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Â îáìåæåíié îáëàñòi Q ⊂ Rn+2 äîñëiäæåíî ìiøàíó çàäà÷ó äëÿ îäíîãî íåëiíiéíîãî óëü-
òðàïàðàáîëi÷íîãî ðiâíÿííÿ, ãiïåðáîëi÷íà ÷àñòèíà ÿêîãî ìîæå âèðîäæóâàòèñÿ. Ìåòîäîì Ãà-
ëüîðêiíà äîâåäåíî ðîçâ'ÿçíiñòü òàêî�� çàäà÷i â óçàãàëüíåíèõ ïðîñòîðàõ Ñîáîëcâà.

The mixed problem for one nonlinear ultraparabolic equation the hyperbolic part of which
can degenerate is considered in a bounded domain Q ⊂ Rn+2. The solvability of this problem in
the generalized Sobolev spases is proved using the Galerkin method.

Äåÿêi ôiçè÷íi ÿâèùà ìîæíà îïèñàòè çà
äîïîìîãîþ çàäà÷ äëÿ óëüòðàïàðàáîëi÷íèõ
ðiâíÿíü. Çîêðåìà, ðiâíÿííÿ òàêîãî òèïó âè-
íèêàþòü ïðè äîñëiäæåííi òåîði�� áðîóíiâ-
ñüêîãî ðóõó, ìàðêiâñüêèõ äèôóçiéíèõ ïðîöå-
ñiâ, ðîçñiþâàííi åëåêòðîíiâ, êiíåòè÷íié òåî-
ðii, â áiîëîãi��, òåîði�� áiíàðíèõ åëåêòðîëiòiâ,
òåîði�� ñïîâiëüíåííÿ åëåêòðîíiâ, òåîði�� éìî-
âiðíîñòåé [1�3] òà iíøèõ îáëàñòÿõ íàóêè.

Ó ïðàöÿõ [4�9] àâòîðè äîñëiäæóâàëè
çàäà÷ó Êîøi äëÿ óëüòðàïàðàáîëi÷íèõ ðiâ-
íÿíü, ÿêi óçàãàëüíþþòü ðiâíÿííÿ äèôó-
çii ç iíåðöicþ À.Ì.Êîëìîãîðîâà. Òàê, ó
ïðàöÿõ [4,6] àâòîðè, äîñëiäæóþ÷è ãëàä-
êiñòü îá'cìíèõ ïîòåíöiàëiâ, îäåðæàëè óìîâè
ðîçâ'ÿçíîñòi çàäà÷i Êîøi ó ñïåöiàëüíèõ âàãî-
âèõ ïðîñòîðàõ Ãåëüäåðà, â [7] äîâåäåíî îäíî-
çíà÷íó ðîçâ'ÿçíiñòü çàäà÷i Êîøi â êëàñàõ
óçàãàëüíåíèõ ôóíêöié íåñêií÷åííîãî ïîðÿä-
êó òèïó óëüòðàðîçïîäiëiâ Æåâðå, à â ïðàöÿõ
[5,8] çíàéäåíî ôóíäàìåíòàëüíi ðîçâ'ÿçêè, ó
[9] ïîäàíî iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿç-
êiâ òàêèõ çàäà÷.

Äîñëiäæåííþ êðàéîâèõ òà ìiøàíèõ çàäà÷
äëÿ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü ïðèñâÿ÷åíi
ïðàöi [10�16]. Ó ïðàöi [10] äëÿ êðàéîâèõ çà-
äà÷ Äiðiõëå i Íåéìàíà áåç ïî÷àòêîâèõ óìîâ
äëÿ îäíîãî ðiâíÿííÿ Êîëìîãîðîâà îïèñàíî
êëàñ ðîçâ'ÿçêiâ, ÿêi ÿâíî çîáðàæàþòüñÿ çà
äîïîìîãîþ ôóíêöi�� Ãðiíà. Ó ïðàöÿõ [12, 13]
îòðèìàíî iñíóâàííÿ cäèíîãî ðîçâ'ÿçêó ïåð-
øî�� êðàéîâo�� çàäà÷i, ÿêèé ìàc ïîõiäíi çà ïðî-

ñòîðîâèìè çìiííèìè ç ïðîñòîðó Ãåëüäåðà. Ó
ïðàöi [16] çà äîïîìîãîþ ìåòîäó Ãàëüîðêiíà
äîâåäåíî ðîçâ'ÿçíiñòü ìiøàíî�� çàäà÷i â ïðî-
ñòîðàõ Ñîáîëcâà äëÿ ðiâíÿííÿ Êîëìîãîðîâà,
à â [11], çàñòîñîâóþ÷è ìåòîä ôiêñîâàíî�� òî-
÷êè, çíàéäåíî óìîâè ðîçâ'ÿçíîñòi ìiøàíèõ
çàäà÷ äëÿ ëiíiéíèõ òà êâàçiëiíiéíèõ óëüòðà-
ïàðàáîëi÷íèõ ðiâíÿíü.

Ó öié ïðàöi â îáìåæåíié îáëàñòi Q äîñëi-
äæåíî ìiøàíó çàäà÷ó äëÿ îäíîãî íåëiíiéíî-
ãî óëüòðàïàðàáîëi÷íîãî ðiâíÿííÿ, ãiïåðáî-
ëi÷íà ÷àñòèíà ÿêîãî ìîæå âèðîäæóâàòèñÿ.
Îäåðæàíî ðîçâ'ÿçíiñòü òàêî�� çàäà÷i â óçà-
ãàëüíåíèõ ïðîñòîðàõ Ñîáîëcâà [17].

1. Ôîðìóëþâàííÿ çàäà÷i
Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü ç ìå-

æåþ Γ; Ω̂ = Ω × (0, y0), Q = Ω̂ × (0, T ), 0 <

T < +∞; Qτ = Ω̂× (0, τ); Ω̂τ = Q ∩ {t = τ}.
Â îáëàñòi Q ðîçãëÿíåìî ìiøàíó çàäà÷ó

ut − λ(x, y, t)uy−

−
n∑

i=1

(ai(x)|uxi
|p(x)−2uxi

)xi
= f(x, y, t), (1)

u|Γ×(0,y0)×(0,T ) = 0, u(x, y0, t) = 0, (2)

u(x, y, 0) = u0(x, y). (3)

Ðîçãëÿíåìî ïðîñòið Lp(x)(Ω̂) [17] ç íîð-
ìîþ ‖v; Lp(x)(Ω̂)‖ = inf{µ > 0 :∫

Ω̂

|v|p(x)/µp(x)dx ≤ 1}. Óâåäåìî ìíîæèíè
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W (Q) = {v(x, y, t) : v ∈ L2(Q), vt ∈
L2(Q), vy ∈ L2(Q), vxi

∈ Lp(x)(Q), i ∈
{1, ..., n}, v|Γ = 0, v(x, y0, t) = 0} ç íîð-
ìîþ ‖v; W (Q)‖ = ‖v; L2(Q)‖ + ‖vt; L

2(Q)‖ +

‖vy; L
2(Q)‖ +

n∑
i=1

‖vxi
; Lp(x)(Q)‖ òà V (Q) =

{v(x, y, t) : v ∈ L2(Q), vxi
∈ Lp(x)(Q), i ⊂

{1, ..., n}, v|Γ = 0} ç íîðìîþ ‖v; V (Q)‖ =

‖v; L2(Q)‖+
n∑

i=1

‖vxi
; Lp(x)(Q)‖.

Ïðèïóñòèìî, ùî äëÿ êîåôiöicíòiâ ðiâíÿ-
ííÿ (1) âèêîíóþòüñÿ òàêi óìîâè:

(A) {ai, aixi
} ⊂ L∞(Ω), i ∈ {1, ..., n};

ai(x) ≥ a0 > 0, ∀ x ∈ Ω;

(L) λ, λy, λt ∈ L∞(Q), λ(x, y, t) ≥ 0,

λ 6≡ 0, ∀ (x, y, t) ∈ Q;

(P) p ∈ C1(Ω), 2 ≤ p1 = ess inf
Ω

p(x) ≤

≤ ess sup
Ω

p(x) = p2 < +∞; x ∈ Ω̄.

Îçíà÷åííÿ. Óçàãàëüíåíèì ðîçâ'ÿçêîì
çàäà÷i (1)�(3) íàçâåìî ôóíêöiþ u ∈ W (Q),
ÿêà çàäîâîëüíÿc ðiâíÿííÿ

∫

Q

[
utv − λ(x, y, t)uyv+

+
n∑

i=1

ai(x)|uxi
|p(x)−2uxi

vxi

]
dxdydt =

=

∫

Q

f(x, y, t)vdxdydt (4)

äëÿ äîâiëüíî�� ôóíêöi�� v ∈ V (Q) òà ïî÷àòêî-
âó óìîâó (3).

2. Iñíóâàííÿ ðîçâ'ÿçêó
Òåîðåìà 1. Íåõàé âèêîíóþ-

òüñÿ óìîâè (A )�(P), {fy, ft, f} ⊂
L2(Q), u0xi

log|u0xi
| ∈ L2(Ω̂),∫

Ω̂

n∑
i=1

|u0xi
|2(p(x)−2)(u0xixi

)2dxdy < +∞;

{u0, u0y} ⊂ L2(Ω̂),
τ∫

0

∫

Ω

(f(x, y0, t))
2

λ(x, y0, t)
dxdt <

+∞. Òîäi iñíóc óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (1)�(3).

Äîâåäåííÿ. Íåõàé {ϕk(x) : k ≥ 1} � áà-
çà ïðîñòîðó V (Ω),

ϕk,s(x, y) = ϕk(x) cos
(2s− 1)π

2y0

y,

uj(x, y, t) =

j∑

k,s=1

cj
ks(t)ϕ

k,s(x, y),

j = 1, 2, ..., (5)

äå cj
ks(t) c ðîçâ'ÿçêîì çàäà÷i

∫

Ω̂r

[
uj

tϕ
k,s − λ(x, y, t)uj

yϕ
k,s+

+
n∑

i=1

ai(x)|uj
xi
|p(x)−2uj

xi
ϕk,s

xi

]
dxdy =

=

∫

Ω̂τ

f(x, y, t)ϕk,sdxdy, (6)

cj
ks(0) = uj

0, {k, s} ⊂ {1, ..., j}. (7)

uj
0(x, y) =

j∑

k,s=1

uj
0ϕ

k,s(x, y),

lim
j→∞

‖u0 − uj
0‖V (Ω̂) = 0.

Çà òåîðåìîþ Êàðàòåîäîði [18, c.54] iñíóc àá-
ñîëþòíî íåïåðåðâíèé ðîçâ'ÿçîê çàäà÷i (6)�
(7). Äîìíîæèìî (6) íà cj

ks(t), ïiäñóìócìî çà
s i k, çiíòåãðócìî çà t ïî ïðîìiæêó [0, τ ]. Ìà-
òèìåìî ∫

Qτ

[
uj

tu
j − λ(x, y, t)uj

yu
j+

+
n∑

i=1

ai(x)|uj
xi
|p(x)−2uj

xi
uj

xi

]
dxdydt =

=

∫

Qτ

f(x, y, t)ujdxdydt.

Îöiíèìî êîæíèé äîäàíîê îòðèìàíî�� ðiâíî-
ñòi:

τ1 =

∫

Qτ

uj
tu

jdxdydt =
1

2

∫

Ω̂τ

(uj)2dxdy−
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−1

2

∫

Ω̂0

(uj
0)

2dxdy;

τ2 = −
∫

Qτ

λ(x, y, t)uj
yu

jdxdydt =

=
1

2

τ∫

0

∫

Ω

λ(x, 0, t)(uj(x, 0, t))2dxdt+

+
1

2

∫

Qτ

λy(x, y, t)(uj)2dxdydt;

τ3 =

∫

Qτ

n∑
i=1

ai(x)|uj
xi
|p(x)−2uj

xi
uj

xi
dxdydt ≥

≥ a0

∫

Qτ

n∑
i=1

|uj
xi
|p(x)dxdydt;

τ4 =

∫

Qτ

f(x, y, t)ujdxdydt ≤

≤ 1

2

∫

Qτ

[|f(x, y, t)|2 + |uj|2]dxdydt.

Çâiäñè îäåðæèìî íåðiâíiñòü:
∫

Ω̂τ

(uj)2dxdy +

τ∫

0

∫

Ω

λ(x, 0, t)(uj)2dxdt+

+2a0

∫

Qτ

n∑
i=1

|uj
xi
|p(x)dxdydt ≤

∫

Q

[
|f |2+

+(−λy + 1)(uj)2

]
dxdydt +

∫

Ω̂0

(uj
0)

2dxdy.

Çàñòîñóâàâøè ëåìó Ãðîíóîëëà-Áåëëìàíà,
îäåðæèìî îöiíêó

∫

Ω̂τ

(uj)2dxdy +

τ∫

0

∫

Ω

λ(x, 0, t)(uj)2dxdt+

+

∫

Qτ

n∑
i=1

|uj
xi
|p(x)dxdydt ≤

≤ M1

[∫

Q

|f |2dxdydt +

∫

Ω̂0

(u0)
2dxdy

]
, (8)

â ÿêié ñòàëà M1 íå çàëåæèòü âiä j.

Íåõàé ωs =

(
(2s− 1)π

2y0

)2

. Òîäi
(

cos
(2s− 1)π

2y0

y

)

yy

= −ωs cos
(2s− 1)π

2y0

y.

Äîìíîæèìî (6) íà cj
ks(t)ωs, ïiäñóìócìî

çà s i k, çiíòåãðócìî çà t âiä 0 äî τ òà

çàìiíèìî çíà÷åííÿ
j∑

s,k=1

cj
ks(t)ωsϕ

k,s(x, y) ç

ïîïåðåäíüîãî âèðàçó íà −uj
yy. Ìàòèìåìî

∫

Qτ

[
−uj

tu
j
yy + λ(x, y, t)uj

yu
j
yy−

−
n∑

i=1

ai(x)|uj
xi
|p(x)−2uj

xi
uj

xiyy

]
dxdydt =

= −
∫

Qτ

f(x, y, t)uj
yydxdydt.

Ïiñëÿ òàêèõ ïåðåòâîðåíü îöiíèìî êîæíèé ç
äîäàíêiâ îäåðæàíî�� ðiâíîñòi îêðåìî:

τ5 = −
∫

Qτ

uj
tu

j
yydxdydt =

∫

Qτ

uj
tyu

j
ydxdydt =

=
1

2

∫

Ω̂τ

(uj
y)

2dxdy − 1

2

∫

Ω̂0

(uj
0y)

2dxdy;

τ6 =

∫

Qτ

λ(x, y, t)uj
yu

j
yydxdydt =

=
1

2

τ∫

0

∫

Ω

λ(x, y0, t)(u
j
y)

2dxdt−

−1

2

∫

Qτ

λy(x, y, t)(uj
y)

2dxdydt;

τ7 = −
∫

Qτ

n∑
i=1

ai(x)|uj
xi
|p(x)−2uj

xi
×
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×uj
xiyydxdydt =

∫

Qτ

n∑
i=1

ai(x)(p(x)−

−1)|uj
xi
|p(x)−2(uj

xiy
)2dxdydt ≥ a0(p1−

−1)

∫

Qτ

n∑
i=1

|uj
xi
|p(x)−2(uj

xiy
)2dxdydt;

τ8 = −
∫

Qτ

f(x, y, t)uj
yydxdydt =

= −
τ∫

0

∫

Ωt

f(x, y0, t)u
j
y(x, y0, t)dxdt+

+

∫

Qτ

fyu
j
y(x, y0, t)dxdydt ≤

≤ 1

2

τ∫

0

∫

Ωt

[
2(f(x, y0, t))

2

λ(x, y0, t)
+

+
λ(x, y0, t)

2
(uj

y(x, y0, t))
2

]
dxdt+

+
1

2

∫

Qτ

[|fy|2 + (uj
y)

2]dxdydt.

Ç íàâåäåíèõ îöiíîê âèïëèâàc íåðiâíiñòü:
∫

Ω̂τ

(uj
y)

2dxdy +
1

2

τ∫

0

∫

Ω

λ(x, y0, t)(u
j
y)

2dxdt+

+2a0(p1 − 1)

∫

Qτ

n∑
i=1

|uj
xi
|p(x)−2(uj

xiy
)2dxdydt ≤

≤
∫

Q

(|fy|2 + (λy + 1)(uj
y)

2)dxdydt+

+

∫

Ω̂0

(uj
0y)

2dxdy +

τ∫

0

∫

Ωt

2(f(x, y0, t))
2

λ(x, y0, t)
dxdt.

Çàñòîñóâàâøè ëåìó Ãðîíóîëëà-Áåëëìàíà,
ìàòèìåìî îöiíêó

∫

Ω̂τ

(uj
y)

2dxdy +

τ∫

0

∫

Ω

λ(x, y0, t)(u
j
y)

2dxdt+

+

∫

Qτ

n∑
i=1

|uj
xi
|p(x)−2(uj

xiy
)2dxdydt ≤

≤ M2

[∫

Q

|fy|2dxdydt +

∫

Ω̂0

(u0y)
2dxdy+

+

τ∫

0

∫

Ωt

(f(x, y0, t))
2

λ(x, y0, t)
dxdt

]
, (9)

â ÿêié ñòàëà M2 íå çàëåæèòü âiä j.
Ðîçãëÿíåìî (6) ïðè t = 0, äîìíîæèìî íà

cj
ks(t) òà ïiäñóìócìî çà k, s. Ïiñëÿ ïåðåòâî-
ðåíü îòðèìàcìî:

∫

Ω̂0

(uj
t)

2dxdy ≤ M

∫

Ω̂0

[
(λ(x, y, 0)uj

0y)
2+

+
n∑

i=1

((ai(x)|uj
0xi
|p(x)−2uj

0xi
)xi

)2+

+|f(x, y, 0)|2
]
dxdy ≤ M3. (10)

Ïðîäèôåðåíöiþcìî (6) çà t, äîìíîæèìî
íà cj

kst(t), ïiäñóìócìî çà s i k, çiíòåãðócìî çà
t âiä 0 äî τ . Ìàòèìåìî:

∫

Qτ

[
uj

ttu
j
t −

(
λt(x, y, t)uj

y+

+λ(x, y, t)uj
yt

)
uj

t + (p(x)− 1)×

×
n∑

i=1

ai(x)|uj
xi
|p(x)−2(uj

xit)
2

]
dxdydt =

=

∫

Qτ

ft(x, y, t)uj
tdxdydt.

Çàñòîñóâàâøè (10), îöiíèìî êîæíèé äî-
äàíîê îòðèìàíî�� ðiâíîñòi:

τ9 =

∫

Qτ

uj
ttu

j
tdxdydt ≥

≥ 1

2

∫

Ω̂τ

(uj
t)

2dxdy − 1

2
M3;
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τ10 = −
∫

Qτ

[
λt(x, y, t)uj

y + λ(x, y, t)uj
yt

]
×

×uj
tdxdydt ≥ −1

2

∫

Qτ

[
|λt|2(uj

y)
2+

+(uj
t)

2

]
dxdydt ≥ +

1

2

τ∫

0

∫

Ω

λ(x, 0, t)×

×(uj
t)

2dxdt +

∫

Qτ

λy

2
(uj

t)
2dxdydt;

τ11 =

∫

Qτ

n∑
i=1

ai(x)(p(x)− 1)|uj
xi
|p(x)−2×

×(uj
xit)

2dxdydt ≥ a0(p1 − 1)×

×
∫

Qτ

n∑
i=1

|uj
xi
|p(x)−2(uj

xit)
2dxdydt;

τ12 =

∫

Qτ

ft(x, y, t)uj
tdxdydt ≤

≤ 1

2

∫

Qτ

[
|ft(x, y, t)|2 + |uj

t |2
]
dxdydt.

Ïiñëÿ ïðîâåäåíèõ îöiíîê îòðèìàcìî íå-
ðiâíiñòü

∫

Ω̂τ

(uj
t)

2dxdy +

τ∫

0

∫

Ω

λ(x, 0, t)(uj
t)

2dxdt+

+2a0(p1 − 1)

∫

Qτ

n∑
i=1

|uj
xi
|p(x)−2(uj

xit)
2dxdydt ≤

≤
∫

Q

[
|ft|2 + (λy + 2)(uj

t)
2+

+λt(u
j
y)

2

]
dxdydt|+ M3.

Çàñòîñóâàâøè ëåìó Ãðîíóîëëà-Áåëëìàíà i
îöiíêó (9), ìàòèìåìî íåðiâíiñòü

∫

Ω̂τ

(uj
t)

2dxdy +

τ∫

0

∫

Ω

λ(x, 0, t)(uj
t)

2dxdt+

+

∫

Qτ

n∑
i=1

|uj
xi
|p(x)−2(uj

xit)
2dxdydt ≤

≤ M4

[∫

Q

(|fy|2 + |ft|2)dxdydt+

+

∫

Ω̂

(uj
0y)

2dxdy

]
, (11)

â ÿêié ñòàëà M4 íå çàëåæèòü âiä j. Ç îöiíîê
(8), (9), (11) âèïëèâàþòü òàêi çáiæíîñòi äå-
ÿêî�� ïiäïîñëiäîâíîñòi ïîñëiäîâíîñòi {uj : j ≥
1} (çà ÿêîþ çáåðåæåìî òå æ ñàìå ïîçíà÷åí-
íÿ):

uj → u ∗ − L∞(0, T ; L2(Ω̂));

uj
xi
→ uxi

Lp(x)(Q);

uj
y → uy ∗ − L∞(0, T ; L2(Ω̂));

uj
t → ut ∗ − L∞(0, T ; L2(Ω̂)). (12)

Iç çáiæíîñòåé (12) âèïëèâàc, ùî äëÿ âñiõ
i ∈ {1, ..., n} ai(x)|uj

xi
|p(x)−2uj

xi
→ χi-ñëàáêî

â Lp′(x)(Q).
Îñêiëüêè uj → u, uj

y → uy ñëàá-
êî â L∞(0, T ; L2(Ω̂)), òî uj → u ñëàá-
êî â W 1,2(0, y0; L

2([0, T ] × Ω)). Òîäi u ∈
C(0, y0; L

2([0, T ] × Ω)), âèðàç u(x, y0, t) ìàc
çìiñò i lim

j→∞

∫

Q

uj
yvdxdydt =

∫

Q

uyvdxdydt, äëÿ

äîâiëüíèõ v ∈ W (Q). Çiíòåãðóâàâøè öþ ðiâ-
íiñòü ÷àñòèíàìè òà âèêîðèñòàâøè îäåðæàíi
çáiæíîñòi, çíàõîäèìî, ùî u(x, y0, t) = 0.

Àíàëîãi÷íî äîâîäèìî, ùî u ∈
C(0, T ; L2(Ω̂)) i u(x, y, 0) = u0(x, y).

Ïîêàæåìî, ùî u � ðîçâ'ÿçîê çàäà÷i (1)�
(3). Ç (5) ìîæíà îòðèìàòè ðiâíiñòü

∫

Q

[
uj

tv
j0 − λ(x, y, t)uj

yv
j0+

+
n∑

i=1

ai(x)|uj
xi
|p(x)−2uj

xi
vj0

xi

]
dxdydt =

=

∫

Q

f(x, y, t)vj0dxdydt,
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ÿêà âèêîíócòüñÿ äëÿ âñiõ vj0 =
j0∑

s,k=1

zj0
sk(t)ϕ

s,k(x, y), zj0
sk ∈ C([0, T ]). Ñóêó-

ïíiñòü òàêèõ ôóíêöié vj0 ùiëüíà â ïðîñòîði
V (Q). Ó ïîïåðåäíié òîòîæíîñòi ïåðåéäåìî
äî ãðàíèöi çà âèáðàíîþ âèùå ïîñëiäîâíiñòþ.
Îòðèìàcìî, ùî
∫

Q

[
utv − λ(x, y, t)uyv +

n∑
i=1

χivxi

]
dxdydt =

=

∫

Q

f(x, y, t)vdxdydt. (13)

Äîâåäåìî, ùî
n∑

i=1

χi =
n∑

i=1

ai(x)|uxi
|p(x)−2uxi

.

Ðîçãëÿíåìî ïîñëiäîâíiñòü

0 ≤ Xj =

∫

Qτ

n∑
i=1

(ai(x)|uj
xi
|p(x)−2uj

xi
−

−ai(x)|ψxi
|p(x)−2ψxi

)(uj
xi
− ψxi

)dxdydt =

=

∫

Qτ

[ n∑
i=1

ai(x)|uj
xi
|p(x)−

−
n∑

i=1

ai(x)|ψxi
|p(x)−2ψxi

(uj
xi
− ψxi

)−

−
n∑

i=1

ai(x)|uj
xi
|p(x)−2uj

xi
ψxi

]
dxdydt,

ψ ∈ W (Q).

Çãiäíî ç (6), ìàòèìåìî
∫

Q

n∑
i=1

ai(x)|uj
xi
|p(x)dxdydt =

=

∫

Qτ

[
f(x, y, t)uj−

−uj
tu

j + λ(x, y, t)uj
yu

j

]
dxdydt. (14)

Ïiäñòàâèìî (14) ó Xj, âèêîðèñòàcìî ôîðìó-
ëó (12), â ÿêié âèáåðåìî v = u. Ïiñëÿ âèêî-
íàííÿ âêàçàíèõ ïåðåòâîðåíü ìàòèìåìî

0 ≤ lim
j→∞

supXj =

∫

Qτ

[
f(x, y, t)u− utu−

−λ(x, y, t)uyu

]
+

n∑
i=1

[
−ai(x)|ψxi

|p(x)−2ψxi
×

×(uxi
− ψxi

)− χiψxi

]
dxdydt =

=

∫

Qτ

n∑
i=1

[
ai(x)|uxi

|p(x)−2uxi
− χi

]
×

×(uxi
− ψxi

)dxdydt.

Âèáåðåìî ψ = u − æw, w ∈ W (Q), æ > 0. Ç
íåïåðåðâíîñòi

n∑
i=1

ai(x)|ξ|p(x)−2ξ çà ξ âèïëèâà-

òèìå, ùî
n∑

i=1

ai(x)|uxi
|p(x)−2uxi

=
n∑

i=1

χi ìàéæå
ñêðiçü â Q. Òîìó u � ðîçâ'ÿçîê çàäà÷i (1)�
(3).

3. Cäèíiñòü ðîçâ'ÿçêó
Òåîðåìà 2. ßêùî âèêîíóþòüñÿ óìîâè

(A)�(P), òî çàäà÷à (1)�(3) íå ìîæå ìà-
òè áiëüøå îäíîãî ðîçâ'ÿçêó.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíóc äâà
ðiçíi ðîçâ'ÿçêè u1, u2 çàäà÷i (1)�(3). �Iõ ði-
çíèöÿ u = u1 − u2 çàäîâîëüíÿòèìå ðiâíiñòü

∫

Q

[
utv − λ(x, y, t)uyv+

+
n∑

i=1

ai(x)

(
|u1xi

|p(x)−2u1xi
−

−|u2xi
|p(x)−2u2xi

)
vxi

]
dxdydt = 0 (15)

äëÿ äîâiëüíî�� ôóíêöi�� v ∈ V (Q), òà óìîâè
(2), (3), â ÿêèõ u0(x, y) ≡ 0. Âèáåðåìî â öié
ðiâíîñòi v = u òà îöiíèìî äîäàíêè îäåðæàíî��
ðiâíîñòi. Îöiíêè ïåðøîãî òà äðóãîãî äîäàí-
êiâ àíàëîãi÷íi äî îöiíîê iíòåãðàëiâ τ1, τ2.

τ3 =

∫

Qτ

n∑
i=1

ai(x)

[
|u1xi

|p(x)−2u1xi
−
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−|u2xi
|p(x)−2u2xi

]
(u1xi

− u2xi
)dxdydt ≥ 0.

Òîìó ç (15) âèïëèâàòèìå, ùî
∫

Q

u2dxdy ≤ 0.

Îòæå, u ≡ 0 ìàéæå âñþäè â Q, òîáòî, u1 =
u2.

Çàóâàæåííÿ. ßêùî u0 ≡ 0, êîåôiöicíòè
ai çàëåæàòü âiä x, t òà 2 < p(x) < +∞,
p(x) ∈ L∞(Ω), òî òåîðåìè 1, 2 çàëèøàþ-
òüñÿ ïðàâèëüíèìè.
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