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ÀÏÐÎÊÑÈÌÀÖIß ÑÈÑÒÅÌÈ ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÐIÇÍÈÖÅÂÈÕ ÒÀ
ÐIÇÍÈÖÅÂÈÕ ÐIÂÍßÍÜ IÇ ÁÀÃÀÒÜÌÀ ÇÀÏIÇÍÅÍÍßÌÈ
Äîñëiäæócòüñÿ ñèñòåìà äèôåðåíöiàëüíî-ðiçíèöåâèõ òà ðiçíèöåâèõ ðiâíÿíü. Ïîáóäîâàíà

i îáãðóíòîâàíà ñõåìà àïðîêñèìàöi�� òàêî�� ñèñòåìè ñèñòåìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü.

The system of di�erential-di�erence and di�erence equations is researched. The scheme of
the aproximation of given system by system for ordinary di�erential equations is constructed and
established.

Âñòóï. Íàáëèæåíà çàìiíà ëiíiéíèõ
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü ñèñòå-
ìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
âèâ÷àëàñü âïåðøå Ì.Ì. Êðàñîâñüêèì [1]
ïðè ðîçâ'ÿçóâàííi çàäà÷i ïðî ïîáóäîâó
îïòèìàëüíîãî ðåãóëÿòîðà â ñèñòåìàõ iç
çàïiçíåííÿì. Îáãðóíòóâàííÿ íàáëèæåíî��
çàìiíè íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
iç çàïiçíåííÿì ó ïðîñòîðàõ äèôåðåíöiéîâ-
íèõ òà ëiïøèöåâèõ ôóíêöié äîñëiäæåíî
Þ.Ì. Ðcïiíèì [2]. Òîìó íàçèâàòèìåìî àëãî-
ðèòì àïðîêñèìàöi�� ðiâíÿíü iç çàïiçíåííÿì,
çàïðîïîíîâàíèé ó ïðàöÿõ [1, 2], ñõåìîþ
àïðîêñèìàöi�� Êðàñîâñüêîãî-Ðcïiíà.

Ïîøèðåííÿ ñõåìè Êðàñîâñüêîãî-Ðcïiíà
íà ëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ iç çìií-
íèì çàïiçíåííÿì ðîçãëÿíóòî â ïðàöi [3],
à íà äèôåðåíöiàëüíî-ðiçíèöåâi ðiâíÿííÿ
íåéòðàëüíîãî òèïó � â ïðàöi [4]. Òî-
÷íiñòü íàáëèæåííÿ íà ñêií÷åííîìó iíòåðâàëi
çàáåçïå÷ócòüñÿ çà ðàõóíîê ïiäâèùåííÿ ðîç-
ìiðíîñòi m àïðîêñèìóþ÷î�� ñèñòåìè çâè÷àé-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Âàðòî âiä-
çíà÷èòè, ùî ïðè âåëèêèõ m àïðîêñèìóþ÷à
ñèñòåìà ñòàc æîðñòêîþ i äëÿ ���� ÷èñåëüíîãî
àíàëiçó íåîáõiäíî âèêîðèñòîâóâàòè æîðñòêî
ñòiéêi ìåòîäè.

Ó ïðàöÿõ [5,6] âèâ÷àëèñü ñõåìè íà-
áëèæåííÿ ëiíiéíèõ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèõ ðiâíÿíü, ùî áàçóþòüñÿ
íà àïðîêñèìàöi�� iíôiíiòèçèìàëüíîãî îïå-
ðàòîðà ïiâãðóïè ëiíiéíèõ îïåðàòîðiâ ïî-
ñëiäîâíiñòþ ñêií÷åííîâèìiðíèõ îïåðàòîðiâ.

Äîñëiäæåííÿ àëãîðèòìiâ íàáëèæåííÿ ëiíié-
íèõ íåñòàöiîíàðíèõ ðiâíÿíü iç çàïiçíåííÿì
çà äîïîìîãîþ àïðîêñèìàöi�� Ïàäå äëÿ ôóíê-
öi�� ez ðîçãëÿíóòî â ïðàöÿõ [7, 8]. Ïðè öüîìó
çáiæíiñòü òàêèõ ñõåì âñòàíîâëåíà òiëüêè â
ïðîñòîðàõ äîñòàòíüî ãëàäêèõ ôóíêöié.

Îáãðóíòóâàííÿ ñõåìè àïðîêñèìàöi��
Êðàñîâñüêîãî-Ðcïiíà â ïðîñòîðàõ íåïå-
ðåðâíèõ òà êóñêîâî-íåïåðåðâíèõ ôóíêöié i
ïîøèðåííÿ ���� íà íîâi êëàñè äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü ðîçãëÿäàëîñü ó ïðàöÿõ
[9�12]. Çà äîïîìîãîþ öic�� ñõåìè áóëè
ïîáóäîâàíi é îáãðóíòîâàíi àëãîðèòìè
àïðîêñèìàöi�� íåàñèìïòîòè÷íèõ êîðåíiâ êâà-
çiïîëiíîìiâ çàïiçíþþ÷îãî é íåéòðàëüíîãî
òèïiâ [13, 14].

1. Ïîñòàíîâêà çàäà÷i. Ñõåìà
àïðîêñèìàöi��. Ðîçãëÿíåìî ñèñòåìó, ùî
ñêëàäàcòüñÿ ç äèôåðåíöiàëüíî-ðiçíèöåâîãî
òà ðiçíèöåâîãî ðiâíÿíü âèãëÿäó

x′(t) = f(t, x(t), x(t− τ1), . . . , x(t− τp),

y(t− τp+1), . . . , y(t− τp+q)), (1)

y(t) = g(t, x(t), x(t− τ1), . . . , x(t− τp),

y(t− τp+1), . . . , y(t− τp+q)), (2)

t ∈ [a, T ], p ≥ 1, q ≥ 1,

ç ïî÷àòêîâèìè óìîâàìè

x(t) = ϕ1(t), y(t) = ϕ2(t), t ∈ [a− τ, a], (3)
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äå 0 < τ1 < . . . < τp+q = τ ; f(t, u1, . . . , up,
w1, . . . , wq), g(t, u1, . . . , up, w1, . . . , wq) � íåïå-
ðåðâíi çà t ôóíêöi��, ùî çàäîâîëüíÿþòü ãëî-
áàëüíó óìîâó Ëiïøèöà ïî u1, . . . , up,
w1, . . . , wq; ϕ1(t), ϕ2(t) � çàäàíi íåïåðåðâíi
ïðè t ∈ [a−T, a] ôóíêöi��, ùî çàäîâîëüíÿþòü
óìîâó �ñêëåéêè�
ϕ2(a) = g(a, ϕ1(a), ϕ1(a−τ1), . . . , ϕ1(a−
−τp), ϕ2(a− τp+1), . . . , ϕ2(a− τp+q)). (4)

Ïðè âèêîíàííi öèõ ïðèïóùåíü ðîçâ'ÿçîê çà-
äà÷i (1)-(3) iñíóc, cäèíèé i ìîæå áóòè çíàé-
äåíèé ìåòîäîì êðîêiâ, êðiì òîãî x(t) ∈ C[a−
τ, T ]

⋂
C1[a, T ], y(t) ∈ C[a− τ, T ] [15].

Ñèñòåìà (1)-(2) � öå íîâèé äëÿ
äîñëiäæåííÿ êëàñ äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü. ßêùî ôóíêöiÿ g íå
çàëåæèòü âiä y, òî ñèñòåìà (1)-(2) åêâi-
âàëåíòíà äèôåðåíöiàëüíîìó ðiâíÿííþ iç
çàïiçíåííÿì. ßêùî ïåðøå ðiâíÿííÿ ñèñòå-
ìè (1)-(2) ìîæíà ðîçâ'ÿçàòè âiäíîñíî y,
òî îäåðæócìî äèôåðåíöiàëüíå ðiâíÿííÿ
íåéòðàëüíîãî òèïó.

Âiäçíà÷èìî, ùî ÷àñòèííèé âèïàäîê ñè-
ñòåìè (1)-(2), êîëè çìiííà x(t) íå ìiñòèòü
âiäõèëåííÿ àðãóìåíòó, äîñëiäæóâàâñÿ â ïðà-
öi [9].

Âèçíà÷èìî ôóíêöi�� zj(t), j = 0,m, wj(t),
j = 1,m ÿê ðîçâ'ÿçêè ñèñòåìè çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü

z′0(t) = f(t, z0(t), zl1(t), . . . , zlp(t),

wlp+1(t), . . . , wlp+q(t)),

z′j(t) = µ(zj−1(t)− zj(t)), j = 1,m, (5)

w′
1(t) = µ[g(t, z0(t), zl1(t), . . . , zlp(t),

wlp+1(t), wlp+q(t))− w1],

w′
j(t) = µ(wj−1(t)− wj(t)), j = 2,m (6)

ç ïî÷àòêîâèìè óìîâàìè
zj(a) = ϕ1

(
a− τj

m

)
, j = 0,m,

wj(a) = ϕ2

(
a− τj

m

)
, j = 1,m,

(7)

äå m ∈ N , µ =
m

τ
, à iíäåêñè lj îäíîçíà÷íî

âèçíà÷àþòüñÿ íåðiâíîñòÿìè

a− τ(lj − 1)

m
< a− τj ≤ a− τ lj

m
.

Âàæàòèìåìî, ùî ðîçâ'ÿçîê ñèñòåìè
(5)-(7) àïðîêñèìóc ðîçâ'ÿçîê ñèñòåìè (1)-(3)
íà [a, T ], ÿêùî
∣∣∣∣x(t− τj

m
)− zj(t)

∣∣∣∣ → 0 ïðè m →∞, j = 0,m,

∣∣∣∣y(t− τj

m
)− wj(t)

∣∣∣∣ → 0 ïðè m →∞, j = 1,m.

2. Îáãðóíòóâàííÿ ñõåìè àïðîê-
ñèìàöi��. Íàâåäåìî ñïî÷àòêó îäíå äîïî-
ìiæíå òâåðäæåííÿ, ÿêå áóäå ïîòðiáíå â
ïîäàëüøîìó.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ
ðiâíÿíü âèãëÿäó

z′1(t) = µ(F (t)− z1(t)),

z′j(t) = µ(zj−1(t)− zj(t)), j = 2,m, (8)

zj(a) = 0, j = 1,m,

äå F (t) � çàäàíà íåïåðåðâíà ôóíêöiÿ,
µ > 0.

Ëåìà. Äëÿ ðîçâ'ÿçêiâ ñèñòåìè (8) ñïðàâ-
äæóþòüñÿ ðiâíîñòi

zj(t) =
µj

(j − 1)!

t∫

a

e−µ(t−s)(t− s)j−1F (s)ds,

j = 1,m. (9)

Äîâåäåííÿ. Ìåòîäîì ìàòåìàòè÷íî�� ií-
äóêöi�� ïåðåêîíàcìîñü, ùî ðiâíîñòi (9) ïðà-
âèëüíi. Äëÿ n = 1, çàñòîñîâóþ÷è ôîð-
ìóëó âàðiàöi�� ñòàëèõ, äiñòàcìî z1(t) =

µ

t∫

a

e−µ(t−s)F (s)ds. Íåõàé ñïiââiäíîøåííÿ

(9) ñïðàâäæócòüñÿ äëÿ n = j. Ïîêàæåìî, ùî
âîíî òîäi áóäå ïðàâèëüíèì ïðè n = j + 1.
iç ñèñòåìè (8), çàñòîñîâóþ÷è ôîðìóëó âàði-
àöi�� ñòàëèõ i ìiíÿþ÷è ïîðÿäîê iíòåãðóâàííÿ,
ìàcìî ðiâíiñòü

zj+1(t) = µ

t∫

a

e−µ(t−s)zj(s)ds = µ

t∫

a

e−µ(t−s)×

× µj

(j − 1)!

s∫

a

e−µ(s−s1)(s− s1)
j−1F (s1)ds1ds =
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=
µj+1

(j − 1)!

t∫

a

s∫

a

e−µ(t−s1)(s− s1)
j−1×

×F (s1)ds1ds =
µj+1

(j − 1)!

t∫

a

e−µ(t−s1)F (s1)×

×
t∫

s1

(s− s1)
j−1d(s− s1)ds1 =

=
µj+1

j!

t∫

a

e−µ(t−s1)(t− s1)
jF (s1)ds1.

Ëåìà äîâåäåíà.
Òåîðåìà. Íåõàé (zj(t), j = 0,m; wj(t),

j = 1,m) � ðîçâ'ÿçîê çàäà÷i Êîøi (5)-(7),
à (x(t), y(t)) � ðîçâ'ÿçîê ïî÷àòêîâî�� çàäà÷i
(1)-(3). Ïðèïóñòèìî, ùî ñïðàâäæóþòüñÿ
íåðiâíîñòi
|f(t, u, u1, . . . , up+q)− f(t, v, v1, . . . , vp+q)| ≤

≤ L|u− v|+
p+q∑
i=1

Li|ui − vi|,

|g(t, u, u1, . . . , up+q)− g(t, v, v1, . . . , vp+q)| ≤

≤ R|u− v|+
p+q∑
i=1

Ri|ui − vi|,

L > 0, R > 0, Li > 0, Ri > 0, i = 1, p + q,
q∑

i=1

Rp+i < 1

i âèêîíócòüñÿ óìîâà ñêëåéêè (4). Òîäi ìà-
þòü ìiñöå ñïiââiäíîøåííÿ

|x(t)− z0(t)| ≤ Qω(x(t),
τ

m
),

∣∣∣∣x(t− τj

m
)− zj(t)

∣∣∣∣ ≤ Qjω(x(t),
τ

m
), j = 1,m,

(10)∣∣∣∣y(t− τj

m
)− wj(t)

∣∣∣∣ ≤ Pjω(y(t),
τ

m
), j = 1,m,

äå Q, Qj, Pj, j = 1,m � äîäàòíi ñòàëi,
à ω(x(t),

τ

m
) òà ω(y(t),

τ

m
) � ìîäóëi íåïå-

ðåðâíîñòi ôóíêöié x(t) òà y(t) íà âiäðiçêó
[a− τ, T ].

Äîâåäåííÿ. Ïåðåïèøåìî ñèñòåìó (5)-(7)
ó âèãëÿäi

z′0(t) = f(t, z0(t), zl1(t), . . . , zlp(t), wlp+1(t), . . . ,

wlp+q(t)), z
′
j(t) = µ(zj−1(t)− zj(t)), j = 1,m,

w′
1(t) = µ(y(t) + g(t, z0(t), zl1(t), . . . ,

zlp(t), wlp+1(t), wlp+q(t))− g(t, x(t),

x(t− τ1), . . . , x(t− τp), y(t− τp+1),

. . . , y(t− τp+q)− w1(t)),

w′
j(t) = µ(wj−1 − wj), j = 2,m,

zj(a) = ϕ1

(
a− τj

m

)
, j = 0,m,

wj(a) = ϕ2

(
a− τj

m

)
, j = 1, m.

Âèçíà÷èìî ôóíêöi�� uj(t), j = 1,m ÿê
ðîçâ'ÿçêè òàêî�� ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü

u′1(t) = µ(y(t)− u1),

u′j(t) = µ(uj−1 − uj), j = 2,m, (11)

uj(a) = yj(a) = ϕ2

(
a− τj

m

)
, j = 1,m.

(12)
Äëÿ ñèñòåìè (11)-(12) ñïðàâåäëèâi îöiíêè
[11]

∣∣∣uj(t)− y(t− j
τ

m
)
∣∣∣ ≤ Kuω(y(t),

τ

m
), (13)

j = 1,m, Ku = 2(eτ + 1), t ∈ [a, T ].

Íåõàé

Nj(t) = max
a≤s≤t

|x(s− τj

m
)− zj(s)|, j = 0,m,

Mj(t) = max
a≤s≤t

|y(s− τj

m
)− uj(s)|, j = 1,m,

(14)

ω = max(ω(x(t),
τ

m
), ω(y(t),

τ

m
)).

Òîäi, àíàëîãi÷íî ÿê â [9, 11], ëåãêî ïîêàçàòè,
ùî ñïðàâäæóþòüñÿ îöiíêè

Nj(t) ≤ Kuω + N0(t), j = 1,m,

Mj(t) ≤ Kuω, j = 1,m. (15)
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Âèçíà÷èìî ôóíêöi�� vj(t) = uj(t) −
wj(t), j = 1,m, ÿê ðîçâ'ÿçêè ñèñòåìè ðiâ-
íÿíü

v′1(t) = µ(g(t, x(t), x(t− τ1), . . . , x(t− τp),

y(t− τp+1), . . . , y(t− τp+q))− g(t, z0(t),

zl1(t), . . . , zlp(t), wlp+1(t), wlp+q(t))− v1(t)),
(16)

v′j(t) = µ(vj−1(t)− vj(t)), j = 2, m,

vj(0) = 0, j = 1,m. (17)

Âðàõîâóþ÷è ïîçíà÷åííÿ (14) òà îöiíêè
(15), ìàcìî íåðiâíîñòi

|x(t− τj)− zlj(t)| ≤ |x(t− τj)− x(t− τ lj
m

)+

+x(t− τ lj
m

)− zlj(t)| ≤ Nlj(t) + ω ≤ N0(t)+

+ω(Ku + 1) = N0(t) + Kω,

|y(t− τj)− ulj(t)| ≤ |y(t− τj)− y(t− τ lj
m

)+

+y(t− τ lj
m

)− ulj(t)| ≤ Mlj(t) + ω ≤ Kω,

äå K = Ku + 1.
Íàäàëi áóäåìî âèêîðèñòîâóâàòè òàêó

îöiíêó µ

t∫

a

1

(j − 1)!
[µ(t − s)]j−1e−µ(t−s)ds ≤

∞∫

a

1

(j − 1)!
λj−1e−λdλ = 1. Îäåðæèìî îöiíêè

äëÿ ôóíêöié vj(t), j = 1,m. Âèêîðèñòîâóþ-
÷è âëàñòèâîñòi ôóíêöi�� g òà ëåìó, ìàcìî

|vj(t)| ≤ µ

t∫

a

1

(j − 1)!
(µ(t− s)j−1e−µ(t−s)×

×|g(t, x(t), x(t− τ1), . . . , x(t− τp),

y(t− τp+1), . . . , y(t− τp+q))− g(t, z0(t),

zl1(t), . . . , zlp(t), wlp+1(t), . . . , wlp+q(t)))| ≤

≤ µ

t∫

a

1

(j − 1)!
× (µ(t− s))j−1e−µ(t−s)(R×

×|x(s)− z0(s)|+
p∑

i=1

Ri|x(s− τi)− zli(s)|+

+

q∑
i=1

Rp+i|y(s− τp+i)− wlp+i
(s)|)ds ≤ µ×

×
t∫

a

1

(j − 1)!
(µ(t− s))j−1e−µ(t−s)(R N0(s)×

×
p∑

i=1

Ri(N0(s) + Kω) +

q∑
i=1

Rp+i|y(s− τp+i)−

−ulp+i
(s)|+

q∑
i=1

Rp+i|vlp+i
(s)|)ds ≤ ((R+

+

p∑
i=1

Ri)N0(t) + Kω

p∑
i=1

Ri + Kω

q∑
i=1

Rp+i+

+

q∑
i=1

Rp+i sup
a≤s≤t

|vlp+i
(s)|) µ

t∫

a

1

(j − 1)!
×

×(µ(t− s))j−1e−µ(t−s)ds ≤ AN0(t)+

+B ω + C v, j = 1, m, (18)

äå A = R +
p∑

i=1

Ri, B = K
p+q∑
i=1

Ri, C =

q∑
i=1

Rp+i, v = max
1≤j≤m

( sup
a≤s≤T

|vi(t)|). Îñêiëüêè

íåðiâíiñòü (18) ñïðàâåäëèâà äëÿ t ∈ [a, T ]
i âñiõ j = 1,m, òîäi ìàc ìiñöå íåðiâíiñòü
v ≤ A N0(t) + B ω + C v. Âðàõîâóþ÷è, ùî
çãiäíî ç óìîâàìè òåîðåìè C < 1, äiñòàcìî
íåðiâíiñòü v ≤ A N0(t) + B ω

1− C
.

Îöiíèìî òåïåð ðiçíèöþ |x(t)−z0(t)|. Ïåðå-
õîäÿ÷è ó ðiâíÿííÿõ (1) i (5) äî iíòåãðàëüíî��
ôîðìè, çíàõîäèìî

|x(t)− z0(t)| ≤ L

t∫

a

N0(s)ds +

p∑
i=1

Li×

×
t∫

a

(N0(s) + Kω)ds +

q∑
i=1

Lp+i

t∫

a

Kωds+
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+

q∑
i=1

Lp+i

t∫

a

|vlp+i
|ds ≤ (L +

p∑
i=1

Li)×

×
t∫

a

N0(s)ds + Kω(T − a)

p+q∑
i=1

Lp+i+

+

q∑
i=1

Lp+i

t∫

a

A N0(s) + B ω

1− C
ds ≤

≤ D

t∫

a

N0(s)ds + Kω(T − a)

q∑
i=1

Lp+i+

+
Bω (T − a)

1− C

q∑
i=1

Lp+i = D

t∫

a

N0(s)ds + Eω,

(19)

äå D = L +
p∑

i=1

Li + A
1−C

q∑
i=1

Lp+i, E = (K +

B
1−C

)(T − a)
q∑

i=1

Lp+i. Íåðiâíiñòü (19) ñïðàâå-
äëèâà äëÿ âñiõ t ∈ [a, T ], òîìó, âðàõîâóþ÷è
ïîçíà÷åííÿ (14), ìàcìî

N0(t) ≤ D

t∫

a

N0(s)ds + Eω. (20)

Çàñòîñîâóþ÷è íåðiâíiñòü Ãðîíóîëëà-
Áåëëìàíà, äiñòàcìî, ùî N0(t) ≤ EωeD(T−a).
Òåïåð iç íåðiâíîñòåé (14) ìàcìî

Nj(t) ≤ (Ku + EeD(T−a))ω, j = 1,m. (21)

iç íåðiâíîñòåé (15), (20), (21) âèïëèâàc, ùî
ñïiââiäíîøåííÿ (10) ñïðàâäæóþòüñÿ. Òåîðå-
ìà äîâåäåíà.
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