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ÅÊÑÏÎÍÅÍÖIÀËÜÍÀ ÑÒIÉÊIÑÒÜ Ç IÌÎÂIÐÍIÑÒÞ ÎÄÈÍÈÖß
ÑÒÎÕÀÑÒÈ×ÍÈÕ ÑÈÑÒÅÌ IÒÎ-ÑÊÎÐÎÕÎÄÀ ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÓ

Äëÿ êîåôiöicíòiâ ñòîõàñòè÷íèõ ñèñòåì Iòî-Ñêîðîõîäà íåéòðàëüíîãî òèïó îäåðæàíi îöiíêè,
ÿêi ãàðàíòóþòü åêñïîíåíöiàëüíó ñòiéêiñòü ç iìîâiðíiñòþ îäèíèöÿ ðîçâ'ÿçêiâ öèõ ñèñòåì.

The exponential behaviour almost shure of solutions of neutral stochastic functional di�erential
equations with Puasson perturbations is described.

�1. Ëiíiéíi ñòîõàñòè÷íi ñèñòåìè
íåéòðàëüíîãî òèïó ç ïóàññîíiâñüêè-
ìè ïåðåìèêàííÿìè. Íåõàé çàäàíî iìî-
âiðíiñíèé ïðîñòið (Ω,F ,P) òà ôiëüòðà-
öiÿ {Ft, t ≥ 0} [1],[3]. Âèïàäêîâèé ïðîöåñ
{x (t) ≡ x (t, ω) , t > 0, ω ∈ Ω} ⊂ Rn çàäàíèé
ÿê ñèëüíèé ðîçâ'ÿçîê ñòîõàñòè÷íîãî äèôå-
ðåíöiàëüíîãî ðiâíÿííÿ íåéòðàëüíîãî òèïó
ç ïóàññîíiâñüêèìè ïåðåìèêàííÿìè (ÑÄÐÍ-
ÒÏÏ) [1]:

d [x (t)− Cx (t− τ)] =

= [A0x (t) + A1x (t− τ)] dt + ρ (t) dw (t) +

+

∫

U

σ (t, u) ν̃ (dt, du) , (1.1)

çà ïî÷àòêîâîþ óìîâîþ

x (t) = ψ (t) , t ∈ [−τ, 0] , (1.2)

äå {ψ (t) = ψ (t, ω)} - îáìåæåíèé íåïåðåðâíî-
äèôåðåíöiéîâíèé âèïàäêîâèé ïðîöåñ iç çíà-
÷åííÿìè â Rn; A0, A1, C - äiéñíi ìàòðè-
öi ïîðÿäêó n, τ > 0 - ñòàëå âiäõèëå-
ííÿ àðãóìåíòó; {ρ (t) ≡ ρ (t, ω)} ⊂ Rn×m,
{σ (t, u) ≡ σ (t, u, ω)} ⊂ Rn, u ∈ U ⊂ Rn -
Ft-âèìiðíi îáìåæåíi âèïàäêîâi ïðîöåñè.

Ïiä ìàòðè÷íîþ íîðìîþ áóäåìî ðîçóìi-
òè ñïåêòðàëüíó íîðìó [3], òîáòî ‖ A ‖ ≡√

λmax(B), äå λmax (B) , λmin (B) - âiäïîâiä-
íî ìàêñèìàëüíå i ìiíiìàëüíå âëàñíi çíà÷å-
ííÿ ìàòðèöi B = AT A. Ïîçíà÷èìî ÷åðåç
| · | åâêëiäîâó íîðìó, òîáòî |x | =

√
xT x, äå

x ∈ Rn.

Ïiä ñèëüíèì ðîçâ'ÿçêîì ñèñòåìè ÑÄÐÍ-
ÒÏÏ (1.1),(1.2) ñëiä ðîçóìiòè âèïàäêî-
âèé ïðîöåñ {x (t) ≡ x (t, ω)} ⊂ Rn, ÿêèé
çàäîâîëüíÿc óìîâè:
1) ÿêùî Ft - ìiíiìàëüíà σ - àëãåáðà, âiä-

íîñíî ÿêî�� âèìiðíi {x (s)}, { w(s) },
{ν̃ (s, A)}, s 6 t, òî ñóêóïíiñòü âè-
ïàäêîâèõ âåëè÷èí {w (t + h)− w (t)},
{ν̃ ([t, t + h] , A)} , A ∈ U ⊂ Rn, íå çà-
ëåæèòü âiä ôiëüòðàöi�� {Ft, t ≥ 0 },
òîáòî {w (t)}, {ν̃ (s, A)} óçãîäæåíi ç
ôiëüòðàöicþ {Ft, t ≥ 0};

2) iñíóþòü ñòîõàñòè÷íi iíòåãðàëè âiä âèðà-
çiâ ó ïðàâié ÷àñòèíi (1.1);

3) äëÿ ∀ t > 0 ïðèðiñò { x(t)− Cx(t− τ) }
çáiãàcòüñÿ iç ñóìîþ ñòîõàñòè÷íèõ iíòå-
ãðàëiâ ó ïðàâié ÷àñòèíi (1.1) íà ïðîìiæ-
êó [0, t], òîáòî âèêîíócòüñÿ iíòåãðàëüíà
ðiâíiñòü

x (t)− C x (t− τ) = ψ (0)− C ψ (−τ) +

+

t∫

0

[A0x (s) + A1x (s− τ)] ds+

+

t∫

0

ρ (s) dw (s) +

t∫

0

∫

U

σ (s, u) ν̃ (ds, du) ;

(1.3)

4) ∀ t ∈ [−τ, 0] , x (t) ≡ ψ (t), òîáòî âèïàä-
êîâèé ïðîöåñ x (t) óçãîäæåíèé ç ïî÷à-
òêîâîþ óìîâîþ (1.2).
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Îñêiëüêè óìîâè òåîðåìè iñíóâàííÿ òà
cäèíîñòi äëÿ çàäà÷i (1.1),(1.2) âèêîíóþòüñÿ
[8], òî ñèëüíèé ðîçâ'ÿçîê iñíóc i cäèíèé ç òî-
÷íiñòþ äî ñòîõàñòè÷íî�� åêâiâàëåíòíîñòi. Íà-
äàëi ñèëüíèé ðîçâ'ÿçîê [6] çàäà÷i (1.1), (1.2)
çà ïî÷àòêîâîþ óìîâîþ {ψ ≡ ψ(t, ω)} ⊂ Rn

ïîçíà÷àòèìåìî x (t, ψ).
Îçíà÷åííÿ 1.1. Ðîçâ'ÿçîê çàäà÷i

(1.1),(1.2) íàçèâàcòüñÿ åêñïîíåíöiàëüíî
ñòiéêèì ç iìîâiðíiñòþ îäèíèöÿ, ÿêùî iñíóc
ñòàëà γ > 0 òàêà, ùî ∀ψ ∈ Rn äëÿ t > 0
ç iìîâiðíiñòþ îäèíèöÿ ñïðàâäæócòüñÿ
íåðiâíiñòü |x(t, ψ)| < k(ψ)e−γt, ïðè÷îìó
P{ω : 0 < k(ψ) < ∞} = 1.

Ëåìà 1.1. Íåõàé:
1) G : Rn → Rn - âèìiðíà çà Áîðåëåì

ôóíêöiÿ òàêà, ùî äëÿ äåÿêîãî k ∈ (0, 1)
ñïðàâäæócòüñÿ

|G (x) | 6 k |x | ∀x ∈ Rn; (1.4)

2) |ϕ (t)−G (ϕ (t− τ)) |2 ≤
≤ K (1 + ln l) e−α(l−1)τ (1.5)

äëÿ (l − 1) τ 6 t 6 lτ, l ≥ l0, äå
{ϕ (t)} ⊂ Rn, −τ 6 t < ∞ - âèìiðíà
çà Áîðåëåì ôóíêöiÿ, α > 0, K > 0,
{l, l0} ⊂ N.

Òîäi lim
t→∞

1

t
ln ( |ϕ (t) | ) 6 −1

2
max(α, β), äå

β ≡ −2

τ
ln l > 0.

Äîâåäåííÿ ëåìè 1.1 íàâåäåíå â [4].
Òåîðåìà 1.1. Íåõàé:
1) iñíóþòü äâi ñèìåòðè÷íi ìàòðèöi Q

i D ïîðÿäêó n, äå Q � äîäàòíî-âèçíà÷åíà,
D � íåâiä'cìíî-âèçíà÷åíà, òàêi, ùî ñèìå-
òðè÷íà ìàòðèöÿ

H ≡
(

h11 h12

h21 h22

)

âiä'cìíî-âèçíà÷åíà, äå

h11 = QA0 + AT
0 Q + D,

h12 = QA1 − AT
0 QC,

h21 = AT
1 Q− CT QA0,

h22 = −CT QA0 − AT
1 QC −D,

ïðè÷îìó ‖ Ñ ‖ < 1;
2) iñíóþòü γ > 0 i δ > 0 òàêi, ùî ∀ t > 0

sp
[
ρ (t) ρT (t)

]
6 δ

2
e−γt, (1.6)

∫

U

sp
[
σ (t, u) σT (t, u)

]
Π (du) 6

≤ δ

2
e−γt, (1.7)

äå sp ( · ) � ñëiä âiäïîâiäíî�� ìàòðèöi.
Òîäi:
I. Ðîçâ'ÿçîê çàäà÷i (1.1),(1.2) åêñïîíåíöi-

àëüíî ñòiéêèé ç iìîâiðíiñòþ îäèíèöÿ.
II. Âåðõíÿ ìåæà åêñïîíåíòè Ëÿïóíîâà

ðîçâ'ÿçêó (1.1),(1.2) çàäîâîëüíÿc îöiíêó

lim
t→∞

1

t
ln ( |x (t , ψ) | ) 6

≤ −max(γ, α, β)

2
, (1.8)

äå α ∈ (0, λ) � ðîçâ'ÿçîê ðiâíÿííÿ

2α ‖Q ‖+ ατeατ ‖D ‖ = λ; (1.9)

β ≡ −2

τ
ln ( ‖C ‖ ) > 0,

äå λ ≡ −λmax (H).
Äîâåäåííÿ. Çàôiêñócìî ïî÷àòêîâèé

ïðîöåñ ψ ∈ Rn äîâiëüíèì ÷èíîì i ðîçâ'ÿ-
çîê íàäàëi ïîçíà÷àòèìåìî x (t) ≡ x(t, ψ).
Âèçíà÷èìî ôóíêöiîíàë Ëÿïóíîâà:

V (z, t) = zT Qz+

+

0∫

−τ

xT (t + s) D x (t + s) ds (1.10)

äëÿ (z, t) ∈ Rn × [0,∞). Çàñòîñóâàâøè äî
V (x (t)− C x (t− τ) , t) óçàãàëüíåíó ôîðìó-
ëó Iòî [1], îäåðæèìî ç iìîâiðíiñòþ 1:

d V (x (t)− C x (t− τ) , t) =

= {L0 (V ) + Lπ (V ) + LN (V )} dt+
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+
(
[x (t)− C x (t− τ)]T Qρ (t) +

+ρT (t) Q [x (t)− C x (t− τ)]
)
dw (t) +

+

∫

U

[V (x (t)− C x (t− τ) + σ (t, u) , t)−

−V (x (t)− C x (t− τ) , t)] ν̃ (dt, du) ,

äå

L0 (V ) = xT (t) D x (t)−xT (t− τ) D x (t− τ) +

+ [x (t)− C x (t− τ)]T Q [A0x (t) + A1x (t− τ)] +

+ [A0x (t) + A1x (t− τ)]T Q [x (t)− C x (t− τ)] ,

Lπ (V ) =

∫

U

(
[x (t)− C x (t− τ) + σ (t, u)]T Q×

× [x (t)− C x (t− τ) + σ (t, u)]−

− [x (t)− C x (t− τ)]T Q [x (t)− C x (t− τ)]−

− [x (t)− C x (t− τ)]T Qσ (t, u)−

−σT (t, u) Q [x (t)− C x (t− τ)]
)
Π (du) =

=

∫

U

σT (t, u) Qσ (t, u) Π (du),

LN (V ) = sp
(
Qρ (t) ρT (t)

)
.

Çàóâàæèìî, ùî íàäàëi âñi îöiíêè ñëiä ðî-
çóìiòè ç iìîâiðíiñòþ 1. Ëåãêî áà÷èòè, ùî
çãiäíî ç îçíà÷åííÿì ìàòðèöi H âèêîíócòüñÿ
îöiíêà

L0 (V ) 6
(
xT (t) , xT (t− τ)

)
H

(
x (t)

x (t− τ)

)
6

≤ −λ · ( |x (t) |2 + |x (t− τ) |2) , (1.11)

çãiäíî ç óìîâîþ (1.6):

LN (V ) 6 ‖Q ‖ δ

2
e−γt (1.12)

çãiäíî ç óìîâîþ (1.7):

Lπ (V ) =

∫

U

sp
(
Qσ (t, u) σT (t, u)

)
Π (du) 6

≤ ‖Q ‖ δ

2
e−γt. (1.13)

Òîäi ç (1.11)-(1.13) ìàòèìåìî

dV (x (t)− C x (t− τ) , t) 6

≤ −λ · ( |x (t) |2 + |x (t− τ) |2) dt+

+δ ‖Q ‖ e−γtdt+

+
(
[x (t)− C x (t− τ)]T Qρ (t) +

+ρT (t) Q [x (t)− C x (t− τ)]
)
dw (t) +

+

∫

U

(
σT (t, u) Qσ (t, u) +

+σT (t, u) Q [x (t)− C x (t− τ)] +

+ [x (t)− C x (t− τ)]T Qσ (t, u)
)

ν̃ (dt, du) .

(1.14)
Ðîçãëÿíåìî äîâiëüíå ÷èñëî θ ∈
(0, max(α, γ)). Çàñòîñóâàâøè ôîðìóëó
Iòî iíòåãðóâàííÿ ÷àñòèíàìè [1], îäåðæèìî
ëàíöþæîê íåðiâíîñòåé:

d
(
eθ tV (x (t)− C x (t− τ) , t)

)
=

= θ eθ tV (x (t)− C x (t− τ) , t) dt+

+eθ td V (x (t)− C x (t− τ) , t) ≤
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≤ θ eθ t

(
2 ‖Q ‖ ( | x (t) |2 + ‖C ‖2 | x (t− τ) |2) +

+ ‖D ‖
0∫

−τ

|x (t + s) |2 ds

)
dt+

+eθ t
{−λ · ( |x (t) |2 + |x (t− τ) |2) dt+

+δ ‖Q ‖ e−γ tdt+
(

[x (t)− C x (t− τ)]T Qρ (t) +

+ρT (t) Q [x (t)− C x (t− τ)]
)
dw (t) +

+

∫

U

(
σT (t, u) Qσ (t, u) +

+σT (t, u) Q [x (t)− C x (t− τ)] + [x (t)−

−C x (t− τ)]T Qσ (t, u)
)

ν̃ (dt, du)
}

6

≤ eθ t

(
− (λ− 2θ ‖Q ‖ )

( | x (t) |2 + | x(t−

−τ) |2) + θ ‖D ‖
0∫

−τ

|x (t + s) |2 ds

)
dt+

+δ ‖Q ‖ e−(γ−θ)tdt+

+eθ t
{(

[x (t)− Cx (t− τ)]T Qρ (t) +

+ρT (t) Q [x (t)− Cx (t− τ)]
)
dw (t) +

+

∫

U

(
σT (t, u) Qσ (t, u) +

+σT (t, u) Q [x (t)− C x (t− τ)] +

+ [x (t)− C x (t− τ)]T Qσ (t, u)
)

ν̃ (dt, du)
}

.

ßêùî ïîçíà÷èòè

c3 ≡ V (ψ (0)− Cψ (−τ) , 0) +
δ ‖Q ‖
γ − θ

,

M1 (t) ≡
t∫

0

eθ s
(

[x (s)− C x (s− τ)]T Q×

× ρ (s) + ρT (s) Q [x (s)− C x (s− τ)]
)
dw (s) ,

M2 (t) ≡
t∫

0

∫

U

eθ s

{
σT (s, u) Qσ (s, u) +

+σT (s, u) Q [x (s)− C x (s− τ)] +

+ [x (s)− C x (s− τ)]T Qσ (s, u)
}

ν̃ (ds, du) ,

òî çà îçíà÷åííÿì ñòîõàñòè÷íîãî äèôåðåíöi-
àëà [2] ìàòèìåìî

eθ tV (x (t)− C x (t− τ) , t) 6

≤ c3 − (λ− 2θ ‖Q ‖ )

t∫

0

eθ s
( |x (s) |2 +

+ |x (s− τ) |2) ds+

+θ ‖D‖
t∫

0

eθs

0∫

−τ

|x(s + r)|2drds+

+M1(t) + M2(t). (1.15)

Àëå
t∫

0

eθ s

0∫

−τ

|x (s + r) |2 drds =

=

t∫

0

eθ s

s∫

s−τ

| x (r) |2 drds =
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=

t∫

−τ




(r+τ)∧t∫

r∨0

eθ sds


 | x (r) |2 dr 6

6
t∫

−τ

τeθ(r+τ) | x (r) |2 dr 6

≤ τeθ τ

0∫

−τ

|ψ (s) |2 ds+

+τeθ τ

t∫

0

eθs | x (s) |2 ds. (1.16)

Ïiäñòàâèâøè (1.16) ó (1.15), îäåðæèìî:

eθ tV (x (t)− C x (t− τ) , t) 6

≤ c4 − θ̄

t∫

0

eθ s
( |x (s) |2 + |x (s− τ) |) ds+

+M1 (t) + M2 (t) , (1.17)

äå
θ̄ ≡ λ− 2θ ‖Q ‖ − θ τeθτ ‖D ‖ ,

c4 ≡ c3 + θ τeθ τ ‖D ‖
0∫

−τ

|ψ (s) |2 ds.

ßêùî 0 < θ < α ∧ γ, òî iç (1.9) âèïëèâàc
äîäàòíiñòü θ̄ > 0. Çàóâàæèìî, ùî M1 (t) i
M2 (t) � ìàðòèíãàëè [1], [2], ÿêi âèðîäæóþ-
òüñÿ ïðè t = 0 i ìàþòü âiäïîâiäíî òàêi êâà-
äðàòè÷íi âàðiàöi�� [2]:

〈M1 (t)〉 =

t∫

0

e2θ s
∣∣∣ [ x (s)− C x (s− τ)]T Q×

×ρ (s) + ρT (s) Q [ x (s)− C x (s− τ)]
∣∣2 ds 6

6 4 δ ‖Q ‖2

t∫

0

( |x (s) |2 + |x (s− τ) |2 )
ds,

(1.18)

〈M2 (t)〉 =

t∫

0

∫

U

e2θ s
∣∣ σT (s, u) Qσ (s, u) +

+σT (s, u) Q [x (s)− C x (s− τ)] + [x(s)−

−C x (s− τ)]T Qσ (s, u)
∣∣2 Π (du) ds 6

6 δ

θ
‖Q ‖2 + 4 δ ‖Q ‖2×

×
t∫

0

( |x (s) |2 + |x (s− τ) |2 )
ds. (1.19)

Çãiäíî ç åêñïîíåíöiàëüíîþ ìàðòèíãàëüíîþ
íåðiâíiñòþ [4], [5] ìàòèìåìî äëÿ l =

1, 2, ... ; i = 1, 2 òà ε ≡ θ

4δ ‖Q ‖2 :

P
{

ω : sup
06t6kτ

[
Mi (t)− ε

2
〈Mi (t)〉

]
>

>
2

ε
ln l

}
6 1

l2
.

Çãiäíî ç ëåìîþ Áîðåëÿ-Êàíòåëëi [7], ìîæíà
ñòâåðäæóâàòè, ùî iñíóc öiëå ÷èñëî l0 ≡ l0(ω)
òàêå, ùî

sup
0 6 t 6 kτ

[
Mi (t)− ε

2
〈Mi (t)〉

]
6 2

ε
ln l (mod P)

ïðè l > l0, i = 1, 2.

Öå ðàçîì iç (1.18) i (1.19) òà çãiäíî ç âè-
áîðîì ε îçíà÷àòèìå, ùî âèêîíócòüñÿ òâåðä-
æåííÿ

M1 (t) + M2 (t) 6 4

ε
ln l +

θ

4θε
+

+θ̄

t∫

0

eθ s
( |x (s) |2 + |x (s− τ) |2) ds (mod P)

(1.20)
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ïðè 0 6 t 6 lτ , l > l0.
Ïiäñòàâèâøè (1.20) â (1.17), ìàòèìåìî

eθ tV (x (t)− C x (t− τ) , t) 6

≤ c4 +
4

ε
ln l +

θ

4θε
(mod P) .

Òîäi ñïðàâäæóâàòèìåòüñÿ íåðiâíiñòü:
V (x (t)− C x (t− τ) , t) 6

≤
(

c4 +
4

ε
+

θ

4θε

)
(1 + ln l) e−θ (l−1)τ (mod P) .

ïðè (l − 1) τ 6 t 6 lτ, l > l0.
Ç iíøîãî áîêó,

λmin (Q) |x (t)− C x (t− τ)|2 6

≤ (x (t)− C x (t− τ))T Q (x (t)− C x (t− τ)) 6
6 V (x (t)− C x (t− τ) , t) .

Îòæå,
|x (t)− C x (t− τ) |2 6

≤ 1

λmin (Q)

(
c4 +

4

ε
+

θ

4θε

)
×

× (1 + ln l) e−θ (l−1)τ (mod P) (1.21)

ïðè (l − 1) τ 6 t 6 lτ, l > l0, òîáòî çãiäíî ç
îçíà÷åííÿì 1.1 åêñïîíåíöiàëüíà ñòiéêiñòü ç
iìîâiðíiñòþ îäèíèöÿ äîâåäåíà.

Çàñòîñóâàâøè ëåìó 1.1, îäåðæèìî, ùî

lim
t→∞

1

t
ln ( |x (t) | ) 6 −max(θ, β)

2
.

Òîäi, ïîïðÿìóâàâøè θ → max(γ, α), îäåð-
æèìî òâåðäæåííÿ (1.8). Òåîðåìà 1.1 äîâåäå-
íà.

Íàñëiäîê 1.1. Íåõàé:
1) ñèìåòðè÷íà ìàòðèöÿ A0+AT

0 âiä'cìíî
âèçíà÷åíà;

2) äëÿ
η ≡ (−λmax

(
A0 + AT

0

))
> 0

ñïðàâäæócòüñÿ
η

2
>

∥∥ CT A1

∥∥ +
∥∥ A1 − AT

0 C
∥∥ ,

äå ‖ Ñ ‖ < 1;

3) iñíóþòü γ > 0 i δ > 0 òàêi, ùî ∀ t > 0

sp
[
ρ (t) ρT (t)

]
6 δ

2
e−γt,

∫

U

sp
[
σ (t, u) σT (t, u)

]
Π (du) 6 δ

2
e−γt,

äå sp ( · ) - ñëiä âiäïîâiäíî�� ìàòðèöi.

Òîäi:

I. Ðîçâ'ÿçîê çàäà÷i (1.1),(1.2) åêñïîíåíöi-
àëüíî ñòiéêèé ç iìîâiðíiñòþ îäèíèöÿ.

II. Âåðõíÿ ìåæà åêñïîíåíòè Ëÿïóíîâà
ðîçâ'ÿçêó (1.1),(1.2) çàäîâîëüíÿc îöií-
êó (1.8), äå β òàêå æ, ÿê i â òåîðåìi
1.1, α > 0- ðîçâ'ÿçîê ðiâíÿííÿ

2α + ατeατ
(η

2
+

∥∥ CT A1

∥∥
)

=

=
η

2
−

∥∥ CT A1

∥∥−
∥∥ A1 − AT

0 C
∥∥ .

Äîâåäåííÿ. Íåõàé Q = I i D = θI, äå
I - ìàòðèöÿ ðîçìiðíîñòi n × n, à θ =

η

2
+∥∥ CT A1

∥∥.
ßêùî çàôiêñóâàòè ìàòðèöþ H, âèçíà÷å-

íó â óìîâi 1 òåîðåìè 1.1, òî äëÿ ∀ x, y ∈ Rn

ñïðàâäæócòüñÿ ñïiââiäíîøåííÿ

(
xT , yT

)
H

(
x
y

)
= xT

(
A0 + AT

0

)
x+θ |x |2 =

= 2xT
(
A1 − AT

0 C
)
y − θ | y |2 − 2yT CT A1y 6

6 − (η − θ) |x |2+2
∥∥ A1 − AT

0 C
∥∥ · | x | · | y | −

− (
θ − 2

∥∥ CT A1

∥∥ ) | y |2 6

6 − (
η − θ −

∥∥ A1 − AT
0 C

∥∥ ) | x |2−

− (
θ − 2

∥∥ CT A1

∥∥−
∥∥ A1 − AT

0 C
∥∥ ) | y |2 =

= −λ
( |x |2 + | y |2) ,
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äå λ ≡ η

2
−

∥∥ CT A1

∥∥−
∥∥ A1 − AT

0 C
∥∥ .

Äàëi äîâåäåííÿ íàñëiäêó 1.1 âèïëèâàc ç
òåîðåìè 1.1.

�2. Íåëiíiéíi ñòîõàñòè÷íi ñèñòåìè
íåéòðàëüíîãî òèïó ç ïóàññîíiâñüêè-
ìè ïåðåìèêàííÿìè. Ó öüîìó ïàðàãðàôi
ðîçãëÿíåìî ïðîáëåìó ñòiéêîñòi ðîçâ'ÿçêiâ
n−âèìiðíîãî íåëiíiéíîãî ñòîõàñòè÷íîãî äè-
ôåðåíöiàëüíîãî ðiâíÿííÿ íåéòðàëüíîãî òè-
ïó ç ïóàññîíiâñüêèìè ïåðåìèêàííÿìè

d [x (t)−G (x (t− τ))] =

= f (t, x (t) , x (t− τ)) dt + ρ (t) dw (t) +

+

∫

U

σ (t, u) ν̃ (dt, du) , t > 0 (2.1)

çà ïî÷àòêîâîþ óìîâîþ

x (t) = ψ (t) , t ∈ [−τ, 0] , (2.2)

äå ψ (t) , ρ (t) , σ (t, u) âèçíà÷åíi â �1; f :
R+ × Rn × Rn → Rn - íåïåðåðâíà ôóíêöiÿ,
ÿêà çàäîâîëüíÿc ëîêàëüíó óìîâó Ëiïøèöÿ
[1],[2]; G : Rn → Rn - íåïåðåðâíà ôóíêöiÿ,
ÿêà äëÿ K ∈ (0, 1) çàäîâîëüíÿc îöiíêó

|G(x)| ≤ K|x|, ∀x ∈ Rn. (2.3)

Òåîðåìà 2.1. Íåõàé:

1) ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ (1.6),
(1.7) i (2.3) äëÿ K ∈ (0, 1) i δ, γ > 0;

2) iñíóþòü äâi ñèìåòðè÷íi ìàòðèöi Q i
D ðîçìiðíîñòi n × n, äå Q-äîäàòíî-
âèçíà÷åíà, D- íåâiä'cìíî âèçíà÷åíà, à
òàêîæ iñíóþòü ñòàëi λ1 > 0, λ2 > 0
òàêi, ùî

fT (t, x, y) Q (x−G (y)) +

+ (x−G (y))T Qf (t, x, y) +

+xT Dx− yT Dy 6
6 −λ1 |x |2 − λ2 | y |2 , (2.4)

∀ (t, x, y) ∈ R+ × Rn × Rn.

Òîäi:

I. Ðîçâ'ÿçîê çàäà÷i (2.1),(2.2) åêñïîíåíöi-
àëüíî ñòiéêèé ç iìîâiðíiñòþ îäèíèöÿ.

II. Âåðõíÿ ìåæà åêñïîíåíòè Ëÿïóíîâà
ðîçâ'ÿçêó (2.1),(2.2) çàäîâîëüíÿc îöií-
êó

lim
t→∞

1

t
ln ( |x (t, ψ) | ) 6

≤ −γ ∧ α1 ∧ α2 ∧ β

2
, (2.5)

äå
β = −2

τ
ln K > 0,

α2 =
λ2

2K2 ‖Q ‖ , (2.6)

α1 ∈ (0, λ1) − ðîçâ'ÿçîê ðiâíÿííÿ

2α1 ‖Q ‖+ α1τeα1τ ‖D ‖ = λ1. (2.7)

Äîâåäåííÿ. Çàóâàæèìî, ùî íàäàëi âñi
îöiíêè ñëiä ðîçóìiòè ç iìîâiðíiñòþ 1. Çãiäíî
ç ôîðìóëîþ Iòî [1] i óìîâîþ (2.4), ëåãêî çà-
ïèñàòè ñòîõàñòè÷íèé äèôåðåíöiàë

d V (x (t)−G ( x (t− τ)) , t) 6
(−λ1 · |x (t) |2−

−λ2 · | x (t− τ) |2) dt + δ ‖Q ‖ e−γtdt+

+
(
[x (t)−G (x (t− τ))]T Qρ (t) +

+ρT (t) Q [x (t)− C x (t− τ)]
)
dw (t) +

+

∫

U

(
σT (t, u) Qσ (t, u) +

+σT (t, u) Q [x (t)− C x (t− τ)] +

+ [x (t)− C x (t− τ)]T Qσ (t, u)

)
ν̃ (dt, du) .

Ðîçãëÿíåìî äîâiëüíå ÷èñëî θ ∈
(0, max(γ, α1, α2)).

Çàñòîñóâàâøè ôîðìóëó Iòî iíòåãðóâàííÿ
÷àñòèíàìè [1], îäåðæèìî íåðiâíiñòü

d
(
eθ tV (x (t)−G (x (t− τ)) , t)

)
6

≤ eθ t

(
− (λ1 − 2θ ‖Q ‖ ) |x (t) |2−
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− (
λ2 − 2θK2 ‖Q ‖ ) |x (t− τ) |2 +

+θ ‖D ‖
0∫

−τ

|x (t + s) |2 ds

)
dt+

+δ ‖Q ‖ e−(γ−θ)tdt+

+eθ t
{ (

[x (t)−G (x (t− τ))]T Qρ (t) +

+ρT (t) Q [x (t)−G (x (t− τ))]
)
dw (t) +

+

∫

U

(
σT (t, u) Qσ (t, u) +

+σT (t, u) Q [x (t)− C x (t− τ)] +

+ [x (t)− C x (t− τ)]T Qσ (t, u)
)
ν̃ (dt, du)

}
.

ßêùî ïîçíà÷èòè

c5 ≡ V (ψ (0)−G (ψ (−τ)) , 0) +
δ ‖Q ‖
γ − θ

,

N1 (t) ≡
t∫

0

eθ s
(

[x (s)−G (x (s− τ))]T Qρ (s) +

+ρT (s) Q [x (s)−G (x (s− τ))]
)
dw (s) ,

N2 (t) ≡
t∫

0

∫

U

eθ s

{
σT (s, u) Qσ (s, u) +

+σT (s, u) Q [x (s)−G (x (s− τ))] +

+[x (s)−G (x (s− τ))]T Qσ (s, u)

}
ν̃ (ds, du) ,

òî çà îçíà÷åííÿì ñòîõàñòè÷íîãî äèôåðåíöi-
àëà [2] ìàòèìåìî

eθ tV (x (t)−G (x (t− τ)) , t) 6

≤ c5 − (λ1 − 2θ ‖Q ‖ )

t∫

0

eθ s | x (s) |2 ds−

− (
λ2 − 2θK2 ‖Q ‖ ) t∫

0

eθ s |x (s− τ) |2 ds+

+θ ‖D ‖
t∫

0

eθ s

0∫

−τ

|x (s + r) |2 drds+

+N1 (t) + N2 (t) . (2.8)

Ïiäñòàâèâøè (1.16) â (2.8), îäåðæèìî íå-
ðiâíiñòü

eθ tV (x (t)−G (x (t− τ)) , t) 6

≤ c6 − θ1

t∫

0

eθ s |x (s) |2 ds−

−θ2

t∫

0

eθ s |x (s− τ) |2 ds+

+N1 (t) + N2 (t) , (2.9)

äå

c6 ≡ c5 + θ τeθ τ ‖D ‖
0∫

−τ

|ψ (s) |2 ds,

θ1 ≡ λ1 − 2θ ‖Q ‖ − θ τeθτ ‖D ‖ ,

θ2 ≡ λ2 − 2θK2 ‖Q ‖ .

Çãiäíî ç (2.6) i (2.7), äëÿ θ ∈
(0, max(γ, α1, α2) ìàòèìåìî θ1, θ1 > 0.

Ïðèïóñòèìî, ùî ε =

max(θ1, θ2)
(
4δ ‖Q ‖2)−1. Îñêiëüêè N1 (t)

i N2 (t) - íåïåðåðâíi ìàðòèíãàëè, ÿêi âè-
ðîäæóþòüñÿ ïðè t = 0, àíàëîãi÷íî ÿê ó
òåîðåìi 1.1 ìîæíà ïîêàçàòè, ùî iñíóc òàêå
öiëå l0 = l0 (ω), ùî

N1 (t) + N2 (t) 6 4

ε
ln l +

max(θ1, θ2)

4θε
+

+ max(θ1, θ2)

t∫

0

eθ s
( |x (s) |2 +

+ |x (s− τ) |2) ds (mod P) (2.10)

ïðè 0 6 t 6 lτ, l > l0.
Ïiäñòàâèâøè (2.10) â (2.9), ëåãêî çàïèñà-

òè îöiíêó

|x (t)−G (x (t− τ)) |2 6 1

λmin (Q)
×
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×
(

c6 +
4

ε
+

max(θ1, θ2)

4θε

)
×

× (1 + ln l) e−θ (l−1)τ (mod P)

ïðè (l − 1) τ 6 t 6 lτ, l > l0, òîáòî çãi-
äíî ç îçíà÷åííÿì 1.1, åêñïîíåíöiàëüíà ñòié-
êiñòü ç éìîâiðíiñòþ îäèíèöÿ ðîçâ'ÿçêó çàäà-
÷i (2.1),(2.2) äîâåäåíà.

Çàñòîñóâàâøè ëåìó 1.1, îäåðæèìî

lim
t→∞

1

t
ln ( |x (t) | ) ≤ −max(θ, β)

2
.

Òîäi, ïîïðÿìóâàâøè θ → max(γ, α1, α2),
îäåðæèìî òâåðäæåííÿ (2.5). Òåîðåìà 2.1 äî-
âåäåíà.

Òåîðåìà 2.2. Íåõàé:
1) iñíóþòü ñòàëi K ∈ (0, 1),δ, γ > 0, äëÿ

ÿêèõ ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ
(1.6), (1.7) i (2.3);

2) iñíóc ñèìåòðè÷íà äîäàòíî-âèçíà÷åíà
ìàòðèöÿ Q ðîçìiðíîñòi n, ùî äëÿ 0 <
λ2 < λ1 ñïðàâäæócòüñÿ

fT (t, x, y) Q (x−G (y)) +

+ (x−G (y))T Qf (t, x, y) ≤
6 −λ1 |x |2 + λ2 | y |2

ïðè (t, x, y) ∈ R+ × Rn × Rn.

Òîäi:
I. Ðîçâ'ÿçîê çàäà÷i (2.1),(2.2) åêñïîíåíöi-

àëüíî ñòiéêèé ç iìîâiðíiñòþ îäèíèöÿ.
II. Âåðõíÿ ìåæà åêñïîíåíòè Ëÿïóíîâà

ðîçâ'ÿçêó (2.1),(2.2) çàäîâîëüíÿc îöií-
êó

lim
t→∞

1

t
ln ( |x(t, ψ)| ) ≤ −max(γ, α1, α2, β)

2
,

äå

β ≡ −2

τ
log K > 0, α2 ≡ λ1 − λ2

4K2 ‖Q ‖

α1 ∈
(

0,
λ1 − λ2

2

)
c ðîçâ'ÿçêîì ðiâíÿí-

íÿ
2α1 ‖Q ‖+ α1τeα1τ ‖D ‖ = λ1.

Äîâåäåííÿ. ßêùî ïîçíà÷èòè D ≡
1

2
(λ1 + λ2) I, äå I - îäèíè÷íà ìàòðèöÿ ðîç-

ìiðíîñòi n, òî ∀ (t, x, y) ∈ R+ × Rn × Rn

âèêîíócòüñÿ íåðiâíiñòü

fT (t, x, y) Q (x−G (y)) +

+ (x−G (y))T Qf (t, x, y) + xT Dx− yT Dy 6

6 −1

2
(λ1 − λ2)

( |x |2 + | y |2) .

Òîäi ç òåîðåìè 2.1 âèïëèâàþòü òâåðäæå-
ííÿ 1), 2) òåîðåìè 2.2.

Íàñëiäîê 2.1. Íåõàé:
1) iñíóþòü ñòàëi K ∈ (0, 1), δ, γ > 0, äëÿ

ÿêèõ ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ
(1.6), (1.7) i (2.3);

2) iñíóc ñèìåòðè÷íà äîäàòíî-âèçíà÷åíà
ìàòðèöÿ Q, ùî äëÿ λi > 0, i = 1, 4
ñïðàâäæócòüñÿ

xT Qf (t, x, 0) 6 −λ1 |x |2 ,

| f (t, x, y)− f (t, x, 0) | 6 λ2 | y | ,
| f (t, x, y)| 6 λ3 | x |+ λ4 | y |

äëÿ t > 0, x, y ∈ Rn;
3) ñïðàâäæócòüñÿ

(λ2 + Kλ3 + Kλ4) ‖Q ‖ < λ1.

Òîäi ðîçâ'ÿçîê çàäà÷i (2.1),(2.2) åêñïîíåí-
öiàëüíî ñòiéêèé ç iìîâiðíiñòþ îäèíèöÿ.

Äîâåäåííÿ.Ëåãêî ïåðåêîíàòèñÿ, ùî äëÿ
t > 0, x, y ∈ Rn:

2 (x−G (y))T Qf (t, x, y) =

= 2xT Qf (t, x, y)− 2G (y)T Qf (t, x, y) 6
6 2xT Q f (t, x, 0) +

+2xT Q [f (t, x, y)− f (t, x, 0)] +

+2 |G (y) | · ‖Q ‖ · | f (t, x, y) | 6
6 −2λ1 |x |2 + 2λ2 ‖Q ‖ · | x | · | y |+
+2 K ‖Q ‖ · | y | · (λ3 |x |+ λ4 | y | ) 6

6 −2λ1 | x |2 + λ2 ‖Q ‖ ( |x |2 + | y |2) +
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+Kλ3‖Q‖(|x|2 + |y|2)+
+2Kλ4 ‖Q ‖ · | y |2 6

6 − (2λ1 − (λ2 + Kλ3) ‖Q ‖ ) |x |2 +

+ (λ2 + Kλ2 + 2Kλ4) ‖Q ‖ · | y |2 .

Çãiäíî ç òåîðåìîþ 2.2, ðîçâ'ÿçîê çàäà÷i
(2.1),(2.2) åêñïîíåíöiàëüíî ñòiéêèé ç iìîâið-
íiñòþ îäèíèöÿ.
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