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ÓÑÅÐÅÄÍÅÍÍß ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ Ç ÌÀÊÑÈÌÓÌÎÌ
Ñòàòòÿ ìiñòèòü îáãðóíòóâàííÿ ìåòîäó óñåðåäíåííÿ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü iç çà-

ïiçíåííÿì.

The paper substantiates Theorems on grounding averaging method for di�erential equations
with maximum.

Ðóõ áàãàòüîõ ñèñòåì àâòîìàòè÷íîãî êåðó-
âàííÿ îïèñócòüñÿ ñèñòåìàìè äèôåðåíöiàëü-
íèõ ðiâíÿíü ç ìàêñèìóìîì [1-3] âèãëÿäó:

ẋ(t) = εf(t, x(t), max
s∈I(t)

x(s)), (1)

äå x ∈ Rn - ôàçîâèé âåêòîð, ε− ìàëèé ïà-
ðàìåòð, I(t) = [g(t), γ(t)], g(t) i γ(t) - âiäîìi
ôóíêöi��, ïðè÷îìó g(t) ≤ γ(t) ≤ t, t ≥ 0,
f : [0,∞) × Rn × Rn → Rn - n−âèìiðíà
âåêòîð-ôóíêöiÿ, i

max
s∈I(t)

x(s) =

(
max
s∈I(t)

x1(s), ..., max
s∈I(t)

xn(s)

)
.

Î÷åâèäíî, ùî ïðè g(t) = γ(t) = t − h
iç (1) îòðèìócìî äèôåðåíöiàëüíi ðiâíÿííÿ
ç ïîñòiéíèì çàïiçíåííÿì, à ïðè g(t) = γ(t)
- äèôåðåíöiaëüíi ðiâíÿííÿ çi çìiííèì çàïiç-
íåííÿì.

Çàñòîñóâàííÿ ìåòîäó óñeðåäíåííÿ äî ðiâ-
íÿíü âèãëÿäó (1) ïðè äîñèòü æîðñòêèõ óìî-
âàõ íà ôóíêöi�� g(t) i γ(t) ðîçãëÿäàëîñü ó ïðà-
öi [4], à ïðè g(t) = γ(t) - â [5].

Ó äàíié ðîáîòi íàâîäèòüñÿ îáãðóíòóâàí-
íÿ ìåòîäó óñåðåäíåííÿ äëÿ äèôåðåíöiàëü-
íèõ ðiâíÿíü âèãëÿäó (1) çà óìîâè ðiâíîìið-
íî�� íåïåðåðâíîñòi ôóíêöié g(t) i γ(t).

Ïîñòàâèìî ó âiäïîâiäíiñòü ðiâíÿííþ (1)
íàñòóïíå óñåðåäíåíå ðiâíÿííÿ:

ẏ(t) = εf 0

(
y(t), max

s∈I(t)
y(s)

)
, (2)

äå

f 0(x, y) = lim
T→∞

1

T

T∫

0

f(t, x, y)dt. (3)

Òåîðåìà 1. Íåõàé â îáëàñòi Q =
{t ≥ 0, D ⊂ Rn,D ⊂ Rn} âèêîíàíi íàñòóïíi
óìîâè:

1) ôóíêöiÿ f(t, x, y) - íåïåðåðâíà çà t, ðiâ-
íîìiðíî îáìåæåíà ñòàëîþ M, çàäîâîëüíÿc
óìîâó Ëiïøiöà çà x, y çi ñòàëîþ λ;

2) ôóíêöi�� g(t) i γ(t) - ðiâíîìiðíî íåïå-
ðåðâíi i 0 ≤ g(t) ≤ γ(t) ≤ t;

3) ðiâíîìiðíî âiäíîñíî x, y iñíóc ãðàíèöÿ
(3);

4) ðîçâ'ÿçîê ðiâíÿííÿ (2) ïðè ε ∈
(0, ε1], t ≥ 0, y(0) ∈ D

′ ⊂ D ðàçîì iç
ρ−îêîëîì íàëåæèòü îáëàñòi D.

Òîäi äëÿ áóäü-ÿêèõ η > 0, L > 0 iñíóc
òàêå ε0(η, L) ∈ (0, ε1], ùo ñïðàâäæócòüñÿ
îöiíêà:

‖x(t)− y(t)‖ ≤ η, (4)

äå x(t), y(t) - ðîçâ'ÿçêè ñèñòåì (1) i (2)
âiäïîâiäíî, x(0) = y(0) = x0 ∈ D

′
, ‖x‖ =

max
i
| xi|.
Äîâåäåííÿ. Ïåðåõîäÿ÷è âiä (1) i (2) äî

âiäïîâiäíèõ iíòåãðàëüíèõ ðiâíÿíü, çíàõîäè-
ìî

‖x(t)− y(t)‖ ≤

≤ ε

t∫

0

∥∥∥∥f(τ, x(τ), max
s∈I(τ)

x(s))−

−f(τ, y(τ), max
s∈I(τ)

y(s))

∥∥∥∥ dτ+ (7)
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+

∥∥∥∥∥∥
ε

t∫

0

[
f(τ, y(τ), max

s∈I(τ)
y(s))−

−f 0(y(τ), max
s∈I(τ)

y(s))

]
dτ

∥∥∥∥ .

Ââîäÿ÷è ðiâíîìiðíó ìåòðèêó

δ(t) = max
s∈[0,τ ]

‖x(s)− y(s)‖ ,

îòðèìàcìî

ε

t∫

0

∥∥∥∥f(τ, x(τ), max
s∈I(τ)

x(s))−

−f(τ, y(τ), max
s∈I(τ)

y(s))

∥∥∥∥ dτ ≤

≤ ελ

t∫

0

[
‖x(τ)− y(τ)‖+ (8)

+

∥∥∥∥max
s∈I(τ)

x(s)− max
s∈I(τ)

y(s)

∥∥∥∥
]

ds ≤

≤ 2ελ

t∫

0

δ(τ)dτ.

Ðîçiá'cìî iíòåðâàë [0, Lε−1] íà m ðiâíèõ ÷à-
ñòèí [ti, ti+1] , i = 0, 1, ...,m−1. Ïðèïóñòèìî,
ùî t ∈ [tk, tk+1) äëÿ äåÿêîãî k, òîäi äëÿ äðó-
ãîãî äîäàíêa â (7) ìàcìî

∥∥∥∥∥∥
ε

t∫

0

[
f(τ, y(τ), max

s∈I(τ)
y(s))−

−f 0(y(τ), max
s∈I(τ)

y(s))

]
dτ

∥∥∥∥ ≤

≤
k−1∑
i=0

ε

∥∥∥∥∥∥

ti+1∫

ti

[
f(τ, y(τ), max

s∈I(τ)
y(s)) −

− f 0(y(τ), max
s∈I(τ)

y(s))

]
dτ

∥∥∥∥ + (9)

+ε

∥∥∥∥∥∥

t∫

tk

[
f(τ, y(τ), max

s∈I(τ)
y(s))−

−f 0(y(τ), max
s∈I(τ)

y(s))

]
dτ

∥∥∥∥ .

Oöiíèìî oêðåìî êîæíèé äîäàíîê iç (9).

ε

∥∥∥∥∥∥

ti+1∫

ti

[
f(τ, y(τ), max

s∈I(τ)
y(s))−

−f 0(y(τ), max
s∈I(τ)

y(s))

]
dτ

∥∥∥∥ ≤

≤ ε

∥∥∥∥∥∥

ti+1∫

ti

[
f(τ, y(ti), max

s∈I(ti)
y(s))−

−f 0(y(ti), max
s∈I(ti)

y(s))

]
dτ

∥∥∥∥ + (10)

+ε

ti+1∫

ti

∥∥∥∥f(τ, y(τ), max
s∈I(τ)

y(s))−

−f(τ, y(ti), max
s∈I(ti)

y(s))

∥∥∥∥ dτ+

+ε

ti+1∫

ti

∥∥∥∥f 0(y(ti), max
s∈I(ti)

y(s))−

−f 0(y(τ), max
s∈I(τ)

y(s))

∥∥∥∥ dτ.

Iç (10), (2) òà óìîâ 1) i 2) òåîðåìè ìàcìî

ε

ti+1∫

ti

∥∥∥∥f(τ, y(τ), max
s∈I(τ)

y(s))−

−f(τ, y(ti), max
s∈I(ti)

y(s))

∥∥∥∥ dτ ≤

≤ ελ

ti+1∫

ti

[‖y(τ)− y(ti)‖+

+

∥∥∥∥max
s∈I(τ)

y(s)− max
s∈I(ti)

y(s)

∥∥∥∥
]

dτ ≤ (11)

≤ ελ

ti+1∫

ti


ε

τ∫

ti

∥∥∥∥f 0(y(r), max
s∈I(r)

y(s))

∥∥∥∥ dr+
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+εM max{ω(γ, ∆), ω(g, ∆)}
]
dτ ≤

≤ ε2λM∆

(
∆

2
+ max{ω(γ, ∆), ω(g, ∆)}

)
,

äå ω(α, ∆) - ìîäóëü íåïeðåðâíîñòi ôóíêöi��
α(t) íà ïðîìiæêó [0,∞), ïðè÷îìó ω(α, ∆) =
sup|t′′−t′ |≤∆ | α(t

′′
)−α(t

′
)|, ∆ = ti+1−ti = L

εm
.

Âèêîðèñòîâóþ÷è âëàñòèâîñòi ìîäóëÿ íå-
ïåðåðâíîñòi [ 5 ], îòðèìàcìî

k−1∑
i=0

ti+1∫

ti

∥∥∥∥f(τ, y(τ), max
s∈I(τ)

y(s)) −

−f(τ, y(ti), max
s∈I(ti)

y(s))

∥∥∥∥ dτ ≤

≤ ελML

(
L

2εm
+

max

{
ω

(
γ,

L

εm

)
, ω

(
g,

L

εm

)})
≤ (12)

≤ λML

m

(
L

2
+ max {ω (γ, L) , ω (g, L)}

)

+ελML max {ω (γ, L) , ω (g, L)} .

Àíàëîãi÷íî îòðèìócìî îöiíêó

k−1∑
i=0

ti+1∫

ti

∥∥∥∥f 0(y(τ), max
s∈I(τ)

y(s))−

−f 0(y(ti), max
s∈I(ti)

y(s))

∥∥∥∥ dτ ≤ (13)

≤ λML

(
L

2m
+

+

(
1

m
+ ε

)
max {ω (γ, L) , ω (g, L)}

)
.

Íà ïiäñòàâi óìîâè 3) òåîðåìè, iñíóc
ñïàäíà ôóíêöiÿ θ(t) −→

t→∞
0, òàêà, ùo

∥∥∥∥∥∥
ε

ti∫

0

[
f(τ, y(ti), max

sI(ti)
y(s))−

−f 0(y(ti), max
s∈I(ti)

y(s))

]
dτ

∥∥∥∥ ≤

≤ εtiθ(ti) ≤ τiθ(
τi

ε
).

Îòæå, äëÿ áóäü-ÿêîãî η1 iñíóc ε0(η1) > 0
òàêå, ùî äëÿ äîâiëüíîãî ε ≤ ε0(η1) ñïðàâåä-
ëèâà íåðiâíiñòü

ε

∥∥∥∥∥∥

ti+1∫

ti

[
f(τ, y(ti), max

s∈I(ti)
y(s))−

−f 0(y(ti), max
s∈I(ti)

y(s))

]
dτ

∥∥∥∥ ≤

≤ ε

∥∥∥∥∥∥

ti+1∫

0

f(τ, y(ti), max
s∈I(ti)

y(s))− (14)

−f 0(y(ti), max
s∈I(ti)

y(s))dτ

∥∥∥∥ +

+ε

∥∥∥∥∥∥

ti∫

0

f(τ, y(ti), max
s∈I(ti)

y(s))−

−f 0(y(ti), max
s∈I(ti)

y(s))dτ

∥∥∥∥ ≤ 2η1.

Äëÿ îñòàííüî�� íåðiâíîñòi â (9) ìàcìî

ε

∥∥∥∥∥∥

t∫

tk

[
f(τ, y(τ), max

s∈I(τ)
y(s))−

−f 0(y(τ), max
s∈I(τ)

y(s))

]
dτ

∥∥∥∥ ≤ (15)

≤ 2ML

m
.

Iç (11)-(15) äëÿ äðóãîãî äîäàíêa â (7)
ìàcìî

∥∥∥∥∥∥
ε

t∫

0

[
f(τ, y(τ), max

s∈I(τ)
y(s))−

−f 0(y(τ), max
s∈I(τ)

y(s))

]
dτ

∥∥∥∥ ≤

≤ 2ML

m

(
λ

L

2
+ (16)

+λ max {ω (γ, L) , ω (g, L)}+ 1) +
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+2ελML max {ω (γ, L) , ω (g, L)}+

+2mη1(ε) = ν(m, ε)

Òàêèì ÷èíîì, äëÿ t ∈ [0, τ ] ìàcìî

‖x(t)− y(t)‖ ≤ 2ελ

t∫

0

δ(s)ds+

+ν(m, ε) ≤ 2ελ

τ∫

0

δ(s)ds + ν(m, ε). (17)

Îñêiëüêè íåðiâíiñòü (17) âèêîíócòüñÿ äëÿ
âñiõ t ∈ [0, τ ], òî

δ(τ) = max
0≤s≤τ

‖x(s)− y(s)‖ ≤

≤ 2ελ

τ∫

0

δ(s)ds + ν(m, ε). (18)

Íà ïiäñòàâi ëåìè Ãðîíóîëà-Áåëìàíà ç
(18) ìàcìî

δ(t) ≤ ν(m, ε)e2ελt ≤ ν(m, ε)e2λL < η

Çàçíà÷èìî, ùî âiäïîâiäíèì âèáîðîì äî-
ñòàòíüî âåëèêîãî m i äîñòàòíüî ìàëîãî ε
âåëè÷èíà ν(m, ε) ìîæå áóòè çðîáëåíà ÿê
çàâãîäíî ìàëîþ. Òàêèì ÷èíîì, îòðèìócìî
òâåðäæåííÿ òåîðåìè.

Ðîçãëÿíåìî òåïåð ñõåìó ñõiä÷àñòîãî
óñeðåäíåííÿ [7] ñèñòåìè (1).

Ðiâíÿííþ (1) ïîñòàâèìî ó âiäïîâiäíiñòü
íàñòóïíå ÷àñòêîâî óñeðåäíåíå ðiâíÿííÿ:

ẏ = εF

(
t, y(t), max

s∈I(t)
y(s)

)
, (19)

äå

F (t, y, z) =



F i(y, z) =

1

T

(i+1)T∫

iT

f(t, y, z)dt,

t ∈ [i T, (i + 1)T ), i = 0, 1, ...} , (20)

T - äåÿêà ñòàëà.
Òåîðåìà 2. Íåõàé âèêîíàíi óìîâè 1), 2)

òåîðåìè 1, à òàêîæ:

3) ðîçâ'ÿçîê ðiâíÿííÿ (19), (20) ïðè ε ∈
(0, ε1], t ≥ 0 i y(0) ∈ D

′ ⊂ D ðàçîì iç
ρ−îêîëîì íàëåæèòü îáëàñòi D.

Òîäi äëÿ áóäü-ÿêîãî L > 0 iñíyþòü òàêi
C > 0 i ε0(L) ∈ (0, ε1], ùî ñïðàâäæócòüñÿ
îöiíêà

‖x(t)− y(t)‖ ≤ C ε, (21)

äå x(t), y(t) - ðîçâ'ÿçêè ñèñòåì (1) i (2)
âiäïîâiäíî, x(0) = y(0) = x0 ∈ D

′
, ‖x‖ =

maxi | xi|.
Äîâåäåííÿ. Àíàëîãi÷íî äîâåäåííþ òåî-

ðåìè 1 ðoçiá'cìî ïðîìiæîê [0, Lε−1] íà ÷àñò-
êîâi, ç ïîñòiéíèì, íå çàëåæíèì âiä ε êðîêîì
∆ = ti+1 − ti = T .

Iç (11) ìàcìî

k−1∑
i=0

ti+1∫

ti

∥∥∥∥f(τ, y(τ), max
s∈I(τ)

y(s)) −

− f 0(y(τ), max
s∈I(τ)

y(s))

∥∥∥∥ dτ ≤ (22)

≤ ελM

(
∆

2
+ max{ω(γ, ∆), ω(g, ∆)}

)
,

Àíàëîãi÷íî ìàcìî

k−1∑
i=0

ti+1∫

ti

∥∥∥∥f 0(y(τ), max
s∈I(τ)

y(s)) −

−f 0(y(ti), max
s∈I(ti)

y(s))

∥∥∥∥ dτ ≤ (23)

≤ λML

(
L

2m
+

+

(
1

m
+ ε

)
max {ω (γ, L) , ω (g, L)}

)
.

Âðàõîâóþ÷è (20), ìàcìî
ti+1∫

ti

[
f(τ, y(ti), max

s∈I(ti)
y(s)) −

−f 0(y(ti), max
s∈I(ti)

y(s))

]
dτ = 0,
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ε

∥∥∥∥∥∥

t∫

tk

[
f(τ, y(τ), max

s∈I(τ)
y(s))−

−f 0(y(τ), max
s∈I(τ)

y(s))

]
dτ

∥∥∥∥ ≤ (24)

≤ ε2MT.

Iç ( 23 ), ( 24 ) îòðèìócìî òâåðäæåííÿ
òåîðåìè.

Çàóâàæåííÿ 1. Òåîðåìà ïðèðîäíèì ÷è-
íîì ïîøèðþcòüñÿ íà âèïàäîê âèìiðíèõ çà t
ôóíêöié f(t, x, y).

Çàóâàæåííÿ 2. ßêùî â òåîðåìàõ 1 i 2
ðîçâ'ÿçîê y(t) iñíóc íà ïðîìiæêó [0, L0ε

−1],
òî â òâåðäæåííÿõ òåîðåì âåëè÷èíà L
âèáèðàcòüñÿ iç (0, L0].

Çàóâàæåííÿ 3. ßêùî ôóíêöiÿ
f(t, y, z)−ω−ïåðiîäè÷íà çà t, òî âèáèðàþ÷è
T = ω, îòðèìócìî ñõåìó ïîâíîãî óñåðåäíåí-
íÿ, îñêiëüêè F i(y, z) = F 0(y, z), i = 0, 1, . . .
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