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ÀÑÈÌÏÒÎÒÈ×ÍÅ ÄÎÑËIÄÆÅÍÍß ÊÎËÈÂÍÎ�I ÑÈÑÒÅÌÈ
ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ

Âñòàíîâëåíî àñèìïòîòè÷íi íàáëèæåííÿ ðîçâ'ÿçêiâ êîëèâíèõ ñèñòåì â çàëåæíîñòi âiä âëà-
ñòèâîñòåé ïîâiëüíî çìiííèõ ÷àñòîò òà õàðàêòåðó çáóðåíü.

The asymptotic approximations of the solutions of oscillation systems are established depen-
ding on properties of slow frequencies and character of perturbations.

Ðîçãëÿäàcòüñÿ çàäà÷à Êîøi
d2x

dt2
+ A(τ)x = εf

(
x,

dx

dt
, τ

)
,

x(0) = x0,
dx(0)

dt
= ẋ0, (1)

äå x ∈ Rn, (0, ε0] 3 ε � ìàëèé ïàðà-
ìåòð, t ∈ [0, Lε−1], L � äîäàòíå ÷èñëî, τ =
εt � �ïîâiëüíèé� ÷àñ, A : [0, L] → Rn,n,
A ∈ Ck

[0,L], k ≥ 2, f � ìíîãî÷ëåí âiäíîñ-

íî x i dx

dt
ç íåïåðåðâíî äèôåðåíöiéîâíèìè

çà τ êîåôiöicíòàìè. Ïîçíà÷èìî ÷åðåç x(t, ε)
ðîçâ'ÿçîê çàäà÷i Êîøi (1).

Â [1] ïðè A(τ) = A = const çäiéñíåíî
ðiçíîïëàíîâèé àíàëiç çàäà÷i (1) i âèêëàäå-
íî àëãîðèòìè ïîáóäîâè ðiâíÿíü ïåðøîãî íà-
áëèæåííÿ òà äîñëiäæåííÿ ��õ êâàçiñòàòè÷íèõ
ïîëîæåíü ðiâíîâàãè. Ó ìîíîãðàôi�� [2, c.244]
ó âèïàäêó çìiííî�� ìàòðèöi A(τ) âñòàíîâëåíî
îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ äëÿ çà-
äà÷i (1) íà àñèìïòîòè÷íî âåëèêîìó ïðîìiæ-
êó ÷àñó. Ó äàíié ñòàòòi îöiíêà óòî÷íþcòüñÿ
â çàëåæíîñòi âiä ñòåïåíÿ ìíîãî÷ëåíà f .

Ïðèïóñòèìî, ùî âñi âëàñíi çíà÷åííÿ
λν(τ), ν = 1, n, ìàòðèöi A(τ) äiéñíi é

λν(τ) > 0, λν(τ) 6= λµ(τ), ν 6= µ,

ν = 1, n, µ = 1, n, τ ∈ [0, L]. (2)

Âiäîìî [3], ùî â öüîìó âèïàäêó iñíóc òà-
êà íåâèðîäæåíà ìàòðèöÿ B = (bν,µ)n

ν,µ=1 :

[0, L] → Rn,n, B ∈ Ck
[0,L], B−1 ∈ Ck

[0,L], ùî

B−1(τ)A(τ)B(τ) =

= diag (λ1(τ), ..., λn(τ)) ≡ J(τ).

Òîäi â çìiííèõ y = B−1(τ)x, y =
(y1, ..., yn), çàäà÷à (1) íàáóäå âèãëÿäó

d2yν

dt2
+ ω2

ν(τ)yν = εgν

(
y,

dy

dt
, τ, ε

)
,

yν(0) = y0
ν ,

dyν(0)

dt
= ẏ0

ν , ν = 1, n, (3)

äå
ων =

√
λν , y0 = B−1(0)x0,

ẏ0 = B−1(0)ẋ0 + ε(B−1(0))′x0,

B′(τ) =
d

dτ
B(τ), B′′(τ) =

d2

dτ 2
B(τ),

g
(
y,

dy

dt
, τ, ε

)
= B−1(τ)f(B(τ)y, εB′(τ)y+

+B(τ)
dy

dt
, τ)− εB−1(τ)B′′(τ)y−

−2B−1(τ)B′(τ)
dy

dt
, g = (g1, ..., gn).

Ïåðåòâîðèìî (3) äî àìïëiòóäíî-ôàçîâèõ
çìiííèõ r = (r1, ..., rn), ϕ = (ϕ1, ..., ϕn) çà
ôîðìóëàìè [1]:

yν = rν sin ϕν ,
dyν

dt
= rνων(τ) cos ϕν ,

rν(0) = r0
ν(ε) =

√
(y0

ν)
2 + (ω−1

ν (0)ẏ0
ν)

2,

ϕν(0) = ϕ0
ν(ε),

tg ϕ0
ν(ε) =

y0
ν

ẏ0
νων(0)

, ν = 1, n,
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âíàñëiäîê ÷îãî äiñòàíåìî
drν

dτ
= −rν cos2 ϕν

d

dτ
ln ων(τ)+

+
1

ων(τ)
gν(r sin ϕ, rω(τ) cos ϕ, τ, ε) cos ϕν ,

dϕν

dτ
=

ων(τ)

ε
+

1

2
sin 2ϕν

d

dτ
ln ων(τ)−

− 1

ων(τ)rν

gν(r sin ϕ, rω(τ) cos ϕ, τ, ε) sin ϕν ,

rν(0) = r0
ν(ε), ϕν(0) = ϕ0

ν(ε), ν = 1, n. (4)

Òóò

r sin ϕ = (r1 sin ϕ1, ..., rn sin ϕν),

rω cos ϕ = (r1ω1 cos ϕ1, ..., rnωn cos ϕn).

I. Íåõàé f
(
x,

dx

dτ
, τ

)
≡ f

∼
(τ) � ìíîãî÷ëåí

íóëüîâîãî ñòåïåíÿ. Â öüîìó âèïàäêó óñåðåä-
íåííÿ çà âñiìà ôàçîâèìè çìiííèìè ϕν , ν =
1, n, çàäà÷à íóëüîâîãî íàáëèæåííÿ íàáóäå
âèãëÿäó

dr̄ν

dτ
= −

(1

2

d

dτ
ln ων(τ) +

hνν(τ)

ων(τ)

)
r̄ν ,

r̄ν(0) = r0
ν(0), (5.1)

dϕν

dτ
=

ων(τ)

ε
, ϕ̄ν(0) = ϕ0

ν(0), (5.2)

äå
(hνµ(τ))n

ν,µ=1 = B−1(τ)B′(τ),

i âîíà ìàc ðîçâ'ÿçîê

r̄ν(τ) =

r̄0
ν exp

{
−

τ∫
0

hνν(ξ)√
λν(ξ)

dξ
}

4
√

λν(τ)
,

r̄0
ν = r0

ν(0) 4
√

λν(0), (6.1)

ϕ̄ν(τ, ε) = ϕ̄0
ν +

1

ε

τ∫

0

√
λν(ξ)dξ,

ϕ̄0
ν = ϕ0

ν(0). (6.2)

Ïðàâi ÷àñòèíè ðiâíÿíü (4) c òðèãîíîìå-
òðè÷íèìè ìíîãî÷ëåíàìè çà ϕ ñòåïåíÿ 2, òî-
ìó ��õ êîìïëåêñíà ôîðìà ðÿäó Ôóð'c ìiñòèòü

ëèøå ãàðìîíiêè ei(k,ϕ), i � óÿâíà îäèíèöÿ,
(k, ϕ) � ñêàëÿðíèé äîáóòîê, ç äâîâèìiðíè-
ìè âåêòîðàìè k, ‖k‖ ≤ 2, âèãëÿäó (±2, 0),
(±1,±1), (0,±2). Àëå äëÿ òàêèõ âåêòîðiâ,
çãiäíî ç (2),

k1ων(τ) + k2ωµ(τ) 6= 0, τ ∈ [0, L],

ν 6= µ, ν = 1, n, µ = 1, n.

Îòæå, ðåçîíàíñè â ñèñòåìi (5) âiäñóòíi i,
ÿê ïîêàçàíî â [2],
|rν(τ, ε)− r̄ν(τ)|+ |ϕν(τ, ε)− ϕ̄ν(τ, ε)| ≤ c1ε,

τ ∈ [0, L], ε ∈ (0, ε0],

äå 0 < ε0 � äîñèòü ìàëå, à r1(τ, ε), ..., rn(τ, ε),
ϕ1(τ, ε), ..., ϕn(τ, ε) � ðîçâ'ÿçîê çàäà÷i Êîøi
(4). Òàêèì ÷èíîì, ñïðàâåäëèâà

Òåîðåìà 1. ßêùî f
(
x,

dx

dt
, τ

)
≡ f

∼
(τ),

A ∈ C2
[0,L], r̄0

ν > 0, ν = 1, n, i âèêîíócòüñÿ
óìîâà (2), òî iñíóþòü òàêi ñòàëi c2 > 0 i
ε̃0 > 0, ùî äëÿ âñiõ t ∈ [0, Lε−1] i ε ∈ (0, ε0],
ε0 ≤ ε̃0, ñïðàâäæóþòüñÿ íåðiâíîñòi

|xν(t, ε)−
n∑

s=1

bνs(τ)r̄s(τ) sin ϕ̄s(τ, ε)| ≤ c2ε,

∣∣∣∣∣
dxν(t, ε)

dt
−

n∑
s=1

bνs(τ)r̄s(τ)
√

λs(τ)×

× cos ϕ̄s(τ, ε)

∣∣∣∣∣ ≤ c2ε, ν = 1, n, (7)

â ÿêèõ r̄ν(τ) i ϕ̄ν(τ, ε) âèçíà÷åíi ðiâíîñòÿìè
(6.1) i (6.2).

Çàóâàæåííÿ 1. Çãiäíî çi çðîáëåíèìè â
òåîðåìi 1 ïðèïóùåííÿìè, ïðàâi ÷àñòèíè ðiâ-
íÿíü íóëüîâîãî íàáëèæåííÿ äëÿ (4) íåïå-
ðåðâíî äèôåðåíöiéîâíi çà τ , ùî äàëî çìî-
ãó âèêîðèñòàòè òîé ôàêò, ùî ó âèïàäêó
âiäñóòíîñòi ðåçîíàíñiâ îñöèëÿöiéíi iíòåãðà-
ëè îöiíþþòüñÿ âåëè÷èíîþ âèãëÿäó cε [2].
ßêáè âiäìîâèòèñü âiä íåïåðåðâíî�� äèôåðåí-
öiéîâíîñòi f

∼
íà [0, L] i ââàæàòè, ùî âîíà

çàäîâîëüíÿc óìîâó Ãåëüäåðà çà τ íà [0, L] ç
ïîêàçíèêîì α ≤ 1, òî íà ïiäñòàâi [4] ó íåðiâ-
íîñòÿõ (7) çàìiñòü c2ε ïîòðiáíî áóëî á ââà-
æàòè c2ε

α
α+1 .
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II. Íåõàé f
(
x,

dx

dt
, τ

)
≡ f̃(x, τ), òîáòî f

íå çàëåæèòü âiä dx

dt
. Ó öüîìó âèïàäêó óñå-

ðåäíåíà çà ϕ çàäà÷à Êîøi íóëüîâîãî íàáëè-
æåííÿ äëÿ àìïëiòóä çáiãàcòüñÿ ç (5.1) i òîìó
r̄ν = r̄ν(τ) âèçíà÷àcòüñÿ ôîðìóëîþ (6.1), à
äëÿ ôàç äiñòàíåìî

dϕ̄ν

dτ
=

ων(τ)

ε
+ Φν(r̄

2
1, ..., r̄

2
n, τ), ϕ̄ν(0) = ϕ̄0

ν .

Çâiäñè

ϕ̄ν(τ, ε) = ϕ̄0
ν +

1

ε

τ∫

0

(
√

λν(ξ)+

+εΦν(r̄
2
1(ξ), ..., r̄

2
n(ξ), ξ))dξ. (8)

Ïîñòàc ïèòàííÿ: ÿêi óìîâè ïîòðiáíî íà-
êëàäàòè íà ÷àñòîòè i ÿêà êiëüêiñíà çàëåæ-
íiñòü ïîõèáêè ìåòîäó óñåðåäíåííÿ âiä ìàëî-
ãî ïàðàìåòðà?

1) ßêùî f̃(x, τ) � ëiíiéíà âiäíîñíî x,
òîáòî f̃(x, τ) = C(τ)x + d(τ), òî â ïðàâèõ
÷àñòèíàõ ðiâíÿíü (4) ïðèñóòíi òðèãîíîìå-
òðè÷íi ìíîãî÷ëåíè äðóãîãî ñòåïåíÿ i äîñèòü
íàêëàñòè óìîâó (2) äëÿ âèêîíàííÿ îöiíêè
âèãëÿäó

|rν(τ, ε)− r̄ν(τ)|+ |ϕν(τ, ε)− ϕ̄ν(τ, ε)| ≤ cε.

Òóò r̄ν(τ) âèðàæàcòüñÿ ôîðìóëîþ (6.1), à
ϕ̄ν(τ, ε) çíàõîäèìî ç (8):

ϕ̄ν(τ, ε) = ϕ̄0
ν+

+
1

ε

τ∫

0

(√
λν(ξ)− ε

dνν(ξ)

2
√

λν(ξ)

)
dξ, (8.1)

äå

B−1(τ)C(τ)B(τ) = (dνµ(τ))n
ν,µ=1.

Íåõàé äàëi â (1) A(τ) âæå çâåäåíà äî íîð-
ìàëüíî�� æîðäàíîâî�� ôîðìè, òîáòî A(τ) =
J(τ), B(τ) = E � îäèíè÷íà ìàòðèöÿ. Òî-
äi ìîæíà ÷àñòêîâî ïîñëàáèòè óìîâó (2) íà
λν(τ), çàâäÿêè ÿêié ðåçîíàíñè â öüîìó âè-
ïàäêó âiäñóòíi. Çîêðåìà, ìîæíà ïðèïóñòè-
òè, ùî λν(τ) = λµ(τ) ïðè äåÿêèõ τ ∈ [0, L]

i ν 6= µ. Ó çâ'ÿçêó ç öèì äîñèòü íàêëàñòè
îáìåæåííÿ, ùî A ∈ C l−1

[0,L] i

det(W ∗
ν1ν2

(τ)Wν1ν2(τ)) > 0, τ ∈ [0, L],

ν1 6= ν2, ν1 = 1, n, ν2 = 1, n, (9)

äå

Wν1ν2(τ) =




ων1(τ) ων2(τ)
d

dτ
ων1(τ)

d

dτ
ων2(τ)

... ...
dl−1

dτ l−1
ων1(τ)

dl−1

dτ l−1
ων2(τ)




,

l ≥ 2, W ∗
ν1ν2

(τ) � òðàíñïîíîâàíà ìàòðèöÿ.
ßê âèïëèâàc ç [2],

|rν(τ, ε)− r̄ν(τ)|+ |ϕν(τ, ε)−

−ϕ̄ν(τ, ε)| ≤ cε
1
l . (10)

Îòæå, ìîæíà ñôîðìóëþâàòè íàñòóïíå òâåð-
äæåííÿ.

Òåîðåìà 2. Íåõàé f(x,
dx

dt
, τ) ≡ C(τ)x +

d(τ), r̄0
ν > 0, ν = 1, n. Òîäi:

à) ÿêùî A ∈ C2
[0,L] i ñïðàâäæócòüñÿ óìî-

âà (2), òî ïðè äîñèòü ìàëîìó ε0 > 0 äëÿ
âñiõ t ∈ [0, Lε−1] i ε ∈ (0, ε0] âèêîíóþòüñÿ
íåðiâíîñòi (7), â ÿêèõ r̄ν(τ) i ϕ̄ν(τ, ε) âèçíà-
÷àþòüñÿ âiäïîâiäíî ñïiââiäíîøåííÿìè (6.1)
i (8.1);

á) ÿêùî A = diag (λ1, ..., λn) ∈ C l−1
[0,L],

λν(τ) > 0 i âèêîíóþòüñÿ óìîâè (9) ïðè äå-
ÿêîìó ìiíiìàëüíîìó l ≥ 2, òî

|xν(t, ε)− r̄ν(τ) sin ϕ̄ν(τ, ε)|+

+

∣∣∣∣
dxν(t, ε)

dt
− r̄ν(τ)

√
λν(τ) cos ϕ̄ν(τ, ε)

∣∣∣∣ ≤

≤ c3ε
1
l

ïðè ε ∈ (0, ε0] i t ∈ [0, Lε−1], c3 � ñòàëà.
2) Íåõàé f̃(x, τ) � ìíîãî÷ëåí âiäíîñíî

x1, ..., xn ñòåïåíÿ m, 2 ≤ m ≤ n − 2. Ó öüî-
ìó âèïàäêó ïðàâi ÷àñòèíè ðiâíÿíü ñèñòåìè
(4) � ìíîãî÷ëåíè ñòåïåíÿ m + 1, ïðè÷îìó
3 ≤ m+1 ≤ n− 1, òîìó óìîâó ðåçîíàíñó âè-
çíà÷àþòü îäíî÷àñíî íå âñi ÷àñòîòè ω1, ..., ωn,
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à ëèøå íå áiëüøå íiæ m+1 ç íèõ. Òîäi, ïðè-
ïóñòèâøè, ùî [2]

det
(
W ∗

ν1...νm+1
(τ) Wν1...νm+1(τ)

)
> 0

∀ τ ∈ [0, L], νj = 1, n, j = 1,m + 1,

νj 6= νi i 6= j, (11)

äå
Wν1...νm+1(τ) =

=




ων1(τ) ... ωνm+1(τ)
d

dτ
ων1(τ) ...

d

dτ
ωνm+1(τ)

......... ... .........
dl−1

dτ l−1
ων1(τ) ...

dl−1

dτ l−1
ωνm+1(τ)




,

W ∗
ν1...νm+1

(τ) � òðàíñïîíîâàíà ìàòðèöÿ, l ≥
m + 1, òàêîæ äiñòàíåìî îöiíêó (10).

ßêùî æ ñòåïiíü m ìíîãî÷ëåíà f̃(x, τ)
çàäîâîëüíÿc íåðiâíiñòü m ≥ n − 1, òî ó
ïðàâèõ ÷àñòèíàõ ðiâíÿíü ñèñòåìè (4) áó-
äóòü òðèãîíîìåòðè÷íi ìíîãî÷ëåíè ñòåïåíÿ
m + 1 ≥ n i äëÿ îáãðóíòóâàííÿ ìåòîäó óñå-
ðåäíåííÿ â öüîìó âèïàäêó äîñèòü âðàõîâó-
âàòè óìîâó [2]:

det (V ∗(τ)V (τ)) > 0 ∀ τ ∈ [0, L], (12)

ç äåÿêèì l ≥ n, äå

V (τ) =




ω1(τ) ... ωn(τ)
d

dτ
ω1(τ) ...

d

dτ
ωn(τ)

......... ... .........
dl−1

dτ l−1
ω1(τ) ...

dl−1

dτ l−1
ωn(τ)




.

Òîäi íåðiâíiñòü (10) âèêîíócòüñÿ äëÿ
l ≥ n [2].

Òåîðåìà 3. Íåõàé f̃(x, τ) � ìíîãî÷ëåí
âiäíîñíî x ñòåïåíÿ m ≥ 2, A ∈ C l−1

[0,L],
âèêîíócòüñÿ óìîâà (2) i r̄0

ν > 0, ν = 1, n.
ßêùî:

à) m ≤ n−2 i ñïðàâäæócòüñÿ íåðiâíiñòü
(11), òî ìîæíà âèáðàòè òàêi ñòàëi c4 i
ε̄0 > 0, ùî ïðè ε0 ≤ ε̄0 äëÿ âñiõ t ∈ [0, Lε−1],
ε ∈ (0, ε0] i ν = 1, n ïðàâèëüíà îöiíêà

∣∣∣∣xν(t, ε)−
n∑

s=1

bνs(τ)r̄s(τ) sin ϕ̄s(τ, ε)

∣∣∣∣+

+

∣∣∣∣
dxν(t, ε)

dt
−

n∑
s=1

bνs(τ)r̄s(τ)
√

λs(τ)×

× cos ϕ̄s(τ, ε)

∣∣∣∣ ≤ c4ε
1
l (13)

iç äåÿêèì l ≥ m + 1, â ÿêié r̄ν(τ) i ϕ̄ν(τ, ε)
âèçíà÷àcòüñÿ ñïiââiäíîøåííÿìè (6.1) i (8);

á) m ≥ n − 1 i ñïðàâåäëèâà íåðiâíiñòü
(12), òî âèêîíócòüñÿ îöiíêà (13) ç l ≥ n.

Çàóâàæåííÿ 2. Ó çàçíà÷åíèõ âèùå ÷à-
ñòèííèõ âèïàäêàõ äëÿ 1 ≤ m ≤ n−2 çàìiñòü
íåðiâíîñòåé (9) i (11) ìîæíà áóëî áè íàêëà-
ñòè îáìåæåííÿ (12), ÿêå âèðàæàcòüñÿ ÷åðåç
âñi ÷àñòîòè ω1, ..., ωn ñèñòåìè (4). Íà ïiäñòà-
âi ôîðìóëè Áiíå-Êîøi i òåîðåìè Ëàïëàñà [5]
ìîæíà äîâåñòè, ùî êîëè âèêîíócòüñÿ íåðiâ-
íiñòü (12) ç äåÿêèì ìiíiìàëüíèì l = l0 ≥ n,
òî âèêîíóþòüñÿ òàêîæ íåðiâíîñòi (9) ÷è (11)
ç äåÿêèìè l = l1 ≤ l0 ÷è l = l2 ≤ l0, òîáòî âè-
êîíàííÿ (9) ÷è (11) ìîæå ïîêðàùèòè îöiíêó
ïîõèáêè ìåòîäó óñåðåäíåííÿ.

Ïðèêëàä. Íåõàé n = 3, ω1(τ) = τ 3 + 10,
ω2(τ) = τ 3 + τ + 0, 9, ω3(τ) = τ + 1, τ ∈ [0, 1

2
].

Âñi ìiíîðè äðóãîãî ïîðÿäêó ìàòðèöi
(

ω1(τ) ω2(τ) ω3(τ)
d

dτ
ω1(τ)

d

dτ
ω2(τ)

d

dτ
ω3(τ)

)
=

=

(
τ 3 + 10 τ 3 + τ + 0, 9 τ + 1

3τ 2 3τ 2 + 1 1

)

âiäìiííi âiä íóëÿ ïðè τ ∈ [0, 1
2
], òîìó ïðè

m = 1 ïðàâèëüíà òî÷íà [2] âiäíîñíî ïîðÿäêó
çà ε îöiíêà âèãëÿäó

|rν(τ, ε)− r̄ν(τ)|+
+|ϕν(τ, ε)− ϕ̄ν(τ, ε)| ≤ cε

1
2 . (14)

Äëÿ öüîãî íàáîðó ÷àñòîò íåðiâíiñòü (12)
ñïðàâäæócòüñÿ ïðè ìiíiìàëüíîìó l = 4, òî-
ìó ���� âèêîðèñòàííÿ âåäå äî îöiíêè (13) ç
l = 4, ÿêà c ãiðøîþ ïîðiâíÿíî ç (14).

III. Íåõàé f

(
x,

dx

dt
, τ

)
� äîâiëüíèé ìíî-

ãî÷ëåí ñòåïåíÿ m ≥ 1. Àíàëiç çàäà÷i Êîøi
(4) ïîêàçóc [1], ùî óñåðåäíåíà çàäà÷à íóëüî-
âîãî íàáëèæåííÿ íàáóâàc âèãëÿäó

dr̄ν

dτ
= aν(r̄

2
1, ..., r̄

2
n, τ)r̄ν , r̄ν(0) = r̄0

ν ,
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dϕ̄ν

dτ
=

ωντ

ε
+ bν(r̄

2
1, ..., r̄

2
n, τ), ϕ̄ν(0) = ϕ̄0

ν ,

(15)
äå aν , bν � ìíîãî÷ëåíè âiäíîñíî r̄2

1, ..., r̄
2
n.

ßêùî ïîçíà÷èòè ρ̄ν = r̄2
ν , òî iç (15) äiñòà-

íåìî çàäà÷ó
dρ̄ν

dτ
= 2aν(ρ̄1, ..., ρ̄n, τ)ρ̄ν , ρ̄ν(0) = (r̄0

ν)
2,

(16.1)
dϕ̄ν

dτ
=

ωντ

ε
+ bν(ρ̄1, ..., ρ̄n, τ), ϕ̄ν(0) = ϕ̄0

ν .

(16.2)
Ïðèïóñòèìî, ùî ðîçâ'ÿçîê ρ̄(τ) =

(ρ̄1(τ), ..., ρ̄n(τ)) çàäà÷i (16.1) çàäîâîëüíÿc
óìîâó

ρ̄ν(τ) > 0 ∀ τ ∈ [0, L], ν = 1, n.

Òîäi øëÿõîì iíòåãðóâàííÿ âèçíà÷àcìî ðîç-
â'ÿçîê ϕ̄(τ, ε) = (ϕ̄1(τ, ε), ..., ϕ̄n(τ, ε)) çàäà÷i
(16.2) i îäåðæócìî îöiíêó âèãëÿäó

∣∣∣∣xν(t, ε)−
n∑

s=1

bνs(τ)
√

ρ̄s(τ) sin ϕ̄s(τ, ε)

∣∣∣∣+

+

∣∣∣∣
dxν(t, ε)

dt
−

n∑
s=1

bνs(τ)
√

ρ̄s(τ)λs(τ)×

× cos ϕ̄s(τ, ε)

∣∣∣∣ < c5ε
1
l ,

äå ÷èñëî l çàëåæèòü âiä ñòåïåíÿ m ìíîãî÷ëå-
íà f i âèçíà÷àcòüñÿ óìîâàìè (11) ÷è (12).

Çàóâàæåííÿ 3. ßêùî f

(
x,

dx

dt
, τ

)
≡

f̃

(
dx

dt
, τ

)
, òî â öüîìó âèïàäêó [1]

bν(ρ̄1, ..., ρ̄n, τ) ≡ 0. Òîìó

ϕ̄ν(τ, ε) = ϕ̄0
ν +

1

ε

τ∫

0

√
λν(ξ)dξ, ν = 1, n,

òîáòî â íóëüîâîìó íàáëèæåííi óñåðåäíåíi
ôàçè íå çàëåæàòü âiä àìïëiòóä.
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