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ÏÐÎ ÍÀÁËÈÆÅÍÓ ÇÀÌIÍÓ ÐIÇÍÈÖÅÂÈÕ I
ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÐIÇÍÈÖÅÂÈÕ ÐIÂÍßÍÜ ÇÂÈ×ÀÉÍÈÌÈ

ÄÈÔÅÐÅÍÖIÀËÜÍÈÌÈ ÐIÂÍßÍÍßÌÈ
Äîñëiäæåíà ñõåìà àïðîêñèìàöi�� ðiçíèöåâîãî ðiâíÿííÿ ñèñòåìîþ çâè÷àéíèõ äèôåðåíöiàëü-

íèõ ðiâíÿíü. Ðîçãëÿíóòî çàñòîñóâàííÿ îäåðæàíèõ ðåçóëüòàòiâ äëÿ àïðîêñèìàöi�� ïàðè ðiçíè-
öåâîãî òà äèôåðåíöiàëüíî-ðiçíèöåâîãî ðiâíÿíü.

We investigate the algorithm of approximation of di�erence equation by system of ordinary
di�erential equations. We considered the application of result which we obtained to approximation
for coupled di�erence and di�erential-di�erence equations.

Íàáëèæåíà çàìiíà äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü âèâ÷àëàñü ðÿäîì àâòî-
ðiâ [1�7] ïðè äîñëiäæåííi çàäà÷ ñòiéêîñòi
òà êåðóâàííÿ. Â ðîáîòàõ [4,5] âèêîðèñòà-
íî àïðîêñèìàöiþ Ïàäå, à â ïðàöÿõ [6,7]
çàñòîñîâócòüñÿ àïðîêñèìàöiÿ ïiâãðóïè
ëiíiéíèõ îïåðàòîðiâ.

Ó äàíié ðîáîòi óçàãàëüíþcòüñÿ ñõåìà
àïðîêñèìàöi�� Êðàñîâñüêîãî-Ðcïiíà [1,2] íà
âèïàäîê iíòåãðîâíèõ âõiäíèõ ôóíêöié äëÿ
åëåìåíòà çàïiçíåííÿ òà ðîçãëÿäàþòüñÿ äå-
ÿêi ���� çàñòîñóâàííÿ äëÿ ðiçíèöåâèõ òà
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü.

1. Íàáëèæåííÿ åëåìåíòà çàïiçíåííÿ
Ðîçãëÿíåìî m åëåìåíòiâ çàïiçíåííÿ, ùî

ïîñëiäîâíî ç'cäíàíi ìiæ ñîáîþ i âiäïîâiä-
íó ��ì ïîñëiäîâíiñòü àïåðiîäè÷íèõ ëàíîê, ùî
îïèñóþòüñÿ ñèñòåìîþ çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü âèãëÿäó [2,3]

τ

m
z
′
1(t) + z1(t) = x(t), (1)

τ

m
z
′
i(t)+zi(t) = zi−1(t), i = 2,m, t ∈ [0, T ],

zi(0) =
m

τ

−(i−1)τ
m∫

− iτ
m

x(s)ds, i = 1,m, (2)

äå x(t) � âõiäíà ôóíêöiÿ ïåðøîãî åëåìåíòà
çàïiçíåííÿ, m ∈ N, T, τ > 0.

Ïîçíà÷èìî yi(t) = x(t − iτ

m
), i = 1,m,

ïîñëiäîâíiñòü âèõiäíèõ ôóíêöié åëåìåíòiâ
çàïiçíåííÿ. Áóäåìî äîñëiäæóâàòè âiäïîâiä-
íiñòü ìiæ âåëè÷èíàìè yi(t) òà zi(t), i = 1,m.

Âiäìiòèìî, ùî ñèñòåìà (1), (2) äîñëi-
äæåíà â [2] ó âèïàäêó, êîëè ôóíêöiÿ x(t)
çàäîâîëüíÿc óìîâó Ëiïøèöÿ iç ñòàëîþ K
àáî ìàc ïîõiäíó, ùî îáìåæåíà ñòàëîþ M íà
[−τ, T ]. Ïðè öüîìó âñòàíîâëåíî ñïðàâåäëè-
âiñòü íåðiâíîñòåé

|zi(t)− x(t− iτ

m
)| ≤ 4Kτ√

m
, (3)

àáî
|zi(t)− x(t− iτ

m
)| ≤ 2Mτ√

m
, (4)

ïðè t ∈ [0, T ], i = 1,m.
Âèïàäîê, êîëè x(t) ∈ C[−τ, T ], ðîçãëÿíó-

òî â ðîáîòàõ [8,9]. Âñòàíîâëåíî, ùî â öüîìó
âèïàäêó ñïðàâäæóþòüñÿ òàêi íåðiâíîñòi

|zi(t)− x(t− iτ

m
)| ≤ 2(eτ + 1)ω(x,

τ

m
),

i = 1,m, t ∈ [0, T ], (5)

äå ω(x, σ) � ìîäóëü íåïåðåðâíîñòi ôóíêöi��
x(t) íà [−τ, T ].

Ó äàíié ðîáîòi ðîçãëÿäàòèìåìî ñèñòåìó
(1), (2) â ïðèïóùåííi, ùî x(t) íàëåæèòü ïðî-
ñòîðó L1[−τ, T ] iíòåãðîâíèõ íà [−τ, T ] ôóí-
êöié, îñêiëüêè òàêi ôóíêöi�� ÷àñòî çóñòði÷à-
þòüñÿ â ïðèêëàäíèõ çàäà÷àõ [1,7].

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2002. Âèïóñê 134. Ìàòåìàòèêà. 107



Ïiä ðîçâ'ÿçêîì ñèñòåìè (1), (2) áóäåìî
ðîçóìiòè ôóíêöi�� zi(t), i = 1,m, äå z1(t)
� àáñîëþòíà íåïåðåðâíà ôóíêöiÿ íà [0, T ],
ùî çàäîâîëüíÿc ïåðøå ðiâíÿííÿ ñèñòåìè (1)
ìàéæå äëÿ âñiõ t ∈ [0, T ], à zi(t) ∈ C1[0, T ],
i = 2,m.

Ïðîäîâæèìî ôóíêöiþ x(t) íà iíòåðâàë
[−h − τ, T + h], h > 0, ïîêëàâøè x(t) = 0
ïðè t 6∈ [−τ, T ].

Ââåäåìî äî ðîçãëÿäó ôóíêöiþ

xh(t) =
1

2h

t+h∫

t−h

x(s)ds,

ÿêà c íåïåðåðâíîþ íà [−τ, T ].
Âiäîìî [10, c.460], ÿêùî p ≥ 1 i x(t) ∈

Lp[−τ, T ], òî

lim
h→0

T∫

−τ

|xh(t)− x(t)|pdt = 0. (6)

Ïîçíà÷èìî α1(h) =

T∫

−τ

|xh(t) − x(t)|dt. Iç

ñïiââiäíîøåííÿ (6) âèïëèâàc, ùî α1(h) → 0
ïðè h → 0.

Ïðåäñòàâèìî ôóíêöiþ x(t) ó âèãëÿäi
x(t) = x1(t) + x2(t), äå x1(t) = xh(t), x2(t) =
x(t)− xh(t).

Çãiäíî ç ëiíiéíiñòþ ñèñòåìè (1), (2) ����
ðîçâ'ÿçîê áóäå ñóìîþ ôóíêöié, ÿêi c ðîçâ'ÿç-
êàìè òàêèõ ñèñòåì

τ

m
z
′(1)
1 (t) + z

(1)
1 (t) = x1(t),

τ

m
z
′(1)
i (t) + z

(1)
i (t) = z

(1)
i−1(t),

i = 2,m, t ∈ [0, T ], (7)

z
(1)
i (t) =

m

τ

−(i−1) τ
m∫

− iτ
m

x(s)ds, i = 1,m,

τ

m
z
′(2)
1 (t) + z

(2)
1 (t) = x2(t), (8)

τ

m
z
′(2)
i (t) + z

(2)
i (t) = z

(2)
i−1(t),

i = 2,m, t ∈ [0, T ],

z
(2)
i (0) = 0, i = 1,m.

Îöiíèìî ðiçíèöi zi(t) − yi(t), i = 1,m, ÿêi c
åëåìåíòàìè L1[0, T ]. Âðàõîâóþ÷è ïðåäñòàâ-
ëåííÿ ôóíêöi�� x(t) ó âèãëÿäi ñóìè, ìàcìî
íåðiâíiñòü

T∫

0

|zi(t)− yi(t)|dt ≤
T∫

0

(|z(1)
i (t)−

−y
(1)
i (t)|+ |y(2)

i (t)|+ |z(2)
i (t)|)dt. (9)

Äëÿ îöiíêè ðiçíèöi |z(1)
i (t)−y

(1)
i (t)| ìîæíà çà-

ñòîñóâàòè íåðiâíiñòü (5), îñêiëüêè ôóíêöiÿ
xh(t) c íåïåðåðâíîþ íà [−τ, T ]. Iç ðiâíîñòi
y

(2)
i (t) = x2(t− iτ

m
) âèïëèâàc îöiíêà

T∫

0

|y(2)
i (t)|dt ≤ α1(h). (10)

Äîñëiäèìî òðåòié äîäàíîê ó ïðàâié ÷àñòèíi
íåðiâíîñòi (9). Iç ïåðøîãî ðiâíÿííÿ ñèñòåìè
(8) çíàõîäèìî

z
(2)
1 (t) =

m

τ

t∫

0

e−
m
τ

(t−s)x2(s)ds. (11)

Îöiíþþ÷è (11), äiñòàcìî
T∫

0

|z(2)
1 (t)|dt ≤ m

τ

T∫

0

T∫

s

e−
m
τ

(t−s)|x2(s)|dtds =

=

T∫

0

(1− e−
m
τ

(T−s))|x2(s)|ds ≤ α1(h). (12)

Àíàëîãi÷íà îöiíêà ïðàâèëüíà i äëÿ z
(2)
i (t),

i = 2,m.
Ïiäñòàâëÿþ÷è (10)�(12) ó íåðiâíiñòü (9),

ìàcìî
T∫

0

|zi(t)−yi(t)|dt ≤ 2T (eT +1)ω(x1,
τ

m
)+2α1(h).

(13)
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Ïîêëàäàþ÷è â (13) h =
τ

m
, îäåðæócìî òàêó

òåîðåìó.
Òåîðåìà 1. Íåõàé â ñèñòåìi (1), (2) âõi-

äíà ôóíêöiÿ x(t) iíòåãðîâíà íà [−τ, T ]. Òîäi
ñïðàâäæóþòüñÿ òàêi íåðiâíîñòi

T∫

0

|zi(t)−x(t− iτ

m
)|dt ≤ β1(

τ

m
), i = 1,m, (14)

äå β1(δ) � ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ i
lim
δ→0

β1(δ) = 0.

2. Àïðîêñèìàöiÿ ðiçíèöåâèõ òà
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü

Ðîçãëÿíåìî íåëiíiéíå ðiçíèöåâå ðiâíÿííÿ

x(t) = f(t, x(t− τ)), t ∈ [0, T ], (15)

ç ïî÷àòêîâîþ óìîâîþ

x(t) = ϕ(t), t ∈ [−τ, 0], (16)

äå ôóíêöiÿ f(t, x) � íåïåðåðâíà ïî t i
çàäîâîëüíÿc óìîâó Ëiïøèöÿ ïî x, ϕ(t) � çà-
äàíà íåïåðåðâíà ôóíêöiÿ, τ > 0.

Ðîçâ'ÿçîê çàäà÷i (15), (16) ìîæíà çíà-
éòè ìåòîäîì êðîêiâ. Ïðè âèêîíàííi óìîâè
ñêëåéêè

ϕ(0) = f(0, ϕ(−τ)) (17)

öåé ðîçâ'ÿçîê áóäå íåïåðåðâíîþ ôóíêöicþ
íà [−τ, T ]. ßêùî óìîâà (17) íå âèêîíócòüñÿ,
òîäi ðîçâ'ÿçîê çàäà÷i (15), (16) áóäå êóñêî-
âî íåïåðåðâíîþ ôóíêöicþ, ùî ìàc íà [−τ, T ]
ñêií÷åííå ÷èñëî òî÷îê ðîçðèâó, â ÿêèõ iñíó-
þòü ñêií÷åííi ëiâi òà ïðàâi ãðàíèöi.

Ïîñòàâèìî ó âiäïîâiäíiñòü çàäà÷i (15),
(16) àïðîêñèìóþ÷ó çàäà÷ó Êîøi äëÿ ñèñòå-
ìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âè-
ãëÿäó

τ

m
y
′
1(t) + y1(t) = f(t, ym),

τ

m
y
′
i(t) + yi(t) = yi−1(t),

i = 2,m, t ∈ [0, T ], (18)

yi(0) = ϕ(−iτ

m
), i = 1,m.

Òåîðåìà 2. Íåõàé ôóíêöiÿ f(t, x) íåïå-
ðåðâíà ïî t i çàäîâîëüíÿc ïî x óìîâó Ëiïøè-
öÿ iç ñòàëîþ L < 1. Òîäi ñïðàâäæóþòüñÿ
òàêi íåðiâíîñòi

T∫

0

|x(t− iτ

m
)− yi(t)|dt ≤ β2(

τ

m
), i = 1,m.

(19)
ßêùî ïî÷àòêîâà ôóíêöiÿ ϕ(t) çàäîâîëüíÿc
óìîâó (17), òî òîäi

|x(t− iτ

m
)− yi(t)| ≤ β3(

τ

m
),

i = 1,m, t ∈ [0, T ]. (20)

Ôóíêöi�� βj(δ), j = 2, 3 c ìîíîòîííî çðîñòà-
þ÷èìè i

lim
δ→0

βj(δ) = 0, j = 2, 3.

Äîâåäåííÿ. Âèçíà÷èìî ôóíêöi�� ui(t) ÿê
ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü

τ

m
u
′
1(t) + u1(t) = x(t), (21)

τ

m
u
′
i(t) + ui(t) = ui−1(t), i = 2,m, t ∈ [0, T ],

ui(0) = x(−iτ

m
), i = 1,m,

äå x(t) � ðîçâ'ÿçîê çàäà÷i (15), (16).
Çàñòîñîâóþ÷è òåîðåìó 1, äiñòàcìî
T∫

0

|ui(t)− x(t− iτ

m
)|dt ≤ β1(

τ

m
), i = 1, m.

(22)
Ïîçíà÷èìî vi(t) = yi(t) − ui(t), i = 1,m.

Ëåãêî áà÷èòè, ùî ôóíêöi�� vi(t) c ðîçâ'ÿçêàìè
òàêî�� ñèñòåìè ðiâíÿíü

τ

m
v
′
1(t) + v1(t) = f(t, ym)− f(t, x(t− τ)),

τ

m
v
′
i(t) + vi(t) = vi−1(t), i = 2,m, t ∈ [0, T ],

(23)

vi(0) = 0, i = 1,m.
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Iç ïåðøîãî ðiâíÿííÿ ñèñòåìè (23) çíàõî-
äèìî, ùî

|v1(t)| ≤ mL

τ

t∫

0

e−
m
τ

(t−s)[|vm(s)|+

+|um(s)− x(s− τ)|]ds.

Çàñòîñîâóþ÷è òåïåð ôîðìóëó âàðiàöi��
ñòàëèõ i òåîðåìó Ôóáiíi, äiñòàcìî îöiíêó

|vi(t)| ≤ mL

τ

t∫

0

1

(i− 1)!

[
m

τ
(t− s)

]i−1

×

×e−
m
τ

(t−s)[|vm(s)|+|um(s)−x(s−τ)|]ds. (24)

Iíòåãðóþ÷è (24) â ìåæàõ âiä 0 äî T i çìiíþ-
þ÷è ïîðÿäîê iíòåãðóâàííÿ îäåðæèìî

T∫

0

|vi(t)|dt ≤ mL

τ

T∫

0

T∫

s

1

(i− 1)!

[
m

τ
(t−s)

]i−1

×

×e−
m
τ

(t−s)[|vm(s)|+|um(s)−x(s−τ)|]ds. (25)

Âðàõîâóþ÷è îöiíêó

τ

m

T∫

s

1

(i− 1)!

[
m

τ
(t− s)

]i−1

×

×e−
m
τ

(t−s)ds ≤
∞∫

0

ξi−1

(i− 1)!
e−ξdξ = 1,

ïåðåïèøåìî íåðiâíiñòü (25) ó âèãëÿäi
T∫

0

|vi(t)| ≤ L

T∫

0

[|vm(s)|+ |um(s)−x(s−τ)|]ds.

Îñêiëüêè L < 1, òî ìàcìî íåðiâíîñòi
T∫

0

|vi(t)| ≤ L

1− L

T∫

0

[|um(s)−

−x(s− τ)|]ds, i = 1,m. (26)

Âðàõîâóþ÷è òåïåð (22), (26), îäåðæócìî
îöiíêó

T∫

0

|yi − x(t− iτ

m
)|dt ≤

≤
T∫

0

|vi(t)|dt +

T∫

0

|ui(t)− x(t− iτ

m
)|dt ≤

≤ 1

1− L
β1(

τ

m
), i = 1,m.

Îòæå, ñïiââiäíîøåííÿ (19) ñïðàâäæóþòüñÿ.
Îöiíêè (20) âèïëèâàþòü iç [8,9], ïðè öüî-

ìó
β3(

τ

m
) =

2L(eτ + 1)

1− L
ω(x,

τ

m
).

Òåîðåìà 2 äîâåäåíà.
Ðîçëÿíåìî çàñòîñóâàííÿ îäåðæàíèõ ðå-

çóëüòàòiâ äëÿ àïðîêñèìàöi�� äèôåðåíöiàëüíî-
ðiçíèöåâî�� ñèñòåìè âèãëÿäó

ẋ(t) = f(t, x(t), y(t− τ)),

y(t) = g(t, x(t), y(t− τ)), t ∈ [0, T ], (27)

x(0) = x0, y(t) = ϕ(t), t ∈ [−τ, 0],

äå f(t, x, y), g(t, x, y) � íåïåðåðâíi ôóíêöi��,
ùî çàäîâîëüíÿþòü ïî x, y óìîâó Ëiïøèöÿ,
ϕ(t) � çàäàíà íåïåðåðâíà ôóíêöiÿ, τ > 0.

Ñèñòåìà (27) äîñëiäæóâàëàñü ó [8] ïðè äî-
äàòêîâié óìîâi ñêëåéêè

ϕ(0) = g(0, x0, ϕ(−τ)). (28)

Ðîçãëÿíåìî ðîçâ'ÿçîê x(t), y(t) ñèñòåìè
(27), íå âèìàãàþ÷è âèêîíàííÿ óìîâè (28).
Ó öüîìó âèïàäêó y(t) � êóñêîâî íåïåðåðâ-
íà ôóíêöiÿ íà [−τ, T ], à x(t) � àáñîëþòíî
íåïåðåðâíà ôóíêöiÿ íà [0, T ].

Ïîñòàâèìî ó âiäïîâiäíiñòü çàäà÷i (27)
àïðîêñèìóþ÷ó ñèñòåìó âèãëÿäó

z
′
0(t) = f(t, z0, zm),

z
′
1(t) =

m

τ
[g(t, z0, zm)− z1],

z
′
i(t) =

m

τ
[zi−1 − zi], i = 2,m, (29)

z0(0) = x0, zi(0) = ϕ(−iτ

m
), i = 1,m.

Òåîðåìà 3. Íåõàé zi(t), i = 0,m
� ðîçâ'ÿçêè çàäà÷i (29), à (x(t), y(t)) �
ðîçâ'ÿçêè ïî÷àòêîâî�� çàäà÷i (27). Ïðèïó-
ñòèìî, ùî âèêîíóþòüñÿ óìîâè

|f(t, x1, y1)− f(t, x2, y2)| ≤
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≤ L1|x1 − x2|+ L2|y1 − y2|,
|g(t, x1, y1)− g(t, x2, y2)| ≤
≤ N1|x1 − x2|+ N2|y1 − y2|,

äå L1, L2, N1 > 0, 0 < N1 < 1.
Òîäi ñïðàâäæóþòüñÿ òàêi íåðiâíîñòi

T∫

0

|z0(t)− x(t)|dt ≤ β4(
τ

m
),

T∫

0

|zi(t)−y(t− iτ

m
)|dt ≤ β5(

τ

m
), i = 1,m, (30)

äå βj(δ), j = 4, 5 � ìîíîòîííî çðîñòàþ÷i
ôóíêöi�� i

lim
δ→0

βj(δ) = 0, j = 3, 4.

Äîâåäåííÿ òåîðåìè íåñêëàäíî îäåðæàòè
àíàëîãi÷íî äîâåäåííþ òåîðåìè 2 ç [8] âèêî-
ðèñòîâóþ÷è îöiíêè (19).
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