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ÏÅÐÅÒÂÎÐÅÍÍß ÔÓÐ'C-ÁÅÑÑÅËß ÏÐÎÑÒÎÐIÂ ÒÈÏÓ S òà S ′

Âèâ÷àþòüñÿ âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ ôóíêöié ç ïðîñòîðiâ òèïó S òà óçà-
ãàëüíåíèõ ôóíêöié òèïó óëüòðàðîçïîäiëiâ Æåâðå.

The properties of Fourier-Bessel transform are studied for functions of S-spaces and generalized
functions of Jevre ultradisributions type.

Ìåòîä iíòåãðàëüíèõ ïåðåòâîðåíü (Ôóð'c,
Ôóð'c-Áåññåëÿ, Ëåæàíäðà, Ëàïëàñà, Âåáåðà,
Ãàíêåëÿ òà ií.) c îäíèì iç åôåêòèâíèõ ìåòî-
äiâ ïîáóäîâè ðîçâ'ÿçêiâ çàäà÷ ìàòåìàòè÷íî��
ôiçèêè â ðiçíèõ ôîðìàõ, çðó÷íèõ äëÿ àíàëi-
òè÷íîãî äîñëiäæåííÿ. Òóò âèâ÷àþòüñÿ âëà-
ñòèâîñòi ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ, ÿêå
äic â ïðîñòîðàõ íåñêií÷åííî äèôåðåíöiéîâ-
íèõ ôóíêöié òèïó S, à òàêîæ ó ïðîñòî-
ðàõ óëüòðàðîçïîäiëiâ Æåâðå òèïó S ′ � ïðî-
ñòîðàõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ
çi ñëàáêîþ çáiæíiñòþ, çàäàíèõ íà îñíîâíèõ
ôóíêöiÿõ iç ïðîñòîðiâ òèïó S.

1. Ïðîñòîðè òèïó S òà S0. I.Ì. Ãåëü-
ôàíä òà Ã.C. Øèëîâ ââåëè â [1] ñåðiþ ïðî-
ñòîðiâ, íàçâàíèõ íèìè ïðîñòîðàìè òèïó S.
Âîíè ñêëàäàþòüñÿ ç íåñêií÷åííî äèôåðåí-
öiéîâíèõ ôóíêöié, âèçíà÷åíèõ íà R, íà ÿêi
íàêëàäàþòüñÿ ïåâíi óìîâè ñïàäàííÿ íà íå-
ñêií÷åííîñòi é çðîñòàííÿ ïîõiäíèõ. Öi óìîâè
çàäàþòüñÿ çà äîïîìîãîþ íåðiâíîñòåé
|xkϕ(m)(x)| ≤ ckm, x ∈ R, {k, m} ⊂ Z+,

äå {ckm} � äåÿêà ïîäâiéíà ïîñëiäîâíiñòü äî-
äàòíèõ ÷èñåë. ßêùî íà åëåìåíòè ïîñëiäîâ-
íîñòi {ckm} íå íàêëàäàþòüñÿ æîäíi îáìåæå-
ííÿ (òîáòî ckm ìîæóòü çìiíþâàòèñü äîâiëü-
íî ðàçîì iç ôóíêöicþ ϕ), òî ìàcìî, î÷åâè-
äíî, ïðîñòið S Ë. Øâàðöà øâèäêî ñïàäíèõ
ôóíêöié. ßêùî æ ÷èñëà ckm çàäîâîëüíÿþòü
ïåâíi óìîâè, òî âiäïîâiäíi êîíêðåòíi ïðîñòî-
ðè ìiñòÿòüñÿ â S i íàçèâàþòüñÿ ïðîñòîðàìè
òèïó S. Îçíà÷èìî äåÿêi ç íèõ.

Äëÿ äîâiëüíèõ α, β ≥ 0 ïîêëàäåìî
Sα(R) ≡ Sα := {ϕ ∈ S | ∀ {m,n} ⊂ Z+

∃ cn > 0∃A > 0 ∀x ∈ R :

|xmϕ(n)(x)| ≤ cnA
mmmα},

Sβ(R) ≡ Sβ := {ϕ ∈ S | ∀ {m,n} ⊂ Z+

∃ cm > 0∃B > 0 ∀x ∈ R :

|xmϕ(n)(x)| ≤ cmBnnnβ},
Sβ

α(R) ≡ Sβ
α := {ϕ ∈ S | ∃ c > 0∃A > 0

∃B > 0 ∀ {m,n} ⊂ Z+ ∀x ∈ R :

|xmϕ(n)(x)| ≤ cAmBnmmαnnβ}.
Ââåäåíi ïðîñòîðè òèïó S ìîæíà îõàðà-

êòåðèçóâàòè ùå é òàê [1].
Sα(α > 0) ñêëàäàcòüñÿ ç òèõ i òiëüêè òèõ

íåñêií÷åííî äèôåðåíöiéîâíèõ íà Rôóíêöié,
äëÿ ÿêèõ ñïðàâäæóþòüñÿ îöiíêè

|ϕ(n)(x)| ≤ c
′
n exp{−a|x|1/α},

n ∈ Z+, x ∈ R,

ç äåÿêèìè äîäàòíèìè ñòàëèìè c
′
n i a, ÿêi çà-

ëåæàòü ëèøå âiä ôóíêöi�� ϕ. Ïðè β ∈ (0, 1)
ïðîñòið Sβ ìiñòèòü ëèøå ôóíêöi�� ϕ, ùî ïðî-
äîâæóþòüñÿ ç R äî öiëèõ ôóíêöié ϕ(x + iy)
i äëÿ ÿêèõ

|xmϕ(x + iy)| ≤ c
′
m exp{b|y|1/(1−β)},

c
′
m > 0, b > 0, m ∈ Z+, {x, y} ⊂ R.

Sβ
α ñêëàäàcòüñÿ ç òèõ i òiëüêè òèõ íåñêií-

÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi
çàäîâîëüíÿþòü íåðiâíîñòi

|ϕ(n)(x)| ≤ cBnnnβ exp{−a|x|1/α},
n ∈ Z+, x ∈ R,
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ç äåÿêèìè äîäàòíèìè ñòàëèìè c, B i a, çà-
ëåæíèìè ëèøå âiä ôóíêöi�� ϕ; ïðè öüîìó
Sβ

α = Sα ∩ Sβ äëÿ äîâiëüíèõ α ≥ 0, β ≥ 0
[2]. Ïðîñòîðè Sβ

α íå c òðèâiàëüíèìè ïðè: 1)
α + β ≥ 1, α > 0; β > 0; 2) α = 0, β > 1;
3) β = 0, α > 1. Öi ïðîñòîðè óòâîðþþòü
ùiëüíi ìíîæèíè â L2(R). ßêùî 0 < β < 1 i
α ≥ 1− β, òî åëåìåíòàìè ïðîñòîðó Sβ

α c òi é
òiëüêè òi ôóíêöi�� ϕ, ÿêi àíàëiòè÷íî ïðîäîâ-
æóþòüñÿ â C i äëÿ ÿêèõ

|ϕ(x + iy)| ≤ c exp{−a|x|1/α + b|y|1/(1−β)},

c > 0, a > 0, b > 0, {x, y} ⊂ R.

Íåõàé {α, β} ⊂ (0, 1), ïðè÷îìó α + β ≥ 1.
Ñèìâîëîì Sβ

α(C) (Sβ(C)) ïîçíà÷àòèìåìî ñó-
êóïíiñòü ôóíêöié ϕ : C → C, ÿêi c àíàëi-
òè÷íèìè ïðîäîâæåííÿìè ôóíêöié ç ïðîñòî-
ðó Sβ

α(R) ≡ Sβ
α (ç ïðîñòîðó Sβ(R) ≡ Sβ) ó

êîìïëåêñíó ïëîùèíó. Ïðîñòið Sβ
α(C) ìîæíà

ïîäàòè ÿê îá'cäíàííÿ çëi÷åííî íîðìîâàíèõ
ïðîñòîðiâ Sβ,b

α,a(C), äå Sβ,b
α,a(C) ñêëàäàcòüñÿ ç

òèõ ôóíêöié ϕ ∈ Sβ
α(C), äëÿ ÿêèõ ïðàâèëü-

íèìè c íåðiâíîñòi

|ϕ(x + iy)| ≤ c exp
{−ā|x|1/α + b̄|y|1/(1−β)

}
,

z = x + iy ∈ C,

äå ā � äîâiëüíà äîäàòíà ñòàëà, ìåíøà âiä a,
b̄ � äîâiëüíà ñòàëà, áiëüøà âiä b. ßêùî äëÿ
ϕ ∈ Sβ,b

α,a(C) ïîêëàñòè

‖ϕ‖δρ := sup
z∈C

[
|ϕ(z)| · exp

{
a(1− δ)|x|1/α−

−b(1 + ρ)|y|1/(1−β)
}]

, {δ, ρ} ⊂ {1/n, n ≥ 2},

òî ç öèìè íîðìàìè ïðîñòið Sβ,b
α,a(C) ñòàc ïîâ-

íèì çëi÷åííî íîðìîâàíèì ïðîñòîðîì. Àíà-
ëîãi÷íî âèçíà÷àcòüñÿ òîïîëîãiÿ â ïðîñòîði
Sβ(C).

Ñèìâîëàìè
◦
Sβ

α,
◦
Sβ,

◦
Sα ïîçíà÷àòèìåìî ñó-

êóïíîñòi âñiõ ïàðíèõ ôóíêöié ç ïðîñòîðiâ
Sβ

α, Sβ, Sα âiäïîâiäíî. Öi ïðîñòîðè ç âiäïî-
âiäíîþ òîïîëîãicþ íàçèâàòèìåìî îñíîâíèìè
ïðîñòîðàìè àáî ïðîñòîðàìè òèïó

◦
S, à ��õ åëå-

ìåíòè � îñíîâíèìè ôóíêöiÿìè. Ñóêóïíîñòi

ôóíêöié ϕ : C→ C, ÿêi c àíàëiòè÷íèìè ïðî-
äîâæåííÿìè ôóíêöié ç ïðîñòîðó

◦
Sβ

α(R) àáî
ç ïðîñòîðó

◦
Sβ(R), {α, β} ⊂ (1, 0), α + β ≥ 1,

ó êîìïëåêñíó ïëîùèíó, ïîçíà÷àòèìåìî âiä-
ïîâiäíî ñèìâîëàìè

◦
Sβ

α(C) òà
◦
Sβ(C).

2. Ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ â
ïðîñòîðàõ òèïó S0. Iç îçíà÷åííÿ ïðîñòîðó
◦
Sβ(C) âèïëèâàc, ùî äëÿ ôóíêöi�� ϕ ∈

◦
Sβ(C),

β ∈ (0, 1), åêâiâàëåíòíèìè c òâåðäæåííÿ
1) ∃ b > 0 ∀ k ∈ Z+ ∃ c

′
k > 0 ∀ z =

x + iy ∈ C:
|z2kϕ(x + iy)| ≤ c

′
k exp

{
b|y|1/(1−β)

}
;

2) ∃B > 0 ∀ k ∈ Z+ ∃ c
′′
k > 0 ∀n ∈ Z+

∀x ∈ R:
|x2kϕ(2n)(x)| ≤ c

′′
kB

nn2nβ.

Íà ôóíêöiÿõ iç ïðîñòîðó
◦
Sβ, β ∈ (0, 1)

âèçíà÷åíi ïðÿìå òà îáåðíåíå ïåðåòâîðåííÿ
Ôóð'c-Áåññåëÿ FB, F−1

B

ψ(σ) ≡ FB[ϕ](σ) :=

∞∫

0

ϕ(x) jν(σx)x2ν+1dx,

ϕ ∈
◦
Sβ,

ϕ(x) ≡ F−1
B [ψ](x) := cν

∞∫

0

ψ(σ) jν(σx)σ2ν+1dσ,

äå cν = (22νΓ2(ν + 1))
−1, ν > −1/2 � ôi-

êñîâàíèé ïàðàìåòð, jν � íîðìîâàíà ôóíêöiÿ
Áåññåëÿ, ÿêà c ðîçâ'ÿçêîì ðiâíÿííÿ Bνu =

λu, äå Bν :=
d2

dx2
+

2ν + 1

x

d

dx
� îïåðàòîð

Áåññåëÿ, çà óìîâè, ùî u(0) = 1, u′(0) = 0.
Ìàc ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Ïðàâèëüíîþ c ôîðìóëà

FB[
◦
Sβ ] =

◦
Sβ, β ∈ (0, 1);

ïðè öüîìó iíòåãðàëüíèé îïåðàòîð FB :
◦
Sβ →

◦
Sβ c îáìåæåíèì i íåïåðåðâíèì (òóò

FB[X] ïîçíà÷àc ïðîñòið Ôóð'c-îáðàçiâ åëå-
ìåíòiâ ç ïðîñòîðó X).
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Äîâåäåííÿ. Íåõàé ϕ ∈
◦
Sβ, β ∈ (0, 1),

ψ(σ) := FB[ϕ](σ) =

=

∞∫

0

ϕ(x) jν(σx)x2ν+1dx, ν > −1/2,

Îñêiëüêè iíòåãðàë
∞∫

0

ϕ(x)
∂2n

∂σ2n
jν(σx)x2n+2ν+1dx

c àáñîëþòíî çáiæíèì ïðè êîæíîìó n ∈ Z+

(áî
∣∣∣∣

∂2n

∂σ2n
jν(σx)

∣∣∣∣ ≤ βn,ν < +∞, ∀n ∈ Z+,
{σ, x} ⊂ R), òî ψ � íåñêií÷åííî äèôåðåíöi-
éîâíà, ïàðíà íà R ôóíêöiÿ, ïðè÷îìó

ψ(2n)(σ) =

∞∫

0

ϕ(x)
∂2n

∂σ2n
jν(σx)x2n+2ν+1dx,

n ∈ Z+.

Çäiéñíèìî îöiíêó ôóíêöi��
∣∣σ2kψ(2n)(σ)

∣∣, σ ∈
R ïðè äîâiëüíî ôiêñîâàíèõ {k, n} ⊂ Z+. Iç
iíòåãðàëüíî�� ôîðìóëè Ïóàññîíà

jν(s) = Aν

π/2∫

0

cos(s cos ω) sin2ν ωdω,

ν > −1/2, s = σ + iτ ∈ C,

Aν = 2Γ(ν + 1)
(√

πΓ(ν + 1/2)
)−1

,

äëÿ íîðìîâàíî�� ôóíêöi�� Áåññåëÿ òà òåîðåìè
ïðî ñåðåäíc çíà÷åííÿ âèïëèâàc, ùî

jν(s) =
π

2
Aν cos(s cos ω0) sin2ν ω0 =

= Ãν

(
ei s cos ω0 + e−i s cos ω0

)
,

äå ω0 ∈ (0, π
2
), Ãν = π

4
Aν sin2ν ω0. Òîäi ïðè

s = σ ∈ R çíàõîäèìî, ùî

j(2n)
ν (σ) = Ãν(i cos ω0)

2n
(
eiσ cos ω0+

e−iσ cos ω0
)
, n ∈ Z+. (1)

Âíàñëiäîê (1) ìàcìî ñïiââiäíîøåííÿ:

σ2kψ(2n)(σ) =

= cn,ν




∞∫

0

Ψ1(σ, x)dx +

∞∫

0

Ψ2(σ, x)dx


 , (2)

äå cn,ν = Ãν(i cos ω0)
2n,

Ψ1(σ, x) = σ2kϕ(x)eiσx cos ω0x2n+2ν+1,

Ψ2(σ, x) = σ2kϕ(x)e−iσx cos ω0x2n+2ν+1.

Íåõàé z ∈ Πh0 := {z = x + iy ∈ C : 0 ≤
x < +∞, |y| ≤ |h0|}, äå h0 ∈ R \ {0} � äî-
âiëüíî ôiêñîâàíå. Òîäi

∣∣eiσz cos ω0
∣∣ =

∣∣eiσ(x+iy) cos ω0
∣∣ =

∣∣e−σy cos ω0
∣∣ ≤

≤ e|σ| |y| ≤ e|σ|h0 ,

a

|z2n+2ν+1ϕ(z)| ≤ c
′
k

|z|p exp
{
b|y|1/(1−β)

} ≤

≤ c̃
′
k

1

|z|p ≤
c̃
′
k

xp
, |z| > 0, x > 0,

âíàñëiäîê óìîâè 1), äå

c̃
′
k = c

′
k exp

{
b|h0|1/(1−β)

}
,

p = 2n + 2([2ν + 1] + 1)− 2n− 2ν − 1 > 0,

òîáòî z2n+2ν+1ϕ(z) → 0 ïðè x → +∞ ðiâ-
íîìiðíî çà y â áóäü-ÿêié ñìóçi Πh0 . Ôóíêöiÿ
Ψ1(σ, z) íåïåðåðâíà â òî÷öi z = 0 i àíàëiòè-
÷íà â ïiâïëîùèíi Im z > 0, òîìó iíòåãðàë çà
z âiä ôóíêöi�� Ψ1(σ, z) ïî çàìêíåíîìó êîíòó-
ðó γ1

h (äèâ. Ðèñ. 1) äîðiâíþc íóëåâi.

Ðèñ.1
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Îòæå,
N∫

0

Ψ1(σ, x)dx = i

h∫

0

Ψ1(σ, iy)dy+

+

N∫

0

Ψ1(σ, x+ih)dx−i

h∫

0

Ψ1(σ,N+iy)dy. (3)

Îñêiëüêè (N + iy)2n+2ν+1ϕ(N + iy) → 0 ïðè
N → +∞ ðiâíîìiðíî çà y â ñìóçi Πh, à ôóí-
êöiÿ exp{iσ(N + iy) cos ω0} îáìåæåíà â Πh çà
ìîäóëåì, òî òðåòié iíòåãðàë ó ïðàâié ÷àñòè-
íi ñïiââiäíîøåííÿ (3) ïðÿìóc äî íóëÿ ïðè
N → +∞. Çäiéñíèâøè â (3) ãðàíè÷íèé ïå-
ðåõiä ïðè N → +∞, îäåðæèìî, ùî

+∞∫

0

Ψ1(σ, x)dx =

= i

h∫

0

Ψ1(σ, iy)dy +

∞∫

0

Ψ1(σ, x + ih)dx.

Ðèñ.2

Âëàñòèâîñòi ôóíêöi�� Ψ2 àíàëîãi÷íi âëà-
ñòèâîñòÿì ôóíêöi�� Ψ1. Òîìó, ÿêùî äëÿ ôóí-
êöi�� Ψ2 âçÿòè çà êîíòóð iíòåãðóâàííÿ êîíòóð
γ2

h (Ðèñ. 2), òî, ìiðêóþ÷è àíàëîãi÷íî ïîïåðå-
äíüîìó, çíàéäåìî, ùî

∞∫

0

Ψ2(σ, x)dx =

= −i

h∫

0

Ψ2(σ,−iy)dy+

∞∫

0

Ψ2(σ, x−ih)dx. (4)

Îñêiëüêè Ψ2(σ,−iy) = Ψ1(σ, iy), òî âíàñëi-
äîê (2), (3), (4) äiñòàcìî ñïiââiäíîøåííÿ

σ2kψ(2n)(σ) = ch,ν




h∫

0

Ψ1(σ, x + ih)dx+

∞∫

0

Ψ2(σ, x− ih)dx


 ≡ ch,ν(J 1(σ) + J 2(σ)).

Îöiíèìî J 1. Î÷åâèäíî, ùî

|J 1(σ)| ≤ |σ|2ke−σh cos ω0×

×
∞∫

0

|ϕ(x + ih)| · |x + ih|2n+2ν+1dx.

Îñêiëüêè

|x + ih|2n+2ν+1 =
(√

x2 + h2
)2n+2ν+1

=

= (x2+h2)n+ν+1/2 ≤ (
2 max{x2, h2})n+ν+1/2 ≤

≤ 2n+ν+1/2
(
x2n+2ν+1 + |h|2n+2ν+1

)
,

òî
|J 1(σ)| ≤

≤ 2n+ν+1/2|σ|2ke−σh cos ω0 (Φ1(h) + Φ2(h)) ,

äå

Φ1(h) =

∞∫

0

|ϕ(x + ih)|x2n+2ν+1dx,

Φ2(h) = h2n+2ν+1

∞∫

0

|ϕ(x + ih)|dx.

Ç óìîâè 1) âèïëèâàþòü íåðiâíîñòi
∞∫

0

|ϕ(x + ih)|dx =

=

∞∫

0

(1 + x2)|ϕ(x + ih)| dx

1 + x2
≤
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≤ sup
x∈R

{
(1 + x2)|ϕ(x + ih)|} · π

2
≤

≤ sup
zh

{(
1 + |x + ih|2) |ϕ(x + ih)|} · π

2
≤

≤ b0 exp
{
b|h|1/(1−β)

}
,

b0 =
π

2
(c
′
0 + c

′
1), zh = x + ih ∈ C,

òîáòî

Φ2(h) ≤ b0|h|2n+2ν+1 exp
{
b|h|1/(1−β)

}
.

Îñêiëüêè

|h|2n+2ν+1 ≤ c0,n(2n + [2ν + 1] + 1)!×

× exp
{
b|h|1/(1−β)

}
,

c0,n =
c̃0

b(1−β)(2n+2ν+1)
, c̃0 > 1,

òî îñòàòî÷íî äiñòàcìî, ùî

Φ2(h) ≤ pn,ν exp
{
b1|h|1/(1−β)

}
,

äå b1 = 2b, pn,ν = b0c0,n(2n + [2ν + 1] + 1)!.
Àíàëîãi÷íî âñòàíîâëþcìî, ùî

∞∫

0

|ϕ(x + ih)|x2n+2ν+1dx ≤

≤ bn,ν exp
{
b1|h|1/(1−β)

}
.

Îòæå,

|J 1(σ)| ≤ dn,ν |σ|2ke−σh cos ω0eb1|h|1/(1−β)

,

äå dn,ν = 2n+ν+1/2(bn,ν + pn,ν). Ïàðàìåòð h
áóâ âèáðàíèé äîâiëüíî, òîìó ïîêëàäåìî h =
ε0 sgn σ · |σ|(1−β)/β, ε0 > 0. Òîäi

|J 1(σ)| ≤ dn,ν |σ|2k exp
{−ε0|σ|1/β cos ω0+

+b1|σ|1/βε
1/(1−β)
0

}
= dn,ν |σ|2k×

× exp
{
−

(
ε0 cos ω0 − b1ε

1/(1−β)
0

)
|σ|1/β

}
.

ßêùî âçÿòè òåïåð ε0 ç iíòåðâàëó(
0,

(
cos ω0

b1

)(1−β)/β
)
, òî ε0 cos ω0 −

b1ε
1/(1−β)
0 ≡ α0 > 0. Àíàëîãi÷íî îöiíþcìî

J 2(σ). Îòæå, â ðåçóëüòàòi îòðèìàcìî íåðiâ-
íîñòi
|σ2kψ(2n)(σ)| ≤ γn|σ|n exp

{−α̃|σ|1/β
} ≤

≤ γn

(
2kβ

α̃

)2βk

e−2k = γnB
kk2βk,

äå γn � äåÿêà ñòàëà, çàëåæíà òàêîæ ùå âiä

ïàðàìåòðà ν, α̃ > 0, B =

(
2β

α̃

)2β

e−2. Öèì

äîâåäåíî, ùî FB[ϕ] ∈
◦
Sβ, òîáòî FB[

◦
Sβ ] ⊂

◦
Sβ. Çâiäñè âèïëèâàc òàêîæ, ùî îïåðàòîð FB

îáìåæåíèé i íåïåðåðâíèé.
Êîæíó ôóíêöiþ ψ ∈

◦
Sβ ìîæíà ïîäàòè

ó âèãëÿäi ψ = F−1
B [FB[ψ] ], òîáòî ψ c îáåð-

íåíèì ïåðåòâîðåííÿì Ôóð'c-Áåññåëÿ ôóí-
êöi�� ϕ = FB[ψ] ∈

◦
Sβ. ßêùî FB[ψ] = 0, òî

ψ = F−1
B [FB[ψ]] = F−1

B [0] = 0. Îòæå, ïåðå-
òâîðåííÿ Ôóð'c-Áåññåëÿ âiäîáðàæàc

◦
Sβ íà

◦
Sβ âçàcìíî îäíîçíà÷íî. Òàêi æ âëàñòèâî-
ñòi ìàc é îïåðàöiÿ îáåðíåíîãî ïåðåòâîðåííÿ
Ôóð'c-Áåññåëÿ. Òàêèì ÷èíîì, FB[

◦
Sβ] =

◦
Sβ.

Òåîðåìà äîâåäåíà.
Çóïèíèìîñÿ òåïåð íà âëàñòèâîñòÿõ ïåðå-

òâîðåííÿ Ôóð'c-Áåññåëÿ ïðîñòîðiâ
◦
Sα. Ïå-

ðåäóñiì çàçíà÷èìî, ùî iç íåðiâíîñòåé
|ϕ(2k)(x)| ≤ ck exp

{−a|x|1/α
}

,

k ∈ Z+, x ∈ R,

äëÿ ôóíêöi�� ϕ ∈
◦
Sα âèïëèâàþòü íåðiâíîñòi

|Bk
νϕ(x)| ≤ c

′
k exp

{−a1|x|1/α
}

,

k ∈ Z+, x ∈ R. (5)

Ñïðàâäi, íåõàé ôóíêöiÿ ψ ç ïðîñòîðó
◦
Sα òà-

êà, ùî FB[ψ] = ϕ. Òîäi, âðàõóâàâøè âëàñòè-
âîñòi ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ ó ïðîñòî-
ði S (äèâ. [3]), çíàéäåìî, ùî

Bk
νFB[ψ] = FB[(−x2)kψ(x)], k ∈ Z+.

Ôóíêöiÿ ψk(x) = (−x2)2ψ(x) íàëåæèòü äî
ïðîñòîðó

◦
Sα ïðè êîæíîìó k ∈ Z+. Òîäi, âíà-

ñëiäîê òåîðåìè 1, FB[ψk] ∈
◦
Sα ïðè êîæíîìó
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k ∈ Z+, òîáòî Bk
νFB[ψ] ≡ Bk

νϕ ∈
◦
Sα. Çâiäñè

âæå âèïëèâàþòü íåðiâíîñòi (5).
Òåîðåìà 2. Ïðàâèëüíîþ c ôîðìóëà

FB[
◦
Sα] =

◦
Sα, α ∈ (0, 1); ïðè öüîìó îïåðàòîð

FB :
◦
Sα →

◦
Sα c îáìåæåíèì i íåïåðåðâíèì.

Äîâåäåííÿ. Íåõàé ϕ ∈
◦
Sα, α ∈ (0, 1),

ψ := FB[ϕ]. Iç âëàñòèâîñòåé ïåðåòâîðåííÿ
Ôóð'c-Áåññåëÿ â ïðîñòîði S âèïëèâàc ñïiâ-
âiäíîøåííÿ

FB[Bk
νϕ](σ) = (−σ2)kFB[ϕ] =

= (−1)kσ2kψ(σ), k ∈ Z+.

Îòæå,
σ2kψ(σ) = (−1)k×

×
∞∫

0

(Bk
νϕ)(x) jν (σx) x2ν+1 dx, k ∈ Z+.

Ôóíêöiþ σ2kψ(σ) ïðè êîæíîìó k ∈ Z+ ìî-
æíà ïðîäîâæèòè íà êîìïëåêñíi çíà÷åííÿ
s = σ + iτ çà ôîðìóëîþ

(σ + iτ)2kψ(σ + iτ) =

= (−1)k

∞∫

0

(Bk
νϕ)(x) jν((σ + iτ)x)x2ν+1dx.

(6)
Ñïðàâäi, ç iíòåãðàëüíîãî çîáðàæåííÿ Ïóàñ-
ñîíà ôóíêöi�� jν(s), s ∈ C âèïëèâàþòü îöiíêè

|jν((σ + iτ)x)| ≤ cνe
|τ |x ≤

≤ ccνe
ε|τ |x1/α

, α ∈ (0, 1), c > 1, x ≥ 0, (7)

äëÿ äîâiëüíîãî ε > 0. Êðiì òîãî, Bk
νϕ ∈

◦
Sα,

òîáòî |Bk
νϕ(x)| ≤ c

′
k exp

{−a|x|1/α
}
; c

′
k > 0,

a > 0, k ∈ Z+. Îñêiëüêè â (7) ε > 0 � äîâiëü-
íèé ïàðàìåòð, òî çâiäñè äiñòàcìî àáñîëþòíó
çáiæíiñòü iíòåãðàëà
∞∫

0

(Bk
νϕ)(x)jν((σ + iτ)x)x2ν+1dx i ðiâíiñòü (6)

ó êîæíié òî÷öi s = σ + iτ ∈ C.
Ôóíêöiÿ s2kψ(s), k ∈ Z+, äèôåðåíöiéîâíà

â êîæíié òî÷öi s ∈ C. Ñïðàâäi, ïiñëÿ ôîð-
ìàëüíîãî äèôåðåíöiþâàííÿ çà s iíòåãðàë (6)

ïåðåéäå â iíòåãðàë
∞∫

0

(Bk
νϕ)(x)

∂

∂s
jν(sx)x2ν+2dx,

ÿêèé âíàñëiäîê âëàñòèâîñòåé ôóíêöié
Bk

νϕ(x) òà ∂

∂s
jν(sx) òàêîæ áóäå àáñîëþòíî

çáiæíèì. Çâiäñè äiñòàcìî, ùî s2kψ(s) � öiëà
ôóíêöiÿ ïðè êîæíîìó k ∈ Z+. Îòæå,

|s2kψ(s)| ≤

≤
∞∫

0

∣∣(Bk
νϕ)(x)

∣∣ · |jν((σ + iτ)x)| x2ν+1dx ≤

≤ cν c
′
k

∞∫

0

e−ax1/α · e|τ |xx2ν+1dx.

Äàëi ñêîðèñòàcìîñÿ íåðiâíiñòþ Þíãà:

∀ a, b ≥ 0 : ab ≤ ap

p
+

bq

q
,

1

p
+

1

q
= 1.

Äëÿ äîâiëüíîãî ε0 > 0 ìàcìî, ùî

x|τ | = (ε0x)
|τ |
ε0

≤ α(ε0x)1/α+

+(1− α)

( |τ |
ε0

)1/(1−α)

, x ≥ 0.

Òîäi
|s2kψ(s)| ≤

≤ cν c
′
k

∞∫

0

exp
{
−(a− αε

1/α
0 )x1/α

}
x2ν+1dx×

× exp
{
α0|τ |1/(1−α)

} ≤ c̃k exp
{
α0|τ |1/(1−α)

}
,

äå

α0 = (1− α)ε
1/(1−α)
0 , ε0 <

( a

α

)α

,

c̃k = cνc
′
k

∞∫

0

exp
{
−(a− αε

1/α
0 )x1/α

}
x2ν+1dx.
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Çâiäñè äiñòàcìî, ùî ψ = FB[ϕ] ∈
◦
Sα, òîáòî

FB[
◦
Sα] ⊂

◦
Sα. Îáãðóíòóâàííÿ ñïiââiäíîøåí-

íÿ FB[
◦
Sα] =

◦
Sα çäiéñíþcòüñÿ àíàëîãi÷íî òî-

ìó, ÿê öå áóëî çðîáëåíî ïðè äîâåäåííi ôîð-
ìóëè FB[

◦
Sα] =

◦
Sα ó òåîðåìi 1.

Çàóâàæèìî, ùî îïåðàòîð Ôóð'c-Áåññåëÿ
âiäîáðàæàc îáìåæåíó ìíîæèíó A ⊂

◦
Sα â

îáìåæåíó ìíîæèíó Ã ⊂
◦
Sα, òîìó âií c íå-

ïåðåðâíèì. Òåîðåìà äîâåäåíà.
Iç íàâåäåíèõ ðåçóëüòàòiâ âèïëèâàc òàêå

òâåðäæåííÿ.
Òåîðåìà 3. Ïðàâèëüíîþ c ôîðìóëà

FB[
◦
Sβ

α] =
◦
Sβ

α, {α, β} ⊂ (0, 1), α + β = 1;

îïåðàòîðè FB òà F−1
B c íåïåðåâíèìè.

Îòæå, ÿêùî ϕ ∈
◦
Sβ

α, òî ôóíêöiÿ FB[ϕ]
äîïóñêàc àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ
êîìïëåêñíó ïëîùèíó i FB[ϕ](z) ∈

◦
Sβ

α(C),
z ∈ C, {α, β} ⊂ (0, 1), α + β = 1.

3. Ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ óçà-
ãàëüíåíèõ ôóíêöié ç ïðîñòîðiâ òèïó
(
◦
S)′. Ñèìâîëîì (

◦
Sβ

α)′, {α, β} ⊂ (0, 1), α+β =
1 ïîçíà÷àòèìåìî ïðîñòið óñiõ ëiíiéíèõ íåïå-
ðåðâíèõ ôóíêöiîíàëiâ íàä âiäïîâiäíèì ïðî-
ñòîðîì îñíîâíèõ ôóíêöié çi ñëàáêîþ çáiæíi-
ñòþ, à éîãî åëåìåíòè íàçèâàòèìåìî óçàãàëü-
íåíèìè ôóíêöiÿìè. Ðåãóëÿðíèìè óçàãàëü-
íåíèìè ôóíêöiÿìè àáî ðåãóëÿðíèìè ôóí-
êöiîíàëàìè íàçèâàòèìåìî ëiíiéíi íåïåðåðâ-
íi ôóíêöiîíàëè, äiÿ ÿêèõ íà îñíîâíi ôóíêöi��
ϕ ∈

◦
Sβ

α âèçíà÷àcòüñÿ ôîðìóëîþ

< f, ϕ >=

∞∫

0

f(x)ϕ(x)x2ν+1dx.

Êîæíà ëîêàëüíî iíòåãðîâíà ïàðíà íà R
ôóíêöiÿ f , ÿêà çàäîâîëüíÿc óìîâó

∀ ε > 0 ∃ cε > 0 ∀ x ∈ R :

|f(x)| ≤ cε exp
(
ε|x|1/α

)
, (8)

ïîðîäæóc ðåãóëÿðíó óçàãàëüíåíó ôóíêöiþ
Ff ∈ (

◦
Sβ

α)′:

< Ff , ϕ >=

∞∫

0

f(x)ϕ(x)x2ν+1dx, ∀ϕ ∈
◦
Sβ

α .

Òåîðåìà 4. ßêùî ëîêàëüíî iíòåãðîâíi
ïàðíi íà R ôóíêöi�� f i g, ÿêi çàäîâîëüíÿ-
þòü óìîâó (8), íå çáiãàþòüñÿ íà ìíîæè-
íi äîäàòíî�� ìiðè Ëåáåãà, òî iñíóc ôóíêöiÿ
ϕ0 ∈

◦
Sβ

α òàêà, ùî < f, ϕ0 >6=< g, ϕ0 >, òîá-
òî Ff 6= Fg.

Íàâïàêè, ÿêùî Ff 6= Fg, òî ôóíêöi�� f i
g íå çáiãàþòüñÿ íà ìíîæèíi äîäàòíî�� ìiðè
Ëåáåãà.

Äîâåäåííÿ öic�� òåîðåìè àíàëîãi÷íå äîâå-
äåííþ âiäïîâiäíî�� òåîðåìè ç ïðàöi [4].

Ó ïðîñòîði
◦
Sβ

α âèçíà÷åíà îïåðàöiÿ óçà-
ãàëüíåíîãî çñóâó ϕ 7→ T ξ

xϕ, ϕ ∈
◦
Sβ

α, äå
T ξ

x � îïåðàòîð óçàãàëüíåíîãî çñóâó, ÿêèé
âiäïîâiäàc îïåðàòîðó Áåññåëÿ [5]:

T ξ
xϕ(x) =

= bν

π∫

0

ϕ
(√

x2 + ξ2 − 2xξ cos ω
)

sin2ν ω dω,

äå bν = Γ(ν + 1)/(Γ(1/2) Γ(ν + 1/2)), ν >
−1/2. Ó ïðàöi [6] âñòàíîâëåíî, ùî îïåðàöiÿ
óçàãàëüíåíîãî çñóâó â ïðîñòîði

◦
Sβ

α íå ëèøå
íåïåðåâíà, àëå é íåñêií÷åííî äèôåðåíöiéîâ-
íà. Ó çâ'ÿçêó ç öèì çãîðòêó óçàãàëüíåíî��
ôóíêöi�� f ∈ (

◦
Sβ

α)′ ç îñíîâíîþ ôóíêöicþ çà-
äàìî ôîðìóëîþ

(f ∗ ϕ)(x) =< fξ, T
ξ
xϕ(x) >=< fξ, T

x
ξ ϕ(ξ) >

(òóò fξ ïîçíà÷àc äiþ ôóíêöiîíàëà f ïî çìií-
íié ξ); ïðè öüîìó f ∗ ϕ c íåñêií÷åííî äèôå-
ðåíöiéîâíîþ íà R ôóíêöicþ. ßêùî f ∗ ϕ ∈
◦
Sβ

α äëÿ äîâiëüíî�� îñíîâíî�� ôóíêöi�� ϕ ∈
◦
Sβ

α,
òî ôóíêöiîíàë f ∈ (

◦
Sβ

α)′ íàçèâàcòüñÿ çãîð-
òóâà÷åì ó ïðîñòîði

◦
Sβ

α.
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Îñêiëüêè FB[ϕ] ∈
◦
Sβ

α, ÿêùî ϕ ∈
◦
Sβ

α,
{α, β} ⊂ (0, 1), α + β = 1, òî ïåðåòâîðåí-
íÿ Ôóð'c-Áåññåëÿ óçàãàëüíåíî�� ôóíêöi�� f ∈
(
◦
S1−α

α )′ âèçíà÷èìî çà äîïîìîþ ñïiââiäíîøå-
ííÿ

< FB[f ], ϕ >=< f, FB[ϕ] >, (9)

∀ϕ ∈
◦
Sα

1−α, α ∈ (0, 1).

Iç (9), âëàñòèâîñòåé ëiíiéíîñòi é íåïåðåðâíî-
ñòi ôóíêöiîíàëà f òà ïåðåòâîðåííÿ Ôóð'c-
Áåññåëÿ îñíîâíèõ ôóíêöié âèïëèâàc ëiíié-
íiñòü òà íåïåðåðâíiñòü ôóíêöiîíàëà FB[f ]

íàä ïðîñòîðîì îñíîâíèõ ôóíêöié
◦
Sα

1−α. Îò-
æå, ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ óçàãàëüíå-
íî�� ôóíêöi�� f , çàäàíî�� íà

◦
S1−α

α , c óçàãàëüíå-
íîþ ôóíêöicþ íà ïðîñòîði

◦
Sα

1−α.
Òåîðåìà 5. Íåõàé α ∈ (0, 1). ßêùî óçà-

ãàëüíåíà ôóíêöiÿ f ∈ (
◦
S1−α

α )′ � çãîðòóâà÷
ó ïðîñòîði

◦
S1−α

α , òî äëÿ äîâiëüíî�� ôóíêöi��
ϕ ∈

◦
S1−α

α ïðàâèëüíîþ c ôîðìóëà

FB[f ∗ ϕ] = FB[f ] · FB[ϕ].

Äîâåäåííÿ. Çãiäíî ç óìîâîþ òåîðåìè,
f ∗ ϕ ∈

◦
S1−α

α . Òîäi, ñêîðèñòàâøèñü îçíà÷å-
ííÿì çãîðòêè óçàãàëüíåíî�� ôóíêöi�� ç îñíîâ-
íîþ, çàïèøåìî òàêi ñïiââiäíîøåííÿ:

∀ψ ∈
◦
Sα

1−α : < FB[f ∗ ϕ], ψ >=

=< f ∗ ϕ, FB[ψ] >=

=

∞∫

0

(f ∗ ϕ)(x) FB[ψ](x) x2ν+1dx =

=

∞∫

0

< fξ, T
ξ
xϕ(x) > FB[ψ](x) x2ν+1dx =

=< fξ,

∞∫

0

T ξ
xϕ(x)FB[ψ](x) x2ν+1dx > (10)

(çàçíà÷èìî, ùî îñòàííÿ ðiâíiñòü çàïèñàíà,
ïîêè ùî, ôîðìàëüíî).

Íåõàé

J (ξ) :=

∞∫

0

T ξ
xϕ(x)FB[ψ](x) · x2ν+1dx.

Òîäi

J (ξ) =

∞∫

0

T ξ
xϕ(x)×

×
( ∞∫

0

ψ(σ) jν(σx)σ2ν+1dσ
)
x2ν+1dx =

=

∞∫

0

∞∫

0

ϕ(x) ψ(σ)T ξ
x jν(σx)σ2ν+1x2ν+1dσdx =

=

∞∫

0

ψ(σ)jν(σξ)σ2ν+1×

×
( ∞∫

0

ϕ(x) jν(σx)x2ν+1dx
)
dσ =

=

∞∫

0

ψ(σ)FB[ϕ](σ)jν(σξ)σ2ν+1dσ =

= FB[FB[ϕ] · ψ](ξ)

(òóò ìè ñêîðèñòàëèñü òåîðåìîþ Ôóáiíi, âðà-
õóâàâøè, ùî çáiæíèì c iíòåãðàë

∞∫

0

( ∞∫

0

|ψ(σ) ϕ(x) jν(σξ)|×

×jν(σx)σ2ν+1 x2ν+1dσ
)
dx).

Îòæå,

< FB[f ∗ ϕ], ψ >=< f, FB[FB[ϕ] · ψ] >=

=< FB[f ], FB[ϕ] · ψ >=< FB[f ] · FB[ϕ], ψ >,

∀ψ ∈
◦
Sα

1−α .

Çâiäñè äiñòàcìî ðiâíiñòü FB[f ∗ ϕ] = FB[f ] ·
FB[ϕ].
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Çàëèøàcòüñÿ îáãðóíòóâàòè êîðåêòíiñòü
ñïiââiäíîøåíü (10). Ââåäåìî ïîçíà÷åííÿ:

J r(ξ) :=

r∫

0

T ξ
xϕ(x)FB[ψ](x) · x2ν+1dx =

=

r∫

0

ψ(σ)FB[ϕ](σ)jν(σξ) · σ2ν+1dσ.

Äëÿ äîâåäåííÿ (10) äîñèòü ïîêàçàòè, ùî
J r → J ïðè r → +∞ ó ïðîñòîði

◦
S1−α

α , òîáòî
γr := J − J r → 0, r → +∞, çà òîïîëîãicþ
ïðîñòîðó

◦
S1−α

α (C).
Iç iíòåãðàëüíî�� ôîðìóëè Ïóàññîíà

jν(z) =
2Γ(ν + 1)√
π Γ(ν + 1/2)

×

×
π/2∫

0

cos(z cos t) sin2ν tdt, z ∈ C, ν > −1/2,

äëÿ íîðìîâàíî�� ôóíêöi�� Áåññåëÿ jν âèïëèâàc
îöiíêà

|jν(z)| ≤ cνe
|ω|, ∀z = ξ + iω ∈ C,

cν =

√
π Γ(ν + 1)

Γ(ν + 1/2)
, ν > −1/2.

Òîäi
|γr(z)| ≤

≤
+∞∫

r

|ψ(σ)| · |FB[ϕ](σ)| · |jν(σz)|σ2ν+1dσ ≤

≤ cν

∞∫

r

|ψ(σ)| · |FB[ϕ](σ)|eσ|ω|σ2ν+1dσ,

z = ξ + iω ∈ C.

ßêùî z ∈ K ⊂ C, äå K � îáìåæåíà îáëàñòü,
òî |ω| ≤ c0. Òîäi ∀ z ∈ K

|γr(z)| ≤ cν

∞∫

r

|ψ(σ)| · |FB[ϕ](σ)|ec0σσ2ν+1dσ.

Îñêiëüêè ôóíêöiÿ ψ · FB[ϕ](σ) ∈
◦
Sα

1−α, òî
iíòåãðàë

∞∫

0

|ψ(σ)| · |FB[ϕ](σ)|ec0σσ2ν+1dσ

çáiæíèé (íàãàäàcìî, ùî 0 < α < 1). Îòæå,
+∞∫

r

|ψ(σ)| · |FB[ϕ](σ)|ec0σσ2ν+1dσ → 0

ïðè r → +∞ (ÿê çàëèøîê çáiæíîãî iíòå-
ãðàëà). Öèì äîâåäåíî, ùî γr(z) çáiãàcòüñÿ äî
íóëÿ ïðè r → +∞ ðiâíîìiðíî çà z ó êîæíié
îáìåæåíié îáëàñòi K ⊂ C.

Äîâåäåìî òåïåð, ùî ïðàâèëüíîþ c íåðiâ-
íiñòü

|γr(z)| ≤ c exp
{−a|ξ|1/α + b|ω|1/α

}
, (11)

äå ñòàëi a, b, c > 0 íå çàëåæàòü âiä r.
Îñêiëüêè γr(ξ) = J (ξ) − J r(ξ), òî

|γr(ξ)| ≤ |J (ξ)| + |J r(ξ)|. Ðîçãëÿíå-
ìî ôóíêöi�� J r,+(ξ) = max

ξ∈R
(J r(ξ), 0),

J r,−(ξ) = −min
ξ∈R

(J r(ξ), 0), ÿêi c
íåâiä'cìíèìè, i âðàõócìî òå, ùî
|J r(ξ)| = J r,+(ξ) + J r,−(ξ) ≤ 2|J (ξ)|.
Îòæå, |γr| ≤ 3|J | = 3|FB[FB[ϕ] ·ψ]|, ∀ r > 0.
Çâiäñè âæå âèïëèâàc íåðiâíiñòü (11), îñêiëü-
êè FB[FB[ϕ] · ψ] ∈

◦
S1−α

α , ÿêùî ψ ∈
◦
Sα

1−α.
Òåîðåìà äîâåäåíà.

Çàóâàæåííÿ 1. Iç ôîðìóëè FB[f ∗ ϕ] =
FB[f ] ·FB[ϕ] âèïëèâàc, ùî ÿêùî óçàãàëüíåíà
ôóíêöiÿ f c çãîðòóâà÷åì ó ïðîñòîði

◦
S1−α

α ,
òî ���� ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ � ìóëü-
òèïëiêàòîð ó ïðîñòîði FB[

◦
S1−α

α ] =
◦
Sα

1−α,
α ∈ (0, 1).

Òåîðåìà 5. ßêùî óçàãàëüíåíà ôóíêöiÿ f

c ìóëüòèïëiêàòîðîì ó ïðîñòîði
◦
S1−α

α , òî ����
ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ � çãîðòóâà÷ ó
ïðîñòîði

◦
Sα

1−α.
Äîâåäåííÿ. Çãiäíî ç îçíà÷åííÿì çãîð-

òêè óçàãàëüíåíî�� ôóíêöi�� ç îñíîâíîþ ìàcìî,
ùî FB[f ] ∗ ϕ =< FB[f ], T ξ

xϕ(x) >= <
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f, FB[T ξ
xϕ(x)] >, ∀ϕ ∈

◦
Sα

1−α . Îñêiëüêè
FB[T ξ

xϕ(x)] = jν(σξ)FB[ϕ](σ), òî

FB[f ] ∗ ϕ =< f, jν(σξ)FB[ϕ](σ) >=

+∞∫

0

f(σ)×

×jν(σξ)FB[ϕ](σ) σ2ν+1dσ = FB[f · FB[ϕ]].

Çâiäñè âèïëèâàc, ùî FB[f · FB[ϕ]] ∈
◦
Sα

1−α, áî
f · FB[ϕ] ∈

◦
S1−α

α , α ∈ (0, 1) (òóò âðàõîâàíî
òå, ùî FB[ϕ] ∈

◦
S1−α

α , à f � ìóëüòèïëiêàòîð
ó ïðîñòîði

◦
S1−α

α ). Òåîðåìà äîâåäåíà.
Çàóâàæåííÿ 2. Ðåçóëüòàòè, íàâåäåíi â

òåîðåìàõ 4, 5, ìîæíà ôîðìóëþâàòè òàê:
äëÿ òîãî, ùîá óçàãàëüíåíà ôóíêöiÿ f ∈
(
◦
S1−α

α )′ áóëà çãîðòóâà÷åì ó ïðîñòîði
◦
S1−α

α ,
íåîáõiäíî é äîñèòü, ùîá ���� ïåðåòâîðåííÿ
Ôóð'c-Áåññåëÿ áóëî ìóëüòèïëiêàòîðîì ó
ïðîñòîði

◦
Sα

1−α.
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