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ÐIÂÍßÍÜ
Ðîçãëÿäàcòüñÿ ñèñòåìà ñèíãóëÿpíî çáópåíèõ äèôåpåíöiàëüíî-piçíèöåâèõ piâíÿíü.

Îäåpæàíî çîápàæåííÿ iíòåãpàëüíîãî ìíîãîâèäó öic�� ñèñòåìè. Äðóãå íàáëèæåííÿ â ìåòîäi
óñåðåäíåííÿ çàñòîñîâócòüñÿ äî âèâ÷åííÿ ñòiéêîñòi ñèñòåìè ñëàáêî çâ'ÿçàíèõ îñöèëÿòîðiâ iç
çàïiçíåííÿì.

We consider a singularly perturbed system of di�erence-di�erential equations. We obtain a
representation of an integral manifold of this system. A second approximation of averaging method
is applied for studying of stability of a system of weakly coupled oscillators with time delay.

Ðîçãëÿíåìî ñèñòåìó

dx

dt
= f(t, x(t), y(t), y(t− ε∆))+

+εh(t, x(t), y(t), y(t− ε∆)),

ε
dy

dt
= G(t, x(t), y(t), y(t− ε∆))+

+εP (t, x(t), y(t), y(t− ε∆)), (1)

äå ε � ìàëèé äîäàòíèé ïàpàìåòp, x ∈ Rm,
y ∈ Rn.

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè
1) Äëÿ âñiõ t ∈ R, x ∈ Rm ðiâíÿííÿ

G(t, x, y, y) = 0 ìàc içîëüîâàíèé ðîçâ'ÿçîê
y = ϕ(t, x), ïðè÷îìó ôóíêöiÿ ϕ(t, x) òà ���� ïî-
õiäíi çà t i x äî äðóãîãî ïîðÿäêó âêëþ÷íî
ðiâíîìiðíî íåïåðåðâíi é îáìåæåíi.

2) Ôóíêöi�� f(t, x, y, z), h(t, x, y, z),
G(t, x, y, z), P (t, x, y, z) òà ��õ ÷àñòèííi
ïîõiäíi çà t, x, y, z äî äðóãîãî ïîðÿäêó
âêëþ÷íî ðiâíîìiðíî íåïåðåðâíi é îáìåæåíi
ïðè t ∈ R, x ∈ Rm, |y − ϕ(t, x)| ≤ ρ,
|z − ϕ(t, x)| ≤ ρ.

Ëiíåàðèçóþ÷è ôóíêöiþ G(t, x, y, z) â òî-
÷öi y = ϕ(t, x), z = ϕ(t, x) âiäíîñíî y, z,
îäåðæèìî

G(t, x, ϕ(t, x) + y, ϕ(t, x) + z) = B1(t, x)y+

+B2(t, x)z + G1(t, x, y, z),

ïðè÷îìó ïðè äîñèòü ìàëîìó ρ äëÿ |y| ≤ ρ,
|z| ≤ ρ ïðàâèëüíà íåðiâíiñòü

|G1(t, x, y, z)| ≤ K(|y|2 + |z|2), K > 0.

Íåõàé âèêîíócòüñÿ óìîâà:
3) âñi êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

det(B1(t, x) + B2(t, x) exp(−λ∆)− λE) = 0

ëåæàòü ó ïiâïëîùèíi Reλ ≤ −2α < 0.
Äëÿ ðåãóëÿðíî çáóðåíèõ äèôåðåíöiàëü-

íî-ôóíêöiîíàëüíèõ ðiâíÿíü iñíóâàííÿ iíòå-
ãðàëüíèõ ìíîãîâèäiâ äîâåäåíî â [1], à äëÿ
ñèíãóëÿðíî çáóðåíèõ � â [2] òà ií. Çãiäíî ç
[2], ïpè äåÿêîìó ε0 > 0, 0 < ε < ε0 iñíóc iíòå-
ãpàëüíèé ìíîãîâèä ñèñòåìè (1), ùî ìîæå áó-
òè ïîäàíèé ó âèãëÿäi yt = ϕ(t, x) + ξ(t, x, ε),
äå ξ(t, x, 0) = 0. Ó ïpàöi [3] îäåpæàíî çîápà-
æåííÿ iíòåãpàëüíîãî ìíîãîâèäó ëiíiéíî�� ñè-
ñòåìè. Ó öié ñòàòòi îäåpæàíî íàáëèæåíå çî-
ápàæåííÿ iíòåãpàëüíîãî ìíîãîâèäó íåëiíié-
íî�� ñèíãóëÿpíî çáópåíî�� ñèñòåìè áiëüø çà-
ãàëüíîãî âèãëÿäó, íiæ â [3, 4].

Òåîðåìà 1. Íåõàé äëÿ ñèñòåìè (1) âè-
êîíóþòüñÿ óìîâè 1 � 3. Òîäi iíòåãðàëüíèé
ìíîãîâèä ñèñòåìè (1) ìîæíà çîáðàçèòè ó
âèãëÿäi yt = ϕ(t, x) + g(t, x, ε) + O(ε2), äå

g(t, x, ε) = ε[B1(t, x) + B2(t, x)]−1[(E + ∆×

×B2(t, x))(
∂ϕ

∂t
+

∂ϕ

∂x
f(t, x, ϕ(t, x), ϕ(t, x)))−
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−P (t, x, ϕ(t, x), ϕ(t, x))] + θ[
∂ϕ

∂t
+

+
∂ϕ

∂x
f(t, x, ϕ(t, x), ϕ(t, x))], −ε∆ ≤ θ ≤ 0.

Äîâåäåííÿ. Iíòåãðàëüíèé ìíîãîâèä
ñèñòåìè (1) áóäåìî øóêàòè ó âèãëÿäi
y(t) = ϕ(t, x(t)) + εψ(t, x(t)) + O(ε2), äå
ψ(t, x) � ôóíêöiÿ, ÿêó ìè âèçíà÷èìî ïiçíi-
øå. Òîäi

y(t+θ) = ϕ(t+θ, x(t+θ))+εψ(t, x)+O(ε2) =

= ϕ(t + θ, x + θ
dx

dt
) + εψ(t, x) + O(ε2) =

= ϕ(t, x)+θ
∂ϕ(t, x)

∂t
+θ

∂ϕ(t, x)

∂x

dx

dt
+εψ(t, x)+

+O(ε2) = ϕ(t, x) + θ
∂ϕ(t, x)

∂t
+ θ

∂ϕ(t, x)

∂x
×

×f(t, x, ϕ(t, x), ϕ(t, x)) + εψ(t, x) + O(ε2).

Çâiäñè

y(t− ε∆) = ϕ(t, x)− ε∆

[
∂ϕ

∂t
+

∂ϕ

∂x
×

×f(t, x, ϕ(t, x), ϕ(t, x))] + εψ(t, x) + O(ε2).

Òîìó

G(t, x, y(t), y(t−ε∆)) = G(t, ϕ(t, x)+εψ(t, x),

ϕ(t, x)− ε∆

(
∂ϕ

∂x
f(t, x, ϕ(t, x), ϕ(t, x)) +

+
∂ϕ

∂t

)
+ εψ(t, x))+O(ε2) = εB1(t, x)ψ(t, x)+

+εB2(t, x)ψ(t, x)− ε∆B2(t, x)

(
∂ϕ

∂t
+

∂ϕ

∂x
×

×f(t, x, ϕ(t, x), ϕ(t, x))) + O(ε2).

Êðiì òîãî
dy

dt
=

dϕ(t, x)

dt
+ O(ε) =

∂ϕ

∂t
+

∂ϕ

∂x
×

×f(t, x, ϕ(t, x), ϕ(t, x)) + O(ε).

Ïiäñòàâëÿþ÷è çíàéäåíi âèðàçè â ñèñòå-
ìó (1) i çáåðiãàþ÷è òiëüêè ÷ëåíè ïîðÿäêó ε,
îäåðæèìî

ε
∂ϕ

∂t
+ ε

∂ϕ

∂x
f(t, x, ϕ(t, x), ϕ(t, x)) = εB1(t, x)×

×ψ(t, x) + εB2(t, x)ψ(t, x)− ε∆B2(t, x)×

×
(

∂ϕ

∂t
+

∂ϕ

∂x
f(t, x, ϕ(t, x), ϕ(t, x))

)
+

+εP (t, x, ϕ(t, x), ϕ(t, x)),

çâiäêè

[B1(t, x) + B2(t, x)]ψ(t, x) = (E + ∆B2(t, x))×

×
(

∂ϕ

∂t
+

∂ϕ

∂x
f(t, x, ϕ(t, x), ϕ(t, x))

)
−

−P (t, x, ϕ(t, x), ϕ(t, x)),

àáî

ψ(t, x) = (B1(t, x) + B2(t, x))−1

[
(E + ∆×

×B2(t, x))

(
∂ϕ

∂t
+

∂ϕ

∂x
f(t, x, ϕ(t, x), ϕ(t, x))

)
−

−P (t, x, ϕ(t, x), ϕ(t, x))

]
.

Çâiäñè çíàõîäèìî øóêàíèé âèðàç

g(t, x, ε) = ε[B1(t, x) + B2(t, x)]−1[(E + ∆×

×B2(t, x))(
∂ϕ

∂t
+

∂ϕ

∂x
f(t, x, ϕ(t, x), ϕ(t, x)))−

−P (t, x, ϕ(t, x), ϕ(t, x))] + θ[
∂ϕ

∂t
+

∂ϕ

∂x
×

×f(t, x, ϕ(t, x), ϕ(t, x))], −ε∆ ≤ θ ≤ 0.

Òîìó iíòåãðàëüíèé ìíîãîâèä ñèñòåìè (1)
ìîæíà çîáðàçèòè ó âèãëÿäi

yt = ϕ(t, x) + g(t, x, ε) + O(ε2).

Òåîðåìà äîâåäåíà.
Ïîçíà÷èìî

η(t, x) =
1

ε
g(t, x, ε)|θ=−ε∆ = [B1(t, x)+

+B2(t, x)]−1[(E −∆B1(t, x))(
∂ϕ

∂t
+

∂ϕ

∂x
×

×f(t, x, ϕ(t, x), ϕ(t, x)))−
P (t, x, ϕ(t, x), ϕ(t, x))].
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Òîäi piâíÿííÿ íà ìíîãîâèäi ñèñòåìè (1) íà-
áóäå âèãëÿäó

dx

dt
= f(t, x, ϕ(t, x) + εψ(t, x), ϕ(t, x)+

+εη(t, x)) + εh(t, x, ϕ(t, x), ϕ(t, x)) + O(ε2).

Ðîçãëÿíåìî ñèñòåìó
dx

dt
= εX(t, x, x(t−∆)), (2)

äå ε � ìàëèé äîäàòíèé ïàpàìåòp, x ∈ Rn,
ôóíêöiÿ X(t, x, y) òðè÷i íåïåðåðâíî äèôå-
ðåíöiéîâíà çà âñiìà çìiííèìè.

Íåõàé

X(t, x, x) =
∑

ν

eiνtXν(x).

Òîäi óñåðåäíåíà ñèñòåìà äëÿ (2) íàáóäå âè-
ãëÿäó

dx

dt
= εX0(x),

äå X0(x) � ñåðåäíc çíà÷åííÿ ôóíêöi��
X(t, x, x), X0(x) = M{X(t, x, x)}. Ó ñòàòòi
Õåéëà [5] äîâåäåíî óçàãàëüíåííÿ äðóãî�� òå-
îðåìè Áîãîëþáîâà ïðî óñåðåäíåííÿ äëÿ ñè-
ñòåìè âèãëÿäó (2). Ó öié ñòàòòi ïîáóäócìî
äðóãå íàáëèæåííÿ â ìåòîäi óñåðåäíåííÿ äëÿ
ñèñòåìè (2) i çàñòîñócìî éîãî äëÿ äîñëiäæåí-
íÿ ñòiéêîñòi ðîçâ'ÿçêiâ ëiíiéíî�� ñèñòåìè.

Ó ñèñòåìi (2) çðîáèìî çàìiíó x = ξ +
εX̃(t, ξ), äå

X̃(t, ξ) =
∑

ν 6=0

eiνt

iν
Xν(ξ).

Âðàõîâóþ÷è, ùî

∂X̃(t, x)

∂t
= X(t, x, x)−X0(x),

îäåðæèìî ñèñòåìó

dξ

dt
+ εX(t, ξ, ξ)− εX0(ξ) + ε

∂X̃(t, ξ)

∂ξ

dξ

dt
=

= εX(t, ξ + εX̃(t, ξ), ξ(t−∆)+

+εX̃(t−∆, ξ(t−∆))). (3)

Îñêiëüêè çãiäíî ç [5]

dξ

dt
= εX0(ξ) + O(ε2),

òî

ξ(t−∆) = ξ(t)−∆
dξ

dt
+ O(ε2) =

= ξ(t)− ε∆X0(ξ) + O(ε2).

Òîìó

X(t, ξ + εX̃(t, ξ), ξ(t−∆) + εX̃(t−∆, ξ(t−

−∆))) = X(t, ξ, ξ) + ε
∂X(t, x, ξ)

∂x
|x=ξX̃(t, ξ)+

+ε
∂X(t, ξ, y)

∂y
|y=ξ[X̃(t−∆, ξ)−∆X0(ξ)]+O(ε2).

Îòæå, ñèñòåìà (3) íàáóäå âèãëÿäó

dξ

dt
= εX0(ξ)− ε2∂X̃(t, ξ)

∂ξ
X0(ξ) + ε2×

×∂X(t, x, ξ)

∂x
|x=ξX̃(t, ξ) + ε2∂X(t, ξ, y)

∂y
|y=ξ×

×[X̃(t−∆, ξ)−∆X0(ξ)] + O(ε3). (4)

Ìè îäåðæàëè ñèñòåìó çâè÷àéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü, ÿêà àïðîêñèìóc ñèñòåìó
(3) iç òî÷íiñòþ äî O(ε3). Òîìó çãiäíî ç [6, 7],
ðiâíÿííÿ äðóãîãî íàáëèæåííÿ â ìåòîäi óñå-
ðåäíåííÿ äëÿ ñèñòåìè (4) íàáóäóòü âèãëÿäó

dξ

dt
= εX0(ξ) + ε2M{∂X(t, x, ξ)

∂x
|x=ξX̃(t, ξ)+

+
∂X(t, ξ, y)

∂y
|y=ξ[X̃(t−∆, ξ)−∆X0(ξ)]}.

Ðîçãëÿíåìî ñèñòåìó ñëàáêî çâ'ÿçàíèõ
îñöèëÿòîðiâ iç çàïiçíåííÿì

y′′ + L2y + εP (t)y(t− h) = 0, (5)

äå ε � ìàëèé äîäàòíèé ïàpàìåòp, y =
(y1, ..., yq)

T , L2 = diag{λ2
1, ..., λ

2
q}, λs > 0,

λk 6= λs, k 6= s, h > 0, P (t) � ìàòðèöÿ ç
åëåìåíòàìè

Pjs(t) =
n∑

m=1

(bjsmeiamt + b̄jsme−iamt),
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bjsm ∈ C, am ≥ 0. (6)

Ñòiéêiñòü ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèõ ðiâíÿíü ó êðèòè÷íîìó
âèïàäêó âèâ÷àëàñÿ ó [8, 9] òà ií. Äàëi
âèêîðèñòàcìî ìåòîäèêó öèõ ðîáiò i çíàéäå-
ìî óìîâè ñòiéêîñòi ñèñòåìè (5) â òåðìiíàõ ����
êîåôiöicíòiâ.

Ñèñòåìó (5) ïåðåïèøåìî ó âèãëÿäi

y′′j = −λ2
jyj − ε

q∑
s=1

Pjs(t)ys(t− h).

Ïîçíà÷èìî zj = y′/λj, òîäi îäåðæèìî ñèñòå-
ìó

y′j = λjzj, z′j = −λjyj− ε

λj

q∑
s=1

Pjs(t)ys(t−h).

Ïåðåéäåìî äî êîìïëåêñíèõ çìiííèõ uj =
yj + izj, òîäi

u′j = −iλjuj − εi

2λj

q∑
s=1

Pjs(t)(us(t− h)+

+ūs(t− h)).

Çðîáèâøè çàìiíó uj = xjexp(−iλjt), îäåð-
æèìî ñèñòåìó â ñòàíäàðòíié ôîðìi

x′ = εF (t)x(t− h) + εG(t)x̄(t− h), (7)

äå x = (x1, ..., xq)
T , F (t) òà G(t) � ìàòðèöi ç

åëåìåíòàìè

Fjs(t) = − i

2λj

Pjs(t)e
i(λj−λs)teiλsh,

Gjs(t) = − i

2λj

Pjs(t)e
i(λj+λs)te−iλsh (8)

âiäïîâiäíî.
Ïiäñòàâëÿþ÷è (6) ó (8), îäåðæèìî

Fjs(t) = − i

2λj

eiλsh

n∑
m=1

(bjsmei(λj−λs+am)t+

+b̄jsmei(λj−λs−am)t), Gjs(t) = − i

2λj

e−iλsh×

×
n∑

m=1

(bjsmei(λj+λs+am)t + b̄jsmei(λj+λs−am)t).

Ïîçíà÷èìî cj = bjj1 + b̄jj1.
Òåîðåìà 2. Íåõàé a1 = 0, am > 0 ïðè

m ≥ 2 i âiäñóòíié ðåçîíàíñ, òîáòî λj−λs +
am 6= 0 ïðè |j−s|+|m−1| > 0, λj+λs−am 6= 0
äëÿ âñiõ j, s, m. Òîäi íóëüîâèé ðîçâ'ÿçîê ñè-
ñòåìè (5) àñèìïòîòè÷íî ñòiéêèé, ÿêùî
cjsin(λjh) < 0 ïðè j = 1, ..., q, i íåñòiéêèé,
ÿêùî cjsin(λjh) 6= 0 äëÿ âñiõ j, òà iñíóc k,
äëÿ ÿêîãî cksin(λkh) > 0.

Äîâåäåííÿ.Ñòiéêiñòü ðîçâ'ÿçêiâ ñèñòå-
ìè (5) ðiâíîñèëüíà ñòiéêîñòi ðîçâ'ÿçêiâ ñè-
ñòåìè (7). Ïðè âèêîíàííi óìîâ òåîðåìè óñå-
ðåäíåíà ñèñòåìà äëÿ ñèñòåìè (7) ìàòèìå
âèãëÿä x′ = εAx, äå A = diag{γ1, ..., γq},
γj = −iexp(iλjh)cj/(2λj) = (cjsin(λjh) −
icjcos(λjh))/(2λj). Iç òåîðåìè Õåéëà [5]
âèïëèâàc, ùî ÿêùî íóëüîâèé ðîçâ'ÿçîê óñå-
ðåäíåíî�� ñèñòåìè àñèìïòîòè÷íî ñòiéêèé (íå-
ñòiéêèé), òî i íóëüîâèé ðîçâ'ÿçîê ñèñòåìè (7)
áóäå âiäïîâiäíî àñèìïòîòè÷íî ñòiéêèì (íå-
ñòiéêèì). Òåîðåìà äîâåäåíà.

Íåõàé òåïåð am > 0 äëÿ âñiõ m. Òîäi ïåð-
øå íàáëèæåííÿ â ìåòîäi óñåðåäíåííÿ íå äàc
âiäïîâiäi íà ïèòàííÿ ïðî ñòiéêiñòü.

Ïîçíà÷èìî ds = Re{δs},

δs =

q∑

k=1

n∑
m=1

(
bskmb̄ksmexp(i(2λs + am)h)

i(λk − λs − am)(λs + λk + am)
+

+
b̄skmbksmexp(i(2λs − am)h)

i(λk − λs + am)(λs + λk − am)
).

Ó âèïàäêó ñèìåòðè÷íî�� ìàòðèöi P (t) ìàcìî
bksm = bskm, îòæå,

ds =

q∑

k=1

n∑
m=1

|bskm|2×

×(
sin((2λs + am)h)

(λk − λs − am)(λs + λk + am)
+

+
sin((2λs − am)h)

(λk − λs + am)(λs + λk − am)
).

Òåîðåìà 3. Íåõàé am > 0 äëÿ âñiõ m i
âiäñóòíié ðåçîíàíñ, òîáòî λj−λs+am−ak 6=
0 ïðè |j − s|+ |m− k| > 0, λj + λs − am 6= 0,
λj − λs + am 6= 0, λj + λs + am − ak 6= 0,
λj + λs − am − ak 6= 0, λj − λs + am + ak 6=
0 äëÿ âñiõ j, s, m, k. Òîäi íóëüîâèé ðîçâ'ÿçîê
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ñèñòåìè (5) àñèìïòîòè÷íî ñòiéêèé, ÿêùî
ds > 0 ïðè s = 1, ..., q i íåñòiéêèé, ÿêùî ds 6=
0 äëÿ âñiõ s òà iñíóc k, äëÿ ÿêîãî dk < 0.

Äîâåäåííÿ. Ó ñèñòåìi (7) çðîáèìî çàìi-
íó x(t) = ξ(t) + εF̃ (t)ξ(t) + εG̃(t)ξ̄(t), äå F̃ (t)
òà G̃(t) � ìàòðèöi ç åëåìåíòàìè

F̃js(t) = − i

2λj

eiλsh

n∑
m=1

(
bjsm

i(λj − λs + am)
×

×ei(λj−λs+am)t +
b̄jsm

i(λj − λs − am)
ei(λj−λs−am)t),

G̃js(t) = − i

2λj

e−iλsh

n∑
m=1

(
bjsm

i(λj + λs + am)
×

×ei(λj+λs+am)t +
b̄jsm

i(λj + λs − am)
ei(λj+λs−am)t).

Òîäi x(t−h) = ξ−hξ′+εF̃ (t−h)ξ(t)+εG̃(t−
h)ξ̄(t) + O(ε2) = ξ + εF̃ (t − h)ξ(t) + εG̃(t −
h)ξ̄(t) + O(ε2), îñêiëüêè ξ′ = O(ε2).

Ïiäñòàâëÿþ÷è â ñèñòåìó (7), îäåðæèìî

ξ′+εF (t)ξ+εF̃ (t)ξ′+εG(t)ξ̄+εG̃(t)ξ̄′ = εF (t)×
×ξ+ε2F (t)F̃ (t−h)ξ+ε2F (t)G̃(t−h)ξ̄+εG(t)×
×ξ̄+ε2G(t) ¯̃F (t−h)ξ̄+ε2G(t) ¯̃G(t−h)ξ+O(ε3),

àáî

ξ′ = ε2F (t)F̃ (t−h)ξ+ε2F (t)G̃(t−h)ξ̄+ε2G(t)×

× ¯̃F (t− h)ξ̄ + ε2G(t) ¯̃G(t− h)ξ + O(ε3). (9)

Ó ñèñòåìi (9) ìîæíà ùå ðàç çàñòîñóâàòè ìå-
òîä óñåðåäíåííÿ [5, 6] i îäåðæàòè óñåðåäíåíó
ñèñòåìó

ξ′ = ε2M{F (t)F̃ (t−h)}ξ+ε2M{F (t)G̃(t−h)}×

×ξ̄ + ε2M{G(t) ¯̃F (t− h)}ξ̄+
+ε2M{G(t) ¯̃G(t− h)}ξ.

Ïîçíà÷èìî ÷åðåç fss(t) òà gss(t) äiàãî-
íàëüíi åëåìåíòè ìàòðèöü F (t)F̃ (t − h) òà
G(t) ¯̃G(t−h) âiäïîâiäíî i çíàéäåìî ��õ ñåðåäíi
çíà÷åííÿ

M{fss(t)} = M{
q∑

k=1

Fsk(t)F̃ks(t− h)} =

= M{ i

2λs

q∑

k=1

eiλkh

n∑
m=1

(bskmei(λs−λk+am)t+

+b̄skmei(λs−λk−am)t)
i

2λk

eiλsh×

×
n∑

m=1

(
bksm

i(λk − λs + am)
ei(λk−λs+am)(t−h)+

+
b̄ksm

i(λk − λs − am)
ei(λk−λs−am)(t−h))} =

= M{− 1

2λs

eiλsh

q∑

k=1

1

2λk

eiλkh

n∑
m=1

(bskmeiamt+

+b̄skme−iamt)
n∑

m=1

(
bksm

i(λk − λs + am)
eiamt×

×ei(λs−λk−am)h +
b̄ksm

i(λk − λs − am)
e−iamt×

×ei(λs−λk+am)h)} = − 1

2λs

q∑

k=1

1

2λk

×

×
n∑

m=1

(
bskmb̄ksm

i(λk − λs − am)
ei(2λs+am)h+

+
b̄skmbksm

i(λk − λs + am)
ei(2λs−am)h),

M{gss(t)} = M{
q∑

k=1

Gsk(t)
¯̃Gks(t− h)} =

= M{ i

2λs

q∑

k=1

e−iλkh

n∑
m=1

(bskmei(λs+λk+am)t+

+b̄skmei(λs+λk−am)t)
i

2λk

eiλsh×

×
n∑

m=1

(
b̄ksm

i(λs + λk + am)
e−i(λs+λk+am)(t−h)+

+
bksm

i(λs + λk − am)
e−i(λs+λk−am)(t−h))} =

= M{− 1

2λs

eiλsh

q∑

k=1

1

2λk

e−iλkh

n∑
m=1

(bskmeiamt+

b̄skme−iamt)
n∑

m=1

(
b̄ksm

i(λs + λk + am)
e−iamt×
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×ei(λs+λk+am)h +
bksm

i(λs + λk − am)
eiamt×

×ei(λs+λk−am)h)} = − 1

2λs

q∑

k=1

1

2λk

×

×
n∑

m=1

(
bskmb̄ksm

i(λs + λk + am)
ei(2λs+am)h+

+
b̄skmbksm

i(λs + λk − am)
ei(2λs−am)h).

Îòæå,

M{fss(t)}+ M{gss(t)} = − δs

2λs

.

ßêùî âiäñóòíié ðåçîíàíñ, òî ñåðåäíi çíà-
÷åííÿ âñiõ åëåìåíòiâ ìàòðèöü F (t)G̃(t − h),
G(t) ¯̃F (t− h), à òàêîæ âñiõ ïîçàäiàãîíàëüíèõ
åëåìåíòiâ ìàòðèöü F (t)F̃ (t−h) òà G(t) ¯̃G(t−
h) äîðiâíþþòü íóëåâi, îòæå çà äîïîìîãîþ
ëiíiéíî�� çàìiíè ñèñòåìó (9) ìîæíà çâåñòè
äî ñèñòåìè ξ′ = ε2Dξ + O(ε3), äå D =
diag{−δ1/(2λ1), ...,−δq/(2λq)}. ßêùî ds =
Re{δs} > 0 ïðè s = 1, ..., q, òî, çãiäíî ç [5],
íóëüîâèé ðîçâ'ÿçîê ñèñòåìè (5) àñèìïòîòè-
÷íî ñòiéêèé, à ÿêùî ds 6= 0 ïðè s = 1, ..., q,
àëå iñíóc k, äëÿ ÿêîãî dk < 0, òî íóëüî-
âèé ðîçâ'ÿçîê ñèñòåìè (5) íåñòiéêèé. Òåîðå-
ìà äîâåäåíà.

Çàóâàæåííÿ. Òâåðäæåííÿ òåîðåì 2 i
3 ïðî íåñòiéêiñòü ïðàâèëüíi é áåç ïðèïó-
ùåííÿ ïðî âiäìiííiñòü âiä íóëÿ âåëè÷èí
cjsin(λjh) òà ds. Öå ìîæíà ïîêàçàòè, âè-
êîíàâøè â ñèñòåìi (9) ëiíiéíó çàìiíó i âè-
êîðèñòàâøè ñõåìó äîâåäåííÿ òåîðåìè ïðî
ñòiéêiñòü çà ïåðøèì íàáëèæåííÿì [10].
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