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Íàâåäåíi íåîáõiäíi òà äîñòàòíi óìîâè íåòðèâiàëüíîñòi ïðîñòîðó WΩ
M . Äîâåäåíî ðiâíiñòü

WΩ
M = WM ∩WΩ.

Necessary and su�cient conditions of non-triviality of a space WΩ
M are presented. The equation

WΩ
M = WM ∩WΩ has been proved.

Ðîçãëÿíåìî ôóíêöiþ ω: [0, +∞) →
→ [0, +∞), ÿêà c íåïåðåðâíîþ é ìîíîòîí-
íî çðîñòàþ÷îþ, ïðè÷îìó ω(0) = 0, ω(1) > 1,
lim

t→+∞
ω(t) = +∞. Äëÿ êîæíîãî n ∈ Z+ ðiâíÿ-

ííÿ xω(x) = n ìàc cäèíèé ðîçâ'ÿçîê ρn < n
ïðè n ∈ N i ρ0 = 0 ïðè n = 0. Ïîñëiäîâ-
íiñòü {ρn, n ∈ Z+} c ìîíîòîííî çðîñòàþ÷îþ
i íåîáìåæåíîþ.

Äëÿ x ≥ 0 ðîçãëÿíåìî Ω(x) =

x∫

0

ω(η)dη.

Ôóíêöiÿ Ω c äèôåðåíöiéîâíîþ, ìîíîòîííî
çðîñòàþ÷îþ, îïóêëîþ âíèç íà [0, +∞), ïðè-
÷îìó Ω(0) = 0, lim

t→+∞
Ω(t) = +∞. Äîâèçíà-

÷èìî ïàðíèì ÷èíîì ���� íà (−∞, 0].
Ðîçãëÿíåìî òàêîæ ôóíêöi�� µ òà M , ÿêi

ìàþòü òi æ âëàñòèâîñòi, ùî é ôóíêöi�� ω i
Ω âiäïîâiäíî. Çà ôóíêöiÿìè M, Ω ïîáóäócìî
îñíîâíi ïðîñòîðè WM ,WΩ, WΩ

M [1].
Ó ïðàöi [2] ñôîðìóëüîâàíi íàñòóïíi òâåð-

äæåííÿ.
Òåîðåìà 1. Äëÿ ôóíêöi�� ϕ ∈ WM íàñòó-

ïíi òâåðäæåííÿ åêâiâàëåíòíi:

1) ∃a > 0 ∀n ∈ Z+ ∃Cn > 0 ∀x ∈ R :

|ϕ(n)(x)| ≤ Cn exp{−M(ax)};
2)∃a1 > 0 ∀n ∈ Z+ ∃C(1)

n > 0 ∀k ∈ Z+

∃νk ∈ [0, k), ν0 = 0, ∀x ∈ R :

|xkϕ(n)(x)| ≤ C(1)
n

(
νk

a1

)k

exp{−M(νk)},

äå νk � ðîçâ'ÿçîê ðiâíÿííÿ xµ(x) = k, k ∈
∈ Z+.

Òåîðåìà 2. Äëÿ ôóíêöi�� ϕ ∈ WΩ íà-
ñòóïíi òâåðäæåííÿ åêâiâàëåíòíi:

1) ∃b > 0 ∀k ∈ Z+ ∃Ck > 0

∀z = x + iy ∈ C : |zkϕ(z)| ≤ Ck exp{Ω(by)};
2)∃b1 > 0 ∀k ∈ Z+ ∃C(1)

k > 0 ∀n ∈ Z+

∃ρn ∈ [0, n), ρ0 = 0, ∀x ∈ R :

|xkϕ(n)(x)| ≤ C
(1)
k n!

(
b1

ρn

)n

exp{Ω(ρn)} ,

äå ρn - ðîçâ'ÿçîê ðiâíÿííÿ xω(x) = n, n ∈
∈ Z+.

Òåîðåìà 3. Äëÿ ôóíêöi�� ϕ ∈ WΩ
M íàñòó-

ïíi òâåðäæåííÿ åêâiâàëåíòíi:

1) ∃a > 0 ∃b > 0 ∃C > 0 ∀z = x + iy ∈ C :

|ϕ(z)| ≤ C exp{−M(ax) + Ω(by).

2) ∃C1 > 0 ∃a1 > 0 ∃b1 > 0 ∀k ∈ Z+

∃νk ∈ [0, k), ν0 = 0, ∀n ∈ Z+ ∃ρn ∈ [0, n),

ρ0 = 0, ∀x ∈ R : |xkϕ(n)(x)| ≤

≤ C1n!

(
b1

ρn

)n(
νk

a1

)k

exp{Ω(ρn)−M(νk)},

äå νk, ρn - ðîçâ'ÿçêè âiäïîâiäíî ðiâíÿííü
xµ(x) = k, xω(x) = n, {k, n} ⊂ Z+.

Òåîðåìè 1 � 3 âêàçóþòü íà òå, ùî ïðîñòî-
ðè òèïó W c ÷àñòèííèì âèïàäêîì óçàãàëü-
íåíèõ ïðîñòîðiâ òèïó S : Sak

, Sbn , Sbn
ak

[3].
Çàçíà÷èìî, îñêiëüêè {k, n} ⊂ Z+, òî

òâåðäæåííÿ 2) ç òåîðåì 1 � 3 åêâiâàëåíòíi
âiäïîâiäíî óìîâàì

(ϕ ∈ WM) ⇐⇒ (∃a2 > 0 ∀n ∈ Z+ ∃C(2)
n > 0
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∀k ∈ Z+ ∃νk ∈ [0, k), ν0 = 0 :

||xkϕ(n)(x)||L2(R) ≤

≤ C(2)
n

(
νk

a2

)k

exp{−M(νk)});

(ϕ ∈ WΩ) ⇐⇒ (∃b2 > 0 ∀k ∈ Z+ ∃C(2)
k > 0

∀n ∈ Z+ ∃ρn ∈ [0, n), ρ0 = 0 :

||xkϕ(n)(x)||L2(R) ≤

≤ C
(2)
k n!

(
b2

ρn

)n

exp{Ω(ρn)});

(ϕ ∈ WΩ
M) ⇐⇒ (∃a2 > 0 ∃b2 > 0 ∃C2 > 0

∀{k, n} ⊂ Z+ ∃νk ∈ [0, k), ν0 = 0,

∃ρn ∈ [0, n), ρ0 = 0 : ||xkϕ(n)(x)||L2(R) ≤

≤ C2n!

(
b2

ρn

)n(
νk

a2

)k

exp{Ω(ρn)−M(νk)}),

äå νk, ρn - ðîçâ'ÿçêè âiäïîâiäíî ðiâíÿííü
xµ(x) = k, xω(x) = n, {k, n} ⊂ Z+.

Ðîçãëÿíåìî òåïåð ôóíêöi��

LM(x) = sup
k∈Z+

|x|k
νk

k exp {−M(νk)} ,

LΩ(x) = sup
k∈Z+

|x|k
n!ρ−n

n exp {Ω(ρn)} ,

x ∈ R.

Òåîðåìà 4. Ôóíêöi�� LM i LΩ çàäîâîëü-
íÿþòü íåðiâíîñòi

∃C(1)
M ∈ (0, 1] ∃a1 > 0 ∃a2 > 0 ∀x ∈ R :

C
(1)
M exp {M(a1x)} ≤ LM(x) ≤ exp {M(a2x)};

∃C(1)
Ω ∈ (0, 1] ∃b1 > 0 ∃b2 > 0 ∀x ∈ R :

C
(1)
Ω exp {Ω(b1x)} ≤ LΩ(x) ≤ exp {Ω(b2x)}.

Äîâåäåííÿ. 1) Îñêiëüêè äëÿ äîâiëüíîãî
ôiêñîâàíîãî x ∈ R

lim
k→0+

( |x|
νk

)k

exp {M(νk)} = 1,

lim
k→+∞

( |x|
νk

)k

exp {M(νk)} = 0,

òî LM âèçíà÷åíà êîðåêòíî.
Çàçíà÷èìî, ùî M(νk) < k, k ∈ Z+. Òî-

ìó äëÿ k òàêîãî, ùî νk ≥ |x|e, âèêîíócòüñÿ
íåðiâíiñòü

( |x|
νk

)k

exp {M(νk)} ≤
( |x|e

νk

)k

≤ 1.

Îòæå,

LM(x) ≤ sup
k<|x|e

( |x|
νk

)k

exp {M(νk)} ≤

≤ sup
k<|x|e

( |x|e
k

)k

· sup
k<|x|e

(
k

eνk

)k

×

× exp {M(xe)}.
Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ ç [2]

exp{−α

e
|ξ|1/α} ≤ inf

k∈Z+

kkα

|ξ|k ≤

≤ exp{αe

2
} exp{−α

e
|ξ|1/α}, α > 0, ξ > 0,

îòðèìócìî, ùî

sup
k<|x|e

( |x|e
k

)k

≤ exp {|x|}.

ßêùî |x| ≤ 1/e, òî

sup
k<|x|e

(
k

eνk

)k

=

(
k

eνk

)k ∣∣∣∣
k=0

= 1.

Ðîçãëÿäàcìî |x| > 1/e. Òîäi

sup
k<|x|e

(
k

eνk

)k

≤

≤ exp {|x|e · ln(|x|e)}×

× exp {−k0ln(eνk0)},
äå k0 ∈ [1, |x|e) - íîìåð, íà ÿêîìó
äîñÿãàcòüñÿ

sup
k<|x|e

(
k

eνk

)k

.
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ßêùî νk0 ≥ 1/e, òî

exp {−k0ln(eνk0)} ≤ 1.

ßêùî æ νk0 < 1/e, òî

exp {−k0ln(eνk0)} ≤ exp {|x|e · ln(e2|x|)}.
Îòæå,

LM(x) ≤ exp {2|x|e(1 + ln(|x|e))}, |x| > 1/e.

Çãiäíî ç îçíà÷åííÿì ôóíêöi�� M îòðèìó
cìî, ùî

2|x|e(1 + ln(|x|e)) ≤ C0M(xe) ≤ M(a0ex),

äå a0 = [C0] + 1, C0 ≡ C0(M) > 0.
Îòæå,

LM(x) ≤ exp {M(a2x)}, x ∈ R,

äå a2 = e ·max {1, a0}.
Ç iíøîãî áîêó,

LM(x) =
1

inf
k∈Z+

(
νk

|x|
)k

exp {−M(νk)}
≥

1

inf
k : νk<|x|

(
νk

|x|
)k

exp {−M(νk)}
,

x ∈ R \ {0}.
Ó [2] äîâåäåíî, ùî

∀ ξ > 0 : inf
k : νk≤ξ

fξ(νk) ≤

≤ exp{M(1)} · exp{−M(ξ/2)}. (1)

Îòæå,

LM(x) ≥ CM exp {M(a1x)}, x ∈ R,

äå CM =
1

exp {M(1)} ∈ (0, 1), a1 = 1/2.

2) Îñêiëüêè
(n

e

)n√
2πn < n! <

(n

e

)n√
2πne

1
12 , n ∈ N,

0! = 1,

òî
LΩ(x) ≤

≤ 1√
2π

sup
n∈Z+

( |x|eρn

n

)n

exp {−Ω(ρn)}.

ßêùî n òàêå, ùî n

ρn

> |x|e, òî

LΩ(x) ≤ 1√
2π

< 1.

Îòæå,

LΩ(x) ≤

≤ 1√
2π

sup
n<ρ1|x|e

( |x|eρn

n

)n

exp {−Ω(ρn)}.

ßêùî |x| ≤ 1/e, òî n = 0 i LΩ(x) < 1.
Ðîçãëÿäàòèìåìî |x| > 1/e. Òîäi

LΩ(x) ≤ 1√
2π

exp {Ω(ρ1|x|e)}×

× sup
n<ρ1|x|e

( |x|eρn

n

)n

exp {−2Ω(ρn)}.

Àëå
( |x|eρn

n

)n

exp {−2Ω(ρn)} =

=

( |x|e
n

)n

ρn
n exp {−2Ω(ρn)}.

ßê i ïðè äîâåäåííi 1), âñòàíîâëþcìî, ùî

LΩ(x) ≤ exp {Ω(b2x)}, x ∈ R.

Ç iíøîãî áîêó,

LΩ(x) ≥ 1√
2πe

1
12 inf

n∈Z+

(fn(x) · gn

),

äå
fn(x) =

(
n

|x|e
)n

exp {−Ω(n)},

gn =
exp {Ω(n) + Ω(ρn)}

ρn
n

,

x ∈ R {0}, n ∈ Z+.

Îñêiëüêè

lim
n→0+

gn = 1,
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lim
n→∞

gn = +∞,

òî
LΩ(x) ≥ 1

C · inf
n<ρ1|x|e

fn(x)
,

äå C =
√

2πe
1
12 · inf

n∈Z+

gn.

Âèêîðèñòîâóþ÷è (1), îòðèìócìî, ùî

LΩ(x) ≥ CΩ exp Ω(b1x), x ∈ R,

äå CΩ =
1

C · exp {Ω(x)} ∈ (0, 1), b1 =
e

2
.

Òåîðåìà 5. 1) ßêùî ïîñëiäîâíîñòi
{νk, k ∈ N}, {ρk, k ∈ N} çàäîâîëüíÿþòü
óìîâó

inf
k∈N

νk

ρk

= 0, (2)

òî ïðîñòið WΩ
M c òðèâiàëüíèì;

2) ßêùî æ

inf
k∈N

νk

ρk

> 0, (3)

òî ïðîñòið WΩ
M íåòðèâiàëüíèé.

Äîâåäåííÿ. 1) Íåõàé âèêîíócòüñÿ óìîâà
(2). Îñêiëüêè νk > 0, ρk > 0, k ∈ N, òî

∀n ∈ N : inf
k≥n

νk

ρk

= inf
k∈N

νk

ρk

= 0,

i îòæå, lim
k→∞

νk

ρk

= 0.

Çàçíà÷èìî, ùî
ω(ρk)

µ(νk)
=

k · νk

ρk · k =
νk

ρk

, k ∈ N,

òîìó lim
k→∞

ω(ρk)

µ(νk)
= 0.

Ðîçãëÿíåìî äîâiëüíå ÷èñëî a > 0. Òîäi

∃k0 ∈ N : a ≤ ρk0

νk0

,

à îòæå, a ≤ ρk

νk

, k ≥ k0. Òîäi

ω(νk · a)

µ(νk)
≤ ω(ρk)

µ(νk)
, k ≥ k0,

i lim
k→∞

ω(νk · a)

µ(νk)
= 0.

Îñêiëüêè ôóíêöi�� ω i µ íåïåðåðâíi
é ìîíîòîííî çðîñòàþ÷i íà [0, +∞), òî
lim

x→+∞
ω(x · a)

µ(x)
= 0, à îòæå, é lim

x→+∞
Ω(x · a)

M(x)
=

0. Òîäi
∀{a, b} ⊂ (0, +∞) :

lim
x→+∞

(Ω(bx)−M(ax)) = −∞. (4)

À öå îçíà÷àc [1], ùî ïðîñòið WΩ
M c òðèâi-

àëüíèì.
2) Íåõàé òåïåð âèêîíócòüñÿ óìîâà (3). Òî-

äi

∃d > 0 ∃k0 ∈ N ∀k ≥ k0 :
νk

ρk

≥ d,

à îòæå,

ω(ρk) ≥ dµ(νk) ≥ dµ(dρk), k ≥ k0.

Çãiäíî ç íåïåðåðâíiñòþ é ìîíîòîííiñòþ
ôóíêöié µ i ω îòðèìócìî, ùî

ω(x) ≥ C · dµ(dx), x > x0,

äå ñòàëà C > 0. Òîäi äëÿ âêàçàíèõ x

Ω(x) ≥ C ·M(dx). (5)

Áàáåíêî I.Ê. äîâiâ íåîáõiäíi é äîñòàòíi
óìîâè íåòðèâiàëüíîñòi ïðîñòîðó Sbn

ak
çà ïåâ-

íèõ óìîâ [3].
Íåõàé ôóíêöiÿ Ω òàêà, ùî Ω(x) ≤ x2, x ∈

∈ R. Òîäi

lim
x→+∞

ln(ln(LM(x)))

ln(x)
≤

≤ lim
x→+∞

ln(ln(exp {ã2
2x

2}))
ln(x)

≤ 2.

Çãiäíî ç óìîâàìè ç [3], ùîá ïðîñòið WΩ
M

áóâ íåòðèâiàëüíèì äîñèòü, ùîá âèêîíóâà-
ëàñü óìîâà

lim
x→+∞

λΩ(x)

x3 · γM(x)
> 0,

äå

λΩ(x) = ln

+∞∫

0

ch(tx)

LΩ(t)
dt,
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γM(x) =

+∞∫

0

ln(LM(y))

y2
· dy

y2 + x2
.

Ñïðàâäi,

λΩ(x) ≥ ln

+∞∫

0

ch(tx)

exp {b2
2t

2}dt =

ln

(√
π

2b2

)
+

x2

4b2
2

,

γM(x) ≤
+∞∫

0

ln(exp {a2
2y

2})dy

y2(y2 + x2)
≤ a2

2π

2x
.

À òîìó lim
x→+∞

λΩ(x)

x3 · γM(x)
> 0.

Íåõàé Ω(x) > x2, M(x) ≤ x2, x ∈ ∈
R. Îñêiëüêè ïðîñòið W x2

M íåòðèâiàëüíèé i
W x2

M ⊂ WΩ
M , òî é ïðîñòið WΩ

M � íåòðèâiàëü-
íèé. Î÷åâèäíî, ùî é ó âèïàäêó M(x) ≥ x2,
x ∈ R, ïðîñòið WΩ

M c íåòðèâiàëüíèì.
Çàóâàæåííÿ. Iç òåîðåìè 5 âèïëèâàc, ùî

óìîâà (2) c íåîáõiäíîþ é äîñòàòíüîþ óìî-
âîþ òðèâiàëüíîñòi, à (3) � íåòðèâiàëüíîñòi
ïðîñòîðiâ WΩ

M . Çàçíà÷èìî òàêîæ, ùî óìîâà
(2) åêâiâàëåíòíà óìîâi (4), à (3) � óìîâi (5).

Òåîðåìà 6. Äëÿ äîâiëüíèõ îïóêëèõ íåïå-
ðåðâíî äèôåðåíöiéîâíèõ ôóíêöié M i Ω ïðà-
âèëüíà ðiâíiñòü

WΩ
M = WM ∩WΩ.

Äîâåäåííÿ. Çãiäíî ç òåîðåìàìè 1�3,
âêëàäåííÿ WΩ

M ⊂ WM ∩WΩ î÷åâèäíå.
Ðîçãëÿíåìî òåïåð äîâiëüíó öiëó ôóíêöiþ

ϕ ∈ WM ∩WΩ é äîâåäåìî, ùî ϕ ∈ WΩ
M . Ðîç-

ãëÿäàòèìåìî ñïî÷àòêó âèïàäîê ôóíêöié M
i Ω, äëÿ ÿêèõ âèêîíócòüñÿ óìîâà (2), òîáòî

∃d > 0 : inf
k∈N

νk

ρk

> d.

Ôóíêöiÿ ϕ çàäîâîëüíÿc óìîâè:

∃C0 > 0 ∃a > 0 ∃b > 0 ∀{k, n} ⊂ Z+ :

||xkϕ(x)||L2(R) ≤ C0

(
νk

a

)k

exp{−M(νk)};

||ϕ(n)(x)||L2(R) ≤ C0n!

(
b

ρn

)n

exp{Ω(ρn}.

Òîäi, iíòåãðóþ÷è ÷àñòèíàìè, çàñòîñîâóþ-
÷è ôîðìóëó Ëåéáíiöà äëÿ äèôåðåíöiþâàííÿ
äîáóòêó é íåðiâíiñòü Êîøi Áóíÿêîâñüêîãî,
äëÿ äîâiëüíèõ {k, n} ⊂ N îòðèìócìî

I2
k,n ≡ ||xkϕ(n)(x)||2L2(R) ≤

l∑
j=0

Cj
N · Cj

2k · j!×

×||x2k−jϕ(x)||L2(R) · ||ϕ2n−j(x)||L2(R).

äå l = min {2k, n}.
Çàçíà÷èìî, ùî

Cj
r ≡

r!

j!(r − j)!
≤ 2r, j ∈ {0, 1, . . . , r};

j!(2n− j)!

(n!)2
≤ C2 · 22n+1/2 ·

(
j

2n

)j

,

äå C > 0 - äåÿêà ñòàëà;

Ω(ρk) ≤ k, M(νk) ≤ k, k ∈ Z+;

∀{s, r} ⊂ Z+, s > r :
νs

νr

≤ s

r
,

ρs

ρr

≤ s

r
.

Òîìó ïðàâèëüíi íåðiâíîñòi

exp {−M(ν2k−j)} ≤ e2k exp {−2M(νk)};
exp {Ω(ρ2k−j)} ≤ e2k exp {2Ω(ρk)};
(ν2k−j

a

)2k−j

≤
(

2νk

a

)2k

·
(

a

ν2k

)j

;

(
b

ρ2k−j

)2k−j

≤
(

b

ρk

)2k

·
(

2ρk

b

)j

.

À îòæå,
I2
k,n ≤

≤
√

2(C0 · C)2(n!)2

(
22eνk

a

)2k (
23/2be

ρn

)2n

×

× exp {2(Ω(ρn)−M(νk))}×

×
l∑

j=0

(
j

n

)j (a

b

)j
(

ρn

ν2k

)j

.
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ßêùî n ≤ 2k, òî
ρn

ν2k

≤ ρ2k

ν2k

≤ sup
j∈N

ρj

νj

=
1

inf
j∈N

νj

ρj

=
1

d

i
l∑

j=0

(
j

n

)j (a

b

)j
(

ρn

ν2k

)j

≤
l∑

j=0

( a

bd

)j

.

ßêùî æ 2k < n, òî
ρn

ν2k

=
ρn

νn

· νn

ν2k

≤ 1

d
· n

2k

i
l∑

j=0

(
j

n

)j (a

b

)j
(

ρn

ν2k

)j

≤

≤
l∑

j=0

(
j

2k

)j ( a

bd

)j (n

n

)j

≤
l∑

j=0

( a

bd

)j

.

Îòæå,

I2
k,n ≤ C̃2(n!)2

(νk

ã

)2k
(

b̃

ρn

)2n

×

× exp {2(Ω(ρn)−M(νk))},
äå C̃ = 21/4CC0Cθ, ã =

a

4eθ
, b̃ = 23/2beθ,

θ > 1.
Îòæå, ó äàíîìó âèïàäêó ϕ ∈ WΩ

M .
Ðîçãëÿíåìî òåïåð ôóíêöi�� M i Ω, äëÿ

ÿêèõ âèêîíócòüñÿ óìîâà (3). Äîâåäåìî, ùî
â öüîìó âèïàäêó ϕ ≡ 0. Ñïðàâäi, çãiäíî ç
îçíà÷åííÿì ïðîñòîðiâ WM i WΩ, äëÿ íå�� âè-
êîíóþòüñÿ îöiíêè

∃C0 > 0 ∃ a > 0 ∃ b > 0 :

|ϕ(x)| ≤ C0 exp {−M(ax)}, x ∈ R,

|ϕ(z)| ≤ C0 exp {Ω(by)}, z = x + iy ∈ C.

Íåõàé ñïî÷àòêó ôóíêöiÿ Ω òàêà, ùî
Ω(y) ≤ y2, y ∈ R. Ðîçãëÿíåìî ôóíêöiþ
ψ(z) = ϕ(z) ·ϕ(iz̄), z ∈ C. Äëÿ íå�� ïðàâèëüíi
îöiíêè

|ψ(z)| ≤ C2
0 exp {Ω(by) + Ω(bx)} ≤

≤ C2
0 exp {2(b|z|)2}, z = x + iy ∈ C,

|ψ(x)| ≤ C2
0 exp {Ω(bx)−M(ax)}, x ∈ R,

|ψ(iy)| ≤ C2
0 exp {Ω(by)−M(ay)}, y ∈ R.

Çãiäíî ç òåîðåìîþ Ôðàãìåíà-
Ëiíäåëüîôà, ôóíêöiÿ ψ îáìåæåíà íà C.
Àëå íà êîîðäèíàòíèõ îñÿõ ψ(z) → 0 ïðè
z → ∞. Îòæå, çãiäíî ç òåîðåìîþ Ëióâiëëÿ,
ψ ≡ 0.

Íåõàé òåïåð Ω(y) > y2/2 y > y0 ≥ 0. Ïî-
çíà÷èìî ÷åðåç M̃ i Ω̃ äâî��ñòi ôóíêöi�� âiäïî-
âiäíî äî M i Ω. Îñêiëüêè M(x) > Ω(x) >
> x2/2, x > x0 ≥ 0 òî M̃(x) ≤ Ω̃(x) ≤ x2/2
[1]. Òîìó é ó äàíîìó âèïàäêó ψ ≡ 0.

Îòæå, WΩ
M = WM ∩WΩ äëÿ äîâiëüíèõ íå-

ïåðåðâíèõ ìîíîòîííî çðîñòàþ÷èõ îïóêëèõ
ôóíêöié M i Ω.
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