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ÅÊÂIÂÀËÅÍÒÍIÑÒÜ ÄÂÎÕ ÎÏÅÐÀÒÎÐIÂ ÓÇÀÃÀËÜÍÅÍÎÃÎ
IÍÒÅÃÐÓÂÀÍÍß Ó ÏÐÎÑÒÎÐI ÀÍÀËIÒÈ×ÍÈÕ ÔÓÍÊÖIÉ
Ó äàíié ðîáîòi âñòàíîâëþþòüñÿ íåîáõiäíi é äîñòàòíi óìîâè åêâiâàëåíòíîñòi äâîõ îïåðà-

òîðiâ óçàãàëüíåíîãî iíòåãðóâàííÿ Ãåëüôîíäà-Ëåîíòü¹âà ó ïðîñòîðàõ ôóíêöié, àíàëiòè÷íèõ ó
çiðêîâèõ âiäíîñíî íóëÿ îáëàñòÿõ êîìïëåêñíî¨ ïëîùèíè.

The necessary and su�cient conditions of similarity of two Gelfond-Leontiev integration
operators in the spaces of all analytic in the starlike with respect to zero domains of the complex
plane are obtained.

Íåõàé äëÿ i = 1, 2 îáëàñòü Gi êîìïëåêñ-
íî¨ ïëîùèíè ¹ çiðêîâîþ âiäíîñíî íóëÿ,
H(Gi) � ïðîñòið óñiõ àíàëiòè÷íèõ ó Gi ôóí-
êöié, íàäiëåíèé òîïîëîãi¹þ êîìïàêòíî¨ çái-
æíîñòi, %i > 0, µi ∈ C (Re µi > 0), à
I%i,µi

� îïåðàòîð óçàãàëüíåíîãî iíòåãðóâàí-
íÿ Ãåëüôîíäà-Ëåîíòü¹âà â H(Gi), ÿêèé äëÿ
f ∈ H(Gi) âèçíà÷à¹òüñÿ ôîðìóëîþ

(I%i,µi
f)(z) =

=
z

Γ(1/%i)

1∫

0

(1− t)
1
%i
−1

tµi−1f(zt
1
%i )dt.

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ çàäà÷à ïðî
óìîâè åêâiâàëåíòíîñòi îïåðàòîðiâ I%1,µ1 â
H(G1) òà I%2,µ2 â H(G2).

Âiäçíà÷èìî, ùî â [1] âñòàíîâëåíî óìî-
âè åêâiâàëåíòíîñòi äâîõ îïåðàòîðiâ óçàãàëü-
íåíîãî iíòåãðóâàííÿ â ïðîñòîði ïîñëiäîâíî-
ñòåé, íàäiëåíîìó íîðìàëüíîþ òîïîëîãi¹þ.
ßêùî G1 = G2 = KR = {z ∈ C : |z| < R}
(0 < R ≤ +∞), òî âiäïîâiäíèé ïðîñòið àíà-
ëiòè÷íèõ ôóíêöié H(KR) òîïîëîãi÷íî içî-
ìîðôíèé ïåâíîìó ïðîñòîðó ïîñëiäîâíîñòåé,
íàäiëåíîìó íîðìàëüíîþ òîïîëîãi¹þ. Ó öüî-
ìó âèïàäêó ðåçóëüòàòè äàíî¨ ðîáîòè óçãî-
äæóþòüñÿ ç âiäïîâiäíèìè ðåçóëüòàòàìè ðî-
áîòè [1].

Ïðèïóñòèìî, ùî îïåðàòîð I%1,µ1 â
H(G1) åêâiâàëåíòíèé äî îïåðàòîðà I%2,µ2

â H(G2). Òîäi iñíó¹ òàêèé içîìîðôiçì

T : H(G1) → H(G2), ùî

I%2,µ2T = TI%1,µ1 . (1)

Äëÿ êîæíîãî λ ∈ C ïîçíà÷èìî E
(i)
λ (z) =

= E%i
(λz, µi) (i = 1, 2), äå äëÿ % > 0, µ ∈ C

(Re µ > 0) ôóíêöiÿ

E%(z, µ) =
∞∑

k=0

zk

Γ(k/% + µ)
, z ∈ C,

¹ ôóíêöi¹þ Ìiòòà -Ëåôëåðà.
Ïîäi¹ìî îáîìà ÷àñòèíàìè ðiâíîñòi (1) íà

ôóíêöiþ E
(1)
λ (z). Ïîçíà÷èâøè

t(λ, z) = (TE
(1)
λ )(z), λ ∈ C, z ∈ G2,

îòðèìà¹ìî, ùî

(E − λI%2,µ2)t(λ, z) =
1

Γ(µ1)
ϕ(z), (2)

äå E � òîòîæíèé îïåðàòîð â H(G2), à
ϕ(z) = T1 � äåÿêà ôóíêöiÿ ç H(G2).

Ó [2] áóëî âñòàíîâëåíî, ùî êîëè G �
çiðêîâà âiäíîñíî íóëÿ îáëàñòü êîìïëåêñíî¨
ïëîùèíè, òî äëÿ ÷èñåë % > 0 òà µ ∈ C
(Re µ > 0) iñíó¹ içîìîðôiçì A%,µ ïðîñòîðó
H(G) íà ñåáå, äëÿ ÿêîãî

A%,µz
n =

Γ(n/% + µ)

Γ(n/% + 1)
zn, n = 0, 1, 2, ...,

ïðè÷îìó äëÿ f ∈ H(G)

(A−1
%,µf)(z) =
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Òîìó, âðàõîâóþ÷è ñïiââiäíîøåííÿ
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−1
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1

%2 )×

× zkt
k
%2
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dt, k ≥ 0,

îäåðæèìî, ùî

t(λ, z) =
1
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∞∑

k=0

λk(Ik
%2,µ2

ϕ)(z) =

=
Γ(µ2)
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ϕ(0)E

(2)
λ (z)+

+
z

Γ(µ1)%2

1∫

0

(1− t)
1

%2
−1

tµ2−1×

×(A%2,µ2ϕ)′(z(1− t)
1

%2 )E
(2)
λ (zt

1
%2 )dt. (3)

Ðîçãëÿíåìî â ïðîñòîðiH(G2) îïåðàòîð B,
ÿêèé äi¹ çà ïðàâèëîì

(Bf)(z) =
Γ(µ2)

Γ(µ1)
ϕ(0)f(z)+

+
z

Γ(µ1)%2

1∫

0

(1− t)
1

%2
−1

tµ2−1×

×(A%2,µ2ϕ)′(z(1−t)
1

%2 )f(zt
1

%2 )dt, f ∈ H(G2).

Î÷åâèäíî, ùî âií ¹ ëiíiéíèì òà íåïåðåðâíèì
íà H(G2). Òîäi ìàòèìåìî, ùî

t(λ, z) ≡ (TE
(1)
λ )(z) = (BE

(2)
λ )(z),

çâiäêè

E
(1)
λ (z) = T−1BE

(2)
λ (z), λ ∈ C, z ∈ G1.

Îñêiëüêè ïîðÿäîê ôóíêöi¨ Ìiòòà -Ëå-
ôëåðà E%(z, µ) äîðiâíþ¹ % i îïåðàòîð T−1B
äi¹ ëiíiéíî òà íåïåðåðâíî ç H(G2) â H(G1),
òî ïîðÿäîê ïðàâî¨ ÷àñòèíè îñòàííüî¨ ðiâíî-
ñòi ÿê öiëî¨ âiäíîñíî λ ôóíêöi¨ íå ïåðåâè-
ùó¹ %2. Àëå ïîðÿäîê ïðàâî¨ ÷àñòèíè ÿê öi-
ëî¨ âiäíîñíî λ ôóíêöi¨ äîðiâíþ¹ ïîðÿäêîâi
ôóíêöi¨ E%1(λz, µ1), òîáòî %1. Òîìó %1 ≤ %2.
Öiëêîì àíàëîãi÷íî ìîæíà îòðèìàòè é íåðiâ-
íiñòü %2 ≤ %1.

Îòæå, ÿêùî îïåðàòîðè I%1,µ1 òà I%2,µ2 ¹
åêâiâàëåíòíèìè, òî %1 = %2. Òîìó íàäàëi ââà-
æàòèìåìî, ùî %1 = %2 = %.

ßêùî G � äîâiëüíà çiðêîâà âiäíîñíî íóëÿ
îáëàñòü êîìïëåêñíî¨ ïëîùèíè, òî îïåðàòîð
S, ÿêèé íà ñòåïåíÿõ z âèçíà÷à¹òüñÿ ôîðìó-
ëîþ

Szn =
Γ(n/% + µ1)

Γ(n/% + µ2)
zn, n ≥ 0,

ïðîäîâæó¹òüñÿ äî içîìîðôiçìó ïðîñòîðó
H(G) íà ñåáå, îñêiëüêè S = A%,µ1A

−1
%,µ2

. Òîäi
ç (3) îäåðæèìî, ùî

t(λ, z) =
Γ(µ2)

Γ(µ1)
ϕ(0)(SE

(1)
λ )(z)+

+
z

Γ(µ1)%

1∫

0

(1− t)
1
%
−1tµ2−1×

×(A%,µ2ϕ)′(z(1− t)
1
% )(SE

(1)
λ )(zt

1
% )dt.

Âðàõîâóþ÷è ïîâíîòó â H(G1) ñèñòåìè
ôóíêöié {E(1)

λ : λ ∈ C} òà ëiíiéíiñòü i íåïå-
ðåðâíiñòü îïåðàòîðiâ T i S, îòðèìà¹ìî, ùî
äëÿ âñiõ f ∈ H(G1)

(Tf)(z) =
Γ(µ2)

Γ(µ1)
ϕ(0)(Sf)(z)+

+
z

Γ(µ1)%

1∫

0

(1− t)
1
%
−1tµ2−1×

×(A%,µ2ϕ)′(z(1− t)
1
% )(Sf)(zt

1
% )dt.

Âiçüìåìî ôóíêöiþ f , äëÿ ÿêî¨ G2 ¹ îáëà-
ñòþ àíàëiòè÷íîñòi, i ïîçíà÷èìî g = T−1BSf .
Çðîçóìiëî, ùî g ∈ H(G1).
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Íåõàé V � äåÿêèé îêië íóëÿ, ùî ìiñòè-
òüñÿ â G1 ∩ G2 (âií iñíó¹, áî 0 ∈ G1 ∩G2).
Îñêiëüêè äëÿ êîæíîãî λ ∈ C

(TE
(1)
λ )(z) = (BSE

(1)
λ )(z),

òî

E
(1)
λ (z) = (T−1BSE

(1)
λ )(z), z ∈ G1.

Òîìó, âðàõîâóþ÷è ïîâíîòó â H(G2) ñèñòåìè
ôóíêöié {E(1)

λ (z) : λ ∈ C} i ëiíiéíiñòü òà
íàïåðåðâíiñòü íà H(G2) îïåðàòîðiâ S, B i
T−1, äëÿ z ∈ V îäåðæèìî

f(z) = (T−1BSf)(z),

òîáòî f(z) = g(z), z ∈ V . Çâiäñè ìà¹ìî, ùî
f àíàëiòè÷íî ïðîäîâæó¹òüñÿ â G1. Îñêiëü-
êè G2 ¹ îáëàñòþ àíàëiòè÷íîñòi ôóíêöi¨ f , òî
G2 ⊇ G1. Öiëêîì àíàëîãi÷íî ìîæíà îòðèìà-
òè é âêëþ÷åííÿ G2 ⊆ G1.

Òàêèì ÷èíîì, äîâåäåíî íåîáõiäíi óìîâè
íàñòóïíî¨ òåîðåìè.

Òåîðåìà. Íåõàé äëÿ i = 1, 2 îáëàñòü
Gi êîìïëåêñíî¨ ïëîùèíè ¹ çiðêîâîþ âiäíî-
ñíî íóëÿ, à äëÿ ñòàëèõ %i > 0 òà µi ∈ C
(Re µi > 0) I%i,µi

� îïåðàòîð óçàãàëüíåíîãî
iíòåãðóâàííÿ Ãåëüôîíäà-Ëåîíòü¹âà â ïðî-
ñòîði H(Gi). Äëÿ òîãî ùîá îïåðàòîð I%1,µ1

â H(G1) áóâ åêâiâàëåíòíèì äî îïåðàòîðà
I%2,µ2 â H(G2), íåîáõiäíî é äîñèòü, ùîá %1 =
%2 i G1 = G2.

Äîâåäåííÿ. Äîñòàòíiñòü. Íåõàé
G1 = G2 = G i %1 = %2 = %. Ðîçãëÿíåìî
îïåðàòîð S = A%,−mu1A

−1
%,µ2

, ÿêèé ¹ içîìîðôi-
çìîì ïðîñòîðó H(G) íà ñåáå. Òîäi

(I%,µ2SE
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λ )(z) = I%,µ2

∞∑

k=0

λkSzk

Γ(k/% + µ1)
=

= I%,µ2
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λkSzk

Γ(k/% + µ2)
= (I%,µ2E

(2)
λ )(z) =

=
1

λ

(
E

(2)
λ (z)− 1

Γ(µ2)

)
;

(SI%,µ1E
(1)
λ )(z) =

1

λ
S

(
E

(1)
λ (z)− 1

Γ(µ1)

)
=

=
1

λ

(
E

(2)
λ (z)− 1

Γ(µ2)

)
.

Îòæå, äëÿ z ∈ G i λ ∈ C
(I%,µ2SE

(1)
λ )(z) = (SI%,µ1E

(1)
λ )(z).

Çâiäñè, âèêîðèñòîâóþ÷è ïîâíîòó â H(G) ñè-
ñòåìè ôóíêöié {E(1)

λ (z) : λ ∈ C} òà ëiíié-
íiñòü i íåïåðåðâíiñòü íà H(G) îïåðàòîðiâ S,
I%,µ1 òà I%,µ2 , îòðèìó¹ìî, ùî

I%,µ2Sf = SI%,µ1f, f ∈ H(G).

À öå îçíà÷à¹, ùî îïåðàòîðè I%,µ1 òà I%,µ2

åêâiâàëåíòíi â H(G). Òåîðåìó äîâåäåíî.
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