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ÇÀÑÒÎÑÓÂÀÍÍß ÎÄÍÎÏÀÐÀÌÅÒÐÈ×ÍÎÃÎ ÌÅÒÎÄÓ IÒÅÐÀÒÈÂÍÎÃÎ
ÀÃÐÅÃÓÂÀÍÍß ÄÎ ËIÍIÉÍÈÕ ÊÐÀÉÎÂÈÕ ÇÀÄÀ×

Äëÿ êðàéîâî�� çàäà÷i x′′(t)+p(t)x′(t)+q(t)x(t) = f(t), x(a) = A, x(b) = B ïîáóäîâàíî îäíî-
ïàðàìåòðè÷íèé ìåòîä iòåðàòèâíîãî àãðåãóâàííÿ òà äîñëiäæåíî óìîâè çáiæíîñòi ðîçãëÿíóòîãî
àãðåãàòèâíî-iòåðàöiéíîãî àëãîðèòìó.

The monoparametric method of iteration aggregation is constructed for the boundary value
problem x′′(t)+p(t)x′(t)+q(t)x(t) = f(t), x(a) = A, x(b) = B and the conditions of the convergence
of this aggregation-iterational algorithm are investigated.

Ìåòîäè iòåðàòèâíîãî àãðåãóâàííÿ, ÿê çà-
çíà÷åíî â [1], äîñëiäæåíi íåäîñòàòíüî. Ïðî-
ïîíîâàíà çàìiòêà ïðèñâÿ÷åíà çàñòîñóâàííþ
ìåòîäèêè ç [2,3] äî äîñëiäæåííÿ îäíîïàðà-
ìåòðè÷íîãî ìåòîäó iòåðàòèâíîãî àãðåãóâàí-
íÿ â çàñòîñóâàííi äî ðiâíÿííÿ

x′′(t) + p(t)x′(t) + q(t)x(t) = f(t) (1)

ç êðàéîâèìè óìîâàìè

x(a) = A, x(b) = B. (2)

Óñi ôóíêöi�� c íåïåðåðâíî-
äèôåðåíöiéîâíèìè äîñòàòíþ êiëüêiñòü
ðàçiâ.

Ïðè p(t) = p0 − p1(t), q(t) = q0 − q1(t),
ïîäàâøè (1) ó âèãëÿäi

x′′(t) + p0x
′(t) + q0x(t) =

= f(t) + p1(t)x
′(t) + q1(t)x(t), (3)

çàäà÷ó (1), (2) ìîæíà çâåñòè äî iíòåãðàëüíî-
ãî ðiâíÿííÿ

x(t) =

b∫

a

[
G0(t, s)q1(s)−G0(t, s)p

′
1(s)−

−dG0(t, s)

ds
p1(s)

]
x(s)ds + b(t). (4)

Òóò
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� ôóíêöiÿ Ãðiíà çàäà÷i (3) ç îäíîðiäíèìè
êðàéîâèìè óìîâàìè, à

b(t) =
Ae−λ2(a−t)
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+
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√
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√
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+

b∫

a

G0(t, s)f(s)ds + G0(t, s)p1(s)x(s)|ba,

äå λ1 = −p0

2
−
√

D

2
, λ2 = −p0

2
+

√
D

2
, D =

p2
0 − 4q0. Ïðèïóñêàòèìåìî çàäëÿ çðó÷íîñòi,

ùî D > 0.
Ïðècäíàcìî äî ðiâíÿííÿ (4) ðiâíÿííÿ

y =

b∫

a

α(s)x(s)ds + λy. (5)

Îçíà÷èìî ôóíêöiþ α(t) çà äîïîìîãîþ ðiâ-
íîñòi

α(t) = λϕ(t)−
b∫

a

[
G0(t, s)q1(s)−
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−G0(t, s)p
′
1(s)−

dG0(t, s)

ds
p1(s)

]
ϕ(s)ds. (6)

Çàñòîñócìî äî ñèñòåìè (4), (5)
àãðåãàöiéíî-iòåðàòèâíèé àëãîðèòì [2].
Ðîçãëÿíåìî iòåðàöiéíèé ïðîöåñ

xn+1(t) =

b∫

a

[
G0(t, s)q1(s)−

−G0(t, s)p
′
1(s)−

dG0(t, s)

ds
p1(s)

]
xn(s)ds+

+a(n)(t)(yn − yn+1) + b(t), (7)

yn+1 =

b∫

a

α(s)xnds + α
(n)
0 (yn − yn+1) + λyn+1,

(8)
äå a(n)(t) âèçíà÷àþòü çà ôîðìóëàìè

a(n)(t) =

( b∫

a

[
G0(t, s)q1(s)−G0(t, s)p

′
1(s)−

−dG0(t, s)

ds
p1(s)

]
xn(s)ds

)
×

×
(

yn +

b∫

a

ϕ(s)xn(s)ds

)−1

, (9)

çàäàâøè, âçàãàëi êàæó÷è, äîâiëüíèì ñïîñî-
áîì íåïåðåðâíó ôóíêöiþ ϕ(t) òà äiéñíå ÷è-
ñëî λ. Îçíà÷èìî α

(n)
0 çà äîïîìîãîþ ðiâíîñòi

b∫

a

ϕ(s)a(n)(s)ds + α
(n)
0 = λ. (10)

Íåõàé {x∗(t), y∗} ðîçâ'ÿçîê ñèñòåìè (4),
(5). Òîäi

b∫

a

ϕ(s)x∗(s)ds + y∗ =

=

b∫

a

ϕ(s)

b∫

a

[
G0(t, s)q1(s)−G0(t, s)p

′
1(s)−

−dG0(t, s)

ds
p1(s)

]
x∗(s)dsdt+

+

b∫

a

α(s)x∗(s)ds + λy∗ +

b∫

a

ϕ(t)b(t)dt =

=

b∫

a

ϕ(t)b(t)dt + λy∗+

+

b∫

a

x∗(t)

b∫

a

([
G0(t, s)q1(s)−G0(t, s)p

′
1(s)−

−dG0(t, s)

ds
p1(s)

]
ϕ(s)ds + α(s)

)
dsdt =

=

b∫

a

ϕ(t)b(t)dt + λ

( b∫

a

ϕ(t)x∗(t)dt + y∗
)

.

Îòæå, ñïðàâäæócòüñÿ ðiâíiñòü

b∫

a

ϕ(s)x(s)ds + y =

b∫

a

ϕ(s)b(s)ds

1− λ
, (11)

ïðè x(t) = x∗(t), y = y∗.
Âèáèðàþ÷è ïî÷àòêîâå íàáëèæåííÿ òàê,

ùîá ñïðàâäæóâàëàñü ðiâíiñòü (11) ïðè
x(t) = x0(t), y = y0, ìîæíà äîâåñòè, ùî äëÿ
x(t) = xn+1(t), y = yn+1 âèêîíócòüñÿ ðiâíiñòü
(11). Äiéñíî, ç (7), (8) îòðèìàcìî

b∫

a

ϕ(s)xn+1(s)ds + yn+1 =

=

b∫

a

ϕ(t)

b∫

a

[
G0(t, s)q1(s)−G0(t, s)p

′
1(s)−

−dG0(t, s)

ds
p1(s)

]
xn(s)dsdt+

+

b∫

a

ϕ(t)a(n)(t)(yn − yn+1)dt +

b∫

a

ϕ(t)b(t)dt+
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+

b∫

a

α(s)xn(s)ds + α
(n)
0 (yn − yn+1) + λyn+1 =

=

b∫

a

xn(t)

( b∫

a

[
G0(t, s)q1(s)−G0(t, s)p

′
1(s)−

−dG0(t, s)

ds
p1(s)

]
ϕ(s)ds + α(t)

)
dt+

+(yn − yn+1)

( b∫

a

ϕ(t)a(n)(t)dt + α
(n)
0

)
+

+

b∫

a

ϕ(t)b(t)dt + λyn+1 =

λ

( b∫

a

ϕ(s)xn+1(s)ds + yn+1

)
+

b∫

a

ϕ(t)b(t)dt.

Ïðèïóñòèâøè, ùî äëÿ n-ãî íàáëèæåííÿ ðiâ-
íiñòü (11) ñïðàâäæócòüñÿ, îòðèìàcìî, ùî

b∫

a

ϕ(s)xn+1(s)ds + yn+1 = λ

b∫

a

ϕ(s)b(s)ds

1− λ
+

+

b∫

a

ϕ(s)b(s)ds =

b∫

a

ϕ(s)b(s)ds

1− λ
.

Îòæå, äëÿ x(t) = xn+1(t), y = yn+1 ìàcìî
ðiâíiñòü (11).

Îöiíþþ÷è çáiæíiñòü iòåðàöié (7), (8) äëÿ
ñèñòåìè (4), (5), îòðèìàcìî

yn+1−y∗ =
1

1− λ + α
(n)
0

b∫

a

α(s)(xn(s)−x∗(s))ds+

+
1

1− λ + α
(n)
0

(yn+1 − y∗).

Âðàõîâóþ÷è òå, ùî äëÿ {x∗(t), y∗} òà
{xn(t), yn} ñïðàâäæócòüñÿ ðiâíiñòü (11),

îäåðæèìî

yn − y∗ = −
b∫

a

ϕ(t)(xn(t)− x∗(t))dt.

Îòæå,
yn+1 − y∗ =

=
1

1− λ + α
(n)
0

b∫

a

(α(s)− α
(n)
0 ϕ(s))×

×(xn(s)− x∗(s))ds, (12)

xn+1(t)− x∗(t) =

=

b∫

a

([
G0(t, s)q1(s)−G0(t, s)p

′
1(s)−

−dG0(t, s)

ds
p1(s)

]
−

−a(n)(t)(α(s) + (1− λ)ϕ(s))

1− λ + α
(n)
0

)
×

×(xn(t)− x∗(t))ds.

Íåõàé
b∫

a

|ϕ(s)|ds = 1,

b∫

a

|ϕ(s)xn(s)|ds ≤ c0(b− a),

b∫

a

b∫

a

∣∣∣∣G0(t, s)q1(s)−G0(t, s)p
′
1(s)−

−dG0(t, s)

ds
p1(s)

∣∣∣∣|ϕ(s)|dsdt ≤ c1(b− a)2,

b∫

a

b∫

a

∣∣∣∣G0(t, s)q1(s)−G0(t, s)p
′
1(s)−

−dG0(t, s)

ds
p1(s)

∣∣∣∣|ϕ(s)||ϕ(t)|dsdt ≤ c2(b− a)2,

b∫

a

∣∣∣∣G0(t, s)q1(s)−G0(t, s)p
′
1(s)−
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−dG0(t, s)

ds
p1(s)

∣∣∣∣ds ≤ g1(t)(b− a),

b∫

a

∣∣∣∣G0(t, s)q1(s)−G0(t, s)p
′
1(s)−

−dG0(t, s)

ds
p1(s)

∣∣∣∣|ϕ(s)|ds ≤ g2(t)(b− a).

Çâiäñè

|xn+1(t)− x∗(t)| ≤ (b− a)

(
g1(t)+

+
c0g2(t)(b− a)2

c0 − c2(b− a)
(1− c1)(b− a)

)
×

×
b∫

a

|xn(s)− x∗(s)|ds,

|yn+1 − y∗| ≤ c0(c2(b− a) + c1)(b− a)

c0 − c2(b− a)
×

×
b∫

a

|xn(s)− x∗(s)|ds.

Íåðiâíiñòü

q = (b− a)

(
g1(t) +

c0g2(t)(b− a)2

c0 − c2(b− a)
×

×(1− c1)(b− a)

)
< 1

çàáåçïå÷óc çáiæíiñòü iòåðàöié (7), (8) iç
øâèäêiñòþ ãåîìåòðè÷íî�� ïðîãðåñi�� çi çíàìåí-
íèêîì q.

Îòðèìàíi ðåçóëüòàòè ìîæíà ïîøèðèòè
íà âèïàäîê êðàòíîãî àãðåãóâàííÿ. Öi ðå-
çóëüòàòè c íîâèìè ÿê äëÿ îäíîïàðàìåòðè-
÷íîãî âèïàäêó, òàê i äëÿ êðàòíîãî ðiçíîâèäó
áàãàòîïàðàìåòðè÷íîãî àãðåãóâàííÿ.
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