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ÄÂÎÒÎ×ÊÎÂÀ ÊÐÀÉÎÂÀ ÇÀÄÀ×À Ç IÌÏÓËÜÑÍÈÌ ÂÏËÈÂÎÌ
Ðîçãëÿäàcòüñÿ ëiíiéíà êðàéîâà çàäà÷à iç çàãàëüíèì iìïóëüñíèì âïëèâîì. Çà äîïîìî-

ãîþ ïñåâäîîáåðíåíèõ ìàòðèöü òà óçàãàëüíåíî�� ìàòðèöi Ãðiíà ïîáóäîâàíî ðîçâ'ÿçîê êðàéîâî��
çàäà÷i.

A linear boundary-value problem with a generalized impulse e�ect is considered. By uzing
pseudo-inverse matrices and generalized Green's matrix, a solution is constructed.

1. Ïîñòàíîâêà çàäà÷i. Íåõàé A(t) �
(n× n)-âèìiðíà ìàòðèöÿ ç íåïåðåðâíèìè íà
iíòåðâàëi [a, b] åëåìåíòàìè; f(t) � êóñêîâî-
íåïåðåðâíà n-âèìiðíà âåêòîð-ôóíêöiÿ íà ií-
òåðâàëi [a, b], ÿêà ìîæå ìàòè ðîçðèâè ïåðøî-
ãî ðîäó â òî÷êàõ τi ∈ [a, b], i = 1, p.

Ó ðîáîòi [5] ðîçãëÿíóòî çàäà÷ó Êîøi

ẋ = A(t)x+f(t), t ∈ [a, b], t 6= τi, i = 1, p, (1)

a = τ0 < τ1 < · · · < τp < τp+1 = b,

x(a) = v, (2)

ç iìïóëüñíèìè óìîâàìè âèãëÿäó

∆x|t=τi
= Bix + ai, (3)

äå En + Bi � íåâèðîäæåíà (n × n)-âèìiðíà
ìàòðèöÿ çi ñòàëèìè åëåìåíòàìè, ai � çàäàíi
n-âèìiðíi âåêòîðè.

Ó äàíié ðîáîòi äîñëiäèìî ëiíiéíó äèôå-
ðåíöiàëüíó çàäà÷ó (1) iç çàãàëüíèìè iì-
ïóëüñíèìè óìîâàìè â òî÷êàõ

Mix(τi − 0) + Nix(τi + 0) = hi, i = 1, p, (4)

i êðàéîâèìè óìîâàìè âèãëÿäó

M0x(a) + N0x(b) = α, α ∈ Rs, (5)

äå Mi, Ni � ñòàëi ìàòðèöi ðîçìiðíîñòi (k×n),
hi ∈ Rk.

Iç iìïóëüñíèõ óìîâ (4) âèïëèâàc, ùî ôóí-
äàìåíòàëüíó ìàòðèöþ, ÿêà ïîáóäîâàíà â [5]
äëÿ âèïàäêó det(En + Bi) 6= 0, äëÿ çàäà-
÷i (1) � (3) âèêîðèñòàòè íå âäàcòüñÿ. Òî-
ìó îá'cäíàcìî óìîâè (4) i (5) â îäíó óìîâó

i çàñòîñócìî ìåòîäè óçàãàëüíåíî-îáåðíåíèõ
îïåðàòîðiâ òà óçàãàëüíåíî�� ìàòðèöi Ãðiíà
[1]. Òàêèé ïiäõiä âïåðøå çàñòîñîâàíèé â ðî-
áîòi [7], à âiäòàê ó [8].

2. Îñíîâíèé ðåçóëüòàò. Îá'cäíàíi iì-
ïóëüñíi òà êðàéîâi óìîâè íàáóâàþòü âèãëÿ-
äó

p+1∑
i=1

lixi(·) = h, h ∈ Rm, m = s + pk, (6)

äå

l1x1(·) = [M0 Θk · · · Θk]
T x1(a)+

+[Θs M1 Θk · · · Θk]
T x1(τ1),

lixi(·) = [Θs Θk · · · Ni−1 Θk]
T xi(τi−1)+

+[Θs Θk · · · Mi Θk]
T xi(τi),

i = 2, p,

lp+1xp+1(·) = [Θs Θk · · · Θk Np]
T xp+1(τp)+

+[N0 Θk · · ·Θk]
T xp+1(b),

h = [α h1 · · ·hp]
T , Θs, Θk � íåíóëüîâi ìàòðè-

öi ðîçìiðíîñòi s× n òà k × n âiäïîâiäíî.
Çàìiñòü çàäà÷i (1), (4), (5) äîñëiäèìî åêâi-

âàëåíòíó çàäà÷ó (1), (6).
Âiäíîñíî âåêòîðà c = (c1, c2, · · · , cp+1)

ðîçãëÿíåìî àëãåáðà��÷íó ñèñòåìó ç (m× (p +
1)n)-âèìiðíîþ ìàòðèöåþ Q:

Qc = h, (7)

äå Q = [Q1 Q2 · · ·Qp+1], Qi = liX(·) �
(m× n)-âèìiðíi ìàòðèöi òà h = h −

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2002. Âèïóñê 150. Ìàòåìàòèêà. 31



∑p+1
i=1 lixi(·), X(t) � íîðìàëüíà ôóíäàìåí-

òàëüíà ìàòðèöÿ ðîçâ'ÿçêó ñèñòåìè ẋ =
Ax,X(a) = En.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
rank Q = n1 ≤ min(m, (p + 1)n), PQ∗h = 0.
Òîäi çàäà÷à (1), (6) ìàc r-ïàðàìåòðè÷íèé
ðîçâ'ÿçîê

xi(t, ξr) = X(t) [PQr ]ni
ξr + X(t)

[
Q+

]
ni

h+

+

∫ b

a

Gi(t, s)f(s)ds, (8)

äå Gi(t, s) � óçàãàëüíåíà ìàòðèöÿ Ãðiíà.
Äîâåäåííÿ. Ðîçâ'ÿçîê ñèñòåìè (1) x(t) ∈

C1 ([a, b] \ {τ1, · · · , τp}) íà êîæíîìó ïðîìiæ-
êó [τ0, τ1], ]τi−1, τi], i = 2, p + 1, íàáóâàc âè-
ãëÿäó

x(t) =

=

{
x1(t) = X(t)c0 + x1(t), t ∈ [τ0, τ1],
xi(t) = X(t)ci + xi(t), t ∈]τi−1, τi].

(9)

äå xi(t), i = 1, p + 1 � äîâiëüíèé ÷àñòèííèé
ðîçâ'ÿçîê íåîäíîðiäíî�� ñèñòåìè (1), ÿêèé
âèáèðàcòüñÿ òàêèì ÷èíîì [7]:

xi(t) =

∫ b

a

Ki(t, s)ds =

∫ τ1

a

K1
i (t, s)f1(s)ds+

+ · · ·+
∫ t

τi−1

Ki1
i (t, s)fi(s)ds+

+

∫ τi

t

K i2
i (t, s)fi(s)ds+

+ · · ·+
∫ b

τp

Kp+1
i (t, s)fp(s)ds,

äå

K(t, s) =

{
K(1) = 1

2
X(t)X−1(s), s ≤ t,

K(2) = −1
2
X(t)X−1(s), s > t.

Âèêîðèñòàâøè K(1)(t, s) i K(2)(t, s) â çàìêíå-
íié îáëàñòi a ≤ t, s ≤ b, ââåäåìî òàêi ïîçíà-
÷åííÿ:

Ki(t, s) = Kj
i (t, s) =

=

{
K(1)(t, s), (t, s) ∈ D1,
K(2)(t, s), (t, s) ∈ D2,

D1 = {(t, s|t ∈]τi−1, τi], s ∈ [a, b], s < t,

i = 1, p + 1, j = 1, i− 1},
D2 = {t ∈]τi−1, τi], s ∈ [a, b], s > t,

i = 1, p + 1, j = i + 1, p + 1}.
Ïðè i = j ìàcìî

Kj
i (t, s) =

{
K i1

i (t, s) = K(1)(t, s), s ≤ t,
K i2

i (t, s) = K(2)(t, s), t < s.

Ïiäñòàâèâøè ðîçâ'ÿçîê (9) äî iìïóëüñíî-
êðàéîâî�� óìîâè (6), îäåðæèìî àëãåáðà��÷íó
ñèñòåìó ðiâíÿíü (7). Ç óìîâè òåîðåìè
âèïëèâàc, ùî rankPQ = (p + 1)n − n1 = r
òà rankPQ∗ = m − n1 = d, äå PQ i PQ∗

îðòîïðîåêòîðè PQ : R(p+1)n → ker(Q) òà
PQ∗ : Rm → ker(Q∗), Q∗ = QT .

Ðîçâ'ÿçîê ñèñòåìè (7) íàáóâàc âèãëÿäó
ci = [PQr ]ni

ξr +
[
Q+h

]
ni

,

ξr ∈ Rr, i = 1, p + 1, (10)

òîäi é òiëüêè òîäi, êîëè PQ∗h = 0, äå
[Q+h]ni

i = 1, p + 1 çàäàþòü ïîñëiäîâíi n
åëåìåíòiâ ó n(p+1)-âèìiðíîìó âåêòîði Q+h,
n1 + n2 + · · · + np+1 = n(p + 1), à [PQr ]ni

�
(ni× r)-ìàòðèöi, îäåðæàíi ç PQr . Çà äîïîìî-
ãîþ (10) iç (9) îäåðæèìî çàãàëüíèé ðîçâ'ÿ-
çîê (8), äå

Gi(t, s) = Ki(t, s)−X(t)
[
Q+

]
ni

p+1∑
j=1

ljKj(t, s),

Q+ � cäèíà ïñåâäîîáåðíåíà çà Ìóðîì-
Ïåíðîóçîì ìàòðèöÿ äî ìàòðèöi Q. Òåîðåìó
äîâåäåíî.

Íàñëiäîê 1. ßêùî m = (p + 1)n, s = n,
k = n, det Mi 6= 0, det Ni 6= 0 òà det Q 6= 0,
òîäi çàäà÷à (1), (6) äëÿ äîâiëüíî�� ôóíêöi��
f(t) ∈ (C[a, b]\{τ1, · · · , τp}) è h ∈ Rm íà êî-
æíîìó ïðîìiæêó [a, τ1], ]τi−1, τi], i = 2, p + 1
ìàc cäèíèé ðîçâ'ÿçîê âèãëÿäó

xi(t) = X(t)
[
Q−1

]
ni

h +

∫ b

a

Gi(t, s)f(s)ds.

(11)
Âiäçíà÷èìî, ùî ó âèïàäêó äâîòî÷êîâî��

êðàéîâî�� çàäà÷i ç îäíicþ iìïóëüñíîþ äicþ â
(11) i = 1, 2 i ìàcìî

Q−1 =

[
b11 b12

b21 sb22

]
,
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äå b11 = D−1, b12 =
−D−1N0X(b)X−1(τ1)N

−1
1 , b21 =

−X−1(τ1)N
−1
1 M1X(τ1)D

−1, b22 =
X−1(τ0)N

−1
1 + X−1(τ1)N

−1
1 M1×

×X(τ1)D
−1N0X(b)X−1(τ1)N

−1
1 , D =

M0X(a)−N0X(b)X−1(τ1)N
−1
1 M1X(τ1). Îáåð-

íåíà ìàòðèöÿ Q−1 îäåðæàíà çà ôîðìóëîþ
Ôðîáåíióñà. Ó öüîìó âèïàäêó çîáðàæåííÿ
ðîçâ'ÿçêó (11) çáiãàcòüñÿ iç ðåçóëüòàòîì,
îäåðæàíèì ó [4].

3. ×àñòèííèé âèïàäîê.
3.1. Ðîçãëÿíåìî ïåðiîäè÷íó çàäà÷ó

ẋ = A(t)x + f(t), t ∈ [0, T ]\{τ1, · · · , τp},
Mix(τi−0)+Nix(τi+0) = hi, i = 1, p, hi ∈ Rk

(12)
M0x(0) = N0x(T ),

äå A(t) � (n × n)-âèìiðíà ìàòðèöÿ ç
íåïåðåðâíèìè i T -ïåðiîäè÷íèìè åëåìåíòà-
ìè; n-âèìiðíà âåêòîð-ôóíêöiÿ f(t) � T -
ïåðiîäè÷íà i êóñêîâî-íåïåðåðâíà ç ðîçðèâà-
ìè ïåðøîãî ðîäó â òî÷êàõ τi. Ñòàëi (k × n)-
âèìiðíi ìàòðèöi Mi, Ni òà (s×n)-âèìiðíi ìà-
òðèöi M0, N0, k-âèìiðíi âåêòîð-ñòîâïöi hi òà
iìïóëüñíi ìîìåíòè τi (0 < τ1 < τ2 < · · · <
τp < T ) òàêi, ùî M0+p = M0, N0+p = N0,
Mi+p = Mi, Ni+p = Ni, hi+p = hi, τi+p = τi

äëÿ âñiõ i = 1, p.
Ó öüîìó âèïàäêó ëiíiéíi îïåðàòîðè li íà-

áóâàþòü âèãëÿäó (6), äå a = 0, b = T , à
h = [0 h1 · · ·hp]

T . Ðîçâ'ÿçîê îäåðæócòüñÿ ç
(8).

Íåõàé k = s = n, M0 = N0 = En. Òîäi
îäåðæèìî âiäîìó ïåðiîäè÷íó êðàéîâó çàäà-
÷ó. ßêùî det Q 6= 0, òî Q+ = Q−1, PQ =
= PQ∗ = 0 i ðîçâ'ÿçîê ñèñòåìè (12) íàáóâàc
âèãëÿäó (11).

3.2. ßêùî â (1) i (6) A(t) ≡ A � ñòà-
ëà (n × n)-âèìiðíà ìàòðèöÿ, òî âñþäè ïî-
òðiáíî ïiäñòàâèòè X(t) = exp(A(t − τ0)),
τ0 = a, X−1(t) = exp(−A(t − τ0)). Çðîáèâ-
øè âiäïîâiäíi çìiíè â K(t, s) i Q îäåðæè-
ìî PQ, PQ∗ , Q+, Gi(t, s), à îòæå, i çàãàëüíèé
ðîçâ'ÿçîê.

4. Ïðèêëàä. Ïðè äîñëiäæåííi ïîøèðåí-
íÿ õâèëü ó òâåðäèõ òiëàõ çóñòði÷àþòüñÿ êðà-
éîâi çàäà÷i íåòåðîâîãî òèïó [1]. Ðîçãëÿíåìî

çàäà÷ó ïðî îáåðòàëüíi êîëèâàííÿ ñòðèæíÿ,
âêðèòîãî îáîëîíêîþ ç iíøîãî ìàòåðiàëó, ïðè
ñèíóñî��äàëüíèõ çáóðåííÿõ ïîâåðõíi ðîçìå-
æóâàííÿ �ÿäðî-îáîëîíêà�. Êîëèâíèé ïðîöåñ
îïèñócòüñÿ ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç ÷àñòèííèìè ïîõiäíèìè, ÿêà ìåòîäîì
Ôóð'c çâîäèòüñÿ äî ñèñòåìè çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó [2,3]:

d2ϕ1

dr2
+

1

r

dϕ1

dr
+

(
α2

n −
1

r2

)
ϕ1 = f1(r),

0 < r ≤ a, (13)

d2ϕ2

dr2
+

1

r

dϕ2

dr
−

(
γ2

n +
1

r2

)
ϕ2 = f2(r),

a < r < b

çà óìîâ

|ϕ1(0)| < ∞, ϕ2(b) +
µ3

b
ϕ
′
2(b) = 0,

ϕ1(a)− ϕ2(a) = β1, (14)

ϕ
′
2(a)− µ1ϕ

′
1(a)− µ2ϕ1(a) = β2,

äå α2
n, γ2

n, µn, βn, a, b � çàäàíi ñòàëi.
Óìîâà |ϕ1(0)| < ∞ îçíà÷àc, ùî äëÿ ïåð-

øîãî ç ðiâíÿíü (13) íåîáõiäíî çíàéòè îáìå-
æåíèé ðîçâ'ÿçîê.

Ïîäàìî çàäà÷ó (13), (14) ó íîðìàëüíié
ôîðìi. Âîíà åêâiâàëåíòíà ñèñòåìi

ẋ = A(t)x + g(t), t ∈ [0, b]\{a}
M1x1(a) + N1x2(a) = β, (15)

Dx2(b) = 0, |x1(0)| < ∞,

äå

x(t) =

[
x1(t)
x2(t)

]
, A(t) =

{
A1(t), t ∈ [0, a],
A2(t), t ∈ (a, b],

g(t) =





g1(t) =

[
0

f1(t)

]
, t ∈ [0, a],

g2(t) =

[
0

f2(t)

]
, t ∈ (a, b],

A1(t) =

[
0 1

−α2
n + 1

t2
−1

t

]
,

A2(t) =

[
0 1

γ2
n + 1

t2
−1

t

]
, D =

[
1 µ2

b

]
,
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M1(t) =

[
1 0
−µ2

n −µ1

]
, N1(t) =

[ −1 0
0 1

]
.

Çàäà÷ó (15) ðîçãëÿíåìî ÿê äâîòî÷êîâó iì-
ïóëüñíó çàäà÷ó.

Íåõàé ðiâíÿííÿ iç ñèñòåìè (13) ìàþòü
äâà ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêè, ïîáóäî-
âó ÿêèõ ìîæíà çíàéòè, íàïðèêëàä, ó [5].
Äëÿ ïåðøîãî ðiâíÿííÿ öå ôóíêöi�� Áåññåëÿ
J1(αnr) i Y1(αnr). Ëiíiéíî íåçàëåæíi ðîçâ'ÿç-
êè äðóãîãî ðiâíÿííÿ â (13) ïîçíà÷èìî ÷åðåç
I1(γnr), K1(γnr).

×åðåç Φ1(αnr) ïîçíà÷èìî ôóíäàìåíòàëü-
íó ìàòðèöþ ïåðøîãî ðiâíÿííÿ ç (13).
Îñêiëüêè J1(αnr) i Y1(αnr) ëiíiéíî íåçà-
ëåæíi, òî

Φ1(αnr) =

[
J1(αnr) Y1(αnr)
J
′
1(αnr) Y

′
1 (αnr)

]
.

Çíàéäåìî îáìåæåíèé ðîçâ'ÿçîê öüîãî ðiâ-
íÿííÿ.

Çàãàëüíèé ðîçâ'ÿçîê ïåðøîãî ðiâíÿííÿ
Áåññåëÿ ç (13) íàáóâàc âèãëÿäó

ϕ1(r) = c1J1(αnr) + c2Y1(αnr) + η∗(r),

äå c1 i c2 � äîâiëüíi ñòàëi, η∗(r) � ÷àñòèííèé
ðîçâ'ÿçîê, ÿêèé çíàõîäèìî ìåòîäîì Ëàãðàí-
æà. Îäåðæèìî, ùî

η∗(r) = u1(r)J1(αnr) + u2(r)Y1(αnr).

Ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü îòðèìàcìî

u1(r) = c(a)−
∫ r

a

f1(s)Y1(αnr)

αn det Φ1(αns)
ds,

u2(r) = c(a) +

∫ r

a

f1(s)J1(αnr)

αn det Φ1(αns)
ds.

Òîäi
η∗(r) =

=

[
c(a)−

∫ r

a

f1(s)Y1(αnr)

αn det Φ1(αns)
ds

]
J1(αnr)+

+

[
c(a) +

∫ r

a

f1(s)J1(αnr)

αn det Φ1(αns)
ds

]
Y1(αnr)

àáî
1

Y1(αnr)
η∗(r) = c(a)

J1(αnr)

Y1(αnr)
−

−J1(αnr)

Y1(αnr)

∫ r

a

f1(s)Y1(αnr)

αn det Φ1(αns)
ds+

+c(a) +

∫ r

a

f1(s)J1(αnr)

αn det Φ1(αns)
ds.

Íåõàé r → 0. Òîäi 1
Y1(αnr)

η∗(r) → 0 i J1(αnr)
Y1(αnr)

→
0. Iç îñòàííüî�� ðiâíîñòi îäåðæèìî

c(a) =
J1(αnr)

Y1(αnr)

∫ 0

a

f1(s)Y1(αnr)

αn det Φ1(αns)
ds−

−
∫ 0

a

f1(s)J1(αnr)

αn det Φ1(αns)
ds.

Ïiäñòàâèìî c(a) â u2(r):

u2(r) = −J1(αnr)

Y1(αnr)

∫ a

0

f1(s)Y1(αnr)

αn det Φ1(αns)
ds+

+

∫ r

o

f1(s)J1(αnr)

αn det Φ1(αns)
ds.

Òîäi ïiñëÿ ïåðåòâîðåíü η∗(r) íàáóäå âèãëÿäó
η∗(r) = J1(αnr)c−

− 1

αn

∫ r

0

det

[
J1(αnr) Y1(αnr)
J1(αns) Y1(αns)

]

det

[
J1(αns) Y1(αns)
J
′
1(αns) Y

′
1 (αns)

]f1(s)ds.

ßêùî c2 = 0, òî äëÿ ϕ1(r) ìàcìî
ϕ1(r) = J1(αnr)c1−

− 1

αn

∫ r

0

det

[
J1(αnr) Y1(αnr)
J1(αns) Y1(αns)

]

det Φ(αns)
f1(s)ds.

Îòæå, ìè îäåðæàëè îáìåæåíèé ðîçâ'ÿçîê
ðiâíÿííÿ Áåññåëÿ.

Iç (15) ìàcìî x1(t) =

[
ϕ1(t)
ϕ1

′(t)

]
. Òîäi

x1(t) = Φ1(αnt)c1− 1

αn

∫ t

0

L(αnt, αns)f1(s)ds,

(16)
äå

Φ1(αnt) =

[
J1(αnt)

αnJ
′
1(αnt)

]
,

L(αnt, αns) =

det

[
J1(αnt) Y1(αnt)
J1(αns) Y1(αns)

]

det Φ(αns)
.
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Íà ïiâiíòåðâàëi (a, b] ôóíäàìåíòàëüíà ìà-
òðèöÿ Φ2(γnt) òàêà:

Φ2(γnt) =

[
I1(γnt) K1(γnt)
I
′
1(γnt) K

′
1(γnt)

]
.

Îñêiëüêè rankD = 1, òî ç óìîâè Dx2(b) =
0 çíàõîäèìî x2(b) = PD1ξ, ξ ∈ R. Òîäi íà
ïiâiíòåðâàëi (a, b] x2(t) íàáóâàc âèãëÿäó

x2(t) = Φ2(γnt)Φ−1
2 (γnb)PD1ξ+

+

∫ b

t

Φ2(γnt)Φ
−1
2 (s)g2(s)ds. (17)

Ïiäñòàâèìî (16) i (17) â iìïóëüñíi óìîâè
(15). Äëÿ äâîâèìiðíîãî âåêòîðà c = [c1 ξ]T

îäåðæèìî àëãåáðà��÷íó ñèñòåìó

Qc = β, (18)

äå

Q =
[
M1Φ(γna) N1Φ2(γna)Φ−1

2 (γnb)PD1

]
,

β = β − 1

αn

M1

∫ a

0

L(αna, αns)f1(s)ds−

−N1

∫ b

a

Φ2(γna)Φ−1
2 (s)g2(s)ds.

Íåõàé rank Q = 2. Òîäi ñèñòåìà (18)
ìàc cäèíèé ðîçâ'ÿçîê c = Q−1β, ÿêèé
çàïèñócòüñÿ ó âèãëÿäi

c =

[
c1

ξ

]
=

[ [
Q−1β

]
1[

Q−1β
]
2

]
.

Îäåðæèìî òàêèé ðîçâ'ÿçîê çàäà÷i (15):

x1(t) = Φ1(αnt)[Q−1β]1+

+
1

αn

∫ t

0

L(αnt, αns)f1(s)ds,

x2(t) = Φ2(γnt)Φ−1
2 (γnb)PD1 [Q

−1β]2+

+

∫ b

t

Φ2(γnt)Φ
−1
2 (s)g2(s)ds.

ßêùî rankQ = 1, òî (15) ìàc îäíîïàðàìå-
òðè÷íó ñiì'þ ðîçâ'ÿçêiâ âèãëÿäó

x1(t) = Φ1(αnt)[PQ1 ]1η + Φ1(αnt)[Q+β]1+

+
1

αn

∫ t

0

L(αnt, αns)f1(s)ds,

x2(t) = Φ2(γnt)Φ−1
2 (γnb)PD1 [PQ1 ]2η+

+Φ2(γnt)Φ−1
2 (γnb)PD1 [Q

+β]2+

+

∫ b

t

Φ2(γnt)Φ−1
2 (s)g2(s)ds.
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