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ÇÀÄÀ×À ÊÎØI ÄËß ÅÂÎËÞÖIÉÍÈÕ ÐIÂÍßÍÜ
Ç ÎÏÅÐÀÒÎÐÎÌ ÁÅÑÑÅËß ÍÅÑÊIÍ×ÅÍÍÎÃÎ ÏÎÐßÄÊÓ
Âñòàíîâëåíà êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ åâîëþöiéíèõ ðiâíÿíü ç îïåðàòîðîì

Áåññåëÿ íåñêií÷åííîãî ïîðÿäêó ó ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié òèïó W ′.

The correct solvability of the Cauchy problem is established for evolutional equations with
Bessel's operator of in�nite order in the spaces of generalized functions of type W ′.

1. Ïðîñòîðè òèïó W ,
0

W òà (
0

W )′

Ðîçãëÿíåìî ôóíêöiþ

ω : [0, +∞) → [0, +∞),

ÿêà c íåïåðåðâíîþ i çðîñòàþ÷îþ, ïðè÷îìó
ω(0) = 0, lim

x→+∞
ω(x) = +∞.

Äëÿ x ≥ 0 ïîêëàäåìî Ω(x) =

x∫

0

ω(ξ)dξ.

Ôóíêöiÿ Ω âîëîäic òàêèìè âëàñòèâîñòÿìè:
1) Ω c äèôåðåíöiéîâíîþ, çðîñòàþ÷îþ

íà [0, +∞) ôóíêöicþ, ïðè÷îìó Ω(0) = 0,
lim

x→+∞
Ω(x) = +∞;

2) Ω - îïóêëà ôóíêöiÿ, òîáòî:
à) ∀{x1, x2} ⊂ [0, +∞):

Ω(x1) + Ω(x2) ≤ Ω(x1 + x2);

á) ∀x ∈ [0, +∞) ∀n ∈ N: nΩ(x) ≤ Ω(nx).
Äîâèçíà÷èìî ôóíêöiþ Ω íà (−∞, 0] ïàð-

íèì ÷èíîì. Îòæå, Ω çðîñòàc íà [0, +∞)
øâèäøå çà äîâiëüíó ëiíiéíó ôóíêöiþ.

Ïîðó÷ ðîçãëÿíåìî ôóíêöiþ µ :
[0, +∞) → [0, +∞), ÿêà âîëîäic òàêè-
ìè æ âëàñòèâîñòÿìè, ùî i ôóíêöiÿ ω.

Äëÿ x ≥ 0 ïîêëàäåìî M(x) =

x∫

0

µ(ξ)dξ,

M(−x) = M(x). Ôóíêöiÿ M àíàëîãi÷íà
çà ñâî��ìè âëàñòèâîñòÿìè äî ôóíêöi�� Ω. Çà
äîïîìîãîþ ôóíêöié M i Ω Ã.Ì.Ãóðåâè÷ ââiâ
ñåðiþ ïðîñòîðiâ, íàçâàíèõ íèì ïðîñòîðàìè
òèïó W (äèâ. [1]). Îçíà÷èìî äåÿêi ç íèõ.

à) Ïðîñòið WΩ
M áóäócòüñÿ çà äâîìà ôóí-

êöiÿìè M òà Ω i âèçíà÷àcòüñÿ ÿê ñóêóïíiñòü
öiëèõ ôóíêöié ϕ : C→ C, äëÿ ÿêèõ

∃c > 0 ∃a > 0 ∃b > 0 ∀z = x + iy ∈ C :

|ϕ(z)| ≤ c exp{−M(ax) + Ω(by)}.
WΩ

M ìîæíà ïîäàòè ÿê îá'cäíàííÿ çëi-
÷åííî íîðìîâàíèõ ïðîñòîðiâ WΩ,b

M,a, äå WΩ,b
M,a

ñêëàäàcòüñÿ ç òèõ ôóíêöié ϕ ∈ WΩ
M , äëÿ

ÿêèõ ïðàâèëüíi íåðiâíîñòi

|ϕ(x + iy)| ≤ c exp{−M(ax) + Ω(by)},
z = x + iy ∈ C,

äå a - äîâiëüíà ñòàëà, ìåíøà çà a, b - äîâiëü-
íà ñòàëà, áiëüøà çà b. ßêùî äëÿ ϕ ∈ WΩ,b

M,a

ïîêëàñòè

‖ϕ‖δρ = sup
z∈C

[|ϕ(z)| exp{−Ω(b(1 + ρ)y)+

+M(a(1− δ)x)}], {δ, ρ} ⊂ {1/n, n ≥ 2},
òî ç öèìè íîðìàìè ïðîñòið WΩ,b

M,a ñòàc ïîâ-
íèì äîñêoíàëèì çëi÷åííî íîðìîâàíèì ïðî-
ñòîðîì.

Çáiæíiñòü â ïðîñòîði WΩ
M (â

îá'cäíàííi çëi÷åííî íîðìîâàíèõ ïðîñòî-
ðiâ) âèçíà÷àcòüñÿ òàê [1]: ïîñëiäîâíiñòü
{ϕn, n ≥ 1} ⊂ WΩ

M çáiãàcòüñÿ â WΩ
M äî íóëÿ

òîäi i òiëüêè òîäi, êîëè âîíà:
1) ïðàâèëüíî çáiãàcòüñÿ äî íóëÿ;
2) îáìåæåíà.
Ïîñëiäîâíiñòü {ϕn, n ≥ 1} ⊂ WΩ

M ïðà-
âèëüíî çáiãàcòüñÿ äî íóëÿ â WΩ

M , ÿêùî âî-
íà ðiâíîìiðíî çáiãàcòüñÿ äî íóëÿ íà êîæíié
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îáìåæåíié ìíîæèíi Q ⊂ C. Ìíîæèíà
A ⊂ WΩ

M íàçèâàcòüñÿ îáìåæåíîþ, ÿêùî
A ⊂ WΩ,b

M,a ç äåÿêèìè a, b > 0 i äëÿ
âñiõ ϕ ∈ A âèêîíóþòüñÿ îöiíêè |ϕ(z)| ≤
≤ c exp{−M(ax) + Ω(by)} ç îäíèìè i òèìè
æ ñòàëèìè a, b, c > 0.

á) Cèìâîëîì
0

W
Ω
M

ïîçíà÷àòèìåìî ñóêó-
ïíiñòü óñiõ öiëèõ ïàðíèõ ôóíêöié ç ïðîñòî-
ðó WΩ

M . Îñêiëüêè
0

W
Ω
M

óòâîðþc ïiäïðîñòið
WΩ

M , òî â
0

W
Ω
M

ïðèðîäíèì ñïîñîáîì ââîäè-
òüñÿ òîïîëîãiÿ. Öåé ïðîñòið ç âiäïîâiäíîþ
òîïîëîãicþ íàçèâàòèìåìî îñíîâíèì ïðîñòî-
ðîì àáî ïðîñòîðîì òèïó

0

W , à éîãî åëåìåíòè
- îñíîâíèìè ôóíêöiÿìè.

â) Ñóêóïíiñòü ôóíêöié, çàäàíèõ íà R, ÿêi
äîïóñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ
êîìïëåêñíó ïëîùèíó C i ÿê ôóíêöi�� êîìïëå-
êñíî�� çìiííî�� c åëåìåíòàìè ïðîñòîðó

0

W
Ω
M
,

ïîçíà÷èìî ÷åðåç
0

W
Ω
M

(R). Îòæå,
0

W
Ω
M

(R) ìî-
æíà ðîçóìiòè ÿê ñóêóïíiñòü ôóíêöié ç ïðî-
ñòîðó

0

W
Ω
M
, çàäàíèõ íà R (çâóæåíèõ íà R).

Íåõàé P - äåÿêèé ôiêñîâàíèé ìíîãî÷ëåí.
Òîäi ó ïðîñòîðàõ WΩ

M âèçíà÷åíà i íåïåðåðâ-
íà îïåðàöiÿ ìíîæåííÿ íà P (z), z ∈ C (çîêðå-
ìà, îïåðàöiÿ ìíîæåííÿ íà íåçàëåæíó çìiííó
z), à ó ïðîñòîðàõ

0

W
Ω
M
,

0

W
Ω
M

(R) - íà P (z2) òà
P (x2) âiäïîâiäíî.

Ìóëüòèïëiêàòîðîì ó ïðîñòîði WΩ
M áóäå

êîæíà öiëà îäíîçíà÷íà ôóíêöiÿ ϕ : C → C,
ÿêà çàäîâîëüíÿc óìîâó

∀ε > 0∃cε > 0 ∀z = x + iy ∈ C :

|ϕ(z)| ≤ cε exp{M(εx) + Ω(εy)}. (1)

Êîæíà öiëà ïàðíà ôóíêöiÿ, ÿêà
çàäîâîëüíÿc óìîâó (1), áóäå ìóëüòèïëi-
êàòîðîì ó ïðîñòîði

0

W
Ω
M
, à ���� çâóæåííÿ íà

R - ìóëüòèïëiêàòîðîì ó ïðîñòîði
0

W
Ω
M

(R).
Ó ïðîñòîðàõ òèïó W âèçíà÷åíi i c íåïå-
ðåðâíèìè ëiíiéíi äèôåðåíöiàëüíi îïåðàòîðè

âèãëÿäó
m∑

k=0

ak(ω)
dk

dωk
, äå ak - äåÿêi ïî-

ëiíîìè. Ó ïðàöi [2] äîâåäåíî òàêîæ, ùî

ó ïðîñòîði
0

W
Ω
M

êîðåêòíî âèçíà÷åíèé i c
íåïåðåðâíèì îïåðàòîð Áåññåëÿ

Bν,z :=
d2

dz2
+

2ν + 1

z

d

dz
,

äå ν > −1/2 - ôiêñîâàíèé ïàðàìåòð.

Íåõàé f(z) =
∞∑

n=0

C2nz2n - äåÿêà öiëà ïàð-

íà ôóíêöiÿ. Ãîâîðèòèìåìî, ùî â ïðîñòîði
0

W
Ω
M

çàäàíî îïåðàòîð Áåññåëÿ íåñêií÷åííî-

ãî ïîðÿäêó f(Bν,z) :=
∞∑

n=0

C2n(−Bν,z)
n, ÿêùî

äëÿ äîâiëüíî�� îñíîâíî�� ôóíêöi�� ϕ ∈ 0

W
Ω
M

ðÿä

(f(Bν,z)ϕ)(z) =
∞∑

n=0

C2n(−1)n(Bn
ν,zϕ)(z)

çîáðàæàc äåÿêó îñíîâíó ôóíêöiþ ç ïðîñòî-
ðó

0

W
Ω
M
. Â [2] äîâåäåíî, ùî ÿêùî ôóíêöiÿ f

c ìóëüòèïëiêàòîðîì ó ïðîñòîði
0

W
Ω
M
, òî

ó ïðîñòîði
0

W
Ω1

M1
âèçíà÷åíèé i c íåïåðåðâ-

íèì îïåðàòîð Áåññåëÿ íåñêií÷åííîãî ïîðÿä-
êó f(Bν,z) (òóò Ω1 òà M1 - ôóíêöi��, äâî��ñòi
çà Þíãîì âiäïîâiäíî äî ôóíêöié M òà Ω),
ïðè÷îìó ÿêùî Af - çâóæåííÿ îïåðàòîðà
f(Bν,z) íà ïðîñòið

0

W
Ω
M

(R), òî äëÿ äîâiëüíî��
ôóíêöi�� ϕ ∈ 0

W
Ω
M

(R) ïðàâèëüíîþ c ðiâíiñòü

(Afϕ)(x) = F−1[f(ξ)F [ϕ](ξ)](x), {x, ξ} ⊂ R.

Ó ïðîñòîði
0

W
Ω
M

(R) ìîæíà êîðèñòóâàòèñÿ
ïðÿìèì i îáåðíåíèì ïåðåòâîðåííÿì Ôóð'c-
Áåññåëÿ [3]:

ψ(σ) ≡ FB[ϕ](σ) :=

∞∫

0

ϕ(x)jν(σx)x2ν+1dx,

ϕ ∈ 0

W
Ω

M
(R),

ϕ(x) ≡ F−1
B [ψ](x) := cν

∞∫

0

ψ(σ)jν(σx)σ2ν+1dσ,
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äå cν = (22νΓ2(ν + 1))−1, ν > −1/2 - ôiêñîâà-
íèé ïàðàìåòð, jν - íîðìîâàíà ôóíêöiÿ Áåñ-
ñåëÿ ïîðÿäêó ν. Ïðîñòîðè òèïó

0

W (R) ïåðå-
òâîðåííÿì Ôóð'c-Áåññåëÿ âiäîáðàæàþòüñÿ ó
ïðîñòîðè òèïó

0

W (R):

FB[
0

W
Ω

M
(R)] =

0

W
Ω1

M1

(R)

(òóò FB[X] ïîçíà÷àc ïðîñòið Ôóð'c-îáðàçiâ
ôóíêöié ïðîñòîðó X); ïðè öüîìó îïåðàòîð
FB c íåïåðåðâíèì (äèâ. [4]). ßêùî ϕ ∈
0

W
Ω
M

(R), òî ôóíêöiÿ FB[ϕ] äîïóñêàc àíàëi-
òè÷íå ïðîäîâæåííÿ ó âñþ êîìïëåêñíó ïëî-
ùèíó C i FB[ϕ] ∈ 0

W
Ω1

M1
.

Ñèìâîëîì
(

0

W
Ω
M

(R)

)′
ïîçíà÷àòèìåìî

ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiî-
íàëiâ íàä âiäïîâiäíèì ïðîñòîðîì îñíîâíèõ
ôóíêöié çi ñëàáêîþ çáiæíiñòþ, à éîãî åëå-
ìåíòè íàçèâàòèìåìî óçàãàëüíåíèìè ôóíêöi-
ÿìè. Ðåãóëÿðíèìè óçàãàëüíåíèìè ôóíêöiÿ-
ìè àáî ðåãóëÿðíèìè ôóíêöiîíàëàìè íàçè-
âàòèìåìî ëiíiéíi íåïåðåðâíi ôóíêöiîíàëè,
äiÿ ÿêèõ íà îñíîâíi ôóíêöi�� ϕ ∈ 0

W
Ω
M

(R)
âèçíà÷àcòüñÿ ôîðìóëîþ

< f, ϕ >=

∞∫

0

f(x)ϕ(x)x2ν+1dx.

Êîæíà ëîêàëüíî iíòåãðîâíà ïàðíà íà R
ôóíêöiÿ f , ÿêà çàäîâîëüíÿc óìîâó

∀ε > 0∃cε > 0∀x ∈ R : |f(x)| ≤ cεe
M(εx) (2)

ïîðîäæóc ðåãóëÿðíó óçàãàëüíåíó ôóíêöiþ
Ff ∈

(
0

W
Ω
M

(R)

)′
:

< Ff , ϕ >=

∞∫

0

f(x)ϕ(x)x2ν+1dx,

∀ϕ ∈ 0

W
Ω

M
(R).

Ìàc ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1.ßêùî ëîêàëüíî iíòåãðîâíi
ïàðíi íà R ôóíêöi�� f i g, ÿêi çàäîâîëüíÿ-
þòü óìîâó (2), íå çáiãàþòüñÿ íà ìíîæè-
íi äîäàòíî�� ìiðè Ëåáåãà, òî iñíóc ôóíêöiÿ
ϕ0 ∈

0

W
Ω
M

(R) òàêà, ùî < f, ϕ0 >6=< g, ϕ0 >,
òîáòî Ff 6= Fg. Íàâïàêè, ÿêùî Ff 6= Fg,
òî ôóíêöi�� f i g íå çáiãàþòüñÿ íà ìíîæèíi
äîäàòíî�� ìiðè Ëåáåãà.

Äîâåäåííÿ öic�� òåîðåìè àíàëîãi÷íå äîâå-
äåííþ âiäïîâiäíî�� òåîðåìè ç [5].

Öÿ òåîðåìà äîçâîëÿc îòîòîæíþâàòè ëî-
êàëüíî iíòåãðîâíi ôóíêöi��, ùî çàäîâîëü-
íÿþòü óìîâó (2), ç ïîðîäæóâàíèìè íèìè
óçàãàëüíåíèìè ôóíêöiÿìè Ff ç ïðîñòîðó(

0

W
Ω
M

(R)

)′
. Ç âëàñòèâîñòåé iíòåãðàëà Ëåáå-

ãà âèïëèâàc, ùî âêëàäåííÿ
0

W
Ω

M
(R) 3 f −→ Ff ∈

(
0

W
Ω

M
(R)

)′

c íåïåðåðâíèì.
Ó ïðîñòîði

0

W
Ω
M

âèçíà÷åíà i c íåïåðåðâ-
íîþ îïåðàöiÿ óçàãàëüíåíîãî çñóâó ϕ → T ξ

xϕ,
äå T ξ

x - îïåðàòîð óçàãàëüíåíîãî çñóâó, ÿêèé
âiäïîâiäàc îïåðàòîðó Áåññåëÿ [6]:

T ξ
xϕ(x) = bν

π∫

0

ϕ(
√

x2 + ξ2 − 2xξ cos ω)×

× sin2ν ωdω, ϕ ∈ 0

W
Ω

M
(R),

äå bν = Γ(ν + 1)/(Γ(1/2)Γ(ν + 1/2)),
ν > −1/2. Ó çâ'ÿçêó ç öèì çãîðòêó óçàãàëü-

íåíî�� ôóíêöi�� f ∈
(

0

W
Ω
M

(R)

)′
ç îñíîâíîþ

ôóíêöicþ çàäàìî ôîðìóëîþ

(f ∗ ϕ)(x) :=< fξ, T
ξ
xϕ(x) >=< fξ, T

x
ξ ϕ(ξ) >

(òóò fξ ïîçíà÷àc äiþ ôóíêöiîíàëó f ïî çìií-
íié ξ). Iç âëàñòèâîñòi íåïåðåðâíîñòi îïå-
ðàöi�� óçàãàëüíåíîãî çñóâó ó ïðîñòîðàõ òè-
ïó

0

W âèïëèâàc âëàñòèâiñòü íåïåðåðâíî-
ñòi çãîðòêè f ∗ ϕ, ∀f ∈

(
0

W
Ω

M
(R)

)′
,

ϕ ∈ 0

W
Ω

M
(R).
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ßêùî f ∈ (
0

W
Ω

M
(R))′ i

(f ∗ ϕ)(x) =< fξ, T
ξ
xϕ(x) >∈ 0

W
Ω

M
(R),

∀ϕ ∈ 0

W
Ω

M
(R),

òî ôóíêöiîíàë f íàçèâàcòüñÿ çãîðòóâà÷åì ó
ïðîñòîði

0

W
Ω
M

(R).
Îñêiëüêè FB[ϕ] ∈ 0

W
Ω
M

(R), ÿêùî
ϕ ∈ 0

W
Ω1

M1
(R), òî ïåðåòâîðåííÿ Ôóð'c-

Áåññåëÿ óçàãàëüíåíî�� ôóíêöi�� f ∈ (
0

W
Ω
M

(R))′

âèçíà÷èìî çà äîïîìîãîþ ñïiââiäíîøåííÿ

< FB[f ], ϕ >=< f, FB[ϕ] >,

∀ϕ ∈ 0

W
Ω1

M1

(R). (3)

Iç (3) òà âëàñòèâîñòåé ëiíiéíîñòi i íåïåðåðâ-
íîñòi ôóíêöiîíàëó f òà ïåðåòâîðåííÿ Ôóð'c-
Áåññåëÿ îñíîâíèõ ôóíêöié âèïëèâàc ëiíié-
íiñòü i íåïåðåðâíiñòü ôóíêöiîíàëó FB[f ] íàä
ïðîñòîðîì îñíîâíèõ ôóíêöié

0

W
Ω1

M1
(R). Îò-

æå, ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ óçàãàëüíå-
íî�� ôóíêöi�� f , çàäàíî�� íà

0

W
Ω
M

(R), c óçàãàëü-
íåíîþ ôóíêöicþ íà ïðîñòîði

0

W
Ω1

M1
(R).

Òåîðåìà 2. ßêùî óçàãàëüíåíà ôóíêöiÿ
f ∈ (

0

W
Ω
M

(R))′ c çãîðòóâà÷åì ó ïðîñòî-
ði

0

W
Ω
M

(R), òî äëÿ äîâiëüíî�� ôóíêöi�� ϕ ∈
0

W
Ω
M

(R) ìàc ìiñöå ôîðìóëà

FB[f ∗ ϕ] = FB[f ]FB[ϕ].

Äîâåäåííÿ. Çãiäíî ç óìîâîþ òåîðåìè
f ∗ϕ ∈ 0

W
Ω
M

(R). Òîäi, ñêîðèñòàâøèñü îçíà÷å-
ííÿì ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ, à òàêîæ
îçíà÷åííÿì çãîðòêè óçàãàëüíåíî�� ôóíêöi�� ç
îñíîâíîþ, çàïèøåìî òàêi ñïiââiäíîøåííÿ:

∀ψ ∈ 0

W
Ω1

M1

(R) :

< FB[f ∗ ϕ], ψ >=< f ∗ ϕ, FB[ψ] >=

=

∞∫

0

(f ∗ ϕ)(x)FB[ψ](x)x2ν+1dx =

=

∞∫

0

< fξ, T
ξ
xϕ(x) > FB[ψ](x)x2ν+1dx =

=

〈
fξ,

∞∫

0

T ξ
xϕ(x)FB[ψ](x)x2ν+1dx

〉
(4)

(çàçíà÷èìî, ùî îñòàííÿ ðiâíiñòü çàïèñàíà,
ïîêè-ùî, ôîðìàëüíî).

Íåõàé

J(ξ) :=

∞∫

0

T ξ
xϕ(x)FB[ψ](x)x2ν+1dx.

Òîäi, âíàñëiäîê òåîðåìè Ôóáiíi,

J(ξ) =

∞∫

0

T ξ
xϕ(x)




∞∫

0

ψ(σ)jν(σx)σ2ν+1dσ


×

×x2ν+1dx =

∞∫

0

∞∫

0

ϕ(x)ψ(σ)T ξ
xjν(σx)σ2ν+1×

×x2ν+1dσdx =

∞∫

0

ψ(σ)jν(σξ)σ2ν+1×

×



∞∫

0

ϕ(x)jν(σx)x2ν+1dx


 dσ =

=

∞∫

0

ψ(σ)FB[ϕ](σ)jν(σξ)σ2ν+1dσ =

= FB[FB[ϕ] · ψ](ξ).

Îòæå,

< FB[f ∗ ϕ], ψ >=< f, FB[FB[ϕ] · ψ] >=

=< FB[f ], FB[ϕ] · ψ >=< FB[f ] · FB[ϕ], ψ >,

∀ψ ∈ 0

W
Ω1

M1

(R).

Çâiäñè äiñòàcìî ðiâíiñòü

FB[f ∗ ϕ] = FB[f ] · FB[ϕ].
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Çàëèøàcòüñÿ îáãðóíòóâàòè êîðåêòíiñòü
ñïiââiäíîøåíü (4). Ââåäåìî ïîçíà÷åííÿ:

Jr(ξ) :=

r∫

0

T ξ
xϕ(x)FB[ψ](x)x2ν+1dx =

=

r∫

0

ψ(σ)FB[ϕ](σ)jν(σξ)σ2ν+1dσ.

Äëÿ äîâåäåííÿ (4) äîñèòü ïîêàçàòè, ùî
Jr → J ïðè r → +∞ ó ïðîñòîði

0

W
Ω
M

(R),
òîáòî, ùî γr := J − Jr → 0, r → +∞, çà
òîïîëîãicþ ïðîñòîðó

0

W
Ω
M

(R). Iç iíòåãðàëü-
íîãî çîáðàæåííÿ Ïóàññîíà íîðìîâàíî�� ôóí-
êöi�� Áåññåëÿ

jν(z) =
2Γ(ν + 1)√
πΓ(ν + 1/2)

π/2∫

0

cos(z cos t) sin2ν tdt,

z ∈ C,

âèïëèâàc îöiíêà:
|jν(z)| ≤ cνe

|ω|, ∀z = ξ + iω ∈ C.

Òîäi

|γr(z)| ≤
+∞∫

r

|ψ(σ)| · |FB[ϕ](σ)| · |jν(σz)|×

×σ2ν+1dσ ≤ cν ·
+∞∫

r

|ψ(σ)| · |FB[ϕ](σ)|eσ|ω|×

×σ2ν+1dσ.

ßêùî z ∈ K ⊂ C, äå K - îáìåæåíà îáëàñòü,
òî |ω| ≤ c0. Îòæå,

|γr(z)| ≤ cν ·
+∞∫

r

|ψ(σ)|·|FB[ϕ](σ)|·ec0σ ·σ2ν+1dσ,

∀z ∈ K.

Îñêiëüêè ôóíêöiÿ ψ · FB[ϕ] ∈ 0

W
Ω1

M1
(R), òî

iíòåãðàë
∞∫

0

|ψ(σ)| · |FB[ϕ](σ)|ec0σ · σ2ν+1dσ

çáiæíèé, òîáòî
+∞∫

r

|ψ(σ)| · |FB[ϕ](σ)|ec0σ · σ2ν+1dσ → 0

ïðè r → +∞ (ÿê çàëèøîê çáiæíîãî iíòå-
ãðàëà). Öèì äîâåäåíî, ùî γr(z) çáiãàcòüñÿ äî
íóëÿ ïðè r → +∞ ðiâíîìiðíî ïî z ó êîæíié
îáìåæåíié îáëàñòi K ⊂ C. Äîâåäåìî òåïåð,
ùî ìàc ìiñöå íåðiâíiñòü

|γr(z)| ≤ ce−M(aξ)+Ω(bω), (5)

äå ñòàëi a, b, c > 0 íå çàëåæàòü âiä r. Îñêiëü-
êè γr(ξ) = J(ξ) − Jr(ξ), òî |γr(ξ)| ≤ |J(ξ)|+
|Jr(ξ)|. Ðîçãëÿíåìî ôóíêöi�� Jr,+(ξ) :=
max
ξ∈R

(Jr(ξ), 0), Jr,−(ξ) = −min
ξ∈R

(Jr(ξ), 0), ÿêi c
íåâiä'cìíèìè i âðàõócìî òå, ùî

|Jr(ξ)| = Jr,+(ξ) + Jr,−(ξ) ≤ 2|J(ξ)|.
Îòæå,

|γr| ≤ 3|J | = 3|FB[FB[ϕ] · ψ]|, ∀r > 0.

Çâiäñè âæå âèïëèâàc íåðiâíiñòü (5),
îñêiëüêè FB[FB[ϕ] · ψ] ∈ 0

W
Ω
M
, ÿêùî

ψ ∈ 0

W
Ω1

M1
. Òåîðåìà äîâåäåíà.

Òåîðåìà 3. ßêùî óçàãàëüíåíà ôóíêöiÿ
f c ìóëüòèïëiêàòîðîì ó ïðîñòîði

0

W
Ω
M

(R),
òî ���� ïåðåòâîðåííÿ Ôóð'c-Áåññåëÿ - çãîðòó-
âà÷ ó ïðîñòîði

0

W
Ω1

M1
(R).

Äîâåäåííÿ. Çãiäíî ç îçíà÷åííÿì çãîð-
òêè óçàãàëüíåíî�� ôóíêöi�� ç îñíîâíîþ ìàcìî,
ùî

FB[f ] ∗ϕ =< FB[f ], T ξ
xϕ >, ∀ϕ ∈ 0

W
Ω1

M1

(R).

Îñêiëüêè

FB[T ξ
xϕ(x)] = jν(σξ)FB[ϕ](σ),

òî

FB[f ] ∗ ϕ =< f, jν(σξ)FB[ϕ](σ) >=

=

∞∫

0

f(σ)jν(σξ)FB[ϕ](σ)σ2ν+1dσ = FB[fFB[ϕ]].
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Çâiäñè âèïëèâàc, ùî FB[fFB[ϕ]] ∈ 0

W
Ω1

M1
(R),

áî fFB[ϕ] ∈ 0

W
Ω
M

(R) (òóò âðàõîâàíî, ùî
FB[ϕ] ∈ 0

W
Ω
M

(R), à f - ìóëüòèïëiêàòîð ó ïðî-
ñòîði

0

W
Ω
M

(R)). Òåîðåìà äîâåäåíà.
Îòæå,äëÿ òîãî, ùîá óçàãàëüíåíà ôóíêöiÿ

f ∈ (
0

W
Ω
M

(R))′ áóëà çãîðòóâà÷åì ó ïðîñòî-
ði

0

W
Ω
M

(R), íåîáõiäíî i äîñèòü, ùîá ���� ïåðå-
òâîðåííÿ Ôóð'c-Áåññåëÿ áóëî ìóëüòèïëiêà-
òîðîì ó ïðîñòîði

0

W
Ω1

M1
(R).

2. Ïîïåðåäíi âiäîìîñòi
Ñèìâîëîì

0

P
Ω
M

ïîçíà÷èìî êëàñ öiëèõ ïàð-
íèõ îäíîçíà÷íèõ ôóíêöié ϕ : C → C, ÿêi c
ìóëüòèïëiêàòîðàìè â ïðîñòîði

0

W
Ω
M

i òàêè-
ìè, ùî eϕ ∈ 0

W
Ω
M
. Íàïðèêëàä, íåõàé ϕ(z) =

P (z), z = σ+iτ , - ïàðíèé ïîëiíîì ñòåïåíÿ 2b,
b ∈ N, íàä ïîëåì êîìïëåêñíèõ ÷èñåë, ÿêèé
çàäîâîëüíÿc óìîâó:

∃c > 0∀σ ∈ R : ReP (σ) ≤ −c|σ|2b.

Î÷åâèäíî, ùî P c ìóëüòèïëiêàòîðîì ó
ïðîñòîði

0

W
Ω
M
. Êðiì òîãî,

|etP (σ)| = eReP (σ) ≤ e−c|σ|2b

, σ ∈ R;

∃c1 > 0∀z = σ + iτ ∈ C :

|eP (z)| ≤ e|P (z)| ≤ ec1|z|2b

.

Òîäi, ñêîðèñòàâøèñü ðÿäîì òåîðåì ç [7],
ÿêi c óçàãàëüíåííÿìè òåîðåìè Ôðàãìåíà-
Ëiíäåëüîôà îäåðæèìî, ùî ôóíêöiÿ eP (z) â
êîìïëåêñíié ïëîùèíi C çàäîâîëüíÿc òàêîæ
íåðiâíiñòü

|eP (z)| ≤ c0e
−c2|σ|2b+c3|τ |2b

,

c0 > 0, c2 > 0, c3 > 0,

òîáòî eP ∈ 0

W
Ω
M
, äå M(σ) = σ2b, Ω(τ) =

= τ 2b. Ïðîñòið
0

W
Ω
M

iç âêàçàíèìè ôóíêöiÿìè
M òà Ω çáiãàcòüñÿ ç ïiäïðîñòîðîì

0

S
1−1/2b
1/2b

,
ÿêèé ñêëàäàcòüñÿ ç ïàðíèõ ôóíêöié ïðîñòî-
ðó S

1−1/2b
1/2b (äèâ. [7]).

Íåõàé ϕ ∈ 0

P
Ω
M
, Q(t, z) := etϕ(z), t ∈ (0, T ],

z ∈ C. Ïðè ôiêñîâàíîìó t ∈ (0, T ] ôóíêöiÿ
Q(t, z), ÿê ôóíêöiÿ z, íàëåæèòü äî ïðîñòîðó
0

W
Ω
M
, ïðè öüîìó

|Q(t, z)| ≤ ce−tM(ax)+tΩ(by), c > 0. (6)

Ââåäåìî ïîçíà÷åííÿ:

G(t, σ) = F−1
B [Q(t, x)](σ) =

= cν

∞∫

0

etϕ(x)jν(σx)x2ν+1dx, t ∈ (0, T ], σ ∈ R.

Ìàc ìiñöå íàñòóïíå òâåðäæåííÿ.
Ëåìà 1. G(t, ·) ∈ 0

W
Ω1

M1
ïðè êîæíîìó

ôiêñîâàíîìó t ∈ (0, T ], äå M1 - ôóíêöiÿ,
äâî��ñòà çà Þíãîì äî Ω, à Ω1 - ôóíêöiÿ,
äâî��ñòà çà Þíãîì äî M ; ïðè öüîìó

∀k ∈ Z+ ∃a1 : 0 < a1 < a ∃b1 > b ∃dkν > 0 :

|Bk
ν,sG(t, σ + iτ)| ≤ dkνt

−(2k+2(ν+1/2)+1)×

× exp

{
−tM1

(
σ

b1t

)
+ tΩ1

(
τ

a1t

)}
,

{σ, τ} ⊂ R, s = σ + iτ,

(òóò a, b > 0 - ñòàëi ç íåðiâíîñòi (6)).
Äîâåäåííÿ. Ç âëàñòèâîñòåé ïåðåòâîðåí-

íÿ Ôóð'c-Áåññåëÿ âèïëèâàc, ùî

Bk
νG(t, σ) = Bk

ν [cνFB[Q(t, x)](σ)] =

= cνB
k
νFB[Q(t, x)](σ) =

= cνFB[(−x2)kQ(t, x)](σ) =

= (−1)kcν

∞∫

0

etϕ(x)jν(σx)x2k+2ν+1dx.

Îñêiëüêè ôóíêöiÿ ψ(x) = (−x2)kQ(t, x) ∈
∈ 0

W
Ω
M

(R) (ïðè êîæíîìó t ∈ (0, T ]), òî
ôóíêöiÿ FB[ψ](σ) = FB[(−x2)kQ(t, x)](σ) =

=
1

cν

Bk
νG(t, σ) äîïóñêàc àíàëiòè÷íå ïðîäîâ-

æåííÿ ó âñþ êîìïëåêñíó ïëîùèíó i FB[ψ] ∈
0

W
Ω1

M1
. Îòæå, ìàc ìiñöå ôîðìóëà

γ(s) := Bk
νG(t, σ + iτ)) =

76 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2002. Âèïóñê 134. Ìàòåìàòèêà.



= (−1)kcν

∞∫

0

etϕ(x)jν((σ + iτ)x)x2k+2ν+1dx,

s = σ + iτ ∈ C. (7)

Iç iíòåãðàëüíî�� ôîðìóëè Ïóàññîíà äëÿ íîð-
ìîâàíî�� ôóíêöi�� Áåññåëÿ

jν(s) = Aν

π/2∫

0

cos(s cos ω) sin2ν ωdω, ν > −1

2
,

òà òåîðåìè ïðî ñåðåäíc çíà÷åííÿ âèïëèâàc,
ùî

jν(s) =
π

2
Aν cos(s cos ω0) sin2ν ω0 =

= Ãν

[
eis cos ω0 + e−is cos ω0

]
,

ω0 ∈
(
0,

π

2

)
, (8)

äå Ãν =
π

4
Aν sin2ν ω0. Îòæå, âíàñëiäîê (7) òà

(8) ìàcìî, ùî

γ(s) = c̃ν




∞∫

0

Ψ1(s, x)dx +

∞∫

0

Ψ2(s, x)dx


 ,

äå

Ψ1(s, x) = etϕ(x)+isx cos ω0x2k+2ν+1,

Ψ2(s, x) = etϕ(x)−isx cos ω0x2k+2ν+1.

Çäiéñíèìî îöiíêó iíòåãðàëà

J1(s) =

∞∫

0

Ψ1(s, x)dx.

Íà ïiäñòàâi iíòåãðàëüíî�� òåîðåìè Êîøi ií-
òåãðóâàííÿ ïî äiéñíié ïiââiñi çàìiíèìî ií-
òåãðóâàííÿì âçäîâæ ïiâïðÿìî�� z = x + iy,
0 < x < ∞, y - ôiêñîâàíå, ÿêà ïàðàëåëüíà
äiéñíié ïiââiñi, òîáòî

J1(s) :=

∞∫

0

Ψ1(s, x + iy)dx =

=

∞∫

0

etϕ(x+iy)+is(x+iy) cos ω0(x + iy)2k+2ν+1dx.

Òîäi

|J1(s)| ≤
∞∫

0

|Ψ1(s, x + iy)|dx ≤

≤ etΩ(by)−σy cos ω0×

×
∞∫

0

e−tM(ax)+|τ |x|x + iy|2k+2ν+1dx ≤

≤ ˜̃cνe
tΩ(by)−σy cos ω0(Φ1(τ) + Φ2(τ, y)),

äå ˜̃cν = 2k+ν+1/2,

Φ1(τ) =

∞∫

0

e−tM(ax)+|τ |xx2k+2ν+1dx,

Φ2(τ, y) = |y|2k+2ν+1

∞∫

0

e−tM(ax)+|τ |xdx.

Îöiíèìî âèðàç −tM(ax) + x|τ |. Îñêiëüêè
Ω1 - ôóíêöiÿ, äâî��ñòà çà Þíãîì äî ôóíêöi��
M , òî

−tM(ax) +
t√
ε
· axε|τ |√

εat
≤

≤ −tM(ax) +
t√
ε

[
M

(
ax√

ε

)
+ Ω1

(
ε|τ |
at

)]

äëÿ äîâiëüíîãî ôiêñîâàíîãî ε > 1. Iç íåðiâ-
íîñòi ax ≥ ax√

ε
, x ≥ 0, âèïëèâàc íåðiâíiñòü

M(ax) ≥ M

(
ax√

ε

)
(M - çðîñòàþ÷à ôóí-

êöiÿ), òîìó

−tM(ax) ≤ −tM

(
ax√

ε

)
, t > 0.

Îòæå,

−tM(ax) + |τ |x ≤ −tM

(
ax√

ε

)
+

+
t√
ε
M

(
ax√

ε

)
+

t√
ε
Ω1

(
ε|τ |
at

)
≤

≤ −
√

ε− 1√
ε

tM

(
ax√

ε

)
+

t√
ε
Ω1

(
ε|τ |
at

)
.
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Çâiäñè âèïëèâàc íàñòóïíà îöiíêà:

Φ1(τ) ≤ exp

{
t√
ε
Ω1

(
ε|τ |
at

)}
×

×
∞∫

0

exp

{
−
√

ε− 1√
ε

tM

(
ax√

ε

)}
x2k+2ν+1dx.

Ðîçãëÿíåìî iíòåãðàë

J :=

∞∫

0

exp

{
−
√

ε− 1√
ε

tM

(
ax√

ε

)}
x2k+2ν+1dx.

Îöiíèìî J , âèäiëèâøè ïðè öüîìó ÿâíó çàëå-
æíiñòü âiä ïàðàìåòðà t. Îñêiëüêè ôóíêöiÿ
M çðîñòàc ïðè x ≥ 0 øâèäøå çà áóäü-ÿêó
ëiíiéíó ôóíêöiþ, òî M

(
ax√

ε

)
≥ ax√

ε
− ε0,

x ≥ 0, ε0 > 0, òîáòî

J ≤ α0

∞∫

0

exp

{
−
√

ε− 1√
ε

t
ax√

ε

}
x2k+2ν+1dx,

α0 = exp

{√
ε− 1√

ε
· T · ε0

}
.

Ó îñòàííüîìó iíòåãðàëi çäiéñíèìî çàìiíó
çìiííî�� iíòåãðóâàííÿ:

√
ε−1
ε

tax = v. Â ðåçóëü-
òàòi äiñòàíåìî, ùî

J ≤ α0

(
ε

(
√

ε− 1)at

)2k+2ν+2

×

×
∞∫

0

e−vv2k+2ν+1dv = ckνt
−(2k+2(ν+1/2)+1),

ckν = α0

(
ε

(
√

ε− 1)a

)2k+2ν+2

·Γ(2k + 2ν + 1).

Îòæå, äëÿ Φ1 ìàcìî íàñòóïíó îöiíêó:

Φ1(τ) ≤ ckνt
−(2k+2(ν+1/2)+1)×

× exp

{
t√
ε
Ω1

(
ε|τ |
at

)}
.

Àíàëîãi÷íî äiñòàcìî, ùî
∞∫

0

exp {−tM(ax) + |τ |x} dx ≤

≤ exp

{
t√
ε
Ω1

(
ε|τ |
at

)}
×

×
∞∫

0

exp

{
−
√

ε− 1

ε
tax

}
dx =

=
ε

(
√

ε− 1)a
t−1 exp

{
t√
ε
Ω1

(
ε|τ |
at

)}
.

Òîäi
Φ2(τ, y) ≤ bkνt

−(2k+2ν+2)×

× exp

{
tΩ(by) +

t√
ε
Ω1

(
ε|τ |
at

)}
,

äå

bkν =
ε(2k + [2ν] + 2)!

(
√

ε− 1)a
b−(2k+2ν+1).

Ç óðàõóâàííÿì îöiíîê ôóíêöié Φ1 òà Φ2

ìàcìî, ùî

|J1(s)| ≤ dkνt
−(2k+2(ν+1/2)+1)×

× exp{2tΩ(by)− σy cos ω0}×

× exp

{
t√
ε
Ω1

(
ε|τ |
at

)}
, dkν = ˜̃cν(ckν + bkν).

Îöiíèìî âèðàç

α := 2tΩ(by)− σy cos ω0 =

= cos ω0

[
−σy +

2t

cos ω0

Ω(by)

]
, 0 < cos ω0 < 1.

Äëÿ öüîãî ïiäáåðåìî çíàê y i âåëè÷èíó y òàê,
ùîá σy = |σ||y|, à íåðiâíiñòü Þíãà ïåðåòâî-
ðèëàñü ó ðiâíiñòü âèãëÿäó

|σ||y| = 2t

cos ω0

[
cos ω0|σ|

2tb
· b|y|

]
=

=
2t

cos ω0

[
M1

(cos ω0σ

2tb

)
+ Ω(by)

]

(òóò M1 - ôóíêöiÿ, äâî��ñòà çà Þíãîì äî Ω).
Òîäi

α = −2tM1

(cos ω0σ

2tb

)
− 2tΩ(by) + 2tΩ(by) =

= −2tM1

(
σ

tb1

)
,
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äå b1 =
2b

cos ω0

> 2b > b. Îòæå,

|J1(s)| ≤ dkνt
−(2k+2(ν+1/2)+1)×

× exp

{
−2tM1

(
σ

tb1

)
+

t√
ε
Ω

(ετ

at

)}
≤

≤ dkνt
−(2k+2(ν+1/2)+1)×

× exp

{
−tM1

(
σ

tb1

)
+ tΩ

(
τ

ta1

)}
,

äå 0 < a1 =
a

ε
< a. Àíàëîãi÷íî îöiíþcòüñÿ

iíòåãðàë J2(s) :=

∞∫

0

Ψ2(s, x)dx (ïðè öüîìó

iíòåãðóâàííÿ ïî äiéñíié ïiââiñi çàìiíþcìî ií-
òåãðóâàííÿì âçäîâæ ïiâïðÿìî�� z = x − iy,
0 < x < ∞, y - ôiêñîâàíå).

Ëåìà äîâåäåíà.
Ëåìà 2. Ôóíêöiÿ G(t, ·), t ∈ (0, T ], ÿê

àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷å-
ííÿìè â ïðîñòîði

0

W
Ω1

M1
, äèôåðåíöiéîâíà ïî

t.
Íàâåäåìî ñõåìó äîâåäåííÿ öüîãî òâåð-

äæåííÿ. Iç âëàñòèâîñòi íåïåðåðâíîñòi ïåðå-
òâîðåííÿ Ôóð'c-Áåññåëÿ (ÿê ïðÿìîãî, òàê i
îáåðíåíîãî) ó ïðîñòîðàõ òèïó

0

W âèïëèâàc,
ùî äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü ïîêà-
çàòè, ùî ôóíêöiÿ FB[G(t, ·)] = etϕ(·), ÿê àá-
ñòðaêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿ-
ìè â ïðîñòîpi FB[

0

W
Ω1

M1
] =

0

W
Ω
M
, äèôåðåíöi-

éîâíà ïî t. Îòæå, äîñèòü äîâåñòè, ùî ãðàíè-
÷íå ñïiââiäíîøåííÿ

Φ∆t(z) :=
1

∆t
[exp {(t + ∆t)ϕ(z)}−

− exp{tϕ(z)}] −→ ϕ(z) exp{tϕ(z)},
∆t → 0, z = x + iy ∈ C,

âèêîíócòüñÿ ó òîìó ðîçóìiííi, ùî ñiì'ÿ ôóí-
êöié {Φ∆t} ðiâíîìiðíî (ïî z) çáiãàcòüñÿ äî
íóëÿ ïðè ∆t → 0 â áóäü-ÿêié îáìåæåíié
îáëàñòi Q ⊂ C i ïðè öüîìó ìàc ìiñöå îöiíêà

|Φ∆t(z)| ≤ ce−M(ax)+Ω(by) (9)

çi ñòàëèìè a, b, c > 0, íå çàëåæíèìè âiä ∆t.

Çóïèíèìîñü äåòàëüíiøå íà äîâåäåííi
îöiíêè (9). Îñêiëüêè ϕ ∈ 0

W
Ω
M
, òî ϕ c ìóëü-

òèïëiêàòîðîì ó ïðîñòîði
0

W
Ω
M
, òîáòî

∀ε > 0 ∃cε > 0 ∀z ∈ C : |ϕ(z)| ≤
≤ cε exp{M(εx) + Ω(εy)}. (10)

Îñêiëüêè

Φ∆t(z) = ϕ(z)e(t+θ∆t)ϕ(z),

0 < θ < 1, t + θ∆t ≤ T,

òî ç óðàõóâàííÿì (6) òà (10) äiñòàcìî, ùî

|Φ∆t(z)| ≤ c̃ exp{M(εx) + Ω(εy)−
−(t + θ∆t)M(ax) + (t + θ∆t)Ω(by)}.

Ñêîðèñòàcìîñü òåïåð òèì, ùî äëÿ äî-
ñèòü ìàëèõ çà ìîäóëåì çíà÷åíü ∆t

ñïðàâäæócòüñÿ íåðiâíiñòü: t + θ∆t ≥ t

2
.

Òîäi
|Φ∆t(z)| ≤

≤ c̃ exp

{
M(εx)− t

2
M(ax) + ν0Ω((b + ε)y)

}
,

äå ν0 = 2 max{1, T}. Îöiíèìî âèðàç
exp

{
− t

2
M(ax) + M(εx)

}
. Iç âëàñòèâîñòi

îïóêëîñòi ôóíêöi�� M âèïëèâàc íåðiâíiñòü
M(εx) ≤ 1

p
M(εpx), p ∈ N. Ïåðåäóñiì ïiä-

áåðåìî p ∈ N òàê, ùîá âèêîíóâàëàñü íåðiâ-
íiñòü 1

p
≤ t

2
. Äàëi âiçüìåìî ε > 0 òàêå, ùî

εp < a, òîáòî ε ∈
(

0,
a

p

)
. Òîäi

exp

{
− t

2
M(ax) + M(εx)

}
≤

≤ exp

{
− t

2
M(ax) +

1

p
M(εpx)

}
≤

≤ exp

{
t

2
(M(εpx)−M(ax))

}
.

Iç íåðiâíîñòi îïóêëîñòi äëÿ ôóíêöi�� M
âèïëèâàc, ùî

M(εpx)−M(ax) ≤ −M((a−εp)x) ≡ −M(ãx).
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Îòæå,

|Φ∆t(z)| ≤ c̃ exp

{
− t

2
M(ãx) + ν0Ω(b̃y)

}
,

b̃ = b + ε,

ïðè÷îìó ñòàëi c̃, ã, b̃ > 0 íå çàëåæàòü âiä ∆t,
ÿêùî ∆t äîñèòü ìàëà çà ìîäóëåì âåëè÷èíà.
Òàêèì ÷èíîì, îöiíêà (9) ìàc ìiñöå.

Íàñëiäîê 1. Ïðàâèëüíîþ c ôîðìóëà
∂

∂t
(f ∗G)(t, ·) = (f ∗ ∂

∂t
G)(t, ·),

∀f ∈ (
0

W
Ω1

M1

)′, t ∈ (0, T ].

Ëåìà 3. Íåõàé óçàãàëüíåíà ôóíêöiÿ f ∈
∈ 0

W
Ω1

M1
(R))′ - çãîðòóâà÷ ó ïðîñòîði

0

W
Ω1

M1

(R),

ω(t, x) := (f ∗G)(t, x), t ∈ (0, T ], x ∈ R.

Òîäi ãðàíè÷íå ñïiââiäíîøåííÿ
ω(t, ·) → f, t → +0,

âèêîíócòüñÿ ó ïðîñòîði (
0

W
Ω1

M1

(R))′.
Äîâåäåííÿ òâåðäæåííÿ âèêîðèñòîâóc

âëàñòèâîñòi çãîðòóâà÷iâ ó ïðîñòîði
0

W
Ω1

M1
(R)

òà âëàñòèâiñòü íåïåðåðâíîñòi ïåðåòâîðåííÿ
Ôóð'c-Áåññåëÿ ó ïðîñòîðàõ òèïó

0

W òà (
0

W )′.
3. Ïðî îïåðàòîð, ñïðÿæåíèé äî îïå-

ðàòîðà Áåññåëÿ íåñêií÷åííîãî ïîðÿäêó
Ðîçãëÿíåìî îïåðàòîð Af = f(Bν), ïîáó-

äîâàíèé çà ôóíêöicþ f . Ïåðåäóñiì çàçíà÷è-
ìî, ùî

|(Afϕ)(x)| ≤ cϕ,

∀ϕ ∈ 0

W
Ω1

M1

(R), x ∈ R, (11)

äå cϕ - äîäàòíà ñòàëà, íå çàëåæíà âiä x.
Ç ëiíiéíîñòi òà íåïåðåðâíîñòi îïåðàòîðà Af

âèïëèâàc ëiíiéíiñòü i íåïåðåðâíiñòü ñïðÿ-
æåíîãî îïåðàòîðà A∗

f , ÿêèé äic ó ïðîñòîði
(

0

W
Ω1

M1
(R))′ çà ôîðìóëîþ:

< A∗
fg, ϕ >=< g, Afϕ >, g ∈ (

0

W
Ω1

M1

(R))′,

ϕ ∈ 0

W
Ω1

M1

(R). (12)

Ç'ÿñócìî, ÿêèé âèãëÿä ìàc çâóæåííÿ îïåðà-
òîðà A∗

f íà ïðîñòið
0

W
Ω1

M1
(R) ⊂ (

0

W
Ω1

M1
(R))′,

òîáòî â (12) ââàæàcìî, ùî {g, ϕ} ⊂
⊂ 0

W
Ω1

M1
(R). Íà ïiäñòàâi (11) òâåðäèìî, ùî

iíòåãðàë
∞∫

0

g(x)(Afϕ)(x)dx c àáñîëþòíî çái-

æíèì äëÿ äîâiëüíî�� îñíîâíî�� ôóíêöi�� g ∈
∈ 0

W
Ω1

M1
(R). Òîìó, âíàñëiäîê òåîðåìè Ôóái-

íi, ñïðàâeäëèâi ïåðåòâîðåííÿ:

< g,Afϕ >=

∞∫

0

g(x)(Afϕ)(x)x2ν+1dx =

= cν

∞∫

0

g(x)




∞∫

0

f(ξ)FB[ϕ](ξ)jν(xξ)ξ2ν+1dξ


×

×x2ν+1dx = cν

∞∫

0

∞∫

0

f(ξ)g(x)jν(xξ)x2ν+1×

×FB[ϕ](ξ)ξ2ν+1dxdξ =

=

∞∫

0

f(ξ)F−1
B [g](ξ)FB[ϕ](ξ)ξ2ν+1dξ =

=

∞∫

0

f(ξ)F−1
B [g](ξ)




∞∫

0

ϕ(x)jν(xξ)x2ν+1dx


×

×ξ2ν+1dξ =

∞∫

0

ϕ(x)×

×



∞∫

0

f(ξ)F−1
B [g](ξ)jν(xξ)ξ2ν+1dξ


 x2ν+1dx =

=

∞∫

0

ϕ(x)FB[f(ξ)F−1
B [g](ξ)](x)x2ν+1dx ≡

≡
∞∫

0

(A∗
fg)(x)ϕ(x)dx =< A∗

fg, ϕ >,
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{g, ϕ} ⊂ 0

W
Ω1

M1

(R).

Îòæå,

∀g ∈ 0

W
Ω1

M1

(R) : A∗
fg = FB[f(ξ)F−1

B [g]].

4. Îñíîâíi ðåçóëüòàòè
Íåõàé ϕ ∈ 0

P
Ω
M
, Aϕ - îïåðàòîð Áåññå-

ëÿ íåñêií÷åííîãî ïîðÿäêó, ïîáóäîâàíèé çà
ôóíêöicþ ϕ. Ðîçãëÿíåìî ðiâíÿííÿ

∂u

∂t
= Aϕu,

(t, x) ∈ (0, T ]× (0,∞) ≡ Ω+. (13)

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (13) ðîçóìiòè-
ìåìî ôóíêöiþ

u : (0, T ] 3 t → u(t, ·) ∈ 0

W
Ω1

M1

(R),

ÿêà äèôåðåíöiéîâíà ïî t i çàäîâîëüíÿc ðiâ-
íÿííÿ (13) (Ω1 òà M1 - ôóíêöi��, äâî��ñòi çà
Þíãîì âiäïîâiäíî äî ôóíêöié M òà Ω).

Ó ïóíêòi 2 âèâ÷àëèñü âëàñòèâîñòi ôóíêöi��

ω(t, x) := (f ∗G)(t, x), (t, x) ∈ Ω+,

f ∈ (
0

W
Ω1

M1

(R))′, G(t, x) = F−1
B [etϕ(σ)](x).

Ñèìâîëîì (
0

W
Ω1

M1
(R))′∗ ïîçíà÷èìî ñóêóïíiñòü

óñiõ óçàãàëüíåíèõ ôóíêöié ç ïðîñòîðó
(

0

W
Ω1

M1
(R))′, ÿêi c çãîðòóâà÷àìè ó ïðîñòîði

0

W
Ω1

M1
(R). Îòæå, ÿêùî f ∈ (

0

W
Ω1

M1
(R))′∗, òî

ω(t, ·) ∈ 0

W
Ω1

M1
(R) ïðè êîæíîìó t ∈ (0, T ].

Iç âëàñòèâîñòi ôóíêöi�� G(t, ·) ÿê àáñòðàêòíî��
ôóíêöi�� ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòî-
ði

0

W
Ω1

M1
(äèâ. íàñëiäîê 1 ç ëåìè 2) âèïëèâàc,

ùî

∂

∂t
(f ∗G)(t, ·) =

(
f ∗ ∂

∂t
G

)
(t, ·).

Êðiì òîãî,

Aϕω(t, x) = F−1
B [ϕ(σ)FB[(f ∗G)(t, x)](σ)](x).

Îñêiëüêè f - çãîðòóâà÷ ó ïðîñòîði
0

W
Ω1

M1
(R),

òî

FB[(f ∗G)(t, x)](σ) = FB[f ]FB[G(t, x)](σ) =

= FB[f ]etϕ(σ).

Îòæå,

Aϕω(t, x) = F−1
B [ϕ(σ)etϕ(σ)FB[f ](σ)](x) =

= F−1
B

[
∂

∂t
etϕ(σ)FB[f ](σ)

]
(x) =

= F−1
B

[
FB

[
∂

∂t
G(t, x)

]
(σ)FB[f ](σ)

]
(x) =

= F−1
B

[
FB

[(
f ∗ ∂

∂t
G

)
(t, x)

]
(σ)

]
(x) =

=

(
f ∗ ∂

∂t
G

)
(t, x).

Òàêèì ÷èíîì, ôóíêöiÿ ω(t, x), (t, x) ∈ Ω+

çàäîâîëüíÿc ðiâíÿííÿ (13) ó çâè÷àéíîìó ðî-
çóìiííi. Ëåìà 3 äîçâîëÿc ïîñòàâèòè çàäà÷ó
Êîøi äëÿ ðiâíÿííÿ (13) òàê. Äëÿ (13) çàäàìî
ïî÷àòêîâó óìîâó

u(t, ·)|t=0 = f, (14)

äå f ∈ (
0

W
Ω1

M1

(R))′. Ïiä ðîçâ'ÿçêîì çàäà-
÷i Êîøi (13), (14) ðîçóìiòèìåìî ðîçâ'ÿçîê
ðiâíÿííÿ (13), ÿêèé çàäîâîëüíÿc ïî÷àòêî-
âó óìîâó (14) ó òîìó ñåíñi, ùî u(t, ·) → f

ïðè t → +0 ó ïðîñòîði (
0

W
Ω1

M1

(R))′. Îñíîâ-
íà ìåòà öüîãî ïóíêòó ïîëÿãàc ó âñòàíîâëåííi
ðîçâ'ÿçíîñòi çàäà÷i Êîøi (13), (14) ó âèïàä-
êó, êîëè ïî÷àòêîâà óìîâà - óçàãàëüíåíà ôóí-
êöiÿ f - c åëåìåíòîì ïðîñòîðó (

0

W
Ω1

M1

(R))′∗.
Ìàc ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 4. Çàäà÷à Êîøi (13), (14) êî-
ðåêòíî ðîçâ'ÿçíà â êëàñi óçàãàëüíåíèõ ôóí-
êöié (

0

W
Ω1

M1

(R))′∗. Ðîçâ'ÿçîê c ôóíêöicþ, äè-
ôåðåíöiéîâíîþ ïî t i ïîäàcòüñÿ ó âèãëÿäi

u(t, x) = (f ∗G)(t, x),

f ∈ (
0

W
Ω1

M1

(R))′∗, (t, x) ∈ Ω+,
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ïðè÷îìó u(t, ·) ∈ 0

W
Ω1

M1

(R) ïðè êîæíîìó
t ∈ (0, T ].

Äîâåäåííÿ. Äîâåäåííÿ âèìàãàc ëèøå
âëàñòèâiñòü cäèíîñòi ðîçâ'ÿçêó çàäà÷i Êî-
øi (13), (14). Äëÿ âñòàíîâëåííÿ cäèíîñòi
ðîçâ'ÿçêó öic�� çàäà÷i ðîçãëÿíåìî çàäà÷ó Êî-
øi

∂v

∂t
= −A∗

ϕv,

(t, x) ∈ (0, t0]× (0,∞) ≡ Ω′
+, (15)

v|t=t0 = f, f ∈ (
0

W
Ω1

M1

(R))′∗,

0 < t ≤ t0 ≤ T, (16)

äå A∗
ϕ - çâóæåííÿ ñïðÿæåíîãî îïåðàòîðà

äî îïåðàòîðà Aϕ íà ïðîñòið
0

W
Ω1

M1

(R) ⊂

⊂ (
0

W
Ω1

M1

(R))′. Óìîâà (16) ðîçóìicòüñÿ ó
ñëàáêîìó ñåíñi. Çàäà÷ó (15), (16) íàäàëi íà-
çèâàòèìåìî ñïðÿæåíîþ äî çàäà÷i (13), (14).
Ðîçãëÿíåìî ôóíêöiþ

G∗(t0 − t, x) = FB[e(t0−t)ϕ(σ)](x).

Àíàëîãi÷íî òîìó, ÿê öå áóëî çðîáëåíî ó âè-
ïàäêó çàäà÷i Êîøi (13), (14) äîâîäèìî, ùî
G∗(t− t0, x), ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìå-
òðà t iç çíà÷åííÿìè ó ïðîñòîði

0

W
Ω1

M1

(R), äè-
ôåðåíöiéîâíà ïî t (0 < t ≤ t0 ≤ T ); ðîçâ'ÿ-
çîê çàäà÷i (15), (16) äàcòüñÿ ôîðìóëîþ

v(t, x) = (f ∗G∗)(t0 − t, x), (t, x) ∈ Ω′
+,

ïðè öüîìó v(t, ·) ∈ 0

W
Ω1

M1

(R) äëÿ êîæíîãî t,
0 < t ≤ t0 ≤ T .

Íåõàé Qt
t0

: (
0

W
Ω1

M1

(R))′∗ →
0

W
Ω1

M1

(R) −
îïåðàòîð, ÿêèé çiñòàâëÿc åëåìåíòó
f ∈ (

0

W
Ω1

M1

(R))′∗ ðîçâ'ÿçîê v(t, ·) ∈ 0

W
Ω1

M1

(R)

çàäà÷i (15), (16):

∀f ∈ (
0

W
Ω1

M1

(R))′∗ :

Qt
t0
f = (f ∗G∗)(t0 − t, x) ≡ v(t, x),

v(t, ·) ∈ 0

W
Ω1

M1

(R), (t, x) ∈ Ω′
+.

Îïåðàòîð Qt
t0

- ëiíiéíèé i íåïåðåðâíèé,
îñêiëüêè òàêèìè âëàñòèâîñòÿìè âîëîäic îïå-
ðàöiÿ çãîðòêè. Âií âèçíà÷åíèé äëÿ äîâiëü-
íèõ t i t0 òàêèõ, ùî 0 < t ≤ t0 ≤ T , ïðè÷îìó

∀f ∈ (
0

W
Ω1

M1

(R))′∗ :
dQt

t0
f

dt
= −A∗

ϕQt
t0
f,

lim
t→t0

Qt
t0
f = f

(òóò ðîçãëÿäàcòüñÿ ñëàáêà ãðàíèöÿ).
Ðîçãëÿíåìî òåïåð ðîçâ'ÿçîê u(t, x),

(t, x) ∈ Ω+, çàäà÷i (13), (14), ÿêèé òðà-
êòóâàòèìåìî ÿê ôóíêöiîíàë ç ïðîñòîðó
(

0

W
Ω1

M1

(R))′ ⊃ 0

W
Ω1

M1

(R). Äîâåäåìî, ùî çàäà-
÷à Êîøi (13), (14) ìîæå ìàòè ëèøå cäèíèé
ðîçâ'ÿçîê ó ïðîñòîði (

0

W
Ω1

M1

(R))′. Äëÿ öüîãî
äîñèòü äîâåñòè, ùî cäèíèì ðîçâ'ÿçêîì ðiâ-
íÿííÿ (13) ïðè íóëüîâié ïî÷àòêîâié óìîâi
ìîæå áóòè ëèøå ôóíêöiîíàë u(t, x) ≡ 0
(áî u íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâî��
ôóíêöi�� f ∈ (

0

W
Ω1

M1

(R))′∗, îñêiëüêè îïåðàöiÿ
çãîðòêè âîëîäic âëàñòèâiñòþ íåïåðåðâíîñòi).
Çàôiêñócìî äîâiëüíèì ÷èíîì t0, 0 < t0 ≤ T ,
i çàñòîñócìî ôóíêöiîíàë u(t, x) äî ôóíêöi��
Qt

t0
ψ, 0 < t ≤ t0 ≤ T , äå ψ - äîâiëüíèé

ôóíêöiîíàë ç ïðîñòîðó (
0

W
Ω1

M1

(R))′∗. Äèôå-
ðåíöiþþ÷è ïî t i âèêîðèñòîâóþ÷è ðiâíÿííÿ
(13) òà (15) çíàõîäèìî, ùî

∂

∂t
< u(t, x), Qt

t0
ψ >=

=

〈
∂u

∂t
,Qt

t0
ψ

〉
+

〈
u,

∂Qt
t0
ψ

∂t

〉
=

=< Aϕu,Qt
t0
ψ > − < u, A∗

ϕQt
t0
ψ >=

=< Aϕu,Qt
t0
ψ > − < Aϕu,Qt

t0
ψ >= 0,

ψ ∈ (
0

W
Ω1

M1

(R))′∗.

Çâiäñè âèïëèâàc, ùî < u(t, x), Qt
t0
ψ > c

ñòàëîþ âåëè÷èíîþ. Âèêîðèñòîâóþ÷è ïî÷à-
òêîâó óìîâó u|t=0 = 0 çíàõîäèìî, ùî öÿ âå-
ëè÷èíà ïðè âñiõ t, 0 < t ≤ t0, ðiâíà íóëþ.
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Çîêðåìà, ïðè t → t0 (ó ñëàáêîìó ðîçóìií-
íi ãðàíèöi) äiñòàcìî, ùî < u(t0, x), ψ >= 0.
Îñêiëüêè ψ - äîâiëüíèé åëåìåíò ç ïðîñòî-
ðó (

0

W
Ω1

M1

(R))′∗, à
0

W
Ω1

M1

(R) ⊂ (
0

W
Ω1

M1

(R))′∗,
òî < u(t0, x), ψ >= 0 äëÿ âñiõ ψ ç ïðî-
ñòîðó

0

W
Ω1

M1

(R). Îòæå, u(t0, x) c íóëüîâèì
ôóíêöiîíàëîì. Îñêiëüêè t0 âèáðàíå äîâiëü-
íî ìiæ 0 i T , òî u(t, x) ≡ 0 äëÿ âñiõ t ∈ (0, T ].
Òåîðåìà äîâåäåíà.
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