)

d

dr
v2k(R2k, λ)

]
shR2k−

−
[
v2k(R2k−1, λ)

d
+

f(R2k−1)

dr
−

−
+

f(R2k−1)
d

dr
v2k(R2k−1, λ)

]
shR2k−1

}
σ2k+

+
n−1∑

k=0

a2
2k+1

{[
v2k+1(R2k+1, λ)

d
−
f(R2k+1)

dr
−

−
−
f(R2k+1)

d

dr
v2k+1(R2k+1, λ)

]
R

2αk+1+1
2k+1 −

−
[
v2k+1(R2k, λ)

d
+

f(R2k)

dr
− (32)

−
+

f(R2k)
d

dr
v2k+1(R2k, λ)

]
R

2αk+1+1
2k

}
σ2k+1−

−a2
2n+1

[
v2n+1(R2n, λ)

d
+

f(R2n)

dr
−

−
+

f(R2n)
d

dr
v2n+1(R2n, λ)

]
R

2αn+1+1
2n σ2n+1+

+a2
2n+1

[
v2n+1(r, λ)

df(r)

dr
−

−f(r)
d

dr
v2n+1(r, λ)

]
r2αn+1+1|r=∞σ2n+1−

−Rn(λ), äå f̃(λ) = H2n[f ], à Rn(λ) - ñóìà
äîäàíêiâ, ùî ìiñòÿòü iíòåãðàëè.

Âèêîðèñòîâóþ÷è ðiâíiñòü (30), ñïiââiäíî-
øåííÿ (32) ïåðåïèøåìî òàê:

H2n[M[f(r)]] = −λ2f̃(λ)+

−a2
1

{[
v1(R0, λ)

d
+

f(R0)

dr
−

−
+

f(R0)
d

dr
v1(R0, λ)

]
R2α1+1

0 σ1+

+
n∑

k=1

(
a2

2kσ2kshR2k
c2,2k

c1,2k

−a2
2k+1σ2k+1R

2αk+1+1
2k

)
×

×
[
v2k+1(R2k, λ)

d
+

f(R2k)

dr
−

−
+

f(R2k)
d

dr
v2k+1(R2k, λ)

]
+ (33)

+
n∑

k=1

(
a2

2k−1σ2k−1
c2,2k−1

c1,2k−1

R2αk+1
2k−1 −

−σ2ka
2
2kshR2k−1

)[
v2k(R2k−1, λ)

d
+

f(R2k−1)

dr
−

−
+

f(R2k−1)
d

dr
v2k(R2k−1, λ)

]
+

+σ2n+1a
2
2n+1

[
v2n+1(r, λ)

df(r)

dr
−

−f(r)
d

dr
v2n+1(r, λ)

]
r2αn+1+1

∣∣∣∣
r=∞

−Rn(λ).

Çãiäíî ç âèáîðîì σj, äîäàíêè ïiä çíàêîì
ñóì ó ôîðìóëi (33) ïåðåòâîðþþòüñÿ íà íóëü.
Äîäàíîê ïðè r = ∞ ïåðåòâîðþcòüñÿ íà íóëü
çàâäÿêè óìîâàì íà ôóíêöi�� f(r) i v2n+1(r, λ).

Ó òî÷öi r = R0 ç óðàõóâàííÿì êðàéîâî��
óìîâè íà ôóíêöiþ v1(r, λ) áóäåìî ìàòè, ùî
ïðè α0

11 6= 0

v1(R0, λ)
d

+

f(R0)

dr
−

+

f(R0)
d

dr
v1(R0, λ) =
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=
1

α0
11

(
α0

11

d
+

f(R0)

dr
+ β0

11

+

f(R0)
)
v1(R0, λ)−

−β0
11

α0
11

+

f(R0)v1(R0, λ)−
+

f(R0)
dv1(R0, λ)

dr
=

=
v1(R0, λ)

α0
11

(
α0

11

df

dr
+ β0

11f

)∣∣∣∣
r=R0

−

−
+

f(R0)

α0
11

[(
α0

11

d

dr
+ β0

11

)
v1(r, λ)

∣∣∣∣
r=R0

]
=

= (α0
11)

−1v1(R0, λ)g0.

Îñòàííÿ ðiâíiñòü çàâåðøóc äîâåäåííÿ òå-
îðåìè.
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