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Çàïðîïîíîâàíî ñòðóêòóðíèé (îïòèìiçàöiéíèé) ïiäõiä ïðè ìîäåëþâàííi åêîëîãî-
åêîíîìi÷íèõ ôóíêöié. Ðîçðîáëåíà ìåòîäîëîãiÿ ïîáóäîâè öèõ ôóíêöié ó ÿâíîìó àíàëiòè÷íîìó
âèãëÿäi.

The structural (optimization) approach to the modelling of ecological-economical functions is
proposed in this article. The methodology of construction of such functions is provided in explicit
analytical form.

Çàäà÷à ïîáóäîâè åêîëîãî-åêîíîìi÷íèõ
ôóíêöié (ÅÅÔ) íàëåæèòü äî àêòóàëüíèõ çà-
äà÷ ìîäåëþâàííÿ åêîëîãî-åêîíîìi÷íèõ ïðî-
öåñiâ òà ñèñòåì [1]. Òàêi ôóíêöi�� c íå òiëü-
êè äåÿêèìè ôóíêöiÿìè êîðèñíîñòi åêîëîãî-
åêîíîìi÷íîãî ðîçâèòêó i çàñîáîì îöiíþâà-
ííÿ éîãî òåíäåíöié, àëå é ôîðìóþòü òà-
êîæ îêðåìèé áëîê â êîìïëåêñi áiëüø ñêëà-
äíèõ ìîäåëåé åêîëîãî-åêîíîìi÷íèõ ïðîöåñiâ
òà ñèñòåì. Ó äàíié ðîáîòi äëÿ ìîäåëþâàííÿ
ÅÅÔ ïðîïîíócòüñÿ ñòðóêòóðíèé (îïòèìiçà-
öiéíèé) ïiäõiä, ÿêèé óæå âèêîðèñòîâóâàâñÿ
àâòîðîì ïðè ïîáóäîâi, íàïðèêëàä, âèðîáíè-
÷èõ ôóíêöié [2,3].

Ñïî÷àòêó ñôîðìóëþcìî çàäà÷ó îïòè-
ìàëüíî�� îðãàíiçàöi�� âèðîáíèöòâà ç óðàõó-
âàííÿì éîãî ðîçáèòòÿ íà äâi ïiäãðóïè âè-
ðîáíèöòâ: îñíîâíîãî âèðîáíèöòâà (ìàòåði-
àëüíîãî âèðîáíèöòâà) i äîïîìiæíîãî âèðî-
áíèöòâà (çíèùåííÿ ïðîäóêòiâ çàáðóäíåííÿ).
Óâåäåìî òàêi ïîçíà÷åííÿ: x ∈ Rn

+ (Rl
+ �

íåâiä'cìíèé îðòàíò l-âèìiðíîãî âåêòîðíî-
ãî ïðîñòîðó) � âåêòîð âàëîâîãî (îñíîâíî-
ãî) âèïóñêó; z ∈ Rm

+ � âåêòîð äîïîìiæíî-
ãî âèïóñêó (çíèùåííÿ çàáðóäíþâà÷iâ); A =
(aij)

n
i,j=1 � êâàäðàòíà ìàòðèöÿ çàòðàò ïðî-

äóêöi�� i íà âèïóñê îäèíèöi ïðîäóêöi�� j; B =
(bil)

n,m
i,l=1 � ïðÿìîêóòíà ìàòðèöÿ çàòðàò ïðî-

äóêöi�� i íà çíèùåííÿ îäèíèöi ïðîäóêöi�� l;
C = (clj)

m,n
l,j=1 � ïðÿìîêóòíà ìàòðèöÿ âèïó-

ñêó çàáðóäíþâà÷iâ l ïiä ÷àñ âèïóñêó îäèíèöi
ïðîäóêöi�� j; D = (dls)

m
l,s=1 � êâàäðàòíà ìà-

òðèöÿ âèïóñêó çàáðóäíþâà÷iâ l ïiä ÷àñ çíè-
ùåííÿ îäèíèöi çàáðóäíþâà÷iâ s; R ∈ Rn

+ �
âåêòîð ìàêñèìàëüíî äîïóñòèìèõ îá'cìiâ âè-
ðîáíè÷èõ ðåñóðñiâ; Z ∈ Rm

+ � âåêòîð ìiíi-
ìàëüíî äîïóñòèìèõ îá'cìiâ çíèùåííÿ çàáðó-
äíþâà÷iâ; p ∈ Rn

+ � âåêòîð ïèòîìèõ îöiíîê
îñíîâíî�� ïðîäóêöi��; q ∈ Rm

+ � âåêòîð ïèòî-
ìèõ îöiíîê äîïîìiæíî�� ïðîäóêöi��; < ·, · > �
îïåðàöiÿ ñêàëÿðíîãî äîáóòêó âåêòîðiâ. Çà-
çíà÷èìî, ùî âñi óâåäåíi âèùå ìàòðèöi i âå-
êòîðè ñêëàäàþòüñÿ ç íåâiä'cìíèõ åëåìåí-
òiâ. Â çàëåæíîñòi âiä çìiñòó âåêòîðiâ p i q
ìîæíà ïî-ðiçíîìó ñôîðìóëþâàòè ìåòó âè-
ðîáíèöòâà ç óðàõóâàííÿì äâîõ ãðóï âèðî-
áíèöòâ. ßêùî p i q � îöiíêè äîõîäiâ âiä
îñíîâíîãî òà äîïîìiæíîãî âèðîáíèöòâ, òî
ïðèðîäíèì c ïðàãíåííÿ ìàêñèìiçóâàòè âå-
ëè÷èíó (< p, x > − < q, z >). Ó âèïàä-
êó, êîëè p i q � îöiíêè âiäïîâiäíèõ êiíöå-
âèõ âèòðàò, î÷åâèäíî, ñëiä ìiíiìiçóâàòè âå-
ëè÷èíó (< p, x > + < q, z >). Íèæ÷å ìå-
òîþ âèðîáíèöòâà áóäåìî ââàæàòè ìiíiìiçà-
öiþ âèòðàò (âñi ìiðêóâàííÿ ó ðàçi ìàêñèìi-
çàöi�� äîõîäó áóäóòü àíàëîãi÷íèìè). Ç óðàõó-
âàííÿì òîãî, ùî âèòðàòè ïðîäóêöi�� íà âèðî-
áíèöòâî íå ìîæóòü ïåðåâèùóâàòè R, à âèðî-
áëåíå çàáðóäíåííÿ c íå ìåíøèì íiæ çíèùåíå
Z, îòðèìàcìî çàäà÷ó:{

< p, x > + < q, z > 7→ min,
(x, z) ∈ X1(R, Z),

(1)

äå X1(R, Z) = {x ∈ Rn
+, z ∈ Rm

+ |Ax + Bz ≤
R, Cx + Dz ≥ Z}. Áóäåìî ââàæàòè, ùî â
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çàäà÷i (1) âåêòîðè R i Z c ïàðàìåòðàìè. Òîäi
öÿ çàäà÷à íåÿâíî çàäàc ôóíêöiþ:

F1 : (R,Z) 7→< p, x∗(R,Z) > +

+ < q, z∗(R, Z) >, (2)

äå (x∗(R, Z), z∗(R, Z)) � ðîçâ'ÿçîê çàäà÷i (1)
ïðè çàäàíèõ R i Z. Îáëàñòþ âèçíà÷åííÿ
ôóíêöi�� (2) c

O1 = {R ∈ Rn
+, Z ∈ Rm

+ |X1(R,Z) 6= ∅}.
Ôóíêöiÿ F1 � öå ÅÅÔ ìiíiìàëüíèõ çàòðàò.

Òåîðåìà 1. Ôóíêöiÿ F1 â îáëàñòi O1 c
îïóêëîþ âíèç, íåïåðåðâíîþ ó âñiõ âíóòði-
øíiõ òî÷êàõ, ìîíîòîííî íå çðîñòàþ÷îþ ïî
êîìïîíåíòàì âåêòîðà R i ìîíîòîííî íå
ñïàäíîþ ïî êîìïîíåíòàì âåêòîðà Z, äîäà-
òíî îäíîðiäíîþ ïåðøîãî ñòåïåíÿ òà â çà-
ãàëüíîìó âèïàäêó êóñêîâî-ëiíiéíîþ.

Äîâåäåííÿ. Ïåðø çà âñå çàçíà÷èìî, ùî
îáëàñòü O1 c îïóêëîþ ìíîæèíîþ, îñêiëüêè
ïðè (R(1), Z(1)), (R(2), Z(2)) ∈ O1 i α, β ∈ [0, 1]
(α + β = 1) ìàcìî:

αR(1) + βR(2) ≥
≥ α(Ax + Bz) + β(Ax + Bz) = Ax + Bz,

αZ(1) + βZ(2) ≤
≤ α(Cx + Dz) + β(Cx + Dz) = Cx + Dz,

òîáòî

α(R(1), Z(1)) + β(R(2), Z(2)) =

= (αR(1) + βR(2), αZ(1)) + βZ(2)) ∈ O1.

Íåõàé (x(1)∗, z(1)∗) = (x(1)∗(R(1), Z(1)),
z(1)∗(R(1), Z(1))) � ðîçâ'ÿçîê çàäà÷i (1)
ïðè R = R(1), Z = Z(1), à (x(2)∗, z(2)∗) =
(x(2)∗(R(2), Z(2)), z(2)∗(R(2), Z(2))) � ðîçâ'ÿçîê
çàäà÷i (1) ïðè R = R(2), Z = Z(2). Òîäi òî÷êà
α(x(1)∗, z(1)∗)+β(x(2)∗, z(2)∗) = (αx(1)∗+βx(2)∗,
αz(1)∗ + βz(2)∗) ∈ X1(αR(1) + βR(2),
αZ(1) + βZ(2)), òîáòî c äîïóñòèìîþ äëÿ
çàäà÷i (1). Êðiì òîãî,

F1(α(R(1), Z(1)) + β(R(2), Z(2))) =

= F1(αR(1) + βR(2), αZ(1) + βZ(2)) =

=< p, x∗(αR(1) + βR(2), αZ(1) + βZ(2)) > +

+ < q, z∗(αR(1) + βR(2), αZ(1) + βZ(2)) >≤
≤< p, αx(1)∗ + βx(2)∗ > +

+ < q, αz(1)∗ + βz(2)∗) >=

= α(< p, x(1)∗ > + < q, z(1)∗ >)+

+β(< p, x(2)∗ > + < q, z(2)∗ >) =

= αF1(R
(1), Z(1)) + βF2(R

(2), Z(2)),

òîáòî ôóíêöiÿ F2 c îïóêëîþ âíèç. Îïó-
êëi ôóíêöi�� çàâæäè íåïåðåðâíi ó âñiõ âíó-
òðiøíiõ òî÷êàõ îáëàñòi çàäàííÿ [4]. Òå-
ïåð íåõàé R(2) > R(1), Z(2) > Z(1) i
(R(1), Z(1)), (R(2), Z(2)) ∈ O1. Òîäi ç íåðiâíî-
ñòåé Ax + Bz ≤ R(1) i Cx + Dz ≥ Z(2) âè-
ïëèâàþòü íåðiâíîñòi Ax + Bz ≤ R(2) i Cx +
Dz ≥ Z(1), òîáòî X1(R

(1), Z) ⊂ X1(R
(2), Z),

X1(R, Z(2)) ⊂ X1(R, Z(1)). Îñòàííi ñïiâ-
âiäíîøåííÿ îçíà÷àþòü, ùî F1(R

(2), Z) ≤
F1(R

(1), Z), F1(R, Z(2)) ≥ F1(R,Z(1)), òîáòî
ôóíêöiÿ F1 ìîíîòîííî íå çðîñòàc ïî êîì-
ïîíåíòàõ âåêòîðà R i ìîíîòîííî íå ñïàäàc
ïî êîìïîíåíòàõ âåêòîðà Z. Ïðè ν > 0 i
(R,Z) ∈ O1 ôóíêöiÿ F1(νR, νZ) c çíà÷åííÿì
çàäà÷i

{
< p, x > + < q, z > 7→ min,
(x, z) ∈ X1(νR, νZ),

(3)

äå X1(νR, νZ) = {νR ∈ Rn
+, νZ ∈ Rm

+ |Ax +
Bz ≤ νR, Cx+Dz ≥ νZ}. Îñêiëüêè A·x/ν+
B · z/ν ≤ R, C · x/ν + D · z/ν ≥ Z, òî ïiñëÿ
çàìiíè çìiííèõ x = ξν, z = ην çàäà÷ó (3)
ïåðåïèøåìî òàê:

{
ν[< p, ξ > + < q, η >] 7→ min,
(ξ, η) ∈ Y1(R, Z),

(4)

äå Y1(R,Z) = {R ∈ Rn
+, Z ∈ Rm

+ |Aξ + Bη ≤
R, Cξ + Dη ≥ Z}. Ïîðiâíþþ÷è çàäà÷i (3) i
(4), îäåðæèìî ñïiââiäíîøåííÿ:

F1(νR, νZ) =

= ν[< p, ξ∗(R, Z) > + < q, z∗(R,Z) >] ≡
≡ ν[< p, x∗(R,Z) > + < q, z∗(R, Z) >] =

= νF1(R, Z).

Îñòàííc ñïiââiäíîøåííÿ ñòâåðäæóc, ùî
ôóíêöiÿ F1 c äîäàòíî îäíîðiäíîþ ïåðøî-
ãî ñòåïåíÿ. Âðàõîâóþ÷è ðåçóëüòàòè [4] i òîé
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ôàêò, ùî çàäà÷à (1) c çàäà÷åþ ëiíiéíîãî ïðî-
ãðàìóâàííÿ, äiéäåìî âèñíîâêó, ùî ôóíêöiÿ
F1 c â çàãàëüíîìó âèïàäêó êóñêîâî-ëiíiéíîþ
â O1. Òåîðåìà 1 äîâåäåíà.

Âèïèøåìî äî çàäà÷i (1) äâî��ñòó çàäà÷ó:



− < R, λ(R) > +

+ < Z, λ(Z) >] 7→ max,
(λ(R), λ(Z)) ∈ Λ1,

(5)

äå Λ1 = {λ(R) ∈ Rn
+, λ(Z) ∈ Rm

+ | − AT λ(R) +

CT λ(Z) ≤ p, −BT λ(R) + DT λ(Z) ≤ q}, λ(R),
λ(Z) � âiäïîâiäíi äâî��ñòi çìiííi, T � çíàê
îïåðàöi�� òðàíñïîíóâàííÿ. Õàðàêòåðíîþ âëà-
ñòèâiñòþ çàäà÷i (5) c òå, ùî äîïóñòèìà ìíî-
æèíà Λ1 íå çàëåæèòü âiä ïàðàìåòðiâ R i
Z, ùî â ñâîþ ÷åðãó äàc ìîæëèâiñòü çíàéòè
âñi îïîðíi ðîçâ'ÿçêè ñèñòåìè ëiíiéíèõ àëãå-
áðà��÷íèõ ðiâíÿíü

{ −AT λ(R) + CT λ(Z) + µ(n) = p,
−BT λ(R) + DT λ(Z) + µ(m) = q,

(6)

äå µ(n) ∈ Rn
+, µ(m) ∈ Rm

+ � âåêòîðè äîïîìi-
æíèõ çìiííèõ. Çíàéøîâøè îïîðíi ðîçâ'ÿçêè
ñèñòåìè (6), ìè çíàéäåìî âåðøèíè äîïóñòè-
ìî�� ìíîæèíè Λ1. Êîðèñòóþ÷èñü ñïiââiäíî-
øåííÿì äâî��ñòîñòi

< p, x∗(R, Z) > + < q, z∗(R,Z) >=

= − < R, λ(R)∗ > + < Z, λ(Z)∗ > (7)

òà êðèòåðicì îïòèìàëüíîñòi âåðøèí
(λ(R)∗, λ(Z)∗), ìîæíà ïîáóäóâàòè ôóíêöiþ F1

ó ÿâíîìó àíàëiòè÷íîìó âèãëÿäi, ÿêà â ïiäî-
áëàñòi, âèçíà÷åíié âåðøèíîþ (λ(R)∗, λ(Z)∗),
çáiãàcòüñÿ ç ïðàâîþ ÷àñòèíîþ (7). Çàóâà-
æèìî, ùî çìiñò öüîãî ìåòîäó âèêëàäåíèé
â ðîáîòi àâòîðà [2], òîáòî íåìàc ïîòðåáè
çóïèíÿòèñÿ íà öüîìó áiëüø äåòàëüíî.

Ïîâåðíåìîñü äî çàäà÷i åêîëîãî-
åêîíîìi÷íîãî ìåíåäæìåíòó (1), â ÿêié
îáëàñòü X1(R, Z) çàäàcòüñÿ îäíîñòîðîííiìè
îáìåæåííÿìè íà âèðîáíè÷i âèòðàòè òà âè-
ðîáëåíå çàáðóäíåííÿ. Çàìiíèìî öþ îáëàñòü
íà îáëàñòü ç äâîñòîðîííiìè îáìåæåííÿìè,
òîáòî íà îáëàñòü

X2(r,R, Z,G) = {x ∈ Rn
+,

z ∈ Rm
+ | r ≤ Ax+Bz ≤ R, Z ≤ Cx+Dz ≤ G},

äå r ∈ Rn
+ � âåêòîð ìiíiìàëüíî äîïóñòèìèõ

îá'cìiâ âèðîáíè÷èõ ðåñóðñiâ, à G ∈ Rm
+ �

âåêòîð ìàêñèìàëüíî äîïóñòèìèõ îá'cìiâ âè-
ðîáëåíîãî çàáðóäíåííÿ. Òîäi îäåðæèìî òàêó
çàäà÷ó ëiíiéíîãî ïðîãðàìóâàííÿ:

{
< p, x > + < q, z > 7→ min,
(x, z) ∈ X2(r, R, Z, G).

(8)

Çàäà÷à (8) çàäàc íåÿâíî ÅÅÔ ìiíiìàëüíèõ
âèòðàò

F2 : (r, R, Z, G) 7→< p, x∗(r, R, Z, G) > +

+ < q, z∗(r, R, Z, G) >, (9)

äå (x∗(r, R, Z, G), z∗(r, R, Z, G)) � ðîçâ'ÿçîê
çàäà÷i (8) ïðè çàäàíèõ r, R, Z, G. Ôóíêöiÿ (9)
âèçíà÷åíà â îáëàñòi

O2 = {r, R ∈ Rn
+; Z, G ∈ Rm

+ |
X2(r, R, Z, G) 6= ∅}.

Òåîðåìà 2. Ôóíêöiÿ F2 â îáëàñòi O2 c
îïóêëîþ âíèç, íåïåðåðâíîþ ó âñiõ âíóòði-
øíiõ òî÷êàõ, ìîíîòîííî íå çðîñòàþ÷îþ ïî
êîìïîíåíòàì âåêòîðiâ R i G, ìîíîòîííî
íå ñïàäíîþ ïî êîìïîíåíòàì âåêòîðiâ r i Z,
äîäàòíî îäíîðiäíîþ ïåðøîãî ñòåïåíÿ òà â
çàãàëüíîìó âèïàäêó êóñêîâî-ëiíiéíîþ.

Äîâåäåííÿ òåîðåìè 2 çäiéñíþcòüñÿ àíà-
ëîãi÷íî äî äîâåäåííÿ òåîðåìè 1, òîìó íåìàc
çìiñòó çóïèíÿòèñü íà öüîìó äåòàëüíî. Óòî-
÷íèìî òiëüêè âëàñòèâîñòi ìîíîòîííîñòi òà
îäíîðiäíîñòi ôóíêöi�� F2. Ïðèïóñòèâøè, ùî
r(2) > r(1), R(2) > R(1), Z(2) > Z(1), G(2) >
G(1), íåñêëàäíî îòðèìàòè âêëþ÷åííÿ:

X2(r
(1), R, Z, G) ⊃ X2(r

(2), R, Z, G),

X2(r,R
(1), Z, G) ⊂ X2(r,R

(2), Z, G),

X2(r,R, Z(1), G) ⊃ X2(r,R, Z(2), G),

X2(r,R, Z,G(1)) ⊂ X2(r,R, Z,G(2)).

Öå â ñâîþ ÷åðãó îçíà÷àc, ùî

F2(r
(1), R, Z, G) ≤ F2(r

(2), R, Z,G),

F2(r,R
(1), Z, G) ≥ F2(r, R

(2), Z,G),
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F2(r, R, Z(1), G) ≤ F2(r, R, Z(2), G),

F2(r, R, Z, G(1)) ≥ F2(r, R, Z, G(2)),

òîáòî âëàñòèâîñòi ìîíîòîííîñòi ïî âñiì êîì-
ïîíåíòàì êîíêðåòèçîâàíi.

Ïðè ν > 0 i (r, R, Z, G) ∈ O2 çíà÷åííÿ
F2(νr, νR, νZ, νG) c îïòèìàëüíèì çíà÷åííÿì
çàäà÷i

{
< p, x > + < q, z > 7→ min,
(x, z) ∈ X2(νr, νR, νZ, νG),

(10)

äå X2(νr, νR, νZ, νG) = {νr, νR ∈
Rn

+; νZ, νG ∈ Rm
+ | νr ≤ Ax + Bz ≤ νR, νZ ≤

Cx + Dz ≤ νG}. Óâiâøè çìiííi ξ = x/ν,
η = z/ν, âiä çàäà÷i (10) ïðèõîäèìî äî çàäà÷i

{
ν[< p, ξ > + < q, η >] 7→ min,
(ξ, η) ∈ Y2(r, R, Z, G),

(11)

äå Y2(r, R, Z, G) = {r, R ∈ Rn
+; Z,G ∈

Rm
+ | r ≤ Aξ + Bη ≤ R,Z ≤ Cξ + Dη ≤ G}.

Àíàëiç çàäà÷ (10) i (11) ïîêàçóc, ùî

F2(νr, νR, νZ, νG) = νF2(r,R, Z,G).

Ç óðàõóâàííÿì çðîáëåíîãî âèùå çàóâàæåí-
íÿ, äîâåäåííÿ òåîðåìè ìîæíà ââàæàòè çà-
âåðøåíèì.

Äâî��ñòîþ äî (8) áóäå çàäà÷à




< r, λ(r) > − < R, λ(R) > +
+ < Z, λ(Z) > −

− < G, λ(G) >7→ max,
(λ(r), λ(R), λ(Z), λ(G)) ∈ Λ2,

(12)

äå Λ2 = {λ(r), λ(R) ∈ Rn
+; λ(Z), λ(G) ∈

Rm
+ |AT λ(r) − AT λ(R) + CT λ(Z) − CT λ(G) ≤

p, BT λ(r) − BT λ(R) + DT λ(Z) − DT λ(G) ≤ q},
λ(r), λ(R), λ(Z), λ(G) � âåêòîðè âiäïîâiäíèõ
äâî��ñòèõ çìiííèõ. Êîðèñòóþ÷èñü öåíòðàëü-
íèì ñïiââiäíîøåííÿì äâî��ñòîñòi äëÿ çàäà÷
(8) i (12) i çíàéøîâøè îïîðíi ðîçâ'ÿçêè ñè-
ñòåìè





AT λ(r) − AT λ(R) + CT λ(Z)−
−CT λ(G) + µ(n) = p,

BT λ(r) −BT λ(R) + DT λ(Z)−
−DT λ(G) + µ(m) = q,

äå µ(n) ∈ Rn
+, µ(m) ∈ Rm

+ , ÿê i ðàíiøå, �
âåêòîðè äîïîìiæíèõ çìiííèõ, ìîæíà ç óðà-
õóâàííÿì êðèòåðiÿ îïòèìàëüíîñòi îïîðíî-
ãî ðîçâ'ÿçêó (âiäïîâiäíî�� âåðøèíè ìíîæèíè
Λ2), òàêîæ ïîáóäóâàòè ôóíêöiþ F2 ó ÿâíîìó
àíàëiòè÷íîìó âèãëÿäi.

Çàâåðøóþ÷è âèêëàäåííÿ äàíî�� ðîáîòè çà-
óâàæèìî, ùî ïðîáëåìà ïîáóäîâè ÅÅÔ òi-
ñíî ïîâ'ÿçàíà ç ïðîáëåìîþ âèáîðó êðèòå-
ðiþ åêîëîãî-åêîíîìi÷íîãî ðîçâèòêó, àëå íà
öüîìó ïèòàííi, ÿê i íà ïèòàííi iíòåðïðåòàöi��
ÅÅÔ â ðàìêàõ çàïðîïîíîâàíîãî äîñëiäæåí-
íÿ çóïèíÿòèñÿ íå áóäåìî.
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