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ÎÄÍICÞ IÇ ÇÌIÍÍÈÕ
Çíàéäåíî óìîâè àáñîëþòíî�� (çà çàãàþâàííÿìè) àñèìïòîòè÷íî�� ñòiéêîñòi ðîçâ'ÿçêiâ ëiíié-

íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü Ïôàôôà çi ñòàëèìè çàãàþâàííÿìè çà îäíicþ iç çìiííèõ.

The conditions of absolute asymptotic behaviour of the solutions are obtained for the system
of linear di�erential Pfa� equations with constant delay on the one of the variables.

1. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿäàcòüñÿ
ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü Ïôàôôà
ç îäíèì ñòàëèì çàãàþâàííÿì ∆ > 0

dx(t1, t2) = [a1x(t1, t2)+

+b1x(t1 −∆, t2)]dt1 + a2x(t1, t2)dt2, (1)

äå (t1, t2) ∈ T ≡ R+×R+, a1, a2, b1 � ñòàëi n×
n ìàòðèöi, x ∈ Rn, ç ïî÷àòêîâîþ ôóíêöicþ

x(t1, t2) = ea2t2ψ(t1),

t1 ∈ [−∆, 0], t2 ∈ R+, (2)

äå ψ(t1) = 0 ïðè t1 ∈ [−∆, 0) i ψ(0) = ϕ0,
ϕ0 ∈ Rn; òà ñèñòåìà ç äåêiëüêîìà ñòàëèìè
çàãàþâàííÿìè ∆1 > ∆2 > ... > ∆m > 0:

dx(t1, t2) = [a1x(t1, t2)+

+
m∑

i=1

bix(t1 −∆i, t2)]dt1 + a2x(t1, t2)dt2, (3)

(t1, t2) ∈ T , a1, a2, b1, ..., bm � ñòàëi ìà-
òðèöi n × n. Ââàæàòèìåìî (2) ïî÷àòêîâîþ
ôóíêöicþ äëÿ ðiâíÿíü (3).

Íàäàëi ââàæàòèìåìî, ùî ïî÷àòêîâi çàäà-
÷i (1), (2) i (3), (2) c öiëêîì ðîçâ'ÿçíèìè, ùî
ìàc ìiñöå, êîëè ìàòðèöi a1, b1, ..., bm c êîìó-
òàòèâíèìè ç ìàòðèöåþ a2 i ïðè ïî÷àòêîâié
ôóíêöi�� âèãëÿäó (2) [1].

Ðîçâ'ÿçîê ñèñòåì ðiâíÿíü (1), (2) i (3), (2)
ó ïîòî÷íèé ìîìåíò (t1, t2) ïðè ïî÷àòêîâèõ
óìîâàõ t1 = t2 = 0, ϕ0 ïîçíà÷èìî ÷åðåç
x(t1, t2; ϕ0) (äëÿ ñêîðî÷åííÿ çàïèñó íàäàëi

âèêîðèñòîâóþòüñÿ é ïîçíà÷åííÿ x(t1, t2) òà
x).

Îçíà÷åííÿ 1. Ðîçâ'ÿçîê x = 0 ñèñòåì
ðiâíÿíü (1), (2) i (3), (2) ñòiéêèé çà Ëÿ-
ïóíîâèì, ÿêùî äëÿ äîâiëüíîãî µ > 0 çíàé-
äåòüñÿ òàêå δ > 0, ùî ç óìîâè |ϕ0| < δ
âèïëèâàc |x(t1, t2; ϕ0)| < µ.

Îçíà÷åííÿ 2. Òðèâiàëüíèé ðîçâ'ÿçîê
x = 0 ñèñòåì ðiâíÿíü (1), (2) i (3),
(2) àñèìïòîòè÷íî ñòiéêèé çà Ëÿïóíîâèì,
ÿêùî âií c ñòiéêèì çà îçíà÷åííÿì 1 i äëÿ
âñiõ ïî÷àòêîâèõ çíà÷åíü ϕ0, ùî çàäîâîëüíÿ-
þòü íåðiâíiñòü |ϕ0| < δ, âîëîäic âëàñòèâi-
ñòþ

lim
t1+t2→∞

|x(t1, t2; ϕ0)| = 0.

Îçíà÷åííÿ 3. Ðîçâ'ÿçîê x = 0 ñèñòå-
ìè ðiâíÿíü (1), (2) (àáî (3), (2)) àáñîëþòíî
(çà çàãàþâàííÿì) àñèìïòîòè÷íî ñòiéêèé,
ÿêùî âií c àñèìïòîòè÷íî ñòiéêèì çà îçíà-
÷åííÿì 2 ïðè äîâiëüíèõ ñòàëèõ çàãàþâàí-
íÿõ ∆ ≥ 0 (àáî ∆i ≥ 0, i = 1, 2, ...,m).

Âèâ÷åííÿ ñòiéêîñòi ïðîâîäèòèìåìî çà
äðóãèì ìåòîäîì Ëÿïóíîâà. Äëÿ öüîãî óçà-
ãàëüíèìî íà ðiâíÿííÿ Ïôàôôà iç çàãàþâàí-
íÿìè çà îäíicþ çìiííîþ òåîðåìó ïðî àñèì-
ïòîòè÷íó ñòiéêiñòü òðèâiàëüíîãî ðîçâ'ÿçêó
âiäïîâiäíèõ ðiâíÿíü Ïôàôôà áåç çàãàþ-
âàíü, ÿêà íàâåäåíà â ïðàöi [2].

Ðîçãëÿíåìî ðiâíÿííÿ
dx(t1, t2) = A1(x(t1, t2), x(t1 −∆, t2))dt1+

+A2(x(t1, t2))dt2, (4)
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äå A1 íåïåðåðâíà ôóíêöiÿ â äåÿêié îáëà-
ñòi D × D → Rn, D ⊂ Rn, A2 íåïåðåðâíà
ôóíêöiÿ â D → Rn. Íåõàé D ìiñòèòü òî-
÷êó 0 ðàçîì ç äåÿêèì ���� îêîëîì, ïðè÷îìó
A1(0, 0) = 0; A2(0) = 0, ∆ = const > 0.
Íåõàé ïî÷àòêîâà ôóíêöiÿ íàáóâàc âèãëÿäó,
ïîäiáíîãî äî (2):

x(t1, t2) =

=

{
ϕ0(0, t2), t1 = 0, t2 ∈ R+,

0, t1 < 0, t2 ∈ R+.
(5)

Ïðèïóñòèìî, ùî ïî÷àòêîâà çàäà÷à (4), (5)
öiëêîì ðîçâ'ÿçíà, ùî ìàòèìå ìiñöå ïðè âè-
êîíàííi óìîâ [1]:

∂A1(x, 0)

∂x
· A2(x) =

dA2(x)

dx
· A1(x, 0),

t1 ∈ [0, ∆), t2 ∈ R+;

∂A1(x, ϕ0(0, t2))

∂x
· A2(x)+

+
∂A1(x, ϕ0(0, t2))

∂ϕ0(0, t2)
· ∂ϕ0(0, t2)

∂t2
=

=
dA2(x)

dx
· A1(x, ϕ0(0, t2)),

t1 = ∆, t2 ∈ R+;

∂A1(x, x∆)

∂x
· A2(x) +

∂A1(x, x∆)

∂x∆

· A2(x∆) =

=
dA2(x)

dx
· A1(x, x∆),

t1 > ∆, t2 ∈ R+.

Òóò x∆ ≡ x(t1 −∆, t2).
Ðîçãëÿíåìî ôóíêöiîíàë V (x(t1 + θ, t2)),

θ ∈ [−∆, 0], ÿêèé íåïåðåðâíèé â îáëàñòi D,
V (0) = 0.

Îçíà÷åííÿ 4. Ôóíêöiîíàë V (x(t1+θ, t2))
íàçâåìî äîäàòíî âèçíà÷åíèì (ïîçíà÷àòè-
ìåìî V > 0), ÿêùî iñíóc íåïåðåðâíà ôóí-
êöiÿ f(r) òàêà, ùî f(r) > 0 ïðè r 6= 0
i V (x(t1 + θ, t2)) ≥ f(‖x(t1 + θ, t2)‖), äå
‖x(t1 + θ, t2)‖ ≡ sup

−∆≤θ≤0
|x(t1 + θ, t2)|.

Àíàëîãi÷íî âèçíà÷àcòüñÿ i âiä'cìíî âè-
çíà÷åíèé ôóíêöiîíàë.

Òåîðåìà 1. Íåõàé iñíóc äîäàòíî âèçíà-
÷åíèé ôóíêöiîíàë V > 0, ÿêèé çàäîâîëüíÿc
óìîâè:

1) ïåðåòâîðþcòüñÿ íà íóëü òiëüêè íà
ìíîæèíi, ùî íå ìiñòèòü âiä'cìíèõ ÷à-
ñòèí òðàcêòîðié;

2)

DV

Dt1
= lim

h1→+0
sup

−∆≤θ≤0
(V (x(t1 + θ + h1, t2))−

−V (x(t1 + θ, t2))) · h−1
1 ≤ 0;

3)

DV

Dt2
= lim

h2→+0
sup

−∆≤θ≤0
(V (x(t1 + θ, t2 + h2))−

−V (x(t1 + θ, t2))) · h−1
2 ≤ 0;

4) öiëi òðàcêòîði��, âèêëþ÷àþ÷è x = 0,
íå çàäîâîëüíÿþòü õî÷à á îäíå ç ðiâíÿíü
DV

Dt1
= 0,

DV

Dt2
= 0.

Òîäi ðîçâ'ÿçîê x = 0 çàäà÷i (4), (5) c
àñèìïòîòè÷íî ñòiéêèì.

Äîâåäåííÿ òåîðåìè 1 àíàëîãi÷íå äîâåäåí-
íþ òåîðåìè 1 ðîáîòè [2] äëÿ âiäïîâiäíèõ ðiâ-
íÿíü Ïôàôôà áåç çàãàþâàíü i òîìó éîãî òóò
íå íàâîäèìî.

Çàóâàæåííÿ 1 [2]. ßêùî ôóíêöiîíàë V
ìàc íåïåðåðâíi ÷àñòèííi ïîõiäíi, òî çà-
ìiñòü DV

Dti
ìîæíà ðîçãëÿäàòè V̇i(i = 1, 2)

� ïîõiäíi çà i-îþ çìiííîþ âçäîâæ iíòå-
ãðàëüíèõ ïîâåðõîíü ñèñòåìè (4). ßêùî íà-
äàëi ïîçíà÷èòè ÷åðåç M ìíîæèíó, íà ÿêié
V = 0, à ÷åðåç M̄ � ìíîæèíó, íà ÿêié
V̇i = 0(i = 1, 2), òî îñòàííþ óìîâó òåîðåìè
1 ìîæíà ñôîðìóëþâàòè òàê: 4) ìíîæèíà
M̄ \M íå ìiñòèòü öiëèõ òðàcêòîðié, êðiì
ïîëîæåííÿ ðiâíîâàãè.

2. Ñòiéêiñòü ðîçâ'ÿçêiâ ñèñòåì ðiâ-
íÿíü Ïôàôôà ç îäíèì ñòàëèì çàãàþ-
âàííÿì. Òóò áóäåìî ðîçãëÿäàòè ïî÷àòêî-
âó çàäà÷ó (1), (2). Ïîçíà÷èìî ÷åðåç λi(a1),
i = 1, n, âëàñíi çíà÷åííÿ ìàòðèöi a1; 02n×2n

� íóëüîâó ìàòðèöþ ðîçìiðíîñòi 2n × 2n;
H > 0n×n � äîäàòíî âèçíà÷åíó ìàòðèöþ
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H ðîçìiðíîñòi n × n, à âiä'cìíî âèçíà÷å-
íó ìàòðèöþ H < 0n×n; E � îäèíè÷íó ìà-
òðèöþ. Ìàòðèöþ a1 áóäåìî ââàæàòè åêñ-
ïîíåíöiàëüíî ñòiéêîþ ç ïîêàçíèêîì β > 0
åêñïîíåíöiàëüíî�� ñòiéêîñòi, òîáòî òàêîþ, ùî
max

i
(Re λi(a1)) < −β.

Òåîðåìà 2. Òðèâiàëüíèé ðîçâ'ÿçîê ïî÷à-
òêîâî�� çàäà÷i (1), (2) àáñîëþòíî (çà çàãà-
þâàííÿìè) àñèìïòîòè÷íî ñòiéêèé, ÿêùî
âèêîíóþòüñÿ óìîâè:

1) ìàòðèöÿ a1 åêñïîíåíöiàëüíî ñòiéêà ç
äåÿêèì ïîêàçíèêîì åêñïîíåíòè β > 0 i ìà-
òðèöÿ a1 + b1 ãóðâiöåâà;

2) ìàc ìiñöå ìàòðè÷íà íåðiâíiñòü
[ −G H0b1

bT
1 H0 −γH0

]
≤ 02n×2n, (6)

äå H0 > 0n×n � ðîçâ'ÿçîê ìàòðè÷íîãî ðiâ-
íÿííÿ Ëÿïóíîâà

(
a1 +

1

2
γE

)T

H0+

+H0

(
a1 +

1

2
γE

)
= −G, (7)

â ÿêîìó ∀G = GT > 0n×n, γ > 0 � äåÿêå
÷èñëî òàêå, ùî 0 < γ < 2β, (γ → 2β);

3) ìàòðèöÿ a2 åêñïîíåíöiàëüíî ñòiéêà, à
ìàòðèöÿ aT

2 H0 + H0a2 ≤ 0n×n.
Äîâåäåííÿ. Ïðîâåäåìî äîâåäåííÿ çà äî-

ïîìîãîþ ôóíêöiîíàëà [3]

V (x(t1 + θ, t2)) = xT (t1, t2)H0x(t1, t2)+

+γ

t1∫

t1−∆

xT (θ, t2)H0x(θ, t2)dθ, (8)

äå ïîêè íåâiäîìi H0 = HT
0 > 0n×n i

êîåôiöicíò γ > 0 íåîáõiäíî íàäàëi âèçíà-
÷èòè. Çãiäíî ç òåîðåìîþ 1 i çàóâàæåííÿì 1,
çíàéäåìî ïîõiäíi çà t1, t2 ôóíêöiîíàëà (8) íà
ðîçâ'ÿçêàõ ñèñòåìè (1), òîáòî V̇i =

∂V

∂x
· ∂x

∂ti
,

i = 1, 2.
V̇1(x(t1 + θ, t2))|(1) =

= [a1x(t1, t2) + b1x(t1 −∆, t2)]
T H0x(t1, t2)+

+xT (t1, t2)H0[a1x(t1, t2) + b1x(t1 −∆, t2)]+

+γ[xT (t1, t2)H0x(t1, t2)−
−xT (t1 −∆, t2)H0x(t1 −∆, t2)], (9)

V̇2(x(t1 + θ, t2))|(1) =

= [a2x(t1, t2)]
T H0x(t1, t2)+

+xT (t1, t2)H0[a2x(t1, t2)]+

+γ

t1∫

t1−∆

{[a2x(θ, t2)]
T H0x(θ, t2)×

×H0[a2x(θ, t2)]}dθ. (10)

Ïðàâó ÷àñòèíó ðiâíîñòi (9) ìîæíà ðîçãëÿäà-
òè ÿê êâàäðàòè÷íó ôîðìó çìiííèõ x(t1, t2),
x(t1 − ∆, t2). Òîäi (9) ìîæíà çàïèñàòè â òà-
êîìó ìàòðè÷íîìó âèãëÿäi:

V̇1(x(t1 + θ, t2))|(1) =

[
x(t1, t2)

x(t1 −∆, t2)

]T

×

×
[

aT
1 H0 + H0a1 + γH0 H0b1

bT
1 H0 −γH0

]
×

×
[

x(t1, t2)
x(t1 −∆, t2)

]
, (11)

à (10) ìàòèìå âèãëÿä

V̇2(x(t1 + θ, t2))|(1) =

= xT (t1, t2)[a
T
2 H0 + H0a2]x(t1, t2)+

+γ

t1∫

t1−∆

xT (θ, t2)[a
T
2 H0+H0a2]x(θ, t2)dθ. (12)

V̇1 íà ðîçâ'ÿçêàõ ñèñòåìè (1) âiä'cìíà òiëü-
êè â òîìó âèïàäêó, êîëè êâàäðàòè÷íà ôîðìà
â (11) c âiä'cìíî âèçíà÷åíîþ, òîáòî aT

1 H0 +
H0a1 + γH0 < 0n×n òà

[
aT

1 H0 + H0a1 + γH0 H0b1

bT
1 H0 −γH0

]
≤ 02n×2n.

(13)
Ìàòðèöÿ aT

1 H0 +H0a1 + γH0 âiä'cìíî âèçíà-
÷åíà òîäi é òiëüêè òîäi, êîëè ìàòðèöÿ H0

çíàõîäèòüñÿ ÿê ðîçâ'ÿçîê ìàòðè÷íîãî ðiâíÿ-
ííÿ aT

1 H0+H0a1+γH0 = −G, äå ∀G = GT >
0n×n (àáî ç ìàòðè÷íîãî ðiâíÿííÿ Ëÿïóíîâà
(7)).
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Î÷åâèäíî, ùî êîëè ìàòðèöÿ a1 íå c ñòié-
êîþ (ãóðâiöåâîþ), òîáòî ñèñòåìà áåç çàãàþ-
âàííÿ

dy(t1, t2) = a1y(t1, t2)dt1 + a2y(t1, t2)dt2,

y(0, 0) = ϕ0 (14)

àñèìïòîòè÷íî íåñòiéêà: lim
t1→∞

|y(t1, t2)| 6= 0

äëÿ êîæíîãî t2 ∈ R+, òî íå iñíóc é òà-
êîãî ÷èñëà γ > 0, ïðè ÿêîìó c ðîçâ'ÿçîê
H0 = H t

0 > 0 ðiâíÿííÿ Ëÿïóíîâà (7). Òà-
êîæ î÷åâèäíî, ùî äëÿ òîãî, ùîá iñíóâàëî
÷èñëî γ > 0, ïðè ÿêîìó ðiâíÿííÿ Ëÿïóíî-
âà c ðîçâ'ÿçíèì ó êëàñi äîäàòíî âèçíà÷åíèõ
ìàòðèöü H0 > 0n×n, íåîáõiäíî i äîñèòü, ùîá
ìàòðèöÿ a1 áóëà åêñïîíåíöiàëüíî ñòiéêîþ ç
äåÿêèì ïîêàçíèêîì β > 0. Òîäi âèáèðàcìî γ
ç iíòåðâàëó 0 < γ < 2β òàêèì ÷èíîì, ùîá γ
áóëî ÿêîìîãà áëèæ÷èì äî 2β (γ → 2β).

ßêùî ïðèïóñòèòè, ùî ìàòðèöÿ a2 íåñòié-
êà, òî íåñòiéêèì áóäå ðîçâ'ÿçîê (1), (2),
îñêiëüêè lim

t2→∞
|x(t1, t2)| = +∞ äëÿ êîæíî-

ãî t1 ∈ R+. Íåäîäàòíà âèçíà÷åíiñòü ìàòðè-
öi aT

2 H0 + H0a2 ïðèâåäå äî V̇2|(1) ≤ 0, ùî
çàâåðøóc äîâåäåííÿ òåîðåìè.

Ïîðÿä ç ñèñòåìîþ (1) ðîçãëÿíåìî ñèñòåìó
áåç çàãàþâàííÿ, ÿêà îäåðæócòüñÿ ç (1) ïðè
∆ = 0:
dz(t1, t2) = (a1 + b1)z(t1, t2)dt1 +a2z(t1, t2)dt2,

z(0, 0) = ϕ0. (15)

Ïðèïóñòèìî, ùî ñèñòåìà (15) àñèìïòîòè÷-
íî ñòiéêà çà Ëÿïóíîâèì, òîáòî ùî ìàòðèöi
a1 + b1 i a2 c ãóðâiöåâèìè. Òîäi iñíóc cäèíèé
ðîçâ'ÿçîê H0 = HT

0 > 0n×n ìàòðè÷íîãî ðiâ-
íÿííÿ Ëÿïóíîâà

(a1 + b1)
T H0 + H0(a1 + b1) = −G, (16)

äå ∀G = GT > 0n×n.
Òåîðåìà 3. Ðîçâ'ÿçîê x = 0 ïî÷àòêî-

âî�� çàäà÷i (1), (2) àáñîëþòíî (çà çàãàþâà-
ííÿì) àñèìïòîòè÷íî ñòiéêèé, ÿêùî âèêî-
íóþòüñÿ òàêi óìîâè:

1) ìàòðèöi a1 + b1 i a2 ãóðâiöåâi;
2) ñïðàâäæóþòüñÿ ìàòðè÷íi íåðiâíîñòi

[ −G H0b1

bT
1 H0 −H0

]
≤ 02n×2n,

aT
2 H0 + H0a2 ≤ 0n×n, (17)

äå H0 � ðîçâ'ÿçîê ìàòðè÷íîãî ðiâíÿííÿ Ëÿ-
ïóíîâà (16).

Äîâåäåííÿ òåîðåìè çäiéñíþcòüñÿ çà äîïî-
ìîãîþ ôóíêöiîíàëà Ëÿïóíîâà-Êðàñîâñüêîãî
âèãëÿäó

V (x(t1 + θ, t2)) = xT (t1, t2)H0x(t1, t2)+

+

t1∫

t1−∆

xT (θ, t2)H0x(θ, t2)dθ (18)

çà ñòàíäàðòíîþ äëÿ äðóãîãî ìåòîäó ñõåìîþ,
àíàëîãi÷íî äîâåäåííþ òåîðåìè 2.

3. Ñèñòåìè ðiâíÿíü ç äåêiëüêîìà çà-
ãàþâàííÿìè. Ðîçãëÿíåìî òåïåð ïî÷àòêîâó
çàäà÷ó (3), (2) i âñòàíîâèìî äëÿ íå�� àíàëîãè
òåîðåì 2 i 3.

Òåîðåìà 4. Òðèâiàëüíèé ðîçâ'ÿçîê çà-
äà÷i (3), (2) àáñîëþòíî (çà çàãàþâàííÿ-
ìè) àñèìïòîòè÷íî ñòiéêèé, ÿêùî âèêîíó-
þòüñÿ óìîâè:

1) ìàòðèöÿ a1 åêñïîíåíöiàëüíî ñòiéêà ç
äåÿêèì ïîêàçíèêîì åêñïîíåíòè β > 0 i ìà-

òðèöÿ a1 +
m∑

i=1

bi ãóðâiöåâà;

2) ñïðàâäæócòüñÿ ìàòðè÷íà íåðiâíiñòü


−G H0b1 H0b2 ... H0bm

bT
1 H0 −γ1H0 0n×n ... 0n×n

... ... ... ... ...
bT
mH0 0n×n 0n×n ... −γmH0


 ≤

≤ 0(m+1)×n×(m+1)×n, (19)

äå H0 = HT
0 > 0n×n � ðîçâ'ÿçîê ìàòðè÷íîãî

ðiâíÿííÿ Ëÿïóíîâà
(

a1 +
1

2

m∑
i=1

γiE

)T

H0+

+H0

(
a1 +

1

2

m∑
i=1

γiE

)T

= −G, (20)

â ÿêîìó ∀G = GT > 0 i γi > 0, i = 1,m

òàêi, ùî 0 <

m∑
i=1

γi < 2β, ïðè÷îìó ��õ ñó-

ìà ïîâèííà áóòè ÿêîìîãà áëèæ÷îþ äî 2β,

òîáòî
m∑

i=1

γi → 2β;
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3) ìàòðèöÿ a2 åêñïîíåíöiàëüíî ñòiéêà, à
ìàòðèöÿ aT

2 H0 + H0a2 ≤ 0.
Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ çà äîïî-

ìîãîþ ôóíêöiîíàëà
V (x(t1 + θ, t2)) = xT (t1, t2)H0x(t1, t2)+

+
m∑

i=1

γi

t1∫

t1−∆i

xT (θ, t2)H0x(θ, t2)dθ

çà àíàëîãicþ äî äîâåäåííÿ òåîðåìè 2 é òîìó
òóò íå íàâîäèòüñÿ.

Ïîðÿä iç ñèñòåìîþ (3) ðîçãëÿíåìî ñèñòå-
ìó ðiâíÿíü áåç çàãàþâàíü, ÿêà îäåðæócòüñÿ
ç (3) ïðè ∆1 = ∆2 = ... = ∆m = 0:

dy(t1, t2) =

(
a1 +

m∑
i=1

bi

)
y(t1, t2)dt1+

+a2y(t1, t2)dt2, y(0, 0) = ϕ0. (21)

Ïðèïóñòèìî, ùî ñèñòåìà áåç çàãàþâàíü
(21) àñèìïòîòè÷íî ñòiéêà çà Ëÿïóíîâèì,

òîáòî ùî ìàòðèöi a1 +
m∑

i=1

bi òà a2 c ãóðâi-

öåâèìè. Òîäi iñíóc cäèíèé ðîçâ'ÿçîê H0 =
HT

0 > 0n×n ìàòðè÷íîãî ðiâíÿííÿ Ëÿïóíîâà
(

a1 +
m∑

i=1

bi

)T

H0 + H0

(
a1 +

m∑
i=1

bi

)
= −G,

(22)
äå ∀G = GT > 0n×n. Îòæå, äëÿ ñèñòåìè (3)
ìîæíà ðîçãëÿíóòè êâàäðàòè÷íèé ôóíêöiî-
íàë âèãëÿäó

V (x(t1 + θ, t2)) = xT (t1, t2)H0x(t1, t2)+

+
m∑

i=1

t1∫

t1−∆i

xT (θ, t2)H0x(θ, t2)dθ. (23)

Âèêîðèñòîâóþ÷è ôóíêöiîíàë (23), íåâàæêî
îäåðæàòè òàêå òâåðäæåííÿ.

Òåîðåìà 5. Ðîçâ'ÿçîê x = 0 ñèñòå-
ìè ðiâíÿíü (3) àáñîëþòíî (çà çàãàþâàííÿ-
ìè) àñèìïòîòè÷íî ñòiéêèé, ÿêùî âèêîíó-
þòüñÿ óìîâè:

1) ìàòðèöi a1 +
m∑

i=1

bi òà a2 c ãóðâiöåâè-
ìè;

2) ñïðàâäæóþòüñÿ ìàòðè÷íi íåðiâíîñòi



Q H0b1 H0b2 ... H0bm

bT
1 H0 −H0 0n×n ... 0n×n

bT
2 H0 0n×n −H0 ... 0n×n

... ... ... ... ...
bT
mH0 0n×n 0n×n ... −H0



≤

≤ 0(m+1)×n×(m+1)×n, aT
2 H0 + H0a2 ≤ 0n×n,

äå Q = aT
1 H0 + H0a1 + mH0 i H0 = HT

0 > 0
� ðîçâ'ÿçîê ìàòðè÷íîãî ðiâíÿííÿ Ëÿïóíîâà
(22).

Ìîäåëüíà çàäà÷à. Ðîçãëÿíåìî ñêàëÿð-
íå ðiâíÿííÿ dx(t1, t2) = [−x(t1, t2) − x(t1 −
∆, t2)]dt1 − 0, 1x(t1, t2)dt2, (t1, t2) ∈ T. Ïîêà-
æåìî çà äîïîìîãîþ òåîðåìè 2, ùî òðèâi-
àëüíèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ àáñîëþòíî
àñèìïòîòè÷íî ñòiéêèé. Î÷åâèäíî, ùî óìî-
âà 1 òåîðåìè 2 ñïðàâäæócòüñÿ: a1 = −1 i
a1 + b1 = −2 � âiä'cìíi ÷èñëà, β = 1.

Ïðè G = 1 ðiâíÿííÿ Ëÿïóíîâà (7)
íàáóâàc âèãëÿäó 2

(
−1 +

γ

2

)
H0 = −1, çâiä-

êè H0 = 1
2−γ

. Ïðè γ < 2 ðîçâ'ÿçîê H0 > 0
ðiâíÿííÿ Ëÿïóíîâà iñíóc. Âèáåðåìî γ = 1,
òîäi H0 = 1. Ìàòðèöÿ (6) â óìîâi 2 òåîðåìè
2 íàáóâàc âèãëÿäó

[ −1 −1
−1 −1

]
. Ëåãêî áà÷è-

òè, ùî öÿ ìàòðèöÿ íåäîäàòíî âèçíà÷åíà, ÿê
öüîãî é âèìàãàc óìîâà 2 òåîðåìè 2.

Îñêiëüêè a2 = −0, 1 i aT
2 H0+H0a2 = −0, 2,

òî é îñòàííÿ óìîâà òåîðåìè 2 âèêîíócòüñÿ.
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