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Äëÿ áàãàòî÷àñòîòíèõ ñèñòåì çi ñòàëèì çàïiçíåííÿì îäåðæàíî îöiíêó ïîõèáêè ìåòîäó
óñåðåäíåííÿ íà ñêií÷åííîìó ïðîìiæêó.

For the multifrequency systems with the delay in �nite segment the estimate of error of
averaging method is obtained.

Áàãàòî÷àñòîòíi ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü àñèìïòîòè÷íèì ìåòîäîì i ìåòî-
äîì óñåðåäíåííÿ äîñëiäæóâàëèñü ó ïðàöÿõ
[1 - 4] òà ií. Õàðàêòåðíîþ îñîáëèâiñòþ òà-
êèõ ñèñòåì c ðåçîíàíñè, ùî îïèñóþòüñÿ ðà-
öiîíàëüíîþ ñïiââèìiðíiñòþ ÷è ìàéæå ñïiâ-
âèìiðíiñòþ ÷àñòîò ó äåÿêi ìîìåíòè ÷àñó.

Ó ìîíîãðàôi�� [2] äëÿ øèðîêèõ êëàñiâ áà-
ãàòî÷àñòîòíèõ ñèñòåì ìåòîä óñåðåäíåííÿ îá-
ãðóíòîâàíèé íà ïiäñòàâi îöiíîê îñöèëÿöié-
íèõ iíòåãðàëiâ. Àíàëîãi÷íi îöiíêè äëÿ ñè-
ñòåì iç çàïiçíåííÿì, ÿêi â ïðîöåñi åâîëþöi��
ïðîõîäÿòü ÷åðåç ðåçîíàíñ, ïîáóäîâàíi ó [5,
6]. Íà âiäìiíó âiä [7, 8], äå ðåçîíàíñè îïè-
ñóâàëèñü òèìè æ ñïiââiäíîøåííÿìè, ùî é
äëÿ ñèñòåì áåç çàïiçíåííÿ, ó [5, 6] âðàõîâàíî
âïëèâ çàïiçíåííÿ â öèõ ñïiââiäíîøåííÿõ.

Ó äàíié ðîáîòi ðîçãëÿäàcòüñÿ ñèñòåìà
ç m ÷àñòîòàìè i ñòàëèì çàïiçíåíÿì. Íå
ïåðåäáà÷àcòüñÿ, ÿê öå ðîáèëîñü â [5], ùî
ïðàâi ÷àñòèíè ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü - òðèãîíîìåòðè÷íi ïîëiíîìè çà ÷àñòè-
íîþ øâèäêèõ çìiííèõ.

1. Óñåðåäíåíà ñèñòåìà. Ðîçãëÿíåìî ñè-
ñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

dx

dτ
= X(τ, x, xh, ϕ, ϕ∆, ε),

dϕ

dτ
=

ω(τ)

ε
+ Y (τ, x, xh, ϕ, ϕ∆, ε). (1)

Òóò x, xh ∈ D, D - îáìåæåíà îáëàñòü
â Rn, ϕ, ϕ∆ ∈ Rm, m ≥ 1, ε ∈ (0, ε0],
ε0 << 1, τ = εt ∈ [0, L], L = const > 0;
xh(τ) = x(τ−εh), ϕ∆(τ) = ϕ(τ−ε∆), (n+m)-
âèìiðíà âåêòîð-ôóíêöiÿ A(τ, x, z, u, v, ε)

= [X(τ, x, z, u, v, ε), Y (τ, x, z, u, v, ε)] 2π-
ïåðiîäè÷íà çà çìiííèìè uν , vν , ν = 1, . . . ,m.

Óìîâîþ ðåçîíàíñó â ñèñòåìi (1) ñëóæèòü
âèêîíàííÿ ñïiââiäíîøåííÿ

γkl ≡ (k, ω(τ)) + (l, ω(τ − ε∆)) ≈ 0 (2)

ó äåÿêèõ òî÷êàõ (τ, ε), τ ≥ τ1 = ε∆, ε ∈
(0, ε0], äå k i l - öiëî÷èñëîâi âåêòîðè, k+l 6= 0,
(·, ·) - ñêàëÿðíèé äîáóòîê. Êîëè τ - òî÷êà iç
[0, τ1), òî ïiä ðåçîíàíñîì ðîçóìiòèìåìî âè-
êîíàííÿ ðiâíîñòi

(k, ω(τ)) + (l, ω(0)) = 0.

ßêùî k + l = 0, òî äëÿ ôiêñîâàíîãî âå-
êòîðà k 6= 0 i τ ≥ τ1 âíàñëiäîê ìàëîñòi çàïi-
çíåííÿ ìàcìî (k, ω(τ) − ω(τ − ε∆)) = O(ε).
Îòæå, ñèñòåìà (1) ó öüîìó âèïàäêó âîëîäic
âëàñòèâiñòþ çàñòðÿãàííÿ â ðåçîíàíñíié çîíi
[3, c. 48]. Òîìó â óñåðåäíåíié ñèñòåìi çáåðå-
æåìî ñêëàäîâi, äëÿ ÿêèõ k + l = 0. Äëÿ öüî-
ãî ââåäåìî çìiííó ψ = ϕ − ϕ∆ i óñåðåäíèìî
ïðàâó ÷àñòèíó (1) çà çìiííîþ ϕ:

A(τ, x, z, ψ, ε) =

=
1

(2π)m

2π∫

0

. . .

2π∫

0

A(τ, z, ϕ, ϕ−

−ψ, ε)dϕ1 . . . dϕm =
∑

k+l=0

Akl(τ, x, z, ε)e−i(k,ψ).

Äëÿ τ ≥ τ1 ìàcìî ψ(τ, ε)− ω(τ)∆ = O(ε).
Âðàõîâóþ÷è öþ îöiíêó, ïîáóäócìî óñåðåäíå-
íó ñèñòåìó ó âèãëÿäi

dx

dτ
= X(τ, x, xh, ψ, ε),
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dϕ

dτ
=

ω(τ)

ε
+ Y (τ, x, xh, ψ, ε), (3)

äå ψ = ω(τ)∆.
Ðîçãëÿíåìî ïðèêëàä äâî÷àñòîòíî�� ñèñòå-

ìè çi ñòàëèì çàïiçíåííÿì
dx

dτ
= cos(2ϕ1 − 6ϕ2 − ϕ1∆ + 4ϕ2∆),

dϕ1

dτ
=

2 + 4τ

ε
,

dϕ2

dτ
=

1 + τ

ε
, τ ∈

[
0,

1

2

]
,

ϕ∆(τ) = ϕ
(
τ − π

2
ε
)

.

Ñèñòåìà ìàc ðåçîíàíñ ïðè τ = 0, îñêiëü-
êè (k, ω(τ)) + (l, ω(0)) = 2τ . Çàóâàæèìî, ùî
(k, ω(τ)) = 2(τ−1) 6= 0. Âèêîðèñòàâøè àñèì-
ïòîòèêó iíòåãðàëà Ôðåíåëÿ äëÿ τ = 1/2,
îäåðæèìî

x(τ, ε)− x =

τ∫

0

cos
τ 2

2ε
dτ =

=

√
πε

2
+ O(

4
√

ε3) = O(
√

ε).

Îöiíêà îñöèëÿöiéíîãî iíòåãðàëà.
Ðîçãëÿíåìî îñöèëÿöiéíèé iíòåãðàë

Iλ(t, τ, s, ε) =

t+τ∫

t

f(s, ε) exp

{
i

ε
×

s∫

s

γλ(z, ε)dz



 ds, (4)

äå γλ(τ, ε) = (λ(1), ω(τ)) + (λ(2), ω(τ − ε∆)),
λ = [λ(1), λ(2)] - äîâiëüíèé 2m-âèìiðíèé âåê-
òîð, λ(1) + λ(2) 6= 0.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ íàñòó-
ïíi óìîâè:

1) ôóíêöi�� ων ∈ Cm(R), ν = 1, . . . , m;
ω

(j)
ν (τ) - ðiâíîìiðíî íåïåðåðâíi íà R äëÿ j =

0, 1, . . . ,m − 1 i îáìåæåíi ñòàëîþ σ1 äëÿ
j = 1, . . . , m;

2) âèçíà÷íèê Âðîíñüêîãî äëÿ ñèñòåìè
ôóíêöié {ω1(τ), . . . , ωm(τ)}

det V (τ) 6= 0, τ ∈ R

i
sup
τ∈R

‖V −1(τ)‖ ≤ σ2;

3) ∀ε ∈ (0, ε0] âåêòîð-ôóíêöiÿ f(·, ε) ∈
C1(R);

4) ‖λ(1)‖ àáî ‖λ(2)‖ îáìåæåíi çâåðõó âå-
ëè÷èíîþ N0ε

−β, 0 ≤ β < 1, N0 > 0.
Òîäi äëÿ âñiõ t ∈ R, τ ∈ [0, L], s ∈ R, ε ∈

(0, ε0], ε0(σ1, σ2, β) ≤ ε0, òà äiéñíèõ âåêòî-
ðiâ λ(1) i λ(2), λ(1) +λ(2) 6= 0, ñïðàâäæócòüñÿ
íåðiâíiñòü

‖Iλ(t, τ, s, ε)‖ ≤ c1
m
√

ε

(
sup
G1

‖f(τ, ε)‖+

+
1

‖λ(1) + λ(2)‖ sup
G2

∥∥∥∥
df(τ, ε)

dτ

∥∥∥∥
)

, (5)

äå G1 = [t, t + L] × (0, ε0], c1 > 0 i íå çàëå-
æàòü âiä λ, t, s i ε; ‖λ(ν)‖ = |λ(ν)

1 |+· · ·+|λ(ν)
m |,

ν = 1, 2.
Äîâåäåííÿ. Çàïðîâàäèìî òàêi ïîçíà÷åí-

íÿ:
V1(τ, ε) = V (τ − ε∆)− V (τ),

Ωλ(τ, ε) = (γλ(τ, ε), γ
′
λ(τ, ε), . . . , γ

(m−1)
λ (τ, ε))T .

Òîäi

V (τ)λ(1) + V (τ − ε∆)λ(2) = Ωλ(τ, ε). (6)

Îñêiëüêè ‖V2(τ, ε)‖ ≤ εσ1m, òî iç (6)

‖Ωλ(τ, ε)‖ ≥ ‖λ(1) + λ(2)‖
σ2

−

−εσ1∆m‖λ(2)‖/‖λ(1) + λ(2)‖ ≥ ‖λ(1)+

+λ(2)‖/(2σ2), (7)

ÿêùî ε0 ≤ (2σ1σ2∆m)1/(β−1)

Iç ðiâíîìiðíî�� íåïåðåðâíîñòi ôóíêöié
ω

(j)
ν (τ), j = 0, . . . ,m − 1 íà R âèïëèâàc,

ùî ∀d > 0 ∃δ > 0 òàêå, ùî ∀τ1, τ2 ∈ R
òàêèõ, ùî |τ2 − τ1| < δ âèêîíócòüñÿ íå-
ðiâíiñòü |ω(j)

ν (τ2) − ω
(j)
ν (τ1)| < d, ÿê òiëüêè

|τ2 − τ1| < d. Ïîäàìî ïðîìiæîê [t, t + τ ] ó
âèãëÿäi îá'cäíàííÿ

[t, t + τ ] =
r⋃

ν=0

Tν , Tν = [tν , tν + δ], tν = t + νδ,
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ν = 0, . . . , r − 1; Tr = [tr, τ ], r ≤ L ≤ δ.

Çàôiêñócìî λ(1) i λ(2), λ(1) +λ(1) 6= 0. Iç (7)
âèïëèâàc, ùî ∀(τ, ε) ∈ Tν × [0, ε0] çíàéäåòüñÿ
q = q(τ, ε), 0 ≤ q ≤ m− 1, òàêå, ùî

|γ(q)
λ | ≥ max

0≤j≤m−1
|γ(j)

λ (τ, ε)| ≥ ‖λ(1) + λ(2)‖
2mσ2

.

Íåõàé q = q(τ ν , 0), äå τ ν = tν + 0.5δ i d =
(4mσ2)

−1. Òîäi

|γ(q)
λ | ≥ ‖λ(1) + λ(2)‖

4mσ2

, (τ, ε) ∈ Tν × [0, ε0]. (8)

Ñïðàâäi,

|γ(q)
λ (τ, ε)| ≥ |γ(q)

λ (τ ν , 0)|−

−|(λ(1) + λ(2), ω(q)(τ ν)− ω(q)(τ))|−
|(λ(2), ω(q)(τ)− ω(q)(τ − ε∆))| ≥

‖λ(1) + λ(2)‖/(4mσ2).

Àíàëîãi÷íî äëÿ j = 0, 1, . . . , m − 1 äîâî-
äèòüñÿ ùå îäíà íåðiâíiñòü

|γ(j)
λ (τ, ε)| ≤ σ3|γ(q)

λ (τ, ε)|, (τ, ε) ∈ Tν × [0, ε0],
(9)

äå σ3 = 1 + m/4 + 4mσ1σ2.
Ïåðåéäåìî äî îöiíêè îñöèëÿöiéíîãî iíòå-

ãðàëà (5) íà êîæíîìó iç ïðîìiæêiâ Tν . Íåõàé
q = 0. Òîäi íà Tν ðåçîíàíñè âiäñóòíi, îñêiëü-
êè

|γλ(τ, ε)| ≥ σ3‖λ(1) + λ(2)‖/σ4, σ4 = 4mσ2.
(10)

Ïðîiíòåãðóâàâøè (5) ÷àñòèíàìè ó ìåæàõ
âiä tν äî tν+1 i âðàõóâàâøè íåðiâíîñòi (9) i
(10), îäåðæèìî

∥∥∥∥∥∥

tν+1∫

tν

gλ(s, ε)ds

∥∥∥∥∥∥
≤ σ4ε

‖λ(1) + λ(2)‖×

×
[
(2 + σ3δ) sup

G1

‖f(τ, ε)‖+ sup
G1

∥∥∥∥
df(τ, ε)

dτ

∥∥∥∥
]

,

(11)

äå gλ(τ, ε) = f(τ, ε) exp





i

ε

s∫

s

γλ(z)dz



 ds.

Íåõàé q > 0. Ïðèïóñòèìî, ùî µ =
min(2, δ/p), p = (m2 − m + 2)/2, χ(ε) =

σ−1
4 ε

m−1
m . Ìíîæèíó rλ(ε) = {τ ∈ R :

|γλ(τ, ε)| ≤ χ(ε)‖λ(1) + λ(2)‖} íàçâåìî ðåçî-
íàíñíîþ. Íåõàé

rν
λ = Tν

⋂
rλ(ε).

ßêùî âèêîíócòüñÿ íåðiâíiñòü (8), òî ∀ε ∈
(0, ε0] ôóíêöiÿ γ

(q−1)
λ (τ, ε) ìàc íà Tν íå áiëü-

øå îäíîãî íóëÿ τ
(q−1)
ν àáî íå áiëüøå îäíîãî

ðàçó âõîäèòü ó ðåçîíàíñíó çîíó. Âèäiëèìî iç
Tν ïðîìiæîê [τ

(q−1)
ν −µ/2, τ

(q−1)
ν +µ/2] ó ïåð-

øîìó i [νδ, νδ + µ/2] àáî [(ν + 1)δ− µ/2, (ν +
1)δ] ó äðóãîìó âèïàäêó. Äëÿ τ , ÿêi íå íàëå-
æàòü òàêèì ïðîìiæêàì, ìàcìî

|γ(q−1)
λ (τ, ε)| ≥ ‖λ(1) + λ(2)‖

σ4

µ

2
.

Êiëüêiñòü íóëiâ i âõîäæåíü ó ðåçîíàíñíó
ìíîæèíó ôóíêöi�� γ

(q−j)
λ (τ, ε), j = 2, . . . , m,

∀ε ∈ (0, ε0] íå ïåðåâèùóc j. Ïîçíà÷èìî
îá'cäíàííÿ âiäïîâiäíèõ ïðîìiæêiâ äëÿ j =
1, . . . , q ÷åðåç Rν , à çàìèêàííÿ ìíîæèíè Tν \
Rν ÷åðåç Nν . Òîäi

Nν =

p1⋃
α=1

[aα, bα], p1 ≤ p.

Äëÿ τ ∈ [aα, bα] i ε ∈ [0, ε0] òà j = 1, . . . , q
ìàcìî

|γ(q−j)
λ (τ, ε)| ≥ ‖λ(1) + λ(2)‖

σ4

(µ

2

)j

≥

≥ ‖λ(1) + λ(2)‖
σ4

(µ

2

)m−1

. (12)

ßêùî ïðèïóñòèòè, ùî µ = 2 m
√

ε, òî äëÿ
τ ⊂ Nν i âñiõ ε ∈ [0, ε0], âðàõîâóþ÷è, ùî
γλ(τ, ε) çáåðiãàc çíàê, îäåðæèìî

∥∥∥∥∥∥

∫

Nα

gkl(s, ε)ds

∥∥∥∥∥∥
≤ σ4ε

1/m

‖λ(1) + λ(2)‖×

×
(

4p sup
G1

‖f‖+ δ sup
G1

∥∥∥∥
df

dτ

∥∥∥∥
)

. (13)
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Íà ðåçîíàíñíié ìíîæèíi Rν∥∥∥∥∥∥

∫

Rν

gλ(s, ε)ds

∥∥∥∥∥∥
≤ (p− 1)µ sup

G1

‖f(τ, ε)‖. (14)

Íåõàé σ6 = (2δ−1 + σ3)σ5, σ5 = σ4L, c1 =
max(σ5, σ6) i ε0 çàäîâîëüíÿc íåðiâíiñòü

ε
m−1

m (2 + δσ3)σ6 ≤ 2pσ6 + m.

Îá'cäíóþ÷è íåðiâíîñòi (11), (13) i (14),
îäåðæèìî îöiíêó (6). Òåîðåìó 1 äîâåäåíî.

Ïðèïóñòèìî, ùî çàìiñòü óìîâè 4) òåîðå-
ìè 1 ∀λ, λ(1) + λ(2) 6= 0, ìàcìî

‖λ(1) +λ(2)‖ > ‖λ(2)‖ àáî ‖λ(1) +λ(2)‖ > ‖λ(1)‖.
(15)

Òåîðåìà 2. ßêùî âèêîíóþòüñÿ óìîâè
1) - 3) òåîðåìè 1 i îäíà iç íåðiâíîñòåé
(15), òî ∃c1 > 0 òàêà, ùî äëÿ âñiõ t ∈ R,
τ ∈ [0, L], s ∈ R i ε ∈ (0, ε0] ñïðàâäæócòüñÿ
îöiíêà (6).

Ñïðàâäi, ó öüîìó âèïàäêó

‖Ωλ(τ, ε)‖ ≥ ‖λ(1) + λ(2)‖
‖V −1(τ, ε)‖ (1−ε∆‖V1(τ, ε)‖) ≥

≥ ‖λ(1) + λ(2)‖
2σ2

,

ÿêùî ε0 ≤ (2σ1σ2m∆)−1.
3. Îáãðóíòóâàííÿ ìåòîäó óñåðåäíå-

ííÿ. Íà ïiäñòàâi îöiíêè (6) âäàcòüñÿ îáãðóí-
òóâàòè ìåòîä óñåðåäíåííÿ äëÿ ñèñòåìè (1).

Òåîðåìà 3. Íåõàé:
1) ôóíêöi�� ων ∈ Cm[0, L] i âèçíà÷íèê

Âðîíñüêîãî, ïîáóäîâàíèé çà ñèñòåìîþ ôóí-
êöié {ω1(τ), . . . , ωm(τ)}, âiäìiííèé âiä íóëÿ
íà [0, L];

2) äëÿ êîæíîãî ε ∈ [0, ε0] âåêòîð-ôóíêöiÿ
A(τ, x, z, u, v, ε) ìàc â îáëàñòi G [0, L]×D×
D ×Rm × [0, ε0] íåïåðåðâíi ïåðøi ïîõiäíi çà
τ, x, z, u, îáìåæåíi ðàçîì iç A ñòàëîþ a1 >
0, i p ≥ m + 1 ïîõiäíèõ çà çìiííîþ v;

3) íà ïðîìiæêó [0, L] iñíóc cäèíèé
ðîçâ'ÿçîê óñåðåäíåíî�� ñèñòåìè (3), êîìïî-
íåíòà x(τ) ÿêîãî ëåæèòü â D ðàçîì iç äå-
ÿêèì ρ-îêîëîì;

4) äëÿ êîåôiöicíòiâ Ôóð'c âåêòîð-
ôóíêöi�� A(τ, x(τ, ε), xh(τ, ε), ψ(τ), ε)âçäîâæ

ðîçâ'ÿçêó x(τ, ε), êîëè (τ, ε) ∈ G2 =
[0, L]× (0, ε0] ñïðàâäæócòüñÿ íåðiâíiñòü

∑

k+l 6=0

[
sup
G2

‖Akl‖+
1

‖k + l‖×

×
(

sup
G2

∥∥∥∥
∂Akl

∂τ

∥∥∥∥ + a1

(
sup
G2

∥∥∥∥
∂Akl

∂x

∥∥∥∥ +

+ sup
G2

∥∥∥∥
∂Akl

∂z

∥∥∥∥
))]

≤ a2;

5) âèêîíócòüñÿ íåðiâíiñòü
∑

k+l=0

sup ‖Akl‖ ≤ a3.

Òîäi äëÿ äîñèòü ìàëîãî ε0 > 0, âñiõ τ ∈
[0, L] i ε ∈ (0, ε0] ñïðàâäæócòüñÿ îöiíêà

η(τ, ε) = ‖x(τ, ε)− x(τ, ε)‖+
+‖ϕ(τ, ε)− ϕ(τ, ε)‖ ≤ c4ε

1/m,

äå ñòàëà c4 > 0 i íå çàëåæèòü âiä ε.
Äîâåäåííÿ. Ðîçâ'ÿçîê ñèñòåìè (1) iñíóc

íà äåÿêîìó ìàêñèìàëüíîìó ïiâiíòåðâàëi
[0, τ). Ìîæíà ââàæàòè, ùî

τ > τ2, τ2 = εθ, θ = max(h, ∆).

Iç ñèñòåì (1) i (3) ç îäíàêîâèìè ïî÷àòêîâèìè
äàíèìè ìàcìî

η(τ, ε) ≤ 2a1

τ∫

0

η(s, ε)ds+

+
∑

k+l 6=0

‖l‖≤N

‖
τ∫

τ2

Akl(s, x(s, ε), xh(s, ε), ε)×

× exp[i(k, ϕ(s, ε) + i(l, ϕ∆(s, ε))]ds‖+

+
∑

k+l=0

‖k‖≤N

‖
τ∫

τ2

Akl(s, x, xh, ε)(e
i(k,ϕ−ϕ∆)−

−e−i(k,ω(s))∆)ds‖+

τ2∫

0

‖A(s, x, xh, ϕ, ϕ∆, ε)−

−A(s, x, xh, ψ, ε)‖ds+
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+

τ∫

τ2

‖
∑

‖l‖≥N

Akl(s, x, xh, ε) exp[i(k, ϕ)+

+i(l, ϕ∆)]ds‖ = 2a1

τ∫

0

η(s, ε)ds+

+
∑

k+l 6=0

‖l‖≤N

‖Ikl(τ, ε)‖+ R1 + R2 + RN ,

äå

Ikl(τ, ε) =

τ∫

τ2

Akl(s, x(s, ε), xh(s, ε), ε)×

× exp[i(k, ϕ(s, ε)) + i(l, ϕ∆(s, ε))]ds.

Ñêîðèñòàâøèñü îöiíêîþ çàëèøêó ðÿäó
Ôóð'c [9, c. 89], îäåðæèìî

RN =

τ∫

τ2

‖
∑

‖l‖≥N

Akl(s, x, xh, ε) exp[i(k, ϕ)

+i(l, ϕ∆)]ds‖
≤ (τ − τ2)a12

mNm−p ≤ 2ma1Lε1/m, (17)

ÿêùî N ≥ ε−β, β = (m(p−m))−1.
Äëÿ R2 ìàcìî:

R2 =

τ2∫

0

‖A(s, x, xh, ϕ, ϕ∆, ε)−

−A(s, x, xh, ψ, ε)‖ds ≤ 2τ2a1 ≤ 2a1θε. (18)

Íà ïiäñòàâi óìîâè 1) i ‖l‖ < ε−β îäåðæèìî

R1 =
∑

k+l 6=0

‖l‖≤N

‖
τ∫

τ2

Akl(s, x(s, ε), xh(s, ε), ε)×

× exp[i(k, ϕ(s, ε) + i(l, ϕ∆(s, ε))]ds‖+

≤
∑

k+l=0

‖l‖≤N

τ∫

τ2

‖Akl(s, x, xh, ε)‖‖l‖×

× max
1≤ν≤m

|ϕν(s, ε)−ϕν(s+ε∆, ε)−ων(s)∆|ds ≤
≤ L∆(a3 + 0.5σ1∆)εN0×

× sup
G2

∑

k+l

‖l‖≤N

‖Akl(τ, x, xh, ε)‖ ≤ c2ε
1−β < c2e

1/m.

Îòæå,
R1 ≤ c2ε

1/m, (19)

äå c2 = a3∆L(a1 + 0.5σ1θ).
Çàïèøåìî iíòåãðàë Ikl ó âèãëÿäi

Ikl(τ, ε) =

τ∫

τ2

(Akl(s, x(s, ε), xh(s, ε), ε)×

exp[i

s∫

τ2

((k, Y ) + (l, Y ∆))dz])×

× exp[
i

ε

s∫

τ2

γkl(z, ε)dz]ds.

Ñêîðèñòàcìîñü îöiíêîþ (5), äå

f(s, ε) = Akl(s, x(s, ε), xh(s, ε), ε)

exp


i

s∫

τ2

((k, Y ) + (l, Y ∆))dz


 .

Îñêiëüêè ‖l‖ < N0, òî iç óìîâ 1), 2) òåîðåìè
3 îäåðæèìî

|(k, Y ) + (l, Y ∆)| ≤ |(k, Y )|+ |(l, Y − Y ∆)| ≤

≤ a1‖k + l‖+ a1

m∑
ν=1

|lν |ε∆(1+2a1 +m∆σ1) ≤

≤ a1‖k+l‖+c3ε
1−β, c3 = a1∆(1+2a1m∆σ1).

Íà ïiäñòàâi îöiíêè (5)
∑

k+l 6=0

‖l‖≤N

‖Ikl(τ, ε)‖ ≤ c1
m
√

ε
∑

k+l 6=0

‖l‖≤N

[sup
G2

‖Akl+

+
1

‖k + l‖(sup

∥∥∥∥
∂Akl

∂τ

∥∥∥∥ + a1(sup

∥∥∥∥
∂Akl

∂x

∥∥∥∥ +

+ sup

∥∥∥∥
∂Akl

∂xh

∥∥∥∥) + a1 sup ‖Akl‖‖k + l‖+

+a3ε
1−β sup ‖Akl‖)] ≤ (1 + 2a1)a2c1ε

1/m (20)
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ïðè óìîâi, ùî

c3a
−1
1 ε1−β

0 ≤ 1.

Íà ïiäñòàâi îöiíîê (17) - (20) i íåðiâíñòi
Ãðîíóîëëà îäåðæèìî îöiíêó ïîõèáêè ìåòî-
äó óñåðåäíåííÿ íà [0, τ ]

η(τ, ε) ≤ e2a1L[(2ma1 + a3c2)L + (a1 + a3)∆+

+(1 + 2a1)a2c1]ε
1/m ≡ c4ε

1/m.

ßêùî
2c4ε

1/m
0 ≤ ρ,

òî x(L, ε) ∈ D ðàçîì iç ρ/2-îêîëîì, òîìó
îöiíêà η(τ, ε) ≤ c4ε

1/m âèêîíócòüñÿ íà [0, L].
Òåîðåìó äîâåäåíî.
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