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ÂIÄÕÈËÅÍÍßÌÈ ÀÐÃÓÌÅÍÒÓ
Îäåðæàíî äîñòàòíi óìîâè àñèìïòîòè÷íî�� ñòiéêîñòi ó ñåðåäíüîìó êâàäðàòè÷íîìó òðèâi-

àëüíîãî ðîçâ'ÿçêó ëiíiéíèõ ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü íåéòðàëüíîãî òèïó ç ïó-
àññîíiâñüêèìè ïåðåìèêàííÿìè ïðè ïåâíèõ îáìåæåííÿõ íà âiäõèëåííÿ àðãóìåíòó.

The su�cient conditions of asymptotic stability in the mean square for trivial solutions of
stochastic di�erential neutral equations with Poisson switchings with some restrictions on memory
are described in the article.

Íåõàé çàäàíèé éìîâiðíiñíèé ïðîñòið
(Ω,F ,P) ç ôiëüòðàöicþ {Ft, t ≥ 0} [1]-[4], ç
ÿêîþ óçãîäæåíèé ñòàíäàðòíèé âiíåðiâñüêèé
ïðîöåñ

{w(t) ≡ w(t, ω), t ≥ 0, ω ∈ Ω} ⊂ R1,

öåíòðîâàíà ïóàññîíiâñêà ìiðà

{ν̃(t, A) ≡ ν(t, A)− tΠ(A)}
[1], à òàêîæ âèïàäêîâèé ïðîöåñ

{x(t) ≡ x(t, ω), t ≥ 0, ω ∈ Ω} ⊂ Rn,

ïðè÷îìó {x(t)} c ñèëüíèì ðîçâ'ÿçêîì [5] ñòî-
õàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ íåé-
òðàëüíîãî òèïó ç ïóàññîíiâñüêèìè ïåðåìè-
êàííÿìè (ÑÄÐÍÒÏÏ)

d[x(t)−Dx(t− τ)] = [A0x(t)+A1x(t− τ)]dt+

+[B0x(t) + B1x(t− τ)]dw(t)+

+

∫

U

[C0(u)x(t) + C1(u)x(t− τ)]ν̃(dt, du), (1)

çà ïî÷àòêîâîþ óìîâîþ

x(θ) = ψ(θ), θ ∈ [−τ, 0], (2)

äå ψ ∈ C1[−τ, 0].
Òóò A0, A1, B0, B1, D - ÷èñëîâi ìàòðèöi
n×n, τ > 0 - ïîñòiéíå âiäõèëåííÿ àðãóìåíòó,
{C0(u)}, {C1(u)} - ìàòðè÷íi äiéñíi ôóíêöi��

n×n, u ∈ U ⊂ Rn. Âiäìiòèìî, ùî ìàþòü âè-
êîíóâàòèñÿ âiäïîâiäíi óìîâè äëÿ iñíóâàííÿ
ñòîõàñòè÷íèõ iíòåãðàëiâ Âiíåðà-Iòî òà iíòå-
ãðàëiâ, ïîáóäîâàíèõ çà öåíòðîâàíîþ ïóàññî-
íiâñüêîþ ìiðîþ [1],[3].
Áóäåìî ðîçãëÿäàòè ñïåêòðàëüíó íîðìó [7]
‖ A ‖≡

√
λmax(B), äå λmax(B), λmin(B)−

âiäïîâiäíî ìàêñèìàëüíå i ìiíiìàëüíå âëàñíi
çíà÷åííÿ ìàòðèöi B = AT A.

Íåõàé

‖ D ‖< 1,

∫

U

‖ Ci(u) ‖2 Π(du) < ∞,

i = 0, 1, u ∈ U ⊂ Rn. (3)
Ïîçíà÷èìî ÷åðåç S n([−τ, 0]) ïðîñòið

Ñêîðîõîäà íåïåðåðâíèõ ñïðàâà ôóíêöié
{ρ(t)} ⊂ Rn, ÿêi ìàþòü ëiâîñòîðîííi ãðàíèöi
ç íîðìîþ

‖ ρ ‖2
0≡ |ρ(0)|2 +

0∫

−τ

|ρ(θ)|2dθ. (4)

Îçíà÷åííÿ 1. Òðèâiàëüíèé ðîçâ'ÿçîê
{x(t) ≡ 0} çàäà÷i (1),(2) íàçèâàcòüñÿ ñòié-
êèì ó ñåðåäíüîìó êâàäðàòè÷íîìó, ÿêùî äëÿ
äîâiëüíîãî ε > 0 iñíóþòü òàêi δ1(ε) >
0, δ2(ε) > 0, ùî äëÿ ðîçâ'ÿçêó {x(t)} ⊂ Rn

ñèñòåìè (1),(2) ïðè t > 0 âèêîíócòüñÿ
óìîâà M{|x(t)|2} < ε, ÿê òiëüêè ‖ ψ ‖2

0<

δ1(ε), ‖ ψ̇ ‖2
0< δ2(ε).
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Äîñëiäæåííÿ ñòiéêîñòi ðîçâ'ÿçêó çàäà÷i
(1),(2) [2]-[6] äîöiëüíî âèêëàñòè çà äîïîìî-
ãîþ äðóãîãî ìåòîäó Ëÿïóíîâà. Îñêiëüêè ñè-
ñòåìà ëiíiéíà, òî äëÿ äîñëiäæåííÿ ñòiéêîñòi
ó ñåðåäíüîìó êâàäðàòè÷íîìó ïðèðîäíî âçÿ-
òè çà ôóíêöiþ Ëÿïóíîâà êâàäðàòè÷íó ôîð-
ìó V (x(t)) ≡ xT (t)Hx(t).

Âiäîìî, ùî äëÿ êâàäðàòè÷íî�� ôóíêöi�� Ëÿ-
ïóíîâà V (x) âèêîíóþòüñÿ òàêi íåðiâíîñòi:

λmin(H)|x(t)|2 ≤ V (x(t)) ≤ λmax(H)|x(t)|2,
(5)

Íåîáõiäíîþ óìîâîþ àñèìïòîòè÷íî�� ñòiéêî-
ñòi â ñåðåäíüîìó êâàäðàòè÷íîìó ðîçâ'ÿçêó
çàäà÷i (1),(2) c éîãî àñèìïòîòè÷íà ñòiéêiñòü
â ñåðåäíüîìó êâàäðàòè÷íîìó ïðè âiäñóòíî-
ñòi àðãóìåíòó (τ = 0) [6]. Â öüîìó âèïàäêó
ñèñòåìà ïðèéìàc âèãëÿä:

dx(t) = Ax(t)dt + Bx(t)dw(t)+

+

∫

U

C(u)x(t)ν̃(dt, du), (6)

äå A ≡ (I − D)−1(A0 + A1), B ≡ (I −
D)−1(B0 + B1), C(u) ≡ (I − D)−1(C0(u) +
C1(u)), I - îäèíè÷íà ìàòðèöÿ.

Âiäîìî, ùî ÿêùî iñíóc ñèìåòðè÷íèé äî-
äàòíî - îçíà÷åíèé ðîçâ'ÿçîê H = HT > 0
(áóäåìî òàêèì ÷èíîì ïîçíà÷àòè äîäàòíî âè-
çíà÷åíó ìàòðèöþ) óçàãàëüíåíîãî ìàòðè÷íî-
ãî ðiâíÿííÿ Ñiëüâåñòðà [5]

AT H + HA + BT HB+

+

∫

U

CT (u)HC(u)Π(du) = −Q , (7)

äå Q = QT > 0, òî ðîçâ'ÿçîê ñèñòåìè (6) áóäå
àñèìïòîòè÷íî ñòiéêèì â ñåðåäíüîìó êâàäðà-
òè÷íîìó, áî òîäi dV < 0 [5].

ßêùî äëÿ äîâiëüíîãî t ∈ [0, T ] i u ∈ U
âèïàäêîâà âåëè÷èíà { ξ(t, u) ≡ ξ(t, u, ω) } c
Ft- âèìiðíîþ òà iñíóc ïîâòîðíèé iíòåãðàë

T∫

0

∫

U

M{ |ξ(t, u)|2 }Π(du)dt < ∞, òî áóäåìî

ãîâîðèòè, ùî ξ ∈ H(Π).
ßêùî äëÿ ∀t ∈ [0, T ] i u ∈ U âèïàä-
êîâà âåëè÷èíà { ξ(t, u)} c Ft- âèìiðíîþ i

P



ω :

T∫

0

∫

U

|ξ(t, u)|2Π(du)dt < ∞


 = 1, òî

áóäåìî ãîâîðèòè, ùî ξ ∈ H2(Π). ßêùî æ

P



ω :

T∫

0

∫

U

|ξ(t, u)|Π(du)dt < ∞


 = 1, òî

ξ ∈ H1(Π).

Ïîêëàäåìî H1,2(Π) ≡ H1 (Π)
⋂

H2 (Π).

Ðîçãëÿíåìî âèïàäêîâèé ïðîöåñ ÿê ñòî-
õàñòè÷íèé iíòåãðàë çà âèïàäêîâîþ ìi-
ðîþ çi çìiííîþ âåðõíeþ ìåæåþ ζ(t) ≡

t∫

0

∫

U

γ(τ, x)ν̃(dτ, dx). Òîäi g ∈ Dγ, ÿêùî

g(t, ζ(t) + γ(t, x)) − g(t, ζ(t)) ç ïðîñòîðó
H1,2(Π).
Íåõàé H2− ïðîñòið Ft− âèìiðíèõ âèïàäêî-
âèõ âåëè÷èí { ξ(t) ≡ ξ(t, ω) } òàêèõ, ùî äëÿ

äîâiëüíîãî T > 0

T∫

0

|ξ(s)|2ds < ∞ ç éìîâið-

íiñòþ 1, M
{ T∫

0

|ξ(s)|2ds
}

< ∞.

Áóäåìî ãîâîðèòè äàëi, ùî âåêòîðíà âèïàä-
êîâà ôóíêöiÿ íàëåæèòü äî ïðîñòîðiâ H(Π) i
H2(Π), ÿêùî öå âèêîíócòüñÿ âiäïîâiäíî äëÿ
êîæíî�� êîìïîíåíòè.

Íåõàé äëÿ êîåôiöicíòiâ ðiâíÿííÿ (1) ìà-
þòü ìiñöå íàñòóïíi îáìåæåííÿ:

1) ∀ ρ, σ ∈ C([−τ, 0]) âèêîíóþòüñÿ óìîâè
Ëiïøèöÿ:

∣∣∣ [A0 + A1] · [ ρ(t)− σ(t) ]
∣∣∣
2

≤

≤
0∫

−τ

| ρ(θ)− σ(θ) |2dR1(θ), (8)

∣∣∣ [B0 + B1] · [ ρ(t)− σ(t) ]
∣∣∣
2

≤

≤
0∫

−τ

| ρ(θ)− σ(θ) |2dR2(θ), (9)
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∫

U

∣∣∣ [C0(u)+C1(u)]·[ρ(t)−σ(t) ]
∣∣∣
2

Π(du) ≤

≤
∫

U

0∫

−τ

| ρ(θ)−σ(θ) |2dR2(θ)Π(du), (10)

äå Ri(θ)− ìîíîòîííî íåñïàäíi ôóíêöi��
îáìåæåíî�� âàðiàöi��, òîáòî

r2
i ≡

0∫

−τ

dRi(s) < ∞, i = 1, 2, 3.

Iíòåãðàëè â óìîâàõ Ëiïøèöÿ ñëiä ðîçó-
ìiòè ÿê iíòåãðàëè Ñòiëò'cñà;

2) ∀ ρ, σ ∈ C1([−τ, 0]) ìàòðèöÿ D
çàäîâîëüíÿc óìîâó Ëiïøèöÿ:

| D[ρ(t)− σ(t)] |2 ≤

≤
0∫

−τ

| ρ(θ)− σ(θ) |2 dK1(θ), (11)

äå t ∈ [−τ, 0], K1 - íåñïàäíà ôóíêöiÿ
îáìåæåíî�� âàðiàöi��, ïðè÷îìó

0∫

−τ

dK1(θ) < 1 [2].

ßêùî äëÿ ïî÷àòêîâî�� ôóíêöi�� çàäà÷i
(1),(2), sup

−τ≤θ≤0
M{| ψ(θ) |4} < ∞, òî ç òî÷íi-

ñòþ äî ñòîõàñòè÷íî�� åêâiâàëåíòíîñòi iñíóc
cäèíèé âèìiðíèé âiäíîñíî âèïàäêîâèõ ïðî-
öåñiâ {w(s), 0 ≤ s ≤ t} i {ν̃(s, A), 0 ≤ s ≤
t, A ∈ U} ðîçâ'ÿçîê [8] {x(t)} çàäà÷i (1),(2),
ÿêèé ìàc îáìåæåíèé ÷åòâåðòèé ìîìåíò äëÿ
t ∈ [0, T ], T > 0.

Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (8)-
(11) [8] iñíóâàííÿ i cäèíîñòi ðîçâ'ÿçêó çàäà-
÷i (1),(2).

Òîäi ∀ t ∈ [−τ, 0] iñíóþòü äîäàòíi ñòàëi
β1 > 0, β2 > 0, ùî äëÿ ïî÷àòêîâî�� ôóíêöi��
ψ çàäà÷i (1),(2) âèêîíóþòüñÿ íåðiâíîñòi:

| ψ(t) |2 ≤ β1‖ ψ ‖2
0, (121)

| ψ̇(t) |2 ≤ β2‖ ψ̇ ‖2
0. (122)

/ Çãiäíî âëàñòèâîñòi îáìåæåíîñòi ôóí-
êöié îáìåæåíî�� âàðiàöi��, äëÿ ôóíêöi�� K1

iñíóc ñòàëà β > 0, ùî ñïðàâäæócòüñÿ íåðiâ-
íiñòü

0∫

−τ

| Dψ(θ) |2 dK1(θ) < β

0∫

−τ

| Dψ(θ) |2 dθ.

Çâiäñè, ïîêëàâøè â (11) ρ(t) ≡ ψ(t) i σ(t) ≡
0, îäåðæèìî

| D ψ(t) |2 < β

0∫

−τ

| Dψ(θ) |2 dθ.

ßêùî âèêîðèñòàòè î÷åâèäíó íåðiâíiñòü
λ2

min(D)|ψ(t)|2 < | D ψ(t) |2, t ∈ [−τ, 0], òî
∀ t ∈ [−τ, 0] ìàòèìåìî

|ψ(t)|2 ≤ β1

0∫

−τ

|ψ(θ|2dθ,

äå β1 ≡ β

λ2
min(D)

.

Çâiäñè âèïëèâàc íåðiâíiñòü (121).
Ïîâòîðèâøè âñi âèùåíàâåäåíi ìiðêóâàí-

íÿ äëÿ ôóíêöi�� {ψ̇(t)} i âðàõóâàâøè ���� íåïå-
ðåðâíiñòü, îäåðæèìî (122). .

Ââåäåìî ïîçíà÷åííÿ:

I1 ≡ (‖ A0 ‖ + ‖ A1 ‖)(1− ‖ D ‖)−1,

I2 ≡ (‖ B0 ‖ + ‖ B1 ‖)(1− ‖ D ‖)−1;

I3(u) ≡ (‖ C0(u) ‖ + ‖ C1(u) ‖)(1− ‖ D ‖)−1

u ∈ U, ϕ(H) ≡ λmax(H)

λmin(H)
.

D̃ ≡ −(I −D)−1D, Ã ≡ −(I −D)−1A1,

B̃ ≡ −(I−D)−1B1, C̃(u) ≡ −(I−D)−1C1(u).
(13)

L1(H) ≡ 2

(
F (H)I1 + ‖H(I −D)−1A1‖+

+‖AT
1

[
(I −D)−1

]T
H‖+ 2

(
‖D̃T HB‖+

+‖BT HD̃‖
)

I2 + ‖BT
1

[
(I −D)−1

]T
HB‖+

+‖BT H(I −D)−1B1‖+ (14)
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+

∫

U

[
2
(
‖ D̃T HC(u) ‖ + ‖ CT (u)HD̃ ‖

)
×

×I3(u)+ ‖ CT
1 (u)

[
(I −D)−1

]T
HC(u) ‖ +

+ ‖ CT (u)H(I −D)−1C1(u) ‖
]
Π(du)

)
,

L2(H) ≡ 6‖D̃T HD̃‖
(∫

U

[I3(u)+

+‖D−1C1(u)‖]2
Π(du) +

[
I2+ ‖ D−1B1 ‖

]2
)

,

L3(H) ≡ 4I1 + I2
2 +

∫

U

I2
3 (u)Π(du),

äå F (H) ≡‖ HD̃ ‖ + ‖ H ‖‖ D̃ ‖ .
Òåîðåìà. Íåõàé:

1) âèêîíóþòüñÿ óìîâè ëåìè 1;

2) iñíóþòü ñèìåòðè÷íi äîäàòíî - îçíà÷å-
íi ìàòðèöi H i Q, ÿêi çàäîâîëüíÿþòü
ìàòðè÷íå ðiâíÿííÿ Ñiëüâåñòðà (7);

3) âèêîíócòüñÿ óìîâà τ < τ0, äå

τ0 ≡
√

b2(H) + 4a(H)c(H)− b(H)

2a(H)
,

a(H) ≡ L2(H)ϕ(H)I2
1 ,

b(H) ≡ I1

4
(1+ϕ(H))+L2(H)L3(H)ϕ(H),

(15)
c(H) ≡ (1− ξ)λmin(Q);

4) ñïðàâäæóþòüñÿ íåðiâíîñòi ‖ ψ ‖2
0 <

δ1(ε, τ), ‖ ψ̇ ‖2
0 < δ2(ε, τ), äå

δ1(ε, τ) ≡ min

{
ε

2β1ϕ(H)
,

(
1− τ

τ0

)
c(H)ξλmin(Q)ε

4β1 [4L2
1(H) + ξL2(H)λmin(Q)]

}
, (16)

δ2(ε, τ) ≡

(
1− τ

τ0

)
c(H)ξλmin(Q)ε

64β2F 2(H) (1+ ‖ D ‖2)
,

0 < ξ < 1.

Òîäi M {|x(t)2|} < ε, ∀t > 0.
/ Òâåðäæåííÿ òåîðåìè áóäå äîâåäåíî,

ÿêùî iñíóc τ0 > 0 òàêå, ùî äëÿ τ ∈ (0, τ0)
âèêîíócòüñÿ íåðiâíiñòü

M {V (x(t))} < ελmin(H), t > 0. (17)

Ñïðàâäi, çàñòîñóâàâøè äî (17) ëiâó ÷àñòèíó
íåðiâíîñòåé êâàäðàòè÷íèõ ôîðì (5), îäåð-
æèìî:

λmin(H)M
{|x(t)|2} ≤

≤ M {V (x(t)))} < ελmin(H),

çâiäêè âèïëèâàc òâåðäæåííÿ òåîðåìè.
Äîâåäåìî (17). Ðîçãëÿíåìî òàêi
âçàcìîâèêëþ÷íi âèïàäêè:

I. Äëÿ ∀ τ > 0, t > 0,

M {V (x(t))} <
ε

2
λmin(H).

Â öüîìó âèïàäêó âèêîíócòüñÿ óìîâà
(17), à òîìó ñïðàâäæócòüñÿ òâåðäæåí-
íÿ òåîðåìè.

II. Iñíóc T ≥ 0 òàêå, ùî

M {V (x(s))} <
ε

2
λmin(H)

äëÿ −τ ≤ s < T, à

M {V (x(T ))} =
ε

2
λmin(H). (18)

Çàóâàæèìî, ùî ÿê ïðèêëàä âiäðiçêó, äëÿ
ÿêîãî áóäóòü âèêîíóâàòèñü óìîâè (18), ìîæå
âèñòóïàòè [−τ, 0]. Ñïðàâäi, çà óìîâàìè (12)
i ïåðøîþ ç óìîâ (16), ìàòèìåìî

M {V (x(z))} ≤ λmax(H)M
{|x(z)|2} <

< λmax(H)β1‖ ψ ‖2
0 < λmax(H)β1δ1(ε, τ) <

<
λmax(H)ε

2ϕ(H)
=

ε

2
λmin(H), −τ ≤ z ≤ 0.

Äîâåäåìî òåîðåìó äëÿ âèïàäêó II.
Çðîçóìiëî, ùî äëÿ êîæíîãî t > 0 iñíóc

âiäïîâiäíå ÷èñëî mt = 0, 1, 2, ... òàêå, ùî
mtτ < t ≤ (mt + 1)τ.
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Bâåäåìî ïîçíà÷åííÿ:

R1[x̃(t), x(t)] ≡





−(I −D)−1D

{
D−1A1×

×x̃(t) + A0x(t) + A1x(t−
−τ)

}
, ÿêùî 0 < t ≤ τ ;

−(I −D)−1D

{
mt−1∑
i=0

Di×
×[A0x̃(t− iτ) + A1x̃(t−
−(i + 1)τ)] + D−1A1×
×x̃(t) + Dmt [A0x(t−
−mtτ) + A1x(t− (mt+

+1)τ)]

}
, ÿêùî t > τ ;

(191)

R2[x̃(t), x(t)] ≡





−(I −D)−1D

{
D−1B1×

×x̃(t) + B0x(t) + B1x(t−
−τ)

}
, ÿêùî 0 < t ≤ τ ;

−(I −D)−1D

{
mt−1∑
i=0

Di×
×[B0x̃(t− iτ) + B1x̃(t−
−(i + 1)τ)] + D−1B1×
×x̃(t) + Dmt [B0x(t−
−mtτ) + B1x(t− (mt+

+1)τ)]

}
, ÿêùî t > τ ;

(192)

R3[x̃(t), x(t), u] ≡





−(I −D)−1D

{
D−1×

C1(u)x̃(t) + C0(u)x(t)+

+C1(u)x(t− τ)]

}
,

ÿêùî 0 < t ≤ τ ;
−(I −D)−1D×
×

{
mt−1∑
i=0

Di[C0(u)×
×x̃(t− iτ) + C1(u)x̃(t−
−(i + 1)τ)] + D−1×
×C1(u)x̃(t) + Dmt×
×[C0(u)x(t−mtτ)+
+C1(u)x(t− (mt+

+1)τ)]

}
, ÿêùî t > τ.

(193)

Äå x̃(t) ≡ x(t)− x(t− τ),

Φ(t) ≡ Dψ̇(t− (mt + 1)τ)−
−ψ̇(t−mtτ), u ∈ U ⊂ Rn.

E1(t) ≡ Ax(t) + R1[x̃(t), x(t)],
E2(t) ≡ Bx(t) + R2[x̃(t), x(t)],

E3(t, u) ≡ C(u)x(t)+
+R3[x̃(t), x(t), u], u ∈ U.

Ëåìà 2. Íåõàé {x(t)} - ðîçâ'ÿçîê çàäà÷i
(1),(2), äå t > 0.

Òîäi ÑÄÐÍÒ (1)(2) åêâiâàëåíòíå ÑÄÐ [9]
iç çàãàþâàííÿì

dx(t) =
(
Ax(t) + R1[x̃(t), x(t)]−

−(I −D)−1Dmt+1Φ(t)
)
dt+

+
(
Bx(t) + R2[x̃(t), x(t)]

)
dw(t)+ (20)

+

∫

U

{C(u)x(t) + R3[x̃(t), x(t), u]}ν̃(dt, du).

Ëåìà 3. Íåõàé

1) {x(t)} - ðîçâ'ÿçîê çàäà÷i (1),(2) äëÿ t ≥
0;

2) àðèôìåòè÷íèé êîðiíü ìîäóëÿ êîæíî��
êîìïîíåíòè âåêòîðà E1(t) − (I −
D)−1Dmt+1Φ(t) íàëåæèòü äî ïðîñòîðó
H2;

3) E2 ∈ H2, E3 ∈ H1,2(Π), u ∈ U, V ∈
Dγ; {V (E3 (t , u))} ∈ H1 (Π);

4) ïðîñòîðó H2(Π) íàëåæèòü âèðàç



t∫

0

∫

U

E3(s, u)ν̃(ds, du)




T

HE3(t, u)+

+ET
3 (t, u)H

t∫

0

∫

U

E3(s, u)ν̃(ds, du)+

+ET
3 (t, u)HE3(t, u).
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Òîäi ñïðàâäæócòüñÿ ñïiââiäíîøåííÿ
d

dt
M{V (x(t))} = M

{
xT (t)H[E1(t)−

−(I −D)−1Dmt+1Φ(t)] + [E1(t)−
−(I −D)−1Dmt+1Φ(t)]T Hx(t)+

+

∫

U

ET
3 (t, u)HE3(t, u)Π(du)+

+sp
(
HE2(t)E

T
2 (t)

)}
.

(21)

/ Ëåãêî áà÷èòè, ùî ÿêùî

H = (hij)
n
i,j=1, x(t) = {x1(t), ..., xn(t)}T ,

òî

V (x(t)) = xT (t)Hx(t) =
n∑

i=1

n∑
j=1

hijxi(t)xj(t),

4V (x(t)) =
( n∑

i=1

hikxi(t) +
n∑

i=1

hkixi(t)
)n

k=1
,

42V (x(t)) = H + HT = 2H.

Âèêîðèñòîâóþ÷è çàãàëüíó çàìiíó Iòî [1] äî
ðiâíÿííÿ (20), ìàòèìåìî:

dV (x(t)) =
{

L0(V ) + Lπ(V ) + LN(V )
}

dt+

+
{

xT (t)HE2(t) + ET
2 (t)Hx(t)

}
dw(t)+

+

∫

U

{
[x(t) + E3(t, u)]T H[x(t) + E3(t, u)]−

−xT (t)Hx(t)
}

ν̃(dt, du),

äå

LN(V ) ≡ 1

2
sp

(
42V (x(t))E2(t)E

T
2 (t)

)
;

L0(V ) ≡ xT (t)H
[
E1(t)−(I−D)−1Dmt+1Φ(t)

]
+

+
[
E1(t)− (I −D)−1Dmt+1Φ(t)

]T

Hx(t);

Lπ(V ) ≡
∫

U

{
[x(t) + E3(t, u)]T H[x(t)+

+E3(t, u)]− xT (t)Hx(t)−
−{xT (t)HE3(t, u) + ET

3 (t, u)Hx(t)]}
}
Π(du).

Çà îçíà÷åííÿì ñòîõàñòè÷íîãî äèôåðåíöi-
àëó, çàïèøåìî ïðèðiñò äëÿ {V (x(t))} :

V (x(t)) = V (x(0)) +

t∫

0

{
L0(V )+

+Lπ(V ) + LN(V )
}

ds+

+

t∫

0

{
xT (s)HE2(s)+

+ET
2 (s)Hx(s)

}
dw(s)+

+

t∫

0

∫

U

{
[x(s) + E3(s, u)]T H[x(s)+

+E3(s, u)]− xT (s)Hx(s)
}

ν̃(ds, du).

(22)

Çàñòîñóâàâøè îïåðàöiþ ìàòåìàòè÷íîãî ñïî-
äiâàííÿ äî (22) i ñêîðèñòàâøèñü ðiâíiñòþ íó-
ëþ ìàòåìàòè÷íîãî ñïîäiâàííÿ âiä iíòåãðàëà
Âiíåðà-Iòî òà iíòåãðàëà çà ïóàññîíiâñüêîþ
ìiðîþ [1], ïiñëÿ îá÷èñëåííÿ ïîõiäíîi ïî t,
îäåðæèìî (21)..

Ëåìà 4. Íåõàé äëÿ ðîçâ'ÿçêó {x(t)} ðiâ-
íÿííÿ (1) iñíóc òàêå T > 0, ùî äëÿ âñiõ
s : −τ ≤ s < T, ñïðàâäæócòüñÿ

M{V (x(s))} < M{V (x(T ))}.
Òîäi âèêîíócòüñÿ íåðiâíiñòü [9]

d

dt
M{V (x(t))} < − [ξλmin(Q)− L1(H)α1−

−α2F (H)] M
{|x(T )|2}+

{
−(1− ξ)λmin(Q)+

+

[
I1

4
(1 + ϕ(H)) + L2(H)L3(H)ϕ(H)

]
τ+

(23)

+L2(H)ϕ(H)I2
1τ

2

}
M

{|x(T )|2} +

[
2L1(H)

α1

+

+L2(H)] β1 ‖ ψ ‖2
0 +

8β2 ‖ ψ̇ ‖2
0 (1+ ‖ D ‖2)

α2

,

äå 0 < ξ < 1− äîâiëüíå ÷èñëî, L1(H), L2(H),
L3(H) âèçíà÷åíi â (14).
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Ïîêëàäåìî â (23) α1 ≡ ξλmin(Q)

2L1(H)
, α2 ≡

ξλmin(Q)

2F (H)
, òîäi ëåãêî îäåðæàòè íåðiâíiñòü

d

dt
M {V (x(T ))} < −{(1− ξ)λmin(Q)−

−b(H)τ − a(H)τ 2
}

M
{|x(T )|2} +

+

[
4L2

1(H)

ξλmin(Q)
+ L2(H)

]
β1‖ ψ ‖2

0+

+
16F 2(H) (1+ ‖ D ‖2) β2 ‖ ψ̇ ‖2

0

ξλmin(Q)
,

äå a(H), b(H), c(H) âèçíà÷åíi â (15).
Î÷åâèäíî, ùî ÿêùî τ0- ðîçâ'ÿçîê êâàäðà-

òíîãî ðiâíÿííÿ a(H)τ 2 + b(H)τ − c(H) = 0,
òî

a(H)τ 2 + b(H)τ − c(H) < 0,

a(H)τ 2 + b(H)τ − c(H)
τ

τ0

< 0,

äëÿ 0 < τ < τ0. Çâiäñè âèïëèâàc

a(H)τ 2 + b(H)τ − c(H) < −c(H)

(
1− τ

τ0

)
,

0 < τ < τ0.

Òîäi
d

dt
M {V (x(T ))} <

< −c(H)

(
1− τ

τ0

)
M

{|x(T )|2} +

+

[
4L2

1(H)

ξλmin(Q)
+ L2(H)

]
β1‖ ψ ‖2

0+

+
16F 2(H) (1+ ‖ D ‖2) β2 ‖ ψ̇ ‖2

0

ξλmin(Q)
.

ßêùî æ áóäóòü âèêîíóâàòèñü îöiíêè

‖ ψ ‖2
0<

c(H)
(
1− τ

τ0

)
M {|x(T )|2} ξλmin(Q)

4 [4L2
1(H) + ξL2(H)λmin(Q)] β1

,

‖ ψ̇ ‖2
0<

c(H)
(
1− τ

τ0

)
M {|x(T )|2} ξλmin(Q)

64F 2(H) (1+ ‖ D ‖2) β2

,

òî
d

dt
M {V (x(T ))} <

< −c(H)

2

(
1− τ

τ0

)
M

{|x(T )|2} . (24)

Äàëi, çãiäíî (5) âèêîíóþòüñÿ íåðiâíîñòi

−λmax(H)|x(T )|2 ≤ −V (x(T )) ≤
≤ −λmin(H)|x(T )|2.

Òîäi âðàõîâóþ÷è ñïiââiäíîøåííÿ (24), ìàòè-
ìåìî

d

dt
M{V (x(T ))} <

< − c(H)

2λmax(H)

(
1− τ

τ0

)
M{V (x(T ))},

ùî åêâiâàëåíòíî

dM{V (x(T ))}
M{V (x(T ))} < − c(H)dt

2λmax(H)

(
1− τ

τ0

)
.

Ïðîiíòåãðóâàâøè öþ íåðiâíiñòü íà äîñèòü
ìàëîìó âiäðiçêó [T, T + ζ], îäåðæèìî

∣∣∣∣
M{V (x(T + ζ))}

M{V (x(T ))}

∣∣∣∣ <

< exp

{
− c(H)ζ

2λmax(H)

(
1− τ

τ0

)}
.

Àëå êâàäðàòè÷íà ôîðìà V (x) c äîäàòíî
îçíà÷åíîþ, òîìó ëåãêî ïåðåêîíàòèñÿ, ùî

M{V (x(T + ζ))} < M{V (x(T ))}×

×exp

{
− c(H)ζ

2λmax(H)

(
1− τ

τ0

)}
<

< M{V (x(T ))}.
Îñêiëüêè M{V (x(T ))} =

ε

2
λmin(H), òî

M {V (x(T + ζ))} <
ε

2
λmin(H).

Òîäi ìîæíà ñòâåðäæóâàòè, ùî:

∃ η > 0 òàêå, ùî ∀ s : T < s < T + η,

M {V (x(s))} <
ε

2
λmin(H), 0 < τ < τ0.

Îòæå, ∀ τ ∈ (0, τ0) òà ∀ t > 0 ñïðàâäæócòüñÿ
íåðiâíiñòü M {V (x(t))} ≤ ε

2
λmin(H), òîáòî

âèêîíócòüñÿ (17).
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Òàêèì ÷èíîì, äëÿ âèêîíàííÿ óìîâè (17)
äîñèòü, ùîá

d

dt
M {V (x(T ))} < 0,

à öå ãàðàíòócòüñÿ óìîâîþ 4) òåîðåìè.
Îòæå, âèïàäêè I i II âè÷åðïóþòü âñi ìîæ-

ëèâi âàðiàíòè, òîáòî òåîðåìà 2 äîâåäåíà. .
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