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ÑÍÓÂÀÍÍß ÐÎÇÐÈÂÍÎÃÎ IÍÒÅÃÐÀËÜÍÎÃÎ ÌÍÎÃÎÂÈÄÓ

ÁÀÃÀÒÎ×ÀÑÒÎÒÍÎ�I IÌÏÓËÜÑÍÎ�I ÑÈÑÒÅÌÈ
Âñòàíîâëåíî óìîâè iñíóâàííÿ iíòåãðàëüíîãî ìíîãîâèäó äëÿ áàãàòî÷àñòîòíèõ íåëiíiéíèõ

êîëèâíèõ ñèñòåì ç iìïóëüñíèì âïëèâîì i îäåðæàíî îöiíêè ÷àñòèííèõ ïîõiäíèõ ôóíêöi��, ÿêà
âèçíà÷àc iíòåãðàëüíèé ìíîãîâèä.

We have established the conditions of existence of integrated manifold for multifrequency
nonlinear oscillatory systems with pulse in�uence and got the estimations of the partial derivatives
function which determines the integrated manifold.

Ïèòàííÿ iñíóâàííÿ iíòåãðàëüíîãî ìíî-
ãîâèäó äëÿ ñèñòåì äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç iìïóëüñíèì âïëèâîì äîñëiäæóâàëîñü
ó ïðàöÿõ [1],[2]. Ó äàíié ñòàòòi öå ïèòàí-
íÿ ðîçãëÿäàcòüñÿ ñòîñîâíî áiëüø øèðîêî-
ãî êëàñó ñèñòåì, à ñàìå áàãàòî÷àñòîòíèõ ñè-
ñòåì ç iìïóëüñíèì âïëèâîì. ßêiñíå äîñëiä-
æåííÿ òàêèõ ñèñòåì áåç iìïóëüñíîãî âïëè-
âó îïèñàíî â ìîíîãðàôi�� [3]. Ó ñòàòòi âè-
êîðèñòàíî ìåòîäèêó ïîáóäîâè iíòåãðàëüíî-
ãî ìíîãîâèäó, çàïðîïîíîâàíó â öié ðîáîòi.
Iñòîòíó ðîëü ó äîâåäåííi âiäiãðàþòü îöiíêè
îñöèëÿöiéíèõ iíòåãðàëiâ i ñóì äëÿ ðîçðèâ-
íèõ ôóíêöié, ÿêi îäåðæàíi â ñòàòòÿõ [4] i [5].

Ðîçãëÿäàcòüñÿ áàãàòî÷àñòîòíà iìïóëüñíà
ñèñòåìà âèãëÿäó
dx

dτ
= a(x, τ)+ã(x, ϕ, τ)+εA(x, ϕ, τ, ε), τ 6= τν ,

dϕ

dτ
=

ω(τ)

ε
+ b(x, ϕ, τ, ε), τ 6= τν ,

∆x|τ=τν = εp(x, τν)+

+εp̃(x, ϕ, τν) + ε2P (x, ϕ, τν , ε),

∆ϕ|τ=τν = εq(x, ϕ, τν , ε), (1)

äå x ∈ D ⊂ Rn, ϕ ∈ Rm,m ≥ 2, τ ∈ R, ε ∈
(0, ε0],D - îáìåæåíà îáëàñòü, äiéñíi âåêòîð-
ôóíêöi�� a, ã, p, p̃, q, A, P, ω i b âèçíà÷åíi i 2π-
ïåðiîäè÷íi çà êîæíîþ iç çìiííèõ ϕν , ν =
1,m, íà ìíîæèíi Ḡ = D × Rm × R × (0, ε0],
τν+1 − τν = θε, θ = const > 0, ν ∈ Z.
Íå âòðà÷àþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè,

ùî ñåðåäíc çà ϕ â êóái ïåðiîäiâ ôóíêöié
ã(x, ϕ, τ), p̃(x, ϕ, τ) òîòîæíî äîðiâíþc íóëþ.

Ðîçãëÿíåìî äîïîìiæíó ñèñòåìó ðiâíÿíü
dx̄

dτ
= a(x̄, τ), τ 6= τν , ∆x̄|τ=τν = εp(x̄, τν)

(2)
i ïðèïóñòèìî, ùî iñíóc ���� ðîçâ'ÿçîê x̄ =
x̄(τ, ε), ÿêèé âèçíà÷åíèé äëÿ âñiõ τ ∈ R,
ε ∈ (0, ε0] i ëåæèòü â D ðàçîì iç ñâî��ì ρ-
îêîëîì. Áóäåìî ââàæàòè, ùî ñèñòåìà ðiâ-
íÿíü ó âàðiàöiÿõ

dz

dτ
=

∂

∂x
a(x̄(τ, ε), τ)z, τ 6= τν ,

∆z|τ=τν = ε
∂

∂x
p(x̄(τν , ε), τν)z.

ãiïåðáîëi÷íà ðiâíîìiðíî çà ε ∈ (0, ε0]. Íå
âòðà÷àþ÷è çàãàëüíîñòi, ñèñòåìó ó âàðiàöiÿõ
ìîæíà çàïèñàòè ó âèãëÿäi:

dz+

dτ
= H+(τ, ε)z+, τ 6= τν ,

∆z+|τ=τν = εG+(τν , ε)z+, (3)

dz−
dτ

= H−(τ, ε)z−, τ 6= τν ,

∆z−|τ=τν = εG−(τν , ε)z−, (4)

äå z = (z+, z−), z+ i z− - âiäïîâiäíî n0 i n−n0-
âèìiðíi âåêòîðè, 0 ≤ n0 ≤ n, n0- öiëå i íå
çàëåæèòü âiä ε,

H(τ, ε) = diag [H+(τ, ε), H−(τ, ε)] =
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=
∂a(x̄(τ, ε), τ)

∂x
,

G(τ, ε) = diag [G+(τ, ε), G−(τ, ε)] =

=
∂p(x̄(τ, ε), τ)

∂x
,

à íîðìàëüíi ôóíäàìåíòàëüíi ìàòðèöi
Q+(τ, t, ε) i Q−(τ, t, ε) ðîçâ'ÿçêiâ ñèñòåì
(3) i (4) äëÿ âñiõ ε ∈ (0, ε0] ñïðàâäæóþòü
íåðiâíîñòi

‖Q+(τ, t, ε)‖ ≤ Keγ(τ−t) ∀τ ≤ t,

‖Q−(τ, t, ε)‖ ≤ Ke−γ(τ−t) ∀τ ≥ t

ç äåÿêèìè ñòàëèìè K ≥ 1 i γ > 0, íåçàëåæ-
íèìè âiä ε.

Ïîçíà÷èìî ÷åðåç Q(τ, t, ε) êâàäðàòíó ìà-
òðèöþ ïîðÿäêó n

Q(τ, t, ε) =

{ −diag (Q+(τ, t, ε); 0), τ < t,
diag (0; Q−(τ, t, ε)), τ > t.

Òîäi
‖Q(τ, t, ε)‖ ≤ Ke−γ|τ−t|. (5)

Ïåðåòâîðèìî ðiâíÿííÿ (1) çà äîïîìîãîþ
çàìiíè y = x− x̄(τ, ε), y = (y+, y−), äî âèãëÿ-
äó

dy+

dτ
= H+(τ, ε)y+ + F+(y, τ, ε)+

+ã+(y+ x̄(τ, ε), ϕ, τ)+εA+(y+ x̄(τ, ε), ϕ, τ, ε),

dy−
dτ

= H−(τ, ε)y− + F−(y, τ, ε)+

+ã−(y+ x̄(τ, ε), ϕ, τ)+εA−(y+ x̄(τ, ε), ϕ, τ, ε),

∆y+|τ=τν = εG+(τν , ε)y+ + εΦ+(y, τν , ε)+

+εp̃+(y + x̄(τν , ε), ϕ, τν)+

+ε2P+(y + x̄(τν , ε), ϕ, τν , ε),

∆y−|τ=τν = εG−(τν , ε)y− + εΦ−(y, τν , ε)+

+εp̃−(y + x̄(τν , ε), ϕ, τν)+

+ε2P−(y + x̄(τν , ε), ϕ, τν , ε), (6)

dϕ

dτ
=

ω(τ)

ε
+ b(y + x̄(τ, ε), ϕ, τ, ε),

∆ϕ|τ=τν = εq(y + x̄(τν , ε), ϕ, τν , ε),

äå

(ã+, ã−) = ã, (p̃+, p̃−) = p̃, (A+, A−) = A,

(P+, P−) = P, (F+, F−) = F, (Φ+, Φ−) = Φ,

F = a(y+x̄(τ, ε), τ)−a(x̄(τ, ε), τ)−H(τ, ε)y ≡

≡
1∫

0

[
∂

∂y
a(ly + x̄(τ, ε), τ)−H(τ, ε)]dly,

Φ = p(y+ x̄(τ, ε), τ)−p(x̄(τ, ε), τ)−G(τ, ε)y ≡

≡
1∫

0

[
∂

∂y
p(ly + x̄(τ, ε), τ)−G(τ, ε)]dly.

Iíòåãðàëüíèé ìíîãîâèä ðiâíÿíü (6) áóäåìî
âèçíà÷àòè ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü
ÿê ãðàíèöþ ïðè j → ∞ iíòåãðàëüíèõ ìíî-
ãîâèäiâ y = Yj(ψ, τ, ε), (ψ, τ, ε) ∈ Rm × R ×
(0, ε0], ñèñòåìè

dy

dτ
= H(τ, ε)y + F (Yj−1(ϕ, τ, ε), τ, ε)+

+ã(Xj−1(ϕ, τ, ε), ϕ, τ)+

+εA(Xj−1(ϕ, τ, ε), ϕ, τ, ε), τ 6= τν ,

∆y|τ=τν = εG(τν , ε)y+εΦ(Yj−1(ϕ, τν , ε), τν , ε)+

+εp̃(Xj−1(ϕ, τν , ε), ϕ, τν)+

+ε2P (Xj−1(ϕ, τν , ε), ϕ, τν , ε),

dϕ

dτ
=

ω(τ)

ε
+ b(Xj−1(ϕ, τ, ε), ϕ, τ, ε), τ 6= τν ,

∆ϕ|τ=τν = εq(Xj−1(ϕ, τν , ε), ϕ, τν , ε), (7)

â ÿêèõ Y0 ≡ 0, Xj−1(ϕ, τ, ε) = x̄(τ, ε) +
Yj−1(ϕ, τ, ε).

Çà äîïîìîãîþ ìàòðèöi Q(τ, t, ε) iíòå-
ãðàëüíèé ìíîãîâèä ñèñòåìè (7) ìîæíà âè-
çíà÷èòè ôîðìóëîþ

Yj(ψ, τ, ε) =

∞∫

−∞

Q(τ, t, ε)×

×[F (Yj−1(ϕ
t
τ,j(ψ, ε), t, ε), t, ε)+

+ã(Xj−1(ϕ
t
τ,j(ψ, ε), t, ε), ϕt

τ,j(ψ, ε), t)+

+εA(Xj−1(ϕ
t
τ,j(ψ, ε), t, ε), ϕt

τ,j(ψ, ε), t, ε)]dt+
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+ε

∞∑
ν=−∞

Q(τ, τν , ε)[Φ(Yj−1(ϕ
τν
τ,j

(ψ, ε), τν , ε),

τν , ε)+ p̃(Xj−1(ϕ
τν
τ,j(ψ, ε), τν , ε), ϕ

τν
τ,j(ψ, ε), τν)+

+εP (Xj−1(ϕ
τν
τ,j(ψ, ε), τν , ε), ϕ

τν
τ,j(ψ, ε), τν , ε)],

(8)
äå ϕ = ϕt

τ,j(ψ, ε) - ðîçâ'ÿçîê äðóãîãî ðiâíÿí-
íÿ ñèñòåìè (7), ÿêèé ïðè τ = t íàáóâàc çíà-
÷åííÿ ψ.

Íàêëàäåìî íàñòóïíi îáìåæåííÿ:

σ0 =
2

γ
K sup

x,ϕ,τ
‖ ∂

∂x
ã(x, ϕ, τ)‖+

+
2

γθ
K sup

x,ϕ,τ
‖ ∂

∂x
p̃(x, ϕ, τ)‖ < 1, (9)

[a, ã, p, p̃, b, q] ∈ C1
τ (Ḡ, σ1) ∩ C2

x,ϕ(Ḡ, σ1),
[
∂a

∂x
,
∂p

∂x

]
∈ C1

τ (Ḡ, σ1), [A,P ] ∈ C2
x,ϕ(Ḡ, σ1),

∑

k

[‖k‖4 sup
Ḡ

‖rk‖+

+‖k‖3(sup
Ḡ

‖∂rk

∂τ
‖+ sup

Ḡ

‖∂rk

∂x
‖)] ≤ σ1,

∑

k

‖k‖1−1/(l+1)[‖k‖ sup
Ḡ

‖ck‖+

+(sup
Ḡ

‖∂ck

∂τ
‖+ sup

Ḡ

‖∂ck

∂x
‖)] ≤ σ1, l ≥ m

(10)

i ∂

∂τ
A(x, ϕ, τ, ε),

∂

∂τ
P (x, ϕ, τ, ε) - íå-

ïåðåðâíi çà (x, ϕ, τ) ∈ D × Rm × R
ïðè êîæíîìó ôiêñîâàíîìó ε ∈ (0, ε0].
Òóò σ1 - äåÿêà äîäàòíà ñòàëà, ck =
ck(x, τ, ε), rk = rk(x, τ, ε) - êîåôiöicíòè
Ôóð'c ïðè ãàðìîíiêàõ exp{i(k, ϕ)} ðîç-
êëàäó âiäïîâiäíî ôóíêöié c(x, ϕ, τ, ε) =
[ã(x, ϕ, τ); b(x, ϕ, τ, ε)], r(x, ϕ, τ, ε) =
[p̃(x, ϕ, τ); q(x, ϕ, τ, ε)] â ðÿä Ôóð'c. ×åðåç
C l

x,ϕ(Ḡ, σ1) (C l
τ (Ḡ, σ1)) ïîçíà÷åíî ìíîæèíó

âåêòîð-ôóíêöié, ÿêi ïðè êîæíîìó ôiêñîâà-
íîìó ε ∈ (0, ε0] ìàþòü íåïåðåðâíi çà x, ϕ(τ)
i îáìåæåíi â Ḡ ñòàëîþ σ1 ÷àñòèííi ïîõiäíi
çà âñiìà çìiííèìè x, ϕ(τ) äî ïîðÿäêó l
âêëþ÷íî. Çà íîðìó ìàòðèöi âiçüìåìî ñóìó
ìîäóëiâ ���� åëåìåíòiâ.

Ïîçíà÷èìî ÷åðåç Wl(τ) i W ∗
l (τ) âiä-

ïîâiäíî (l + 1) × m-ìàòðèöþ Wl(τ) =(
dg−1

dτg−1 ων(τ)
)l+1,m

g,ν=1
i òðàíñïîíîâàíó ìàòðèöþ.

Äëÿ ïîáóäîâè iíòåãðàëüíîãî ìíîãîâèäó
ðiâíÿíü (6) äîñëiäèìî äåÿêi âëàñòèâîñòi
ôóíêöié y = Yj(ψ, τ, ε).

Òåîðåìà 1. Íåõàé:
1) âèêîíóþòüñÿ óìîâè (5),(9),(10);
2) ôóíêöi�� ω(ν)(τ), (ν = 0, l) ðiâíîìiðíî

íåïåðåðâíi íà R i ‖(W ∗
l (τ)Wl(τ))−1W ∗

l (τ)‖ ≤
σ1 äëÿ âñiõ τ ∈ R;

Òîäi ïðè äîñèòü ìàëîìó ε0 > 0 ôóíê-
öi�� Yj = Yj(ψ, τ, ε), j = 0, 1, ..., ùî âèçíà-
÷àþòüñÿ ðiâíiñòþ (8), 2π -ïåðiîäè÷íi ïî
ψν , ν = 1,m, äâi÷i íåïåðåðâíî äèôåðåíöiéîâ-
íi ïî (ψ, τ) ∈ Rm×R̄, R̄ = R\{τν}∞ν=−∞ i ïðè
êîæíîìó ôiêñîâàíîìó ε ∈ (0, ε0] ñïðàâäæó-
þòü íåðiâíîñòi

‖Yj‖ ≤ d1ε
1/(l+1), ‖ ∂

∂ψ
Yj‖ ≤ d2ε

1/(l+1),

m∑
η=1

‖ ∂2

∂ϕ∂ϕη

Yj‖ ≤ d3ε
1/(l+1) (11)

äëÿ âñiõ (ψ, τ, ε) ∈ G1 ≡ Rm×R̄×(0, ε0]. Òóò
d1, d2, d3 - ñòàëi, íåçàëåæíi âiä ε òà j.

Ñõåìà äîâåäåííÿ òåîðåìè òàêà æ, ÿê i òå-
îðåìè òåîðåìè 13.1 ó ìîíîãðàôi�� [3], ÿêùî
âèêîðèñòîâóâàòè îöiíêè îñöèëÿöiéíèõ iíòå-
ãðàëiâ i ñóì [4],[5] äëÿ ðîçðèâíèõ ôóíêöié.

Îäåðæàíi âëàñòèâîñòi iíòåãðàëüíèõ ìíî-
ãîâèäiâ y = Yj(ψ, τ, ε) ðiâíÿíü (7) äàþòü ìî-
æëèâiñòü, âèêîðèñòîâóþ÷è ìåòîä ïîñëiäîâ-
íèõ íàáëèæåíü, áóäóâàòè iíòåãðàëüíèé ìíî-
ãîâèä ñèñòåìè (6).

Ðîçãëÿíåìî àíàëîã òåîðåìè 14.1 ç ìîíî-
ãðàôi�� [3] äëÿ ñèñòåì âèãëÿäó (1) áåç iì-
ïóëüñíîãî âïëèâó i ïîêàæåìî, ùî ïîñëiäîâ-
íiñòü {Xj(ψ, τ, ε)} çáiãàcòüñÿ äî iíòåãðàëüíî-
ãî ìíîãîâèäó ñèñòåìè (1).

Òåîðåìà 2. ßêùî âèêîíóþòüñÿ óìîâè
òåîðåìè 1, òî äëÿ äîñèòü ìàëîãî ε0 > 0
cïðàâäæóþòüñÿ íàñòóïíi òâåðæåííÿ:

1) iñíóc iíòåãðàëüíèé ìíîãîâèä x =
X(ψ, τ, ε) ñèñòåìè (1), ÿêèé ëåæèòü â
d1ε

α-îêîëi êðèâî�� x = x̄(τ, ε) äëÿ âñiõ
(ψ, τ, ε) ∈ G2 ≡ Rm×R×(0, ε0], α = 1/(l+1);
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2) ôóíêöiÿ X(ψ, τ, ε) - 2π-ïåðiîäè÷íà çà
ψν , ν = 1,m, íåïåðåðâíî äèôåðåíöiéîâíà çà
ψ ∈ Rm, τ ∈ R̄ ïðè êîæíîìó ôiêñîâàíîìó
ε ∈ (0, ε0], à äëÿ ìàòðèöi ÷àñòèííèõ ïîõiä-
íèõ çà ψ ñïðàâäæócòüñÿ íåðiâíiñòü

‖ ∂

∂ψ
X(ψ, τ, ε)‖ ≤ d2ε

α

äëÿ âñiõ (ψ, τ, ε) ∈ G1 i óìîâà Ëiïøèöÿ çà
çìiííèìè ψ:

‖∂X(ψ, τ, ε)

∂ψ
− ∂X(ψ̄, τ, ε)

∂ψ
‖ ≤ d3ε

α‖ψ − ψ̄‖

∀(ψ, τ, ε) ∈ G1, ψ̄ ∈ Rm;

3) íà iíòåãðàëüíîìó ìíîãîâèäi ñèñòåìà
(1) íàáóâàc âèãëÿäó

dϕ

dτ
=

ω(τ)

ε
+ b(X(ϕ, τ, ε), ϕ, τ, ε), τ 6= τν ,

∆ϕ|τ=τν = εq(X(ϕ, τν , ε), ϕ, τν , ε).

Äîâåäåííÿ. Äëÿ äîâåäåííÿ çáiæíîñòi
ïîñëiäîâíîñòi {Yj(ψ, τ, ε)} îäåðæèìî îöiíêó
íîðìè ‖Yj+1 − Yj‖:

‖Yj+1(ψ, τ, ε)− Yj(ψ, τ, ε)‖ ≤
≤ (σ̃0 + σ2ε

α) sup
G1

‖Yj(ψ, τ, ε)−

−Yj−1(ψ, τ, ε)‖+

+‖
∞∫

−∞

Q(τ, t, ε)[ã(x̄(t, ε), ϕt
τ,j+1, ε)−

−ã(x̄(t, ε), ϕt
τ,j, t)]dt‖+

+‖ε
∞∑

ν=−∞
Q(τ, τν , ε)[p̃(x̄(τν , ε), ϕ

τν
τ,j+1, ε)−

−p̃(x̄(τν , ε), ϕ
τν
τ,j, τν)]‖, (12)

σ̃0 = (σ0 + 1)/2, σ2 = const.

Çà äîïîìîãîþ îöiíîê îñöèëÿöiéíèõ ií-
òåãðàëiâ òà ñóì iç [4],[5] òà íåðiâíîñòåé
(14.8) iç [3] îñòàííi äâà äîäàíêè îöiíþþòü-
ñÿ çâåðõó âåëè÷èíîþ σ3ε

α sup
G2

‖Yj(ψ, τ, ε) −

Yj−1(ψ, τ, ε)‖ äëÿ âñiõ j ≥ 1 ç äåÿêîþ ñòàëîþ
σ3. Òîìó ç (12) âèïëèâàc îöiíêà

sup
G2

‖Yj+1(ψ, τ, ε)− Yj(ψ, τ, ε)‖ ≤

≤ 1 + σ̃0

2
sup
G2

‖Yj(ψ, τ, ε)− Yj−1(ψ, τ, ε)‖,
(13)

ÿêà âèêîíócòüñÿ äëÿ âñiõ j ≥ 1 i ε ∈ (0, ε0],
äå ε0 äîñèòü ìàëå. Îñêiëüêè ñòàëà 1

2
(1 + σ̃0)

ìåíøà çà îäèíèöþ i ‖Y1(ψ, t, ε)‖ ≤ d1ε
α
0 , òî

iç (13) âèïëèâàc ðiâíîìiðíà çáiæíiñòü ïî-
ñëiäîâíîñòi {Yj(ψ, τ, ε)} íà ìíîæèíi G2. Ó
çâ'ÿçêó ç öèì ôóíêöiÿ

Y (ψ, τ, ε) = lim
j→∞

Yj(ψ, τ, ε)

2π-ïåðiîäè÷íà çà ψν , ν = 1, m, íåïåðåðâíà çà
(ψ, τ) ∈ Rm × R̄ ïðè êîæíîìó ôiêñîâàíîìó
ε i ‖Y (ψ, τ, ε)‖ ≤ d1ε

α äëÿ âñiõ (ψ, τ, ε) ∈ G2.
Àíàëîãi÷íî îòðèìócìî îöiíêó

sup
G1

‖ ∂

∂ψ
(Yj+1(ψ, τ, ε)− Yj(ψ, τ, ε)‖ ≤

≤ (σ̃0 + σ4ε
α
0 ) sup

G1

‖ ∂

∂ψ
(Yj(ψ, τ, ε)−

−Yj−1(ψ, τ, ε))‖+
+σ5 sup

G1

‖Yj(ψ, τ, ε)− Yj−1(ψ, τ, ε)‖

çi ñòàëèìè σ4 i σ5, íåçàëåæíèìè âiä ε
i j. Îñêiëüêè σ̃0 < 1, òî, âèáèðàþ÷è
ε0 > 0 äîñèòü ìàëèì, ç îñòàííüî�� îöií-
êè âñòàíîâëþcìî ðiâíîìiðíó çáiæíiñòü íà
ìíîæèíi G1 ïîñëiäîâíîñòi { ∂

∂ψ
Yj(ψ, τ, ε)} äî

ôóíêöi�� ∂
∂ψ

Y (ψ, τ, ε), ÿêà çàäîâîëüíÿc íåðiâ-
íiñòü

‖ ∂

∂ψ
Y (ψ, τ, ε)‖ ≤ d2ε

α ∀(ψ, τ, ε) ∈ G1.

Çàçíà÷èìî òàêîæ, ùî ïðè êîæíîìó ε ∈
(0, ε0] ôóíêöiÿ ∂

∂ψ
Y (ψ, τ, ε) íåïåðåðâíà çà

ψ, τ çà âèíÿòêîì òî÷îê iìïóëüñíîãî âïëèâó,
à óìîâà Ëiïøèöÿ çà ψ âèïëèâàc ç îñòàííüî��
íåðiâíîñòi â (11).

Âðàõîâóþ÷è ðiâíîìiðíó çáiæíiñòü ïîñëi-
äîâíîñòåé {Yj(ψ, τ, ε)} i { ∂

∂ψ
Yj(ψ, τ, ε)} íà
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ìíîæèíi G1, ÿê i â [3], äîâîäèìî ðiâíîìiðíó
çáiæíiñòü ïîñëiäîâíîñòi { ∂

∂τ
Yj(ψ, τ, ε)}, ðiâ-

íiñòü

lim
j→∞

∂Yj(ψ, τ, ε)

∂τ
=

∂Y (ψ, τ, ε)

∂τ

äëÿ âñiõ (ψ, τ, ε) ∈ G1 i íåïåðåðâíiñòü ôóíê-
öi�� ∂

∂τ
Y (ψ, τ, ε) çà (ψ, τ) ∈ Rm × R̄.

Îñêiëüêè äëÿ âñiõ (ψ, τ, ε) ∈ G1

ñïðàâäæócòüñÿ òîòîæíiñòü

∂Yj

∂τ
+

∂Yj

∂ψ

[
ω(τ)

ε
+ b(Xj−1, ψ, τ, ε)

]
=

= H(τ)Yj + F (Yj−1, τ) + ã(Xj−1, ψ, τ)+

+εA(Xj−1, ψ, τ, ε), ε),

â ÿêié çíà÷åííÿ ôóíêöié Yj−1, Xj−1, Yj áå-
ðóòüñÿ â òî÷öi (ψ, τ, ε), òî ãðàíè÷íèé ïåðåõiä
â íié ïðè j →∞ âåäå äî ñïiââiäíîøåííÿ

∂X

∂τ
+

∂X

∂ψ

[
ω(τ)

ε
+ b(X, ψ, τ, ε)

]
=

= a(X, τ) + ã(X, ψ, τ) + εA(X,ψ, τ, ε), τ 6= τν

(13)
â ÿêîìó X = X(ψ, τ, ε) = x̄(τ, ε) + Y (ψ, τ, ε).
À â òî÷êàõ iìïóëüñíîãî âïëèâó ìàcìî

∆Yj|τ=τν = Yj(ψ, τν + 0, ε)− Yj(ψ, τν , ε) =

= εG(τν , ε)Yj(ψ, τν , ε)+

+εΦ(Yj−1(ψ, τν , ε), τν , ε)+

+εp̃(Xj−1(ψ, τν , ε), ψ, τν)+

+ε2P (Xj−1(ψ, τν , ε), ψ, τν , ε),

òîìó

lim
j→∞

∆Xj|τ=τν = lim
j→∞

(εp(Xj−1, τν)+

+εp̃(Xj−1, ψ, τν) + ε2P (Xj−1, ψ, τν , ε)).

Âèêîðèñòîâóþ÷è íåïåðåðâíiñòü ôóíêöié
p(x, τ), p̃(x, ψ, τ), P (x, ψ, τ, ε), îäåðæócìî
ðiâíiñòü

∆X|τ=τν = εp(X, τν) + εp̃(X,ψ, τν)+

+ε2P (X,ψ, τν , ε). (15)

Ðîçãëÿíåìî äàëi çàäà÷ó Êîøi

dϕ

dτ
=

ω(τ)

ε
+ b(X(ϕ, τ, ε), ϕ, τ, ε), τ 6= τν ,

∆ϕ|τ=τν = εq(X(ϕ, τν , ε), ϕ, τν , ε),

ϕ|τ=τ0 = ψ ∈ Rm, τ0 ∈ R,

i ïîçíà÷èìî ÷åðåç ϕτ
τ0

(ψ, ε) ���� ðîçâ'ÿçîê.
Ç (14) âèïëèâàc, ùî ôóíêöiÿ xτ

τ0
(ψ, ε) =

X(ϕτ
τ0

(ψ, ε), τ, ε) çàäîâîëüíÿc ðiâíÿííÿ

dxτ
τ0

dτ
= a(xτ

τ0
, τ) + ã(xτ

τ0
, ϕτ

τ0
, τ)+

+εA(xτ
τ0

, ϕτ
τ0

, τ, ε), τ 6= τν ,

à âåëè÷èíè ñòðèáêiâ öic�� ôóíêöi�� âèçíà÷à-
þòüñÿ ðiâíiñòþ (15) i íàáóâàþòü âèãëÿäó

∆x|τ=τν = εp(xτν
τ0

, τν) + εp̃(xτν
τ0

, ϕτν
τ0

, τν)+

+ε2P (xτν
τ0

, ϕτν
τ0

, τν , ε),

òîìó çà îçíà÷åííÿì x = X(ψ, τ, ε) c iíòå-
ãðàëüíèì ìíîãîâèäîì ñèñòåìè (1). Âëàñòè-
âîñòi ôóíêöi�� X(ψ, τ, ε) âèïëèâàþòü iç âëà-
ñòèâîñòåé x̄(τ, ε) i Y (ψ, τ, ε). Òåîðåìó äîâå-
äåíî.
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