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Êðàéîâi çàäà÷i äëÿ ãiïåðáîëi÷íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü çâîäÿòüñÿ äî piçíè-
öåâèõ òà äèôåpåíöiàëüíî-piçíèöåâèõ piâíÿíü. Ïîáóäîâàíà îáëàñòü ñòiéêîñòi äëÿ ëiíiéíîãî
àâòîíîìíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ iç äâîìà çàïiçíåííÿìè.

We reduce a boundary value problems for hyperbolic systems to di�erence and di�erential
di�erence equations. We construct a domain of stability for linear autonomous di�erential equation
with two delays.

Ó ìîíîãðàôiÿõ [1,2] êðàéîâi çàäà÷i äëÿ
ãiïåðáîëi÷íèõ ñèñòåì ïåðøîãî ïîðÿäêó ç
îäíicþ ïðîñòîðîâîþ çìiííîþ çâîäÿòüñÿ äî
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü ç îäíèì
çàïiçíåííÿì. Ó öié ñòàòòi ðîçãëÿíóòî êðàéî-
âi çàäà÷i äëÿ ãiïåðáîëi÷íèõ ñèñòåì ç áàãà-
òüìà ïðîñòîðîâèìè çìiííèìè, ÿêi çâîäÿòüñÿ
äî äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü ç áà-
ãàòüìà çàïiçíåííÿìè. Öå äîçâîëÿc äîñëiäè-
òè àñèìïòîòè÷íó ïîâåäiíêó ðîçâ'ÿçêiâ êðà-
éîâèõ çàäà÷.

Ðîçãëÿíåìî ñèñòåìó
∂ui

∂t
= ki(d, grad ui), (1)

äå d = (d1, ..., dp)
T , grad ui =

(∂ui/∂x1, ..., ∂ui/∂xp)
T , x = (x1, ..., xp)

T ,
i ∈ {1, ..., q}. Ôóíêöi�� u1, ..., uq çàäîâîëüíÿ-
þòü ãðàíè÷íi óìîâè

u1|(c,x)=0 = u2|(c,x)=0 = ... = uq|(c,x)=0, (2)

∂u1

∂t
|(c,x)=1 = f(u1|(c,x)=1, ..., uq|(c,x)=1), (3)

äå c = (c1, ..., cp)
T . Ïðèïóñòèìî, ùî kq >

kq−1 > ... > k1 > 0, (c, d) > 0, äå
(c, d)−ñêàëÿðíèé äîáóòîê âåêòîðiâ c, d.

Çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (1)
çàïèñócòüñÿ ó âèãëÿäi áiæó÷èõ õâèëü
ui(x, t) = ϕi(x + kitd), i ∈ {1, ..., q}. Ïiäñòàâ-
ëÿþ÷è â (2), îäåðæèìî

ϕ1(x + k1td)|(c,x)=0 = ϕ2(x + k2td)|(c,x)=0 =

= ... = ϕq(x + kqtd)|(c,x)=0.

Íåõàé x = x̄ − k2γd, x̄ ∈ Rp, t = t0 + γ. Òîäi
x+ k2td = x̄+ k2t0d, (c, x) = (c, x̄)− k2γ(c, d).
ßêùî (c, x) = 0, òî (c, x̄) = k2γ(c, d). Iç óìî-
âè (c, x̄) = 1 çíàõîäèìî γ = 1/[k2(c, d)]. Òîäi

x + k1td = x̄− d

(c, d)
+ k1

(
t0 +

1

k2(c, d)

)
d =

= x̄ + k1

(
t0 − k2 − k1

k1k2(c, d)

)
d.

Ïîçíà÷èìî ∆2 = (k2 − k1)/[k1k2(c, d)]. Òî-
äi ϕ2(x̄ + k2t0d)|(c,x̄)=1 = ϕ1(x̄ + k1(t0 −
∆2)d)|(c,x̄)=1. Àíàëîãi÷íî ϕi(x̄+kit0d)|(c,x̄)=1 =
ϕ1(x̄ + k1(t0 − ∆i)d)|(c,x̄)=1, äå ∆i = (ki −
k1)/[k1ki(c, d)]. Ïîçíà÷èìî z(t) = ϕ1(x̄ +
k1td)|(c,x̄)=1. Òîäi óìîâà (3) íàáóäå âèãëÿäó

dz

dt
= f(z(t), z(t−∆2), ..., z(t−∆p)). (4)

ßêùî êðiì óìîâ (2), (3) äëÿ ôóíêöi�� u1

çàäàòè ïî÷àòêîâó óìîâó

u1|t=0 = ψ(x), k1/kp ≤ (c, x) ≤ 1, (5)

òî îäåðæèìî ïî÷àòêîâó ôóíêöiþ äëÿ ðiâíÿ-
ííÿ (4)

z(t) = ψ(x+k1td)|(c,x)=1, −∆p ≤ t ≤ 0. (6)

Îòæå, ïðàâèëüíà íàñòóïíà òåîðåìà.
Òåîðåìà 1. Íåõàé (c, d) > 0, 0 < k1 <

k2 < ... < kq. Òîäi çàäà÷à (1), (2), (3), (5)
çâîäèòüñÿ äî çàäà÷i (4), (6).
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Çàóâàæåííÿ 1. ßêùî óìîâó
(3) çàìiíèòè óìîâîþ u1|(c,x)=1 =
h(u2|(c,x)=1, ..., uq|(c,x)=1), òî çàìiñòü
ðiâíÿííÿ (4) îäåðæèìî ðiçíèöåâå ðiâ-
íÿííÿ ç íåïåðåðâíèì ÷àñîì z(t) =
h(z(t−∆2), ..., z(t−∆p)).

Ðîçãëÿíåìî ÷àñòêîâèé âèïàäîê ðiâíÿííÿ
(4)

dz

dt
= az(t−m) + bz(t− n), (7)

äå m òà n � âçàcìíî ïðîñòi íàòóðàëüíi ÷èñëà,
m < n.

Çãiäíî ç [3] äëÿ òîãî, ùîá íóëüîâèé
ðîçâ'ÿçîê ðiâíÿííÿ (7) áóâ àñèìïòîòè÷íî
ñòiéêèì, íåîáõiäíî i äîñèòü, ùîá âñi êîðåíi
õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

λ = ae−mλ + be−nλ (8)

ëåæàëè â ëiâié ïiâïëîùèíi.
Îçíà÷åííÿ. Îáëàñòþ ñòiéêîñòi ðiâíÿí-

íÿ (8) íàçèâàcòüñÿ ìíîæèíà òî÷îê (a, b) ∈
R2, äëÿ ÿêèõ âñi êîðåíi ðiâíÿííÿ (8) ìiñòÿ-
òüñÿ â ëiâié ïiâïëîùèíi.

Íåõàé L � ïðîñòà íåïåðåðâíà êðèâà,
íà ÿêié âêàçàíî íàïðÿìîê ðóõó. ×åðåç
∆Argz∈Lf(z) ïîçíà÷èìî çìiíó àðãóìåíòó
ôóíêöi�� f(z) ïðè ðóñi âçäîâæ êðèâî�� L.

Ëåìà 1. Íåõàé ôóíêöi�� f(z) òà g(z) àíà-
ëiòè÷íi â êîìïëåêñíié ïëîùèíi i äëÿ òî÷îê
z iç äåÿêî�� ïðîñòî�� íåïåðåðâíî�� êðèâî�� L âè-
êîíóþòüñÿ íåðiâíîñòi |g(z)| < |f(z)|. Òîäi
∆Argz∈L(f(z) + g(z)) ≥ ∆Argz∈Lf(z)− π.

(9)
Äîâåäåííÿ. Ñïðàâäæócòüñÿ ðiâíiñòü

∆Argz∈L(f(z) + g(z)) = ∆Argz∈L[f(z)(1+

+
g(z)

f(z)
] = ∆Argz∈Lf(z) + ∆Argz∈L(1 +

g(z)

f(z)
).

Îñêiëüêè |g(z)/f(z)| < 1, òî ôóíêöiÿ 1 +
g(z)/f(z) âiäîáðàæàc êðèâó L ó âíóòði-
øíiñòü îäèíè÷íîãî êðóãà ç öåíòðîì â òî÷öi
z = 1. Òîìó îáðàç êðèâî�� L ïðè âiäîáðàæåí-
íi 1 + g(z)/f(z) ìîæå çìiíèòè àðãóìåíò íå
áiëüøå, íiæ íà π. Iç íåðiâíîñòi

∆Argz∈L

(
1 +

g(z)

f(z)

)
≥ −π

âèïëèâàc íåðiâíiñòü (9). Ëåìà äîâåäåíà.
Òåîðåìà 2. Îáëàñòü ñòiéêîñòi ðiâíÿí-

íÿ (8) îáìåæåíà.
Äîâåäåííÿ. Ïîçíà÷èìî P (λ) = λ −

ae−mλ − be−nλ. Òîäi ðiâíÿííÿ (8) ïåðåïèøå-
òüñÿ ó âèãëÿäi P (λ) = 0. Çàñòîñócìî ïðèí-
öèï àðãóìåíòó äî ïðÿìîêóòíèêà íà êîìïëå-
êñíié ïëîùèíi ç âåðøèíàìè A (λ = α + πi),
B (λ = α−πi), C (λ = γ−πi), D (λ = γ+πi),
äå α ∈ {0, 1}. ×èñëî γ > 1 âèáåðåìî íàñòiëü-
êè âåëèêèì, ùîá îáðàç ñòîðîíè CD ïðè âiä-
îáðàæåííi P (λ) ìiñòèâñÿ ó ïðàâié ïiâïëîùè-
íi. Çãiäíî ç ïðèíöèïîì àðãóìåíòó ÷èñëî íó-
ëiâ êâàçiïîëiíîìà P (λ) ó ïðÿìîêóòíèêó ðiâ-
íå çìiíi àðãóìåíòó ôóíêöi�� P (λ) ïðè ðóñi λ
âçäîâæ êîíòóðà ABCD.

Íà âiäðiçêó BC ìàcìî λ = −πi +
x, α ≤ x ≤ γ, P (λ) = −πi + x −
a(−1)me−mx − b(−1)ne−nx. Óÿâíà ÷àñòèíà
ôóíêöi�� P (λ) çàëèøàcòüñÿ ñòàëîþ, à äié-
ñíà ÷àñòèíà ïðÿìóc äî +∞ ïðè x → +∞.
Íà âiäðiçêó AD λ = πi + x, α ≤ x ≤ γ,
P (λ) = πi+x−a(−1)me−mx−b(−1)ne−nx. Òóò
çíîâó óÿâíà ÷àñòèíà ôóíêöi�� P (λ) áóäå ñòà-
ëîþ. Ó ðåçóëüòàòi ñóìàðíà çìiíà àðãóìåíòó
ôóíêöi�� P (λ) ïðè ðóñi âçäîâæ âiäðiçêiâ BC,
CD i DA áóäå äîäàòíîþ. Çàëèøèëîñü îöiíè-
òè çìiíó àðãóìåíòó îáðàçó âiäðiçêà AB. Ïðè
äîñèòü âåëèêîìó max{a, b} âèçíà÷àëüíèì íà
âiäðiçêó AB äëÿ ïðèðîñòó àðãóìåíòó ôóí-
êöi�� P (λ) áóäå âïëèâ ôóíêöi�� ae−mλ + be−nλ.

Ïðèðiñò àðãóìåíòó ôóíêöi�� ae−mλ + be−nλ

ïðè ðóñi ïî âiäðiçêó AB ðiâíèé ïðèðîñòó àð-
ãóìåíòó ôóíêöi�� azm+bzn, êîëè z ðîáèòü îá-
õiä êîëà |z| = e−α ïðîòè ãîäèííèêîâî�� ñòðië-
êè. Çãiäíî ç ïðèíöèïîì àðãóìåíòó

∆Arg|z|=e−α(azm + bzn) = 2πN,

äå N− ÷èñëî íóëiâ ôóíêöi�� azm +bzn â êðóçi
|z| < e−α. Àëå â öüîìó êðóçi çàâæäè c íóëü
z = 0 êðàòíîñòi m, îòæå

∆Arg|z|=e−α(azm + bzn) ≥ 2πm.

Ñïî÷àòêó ïðèïóñòèìî, ùî α = 0. Òîäi ïðè
||a| − |b|| > π ìàcìî |ae−imy + be−iny| > π ≥
|iy|. Çàñòîñîâóþ÷è ëåìó 1 äî âiäðiçêà AB,
îäåðæèìî
∆Argπ≥y≥−π(iy− ae−imy− be−iny) ≥ 2πm−π.
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Òîìó çìiíà àðãóìåíòó ôóíêöi�� P (λ) ïðè ðóñi
âçäîâæ êîíòóðà ABCD áóäå äîäàòíîþ. Îò-
æå, ôóíêöiÿ P (λ) áóäå ìàòè íóëü â ïðÿìî-
êóòíèêó ABCD.

Çàñòîñîâóþ÷è öþ æ ìåòîäèêó äî ïðÿìî-
êóòíèêà ABCD ïðè α = 1, îäåðæèìî, ùî
ôóíêöiÿ P (λ) áóäå ìàòè íóëü ó öüîìó ïðÿ-
ìîêóòíèêó ïðè

||a|e−m − |b|e−n| >
√

π2 + 1.

Çâiäñè âèïëèâàc, ùî äëÿ òî÷îê (a, b) iç
îáëàñòi ñòiéêîñòi ñïðàâäæóþòüñÿ íåðiâíîñòi

||a| − |b|| ≤ π, ||a|e−m − |b|e−n| ≤
√

π2 + 1.
(10)

Íåðiâíiñòü (10) âèçíà÷àc íà ïëîùèíi ïàðà-
ìåòðiâ a òà b äåÿêèé îáìåæåíèé ìíîãîêóò-
íèê. Òåîðåìà äîâåäåíà.

Ëåìà 2. ßêùî âåêòîð (a, b) íàëåæèòü
îáëàñòi ñòiéêîñòi ðiâíÿííÿ (8), òî a + b <
0.

Äîâåäåííÿ. Íåõàé a + b ≥ 0. Òîäi
êâàçiìíîãî÷ëåí P (λ) = λ − ae−mλ − be−nλ

çàäîâîëüíÿc óìîâè

P (0) ≤ 0, lim
λ→+∞

P (λ) = +∞.

Çíà÷èòü, iñíóc ÷èñëî λ0, 0 ≤ λ0 < ∞, òàêå,
ùî P (λ0) = 0. Ðiâíÿííÿ (8) ìàc íåâiä'cìíèé
äiéñíèé êîðiíü. Îòæå, âåêòîð (a, b) íå íàëå-
æèòü îáëàñòi ñòiéêîñòi. Ëåìà äîâåäåíà.

Çàñòîñócìî ìåòîä D− ðîçáèòòiâ äî ðiâíÿ-
ííÿ (8). Êâàçiïîëiíîì ìàc íóëüîâèé êîðiíü,
ÿêùî a + b = 0. Öÿ ïðÿìà i c îäíicþ ç ëiíié,
ùî óòâîðþþòü ìåæó D− ðîçáèòòÿ.

Íåõàé òåïåð ðiâíÿííÿ (8) ìàc ñóòî óÿâíèé
êîðiíü iy, y 6= 0:

a(cos my− i sin my)+ b(cos ny− i sin ny) = iy.

Âiäîêðåìëþþ÷è äiéñíó i óÿâíó ÷àñòèíè,
îäåðæèìî ñèñòåìó

a cos my + b cos ny = 0,

a sin my + b sin ny = −y. (11)

Ðîçâ'ÿæåìî ñèñòåìó (11), ÿêùî
∣∣∣∣

cos my cos ny
sin my sin ny

∣∣∣∣ = sin(n−m)y 6= 0.

Ðiâíÿííÿ ëiíié D− ðîçáèòòÿ â ïàðàìåòðè-
÷íié ôîðìi ìàòèìóòü âèãëÿä

a =
y cos ny

sin(n−m)y
, b = − y cos my

sin(n−m)y
.

Ñèñòåìà (11) ìîæå áóòè ñóìiñíîþ òà-
êîæ ó âèïàäêó, êîëè ���� ãîëîâíèé âèçíà÷íèê
sin(n−m)y = 0. Öå ìîæëèâî ïðè y 6= 0 òîäi
i òiëüêè òîäi, êîëè cos my = cos ny = 0 àáî
my = π/2 + kπ, ny = π/2 + lπ, k ∈ Z, l ∈ Z.
Òàêi ðiâíîñòi âèêîíóþòüñÿ òiëüêè ó âèïàä-
êó, êîëè m òà n íåïàðíi. ßêùî æ m òà n
íåïàðíi, òî äîñèòü âçÿòè k = (m − 1)/2, l =
(n−1)/2, y = π/2 i ñèñòåìà (11) âèçíà÷àòèìå
ïðÿìó ëiíiþ a sin mπ/2 + b sin nπ/2 = −π/2.
Êðiì öic�� ïðÿìî�� iñíóâàòèìå ùå çëi÷åííå ÷è-
ñëî îäíàêîâî âiääàëåíèõ âçàcìíî ïàðàëåëü-
íèõ ïðÿìèõ, ÿêi c ëiíiÿìè D− ðîçáèòòÿ.

ßê ïðèêëàä çíàéäåìî îáëàñòü ñòiéêîñòi
ðiâíÿííÿ

λ = ae−λ + be−3λ.

Ùîá çíàéòè îöiíêè äëÿ êîåôiöicíòiâ a òà
b, âèêîðèñòàcìî íåðiâíîñòi (10) iç äîâåäåííÿ
òåîðåìè 2, ÿêi â íàøîìó âèïàäêó íàáóäóòü
âèãëÿäó

||a| − |b|| ≤ π, ||a|e−1 − |b|e−3| ≤
√

π2 + 1.
(12)

Çãiäíî ç ëåìîþ 2 îáëàñòü ñòiéêîñòi ïîâèí-
íà çàäîâîëüíÿòè ùå îäíó íåðiâíiñòü

a + b < 0. (13)

Íåðiâíîñòi (12) i (13) âèçíà÷àþòü äåÿêèé
îáìåæåíèé ìíîãîêóòíèê.

Äëÿ çíàõîäæåííÿ îáëàñòi ñòiéêîñòi
çàñòîñócìî òåïåð ìåòîä D− ðîçáèòòiâ. Ïðÿ-
ìà a + b = 0 c îäíicþ ç ëiíié, ùî óòâîðþþòü
ìåæó D− ðîçáèòòÿ.

ßêùî êâàçiïîëiíîì ìàc ñóòî óÿâíèé êî-
ðiíü iy, òî ðiâíÿííÿ ìåæ D− ðîçáèòòÿ â ïà-
ðàìåòðè÷íié ôîðìi ìàòèìóòü âèãëÿä

a =
y(4 cos2 y − 3)

2 sin y
, b = − y

2 sin y
. (14)

Ïîáóäócìî ëiíi��, ùî âiäïîâiäàþòü âèïàä-
êó cos y = cos 3y = 0. Öi ðiâíÿííÿ ìàþòü
ñóìiñíi êîðåíi y = π/2 + kπ, k ∈ Z. Òîìó
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ëiíiÿìè D−ðîçáèòòÿ áóäóòü ïðÿìi a − b =
(−1)k+1(π/2 + kπ).

Âiäçíà÷èìî, ùî ëiíi�� D−ðîçáèòòÿ äî-
ñèòü íàíåñòè â ìíîãîêóòíèêó, ùî îáìåæóc
îáëàñòü ñòiéêîñòi. Íåâàæêî ïåðåêîíàòèñÿ,
ùî çâ'ÿçíà îáëàñòü, îáìåæåíà âiäðiçêàìè
ïðÿìèõ b = −a, −π/4 ≤ a ≤ 1/2; b = a+π/2,
−3π/4 ≤ a ≤ −π/4 òà äóãîþ ëiíi�� (14) ïðè
0 ≤ y ≤ π/2 c îáëàñòþ ñòiéêîñòi.

ßêùî êðàéîâà çàäà÷à çâîäèòüñÿ äî ðiçíè-
öåâîãî ðiâíÿííÿ ïåðøîãî ïîðÿäêó, òî ïîòði-
áíî äîñëiäæóâàòè âiäîáðàæåííÿ âiäðiçêà â
ñåáå.

Òåîðåìà 3. Íåõàé f−óíiìîäàëüíå âiä-
îáðàæåííÿ, f : [0, 1] → [0, 1], f(0) = 0,
f(1/2) = 1, f(1/2 + x) = f(1/2 − x), 0 ≤
x ≤ 1/2, ôóíêöiÿ f(x) äâi÷i íåïåðåðâíî äè-
ôåðåíöiéîâíà íà [0, 1], f ′′(1/2) < 0. Òîäi âiä-
îáðàæåííÿ x → f(x) åêâiâàëåíòíå âiäîáðà-
æåííþ x → h(x), òîáòî ϕ(f(x)) = h(ϕ(x)),
äå ϕ(x) = µ[0, x], ϕ(1) = 1, µ−àáñîëþòíî
íåïåðåðâíà iíâàðiàíòíà ìiðà. Òóò ôóíêöiÿ
h êóñêîâî äèôåðåíöiéîâíà íà [0, 1], ïðè÷îìó
h′(ϕ(1/2− 0)) = 2, h′(ϕ(1/2 + 0)) = −2.

Äîâåäåííÿ. Çãiäíî ç [4] iñíóc àáñîëþòíî
íåïåðåðâíà iíâàðiàíòíà ìiðà µ, µ[0, 1] = 1.
Iç îçíà÷åííÿ iíâàðiàíòíî�� ìiðè âèïëèâàc, ùî
µ[0, f(x)] = µ[0, x] + µ[1 − x, 1] ïðè 0 ≤ x ≤
1/2. Çãiäíî ç âëàñòèâîñòÿìè ìiðè iñíóc ìî-
íîòîííî çðîñòàþ÷à ôóíêöiÿ g(x), òàêà, ùî
µ[1 − x, 1] = g(µ[0, x]). Ïîçíà÷èìî ϕ(x) =
µ[0, x]. Òîäi îäåðæèìî ðiâíiñòü

ϕ(f(x)) = ϕ(x) + g(ϕ(x)), 0 ≤ x ≤ 1/2. (15)

ßêùî 1/2 ≤ x ≤ 1, òî µ[0, f(x)] = µ[0, 1−
x]+µ[x, 1]. Îñêiëüêè µ[x, 1] = 1−µ[0, x] = 1−
ϕ(x), µ[0, 1−x] = g−1(µ[x, 1]) = g−1(1−ϕ(x)),
òî

ϕ(f(x)) = 1− ϕ(x) + g−1(1− ϕ(x)),

1/2 ≤ x ≤ 1. (16)

Äèôåðåíöiþþ÷è ðiâíîñòi (15) òà (16), îäåð-
æèìî ϕ′(f(x))f ′(x) = ϕ′(x) + g′(ϕ(x))ϕ′(x),
0 ≤ x ≤ 1/2; ϕ′(f(x))f ′(x) = −ϕ′(x) −
ϕ′(x)/[g′(g−1(1 − ϕ(x))], 1/2 ≤ x ≤ 1. Çãiäíî
ç [4] iñíóc limx→1/2

√
1− f(x)ϕ′(f(x)) =

a 6= 0. Ïîçíà÷èìî b = −f ′′(1/2). Òî-
äi limx→1/2 f ′(x)/(x − 1/2) = −b. Àëå
limx→1/2−0

√
1− f(x)/(x − 1/2) = −

√
b/
√

2,
limx→1/2+0

√
1− f(x)/(x − 1/2) =

√
b/
√

2.
Òîìó limx→1/2−0 ϕ′(f(x))f ′(x) = a

√
2b,

limx→1/2+0 ϕ′(f(x))f ′(x) = −a
√

2b.
Îòæå, limx→1/2−0 ϕ′(f(x))f ′(x) =
− limx→1/2+0 ϕ′(f(x))f ′(x), çâiäêè
ϕ′(1/2) + g′(ϕ(1/2))ϕ′(1/2) = ϕ′(1/2) +
ϕ′(1/2)/[g′(ϕ(1/2)]. ßêùî ϕ′(1/2) 6= 0, òî
g′(ϕ(1/2) = −1, àáî g′(ϕ(1/2) = 1. Îñêiëü-
êè a 6= 0, b 6= 0, òî ïåðøèé âèïàäîê
íåìîæëèâèé. Ðîçãëÿíåìî âiäîáðàæåí-
íÿ h(x) = x + g(x) ïðè 0 ≤ x ≤ 1/2,
h(x) = 1 − x + g−1(1 − x) ïðè 1/2 ≤ x ≤ 1.
Òîäi ϕ(f(x)) = h(ϕ(x)), 0 ≤ x ≤ 1;
h′(ϕ(1/2 − 0)) = 2, h′(ϕ(1/2 + 0)) = −2.
Òåîðåìà äîâåäåíà.
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