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Âèâ÷àþòüñÿ ïðîñòîðè öiëèõ ôóíêöié, ÿêi ñïàäàþòü íà íåñêií÷åííîñòi (íà R) ðàçîì ç
óñiìà ñâî��ìè ïîõiäíèìè øâèäøå íiæ exp{−|x|}, x ∈ R.

The spaces of entire functions are studied in the case when these functions decrease on in�nity
(on R) along with all their derivatives rather than exp{−|x|}, x ∈ R.

Ó áàãàòüîõ ïèòàííÿõ ìàòåìàòè÷íîãî àíà-
ëiçó òà äèôåðåíöiàëüíèõ ðiâíÿíü âàæëèâó
ðîëü âiäiãðàþòü ïðîñòîðè íåñêií÷åííî äè-
ôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi ñïàäà-
þòü íà íåñêií÷åííîñòi ðàçîì ç óñiìà ñâî��ìè
ïîõiäíèìè øâèäøå çà áóäü-ÿêèé ñòåïiíü
|x|−1. Äî òàêèõ ïðîñòîðiâ âiäíîñèòüñÿ ïðî-
ñòið Ë.Øâàðöà S, ïðîñòîðè òèïó S òà
W , âàãîâi ïðîñòîðè K(Mp), Z(Mp), ââå-
äåíi â [1], òà ií. Òóò âèâ÷àþòüñÿ ïðî-
ñòîðè öiëèõ ôóíêöié, ïîðÿäîê ñïàäàííÿ
ÿêèõ òà ��õíiõ ïîõiäíèõ íà íåñêií÷åííî-
ñòi (íà R) õàðàêòåðèçócòüñÿ âåëè÷èíàìè
mkn = sup

x∈R
|xkϕ(n)(x)|, {k, n} ⊂ Z+; ïðè öüî-

ìó ïðîñòîðè òèïó S òà W óòâîðþþòü ïåâíi
ïiäêëàñè âêàçàíèõ ïðîñòîðiâ.

Ïðîñòið Cρ. Ðîçãëÿíåìî ìîíîòîííî çðî-
ñòàþ÷ó ïîñëiäîâíiñòü {mn, n ∈ Z+} äîäàò-
íèõ ÷èñåë òàêó, ùî:

1) lim
n→∞

n
√

mn

n
= 0, m0 = 1;

2) ∀α > 0 ∃ cα > 0 ∀n ∈ Z+: mn ≥ cα · αn;
3) ∃M > 0 ∃h > 0 ∀n ∈ Z+:

mn+1 ≤ Mhnmn

i ïîêëàäåìî

ρ(x) =





1, |x| < 1,

sup
n

|x|n
mn

, |x| ≥ 1.

Î÷åâèäíî, ùî ρ � íåïåðåðâíà, ïàðíà íà R
ôóíêöiÿ, ÿêà ìîíîòîííî çðîñòàc íà [1, +∞)
i ìîíîòîííî ñïàäàc íà (−∞,−1], ρ(x) ≥ 1,
∀x ∈ R, ρ(1) = 1. Âiäîìî (äèâ. [2]), ùî óìîâà

1) åêâiâàëåíòíà óìîâi lim
|x|→∞

ln ρ(x)/|x| = ∞,
ç ÿêî�� âèïëèâàc, ùî

∃ c0 > 0 ∃ c > 0 ∀x : |x| > 1 : ρ(x) ≥ c0e
c|x|.
(1)

Çà ôóíêöicþ ρ ïîáóäócìî ïîñëiäîâíiñòü

ρn := inf
y 6=0

ρ(y)

|y|n = inf
|y|≥1

ρ(y)

|y|n , n ∈ Z+,

ÿêà âîëîäic âëàñòèâîñòÿìè: 1) âîíà c ìîíî-
òîííî ñïàäíîþ, 2) lim

n→∞
ρn = 0, 3) lim

n→∞
n
√

ρn =

= 0, 4) ïîñëiäîâíiñòü
{ρn−1

ρn

, n ≥ 1
}

� îá-
ìeæåíà çâåðõó. Äîâåäåìî 2). Îñêiëüêè ïî-
ñëiäîâíiñòü {ρn, n ∈ Z+} îáìåæåíà çíèçó
(ρn ≥ 0, ∀n ∈ Z+), òî âîíà çáiæíà: ∃ a ≥ 0:
lim

n→∞
ρn = inf

n
{ρn} = a. Íåõàé a > 0. Òîäi

äëÿ ε = a/2 çíàéäåòüñÿ íîìåð n0 = n0(ε)
òàêèé, ùî a/2 < ρn < 3a/2, ∀n ≥ n0, àáî
a/2 < ρn+n0 < 3a/2, ∀n ∈ Z+. Êðiì òîãî, iç
îçíà÷åííÿ ρn âèïëèâàc, ùî äëÿ ε = a/2

∃ yε : |yε| ≥ 1 :

ρn+n0 ≤
ρ(yε)

|yε|n+n0
< ρn+n0 +

a

2
, ∀n ∈ Z+.

Îòæå,

a

2
<

ρ(yε)

|yε|n+n0
< 2a, ∀n ∈ Z+,

àáî
a

2
|yε|n+n0 < ρ(yε) < 2a|yε|n+n0 , ∀n ∈ Z+.

(2)

30 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2002. Âèïóñê 134. Ìàòåìàòèêà.



Îñêiëüêè ρ(yε) = sup
n

|yε|n
mn

, òî

∀ νk > 0 ∃nk :
|yε|nk

mnk

> ρ(yε)− νk, k ≥ 1.

Âiçüìåìî νk > 0 òàêi, ùî νk < a/4, ∀k ≥ 1.
Òîäi, âíàñëiäîê (2),

|yε|nk

mnk

>
a

2
|yε|nk+n0 − νk,

àáî mnk
< |yε|nk

(
a

2
|yε|nk+n0 − νk

)−1

<

<

(
a

2
− νk

|yε|nk+n0

)−1

≤
(

a

2
− νk

)−1

.

Îñêiëüêè a/2−νk > a/2−a/4 = a/4, ∀ k ≥ 1,
òî mnk

≤ 4/a, ∀ k ≥ 1. Îòæå, ó ïîñëiäîâíîñòi
{mn, n ∈ Z+}, ÿêà ìîíîòîííî çðîñòàc, iñíóc
îáìåæåíà çâåðõó ïiäïîñëiäîâíiñòü. Îäåðæà-
íå ïðîòèði÷÷ÿ äîâîäèòü, ùî a = 0, òîáòî
lim

n→∞
ρn = 0.

Âëàñòèâiñòü 3) äîâîäèòüñÿ àíàëîãi÷íî.
Äîâåäåìî, ùî ìàc ìiñöå âëàñòèâiñòü 4). Çà
îçíà÷åííÿì,

ρn−1 ≤ ρ(y)

|y|n−1
, ∀ y : |y| ≥ 1;

ρ(y) = sup
n

|y|n
mn

, |y| ≥ 1.

Òîäi äëÿ äîâiëüíîãî 0 < ε < ρ(y) iñíóc íîìåð
n0 = n0(ε, y) òàêèé, ùî |y|

n0

mn0

> ρ(y)− ε. Ïî-

êëàäåìî ε =
1

q
ρ(y), q > 1. Òîäi

ρ(y) <
q

q − 1

|y|n0

mn0

≡ α0
|y|n0

mn0

, α0 > 1, |y| ≥ 1.

Çâiäñè äiñòàcìî íåðiâíiñòü

ρn−1 ≤ α0
|y|n0

|y|n−1mn0

= α0
ρ(y)

|y|n ·
|y|n0+1

ρ(y)mn0

,

Îöiíèìî âèðàç |y|n0+1 · (ρ(y)mn0)
−1:

|y|n0+1

ρ(y)mn0

=

(
ρ(y)

|y|n0+1
·mn0

)−1

≤

≤
(

inf
|y|≥1

ρ(y)

|y|n0+1
·mn0

)−1

= (ρn0+1 ·mn0)
−1;

ρn0+1 = inf
|y|≥1

ρ(y)

|y|n0+1
=

(
sup
|y|≥1

|y|n0+1

ρ(y)

)−1

.

Çâiäñè âèïëèâàc, ùî äëÿ äîâiëüíîãî ε0 > 0

çíàéäåòüñÿ y0: |y0| ≥ 1 òàêå, ùî 1

ρn0+1

<

<
|y0|n0+1

ρ(y0)
+ ε0. Îòæå,

|y|n0+1

ρ(y)mn0

<
1

mn0

( |y0|n0+1

ρ(y0)
+ ε0

)
≤

≤ |y0|n0

mn0

|y0|
ρ(y0)

+ ε0 ≤

≤ ρ(y0) · |y0|
ρ(y0)

+ ε0 = |y0|+ ε0.

Òàêèì ÷èíîì, |y|n0+1(ρ(y)mn0)
−1 ≤ |y0|. Òîäi

ρn−1 ≤ α0|y0| · inf
|y|≥1

ρ(y)

|y|n = αρn, n ≥ 1,

äå α = α0|y0| > 1. Çâiäñè äiñòàcìî òàêîæ
íåðiâíîñòi

ρn−2

ρn

=
ρn−2

ρn−1

· ρn−1

ρn

≤ α2, ∀n ≥ 2; ...

Ïîçíà÷èìî ñèìâîëîì Cρ ñóêóïíiñòü âñiõ
öiëèõ àíàëiòè÷íèõ ôóíêöié ϕ : C → C,
ÿêi çàäîâîëüíÿþòü óìîâó ∃ b > 0 ∀ k ∈ Z+

∃ ck > 0 ∀ z = x + iy ∈ C: |zkϕ(z)| ≤ ckρ(by).
Î÷åâèäíî, ùî Cρ c ëiíiéíèì ïðîñòîðîì iç

çâè÷àéíèìè îïåðàöiÿìè äîäàâàííÿ ôóíêöié
òà ìíîæåííÿ ��õ íà ÷èñëî.

Íàïðèêëàä, ÿêùî mn = nn(1−β),
0 < β < 1, òî ρ(x) ∼ exp{x1/(1−β)}, òîáòî â
öüîìó âèïàäêó Cρ çáiãàcòüñÿ ç ïðîñòîðîì öi-
ëèõ ôóíêöié Sβ, ââåäåíèì I.Ì.Ãåëüôàíäîì
i Ã.C.Øèëîâèì ó êíèçi [1].

Ââåäåìî çáiæíiñòü â Cρ òàê: ïîñëiäîâ-
íiñòü {ϕν , ν ≥ 1} ⊂ Cρ íaçèâàcòüñÿ çáiæ-
íîþ äî íóëÿ, ÿêùî:

1) ïîñëiäîâíiñòü {ϕν , ν ≥ 1} ðiâíîìið-
íî çáiãàcòüñÿ äî íóëÿ ó êîæíié îáìåæåíié
îáëàñòi êîìïëåêñíî�� ïëîùèíè;

2) ìàþòü ìiñöå îöiíêè
|zkϕν(z)| ≤ ckρ(by), z = x + iy ∈ C, k ∈ Z+,
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äå ñòàëi ck i b íå çàëåæàòü âiä ν.
Ïðîñòið Cρ ìîæíà ïîäàòè ÿê îá'cäíàííÿ

çëi÷åííî íîðìîâàíèõ ïðîñòîðiâ. Ïîçíà÷èìî
÷åðåç Cρ,b ñóêóïíiñòü òèõ ôóíêöié ç ïðîñòî-
ðó Cρ, äëÿ ÿêèõ ïðàâèëüíèìè c íåðiâíîñòi

|zkϕ(z)| ≤ ckρ(b̄y), ∀ z = x + iy ∈ C, k ∈ Z+,

äå b̄ > b. Iíàêøå, Cρ,b ñêëàäàcòüñÿ ç òèõ öi-
ëèõ ôóíêöié ϕ, ÿêi ïðè êîæíîìó ω > 0 çà-
äîâîëüíÿþòü íåðiâíîñòi

|zkϕ(z)| ≤ ckωρ((b + ω)y), k ∈ Z+.

Iç ñóêóïíiñòþ íîðì

‖ϕ‖kω = sup
z∈C

|zkϕ(z)|
ρ((b + ω)y)

, k ∈ Z+, ω ∈ N,

Cρ,b ñòàc ïîâíèì äîñêîíàëèì çëi÷åííî íîð-
ìîâàíèì ïðîñòîðîì. Äîâåäåííÿ öic�� âëàñòè-
âîñòi àíàëîãi÷íå äîâåäåííþ ïîäiáíîãî òâåð-
äæåííÿ äëÿ ïðîñòîðiâ òèïó W â [3].

Ó ïðîñòîði Cρ âèçíà÷åíi i c íåïåðåðâíèìè
îïåðàöi�� äèôåðåíöiþâàííÿ, çñóâó àðãóìåíòà,
ìíîæåííÿ íà z. Ìóëüòèïëiêàòîðîì ó öüîìó
ïðîñòîði c êîæíà öiëà ôóíêöiÿ f : C → C,
ÿêà ïðè äîâiëüíîìó ε > 0 çàäîâîëüíÿc íå-
ðiâíiñòü

|f(z)| ≤ cερ(εy), ∀ z = x + iy ∈ C.

Òåîðåìà 1. Äëÿ ôóíêöi�� ϕ ∈ Cρ íàñòóï-
íi òâåðäæåííÿ åêâiâàëåíòíi:
1) ∃ b > 0 ∀ k ∈ Z+ ∃ck > 0 ∀ z = x + iy ∈ C:

|zkϕ(z)| ≤ ckρ(by);
2) ∃ b1 > 0 ∀ k ∈ Z+ ∃c′k > 0 ∀n ∈ Z+

∀x ∈ R: |xkϕ(n)(z)| ≤ c
′
kb

n
1n!ρn.

Äîâåäåííÿ. Äîâåäåìî, ùî ç ïåðøîãî
òâåðäæåííÿ âèïëèâàc äðóãå. Äëÿ êîæíîãî
k ∈ Z+ ïîêëàäåìî ϕk(z) = zkϕ(z), z ∈ C.
Ôóíêöi�� ϕk, k ∈ Z+, íàëåæàòü äî ïðîñòîðó
Cρ i, âíàñëiäîê óìîâè 1), çàäîâîëüíÿþòü íå-
ðiâíîñòi |ϕk(z)| ≤ ckρ(by), ∀ k ∈ Z+. Çãiäíî ç
iíòåãðàëüíîþ ôîðìóëîþ Êîøi

ϕ
(n)
k (x) =

n!

2πi

∫

ΓR

ϕk(z)

(z − x)n+1
dz, n ∈ Z+,

äå ΓR � êîëî ðàäióñà R ç öåíòðîì ó òî÷öi
x ∈ R. Òîäi

|ϕ(n)
k (x)| ≤ n!

2π
max
z∈ΓR

|ϕk(z)|
|z − x|n+1

·
∮

ΓR

ds ≤

≤ ckn!bn inf
R

ρ(bR)

bnRn
= ckn!bn inf

R

ρ(R)

Rn
=

= ckn!bnρn, {k, n} ⊂ Z+, x ∈ R.

Çâiäñè âèïëèâàc, ùî {ϕ(n), xkϕ} ⊂ L2(R),
∀ {k, n} ⊂ Z+. Ñïðàâäi,

‖ϕ(n)‖L2(R) =

( +∞∫

−∞

|ϕ(n)(x)|2dx

)1/2

≤

≤
(

sup
x∈R

{(1 + x2)|ϕ(n)(x)|2}
+∞∫

−∞

dx

1 + x2

)1/2

≤

≤ √
π
(
sup
x∈R

|ϕ(n)(x)|2 + sup
x∈R

|xϕ(n)(x)|2
)1/2

≤

≤ c
′
0n!bnρn, n ∈ Z+,

äå c
′
0 =

√
π(c2

0 + c2
1). Àíàëîãi÷íî

‖xkϕ‖L2(R) =

( +∞∫

−∞

|xkϕ(x)|2dx

)1/2

≤

≤ √
π
(
sup
x∈R

{(1 + x2)|xkϕ(x)|2}
)1/2

≤

≤
√

π(c2
k + c2

k+1), k ∈ Z+.

Çàçíà÷èìî, ùî ïîñëiäîâíiñòü {ck, k ∈ Z+}
c çðîñòàþ÷îþ, òîáòî ck ≤ ck+1, k ∈ Z+.
Ñïðàâäi, iç íåðiâíîñòåé

|xkϕ(x)| ≤ ck, ∀x ∈ R, ∀ k ∈ Z+,

âèïëèâàc, ùî

∀ k ∈ Z+ : ∃ sup
|x|≥1

{|xkϕ(x)|},

sup
|x|≥1

{|xkϕ(x)|} = pk ≤ ck.
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Íåõàé pk < ck. Âiçüìåìî ε > ck − pk. Äëÿ
öüîãî ε çíàéäåòüñÿ xε: |xε| ≥ 1 òàêå, ùî
|xk

εϕ(xε)| > pk − ε. Òîäi

ck < pk + ε < |xk
εϕ(xε)|+ ε ≤ |xk+1

ε ϕ(xε)|+
+ε ≤ sup

|x|≥1

|xk+1ϕ(x)|+ ε = ck+1 + ε.

Îòæå, ck ≤ ck+1, ∀ k ∈ Z+. Âèïàäîê pk = ck

ðîçãëÿäàcòüñÿ àíàëîãi÷íî. Óðàõóâàâøè öå
çàóâàæåííÿ äiñòàíåìî, ùî

‖xkϕ‖L2(R) ≤ c
′
k, c

′
k =

√
2πck+1, k ∈ Z+.

Êîðèñòóþ÷èñü ôîðìóëîþ Ëåéáíiöà äëÿ
äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié òà
íåðiâíiñòþ Êîøi�Áóíÿêîâñüêîãî çíàéäåìî,
ùî

‖xkϕ(n)(x)‖2
L2(R) =

=
(
xkϕ(n)(x), xkϕ(n)(x)

)
L2(R)

=

=
∣∣∣
([

x2kϕ(n)(x)
](n)

, ϕ(x)
)

L2(R)

∣∣∣ =

=
∣∣∣

r∑
j=0

Cj
n

(2k)!

(2k − j)!

(
x2k−jϕ(2n−j)(x),

ϕ(x)
)

L2(R)

∣∣∣ =
∣∣∣

r∑
j=0

Cj
n

(2k)!

(2k − j)!

(
x2k−jϕ(x),

ϕ(2n−j)(x)
)

L2(R)

∣∣∣ ≤
r∑

j=0

n!

j!(n− j)!

(2k)!

(2k − j)!
×

×‖x2k−jϕ‖L2(R) · ‖ϕ(2n−j)‖L2(R) ≤

≤ c
′
0

r∑
j=0

n!

j!(n− j)!

(2k)!

(2k − j)!
×

×c
′
2k−jb

2n−j(2n− j)!ρ2n−j, {k, n} ⊂ Z+,

äå r = min{2k, n}.
Ðîçãëÿíåìî ïîñëiäîâíiñòü γn = n!ρn,

n ∈ Z+. Iç âëàñòèâîñòi 4) ïîñëiäîâíîñòi {ρn,
n ∈ Z+} âèïëèâàc, ùî ïîñëiäîâíiñòü
{γn, n ∈ Z+} çàäîâîëüíÿc óìîâó: γn ≤ αγn+1,
∀n ∈ Z+. Ñïðàâäi,

γn = n!ρn ≤ αn!ρn+1 ≤ α(n + 1)n!ρn+1 =

= α(n + 1)!ρn+1 = αγn+1, ∀n ∈ Z+.

Òîäi ∀ j : 0 ≤ j ≤ r

γ2n−j ≤ αγ2n−j+1 ≤ α2γ2n−j+2 ≤ ... ≤
≤ αjγ2n ≤ αrγ2n ≤ α2k+nγ2n.

Îòæå,

(2n− j)!ρ2n−j ≤ α2k+nγ2n = (2n)!α2k+nρ2n ≤
≤ (2n)!α2k+nρ2

n, ∀ j : 0 ≤ j ≤ r.

Óðàõóâàâøè âêàçàíi îöiíêè, à òàêîæ òå, ùî

c
′
2k−j ≤ c

′
2k, ∀ j : 0 ≤ j ≤ r;

n!(2n)! = 2n(n!)2,

ïðèéäåìî äî íåðiâíîñòåé:

‖xkϕ(n)(x)‖2
L2(R) ≤

≤ c
′
0(2k)!c

′
2k · 2n(n!)2b2n · α2k+nρ2

n ·
∞∑

j=0

1

k!
≤

≤ c
′′ 2
k b2n

1 (n!)2ρ2
n, c

′′
k =

√
c
′
0e(2k)!c

′
2k,

b1 = b
√

2α, {k, n} ⊂ Z+.

Îñêiëüêè ïiâíîðìè

p
′
k,n(ϕ) =

( +∞∫

−∞

|xkϕ(n)(x)|2dx

)1/2

, ϕ ∈ Cρ,

pk,n(ϕ) = sup
x∈R

|xkϕ(n)(x)|, {k, n} ⊂ Z+,

åêâiâàëåíòíi, òî öèì äîâåäåíî, ùî ç óìîâè
1) âèïëèâàc óìîâà 2).

Íàâïàêè, íåõàé íåñêií÷åííî äèôåðåí-
öiéîâíà ôóíêöiÿ ϕ : R → R çàäîâîëüíÿc
óìîâó 2). Òîäi ���� àíàëiòè÷íî ìîæíà ïðîäîâ-
æèòè ó âñþ êîìïëåêñíó ïëîùèíó C. Äiéñíî,
çàëèøêîâèé ÷ëåí ó ôîðìóëi Òåéëîðà

ϕ(x + ∆x) =
n−1∑

k=0

ϕ(k)(x)

k!
(∆x)k+

+
ϕ(n)(ξ)

n!
(∆x)n, x ∈ R,

äå |ξ − x| < |∆x|, äîïóñêàc îöiíêó

|ϕ(n)(ξ)|
n!

|∆x|n ≤ c
′
0b

n
1ρn|∆x|n =
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= c
′
0

(
b1|∆x| n

√
ρn

)n

.

Îñêiëüêè n
√

ρn → 0 ïðè n →∞, òî

∀ ε > 0 ∃n0 = n0(ε) ∀n ≥ n0 : ρn < εn.

Ïî çàäàíîìó b1 > 0 òà äîâiëüíî ôiêñîâàíîìó
|∆x| > 0 âiçüìåìî ε =

1

2
(b1|∆x|)−1. Òîäi

|ϕ(n)(ξ)|
n!

|∆x|n ≤ c
′
0

1

2n
→ 0, n →∞.

Îòæå, çàëèøêîâèé ÷ëåí ó ôîðìóëi Òåéëîðà
ïðÿìóc äî íóëÿ ïðè äîâiëüíîìó ∆x ∈ C, òî-
ìó ϕ c öiëîþ àíàëiòè÷íîþ ôóíêöicþ. Òàêèì
÷èíîì, äëÿ z = x + iy ∈ C

xkϕ(x + iy) =
∞∑

n=0

(iy)n

n!
xkϕ(n)(x),

ïðè÷îìó

|xkϕ(x + iy)| ≤ c
′
k

∞∑
n=0

|y|nb1ρn.

Îñêiëüêè

|y|nbn
1ρn = |y|nbn

1 inf
y 6=0

ρ(y)

|y|n =

= |y|nbn
1 inf

y 6=0

ρ(2b1y)

(2b1|y|)n
≤ |y|nbn

1

ρ(2b1y)

2nbn
1 |y|n

=

=
1

2n
ρ(2b1y) =

1

2n
ρ(by),

b = 2b1, n ≥ 1, y 6= 0,

òî äëÿ y 6= 0

|xkϕ(x + iy)| ≤ c
′
kρ(by) ·

∞∑
n=0

1

2n
= ckρ(by),

äå ck = 2c
′
k. Çàçíà÷èìî, ùî äëÿ y = 0 öÿ

íåðiâíiñòü c î÷åâèäíîþ. Òåîðåìà äîâåäåíà.
Çàóâàæåííÿ. ßêùî ρ(y) = exp{Ω(y)},

äå Ω � äèôåðåíöiéîâíà, íåâiä'cìíà, ïàðíà
íà R i çðîñòàþ÷à íà [0, +∞) ôóíêöiÿ, òî
ïðîñòið Cρ çáiãàcòüñÿ ç ïðîñòîðîì WΩ,
ââåäåíèì â [3]; ïðè öüîìó

ρn = inf
y 6=0

exp{Ω(y)}
|y|n = γ−n

n exp{Ω(γn)},

γn � ðîçâ'ÿçîê ðiâíÿííÿ yΩ
′
(y) = n, n ∈ Z+.

2. Ïðîñòið Cγ. Ðîçãëÿíåìî ìîíîòîííî
çðîñòàþ÷ó ïîñëiäîâíiñòü {ln, n ∈ Z+} äîäàò-
íèõ ÷èñåë, ÿêà âîëîäic âëàñòèâîñòÿìè 1)�3)
(äèâ. ï.1) i ïîêëàäåìî

γ(x) =





1, |x| < 1,

inf
n

ln
|x|n , |x| ≥ 1.

Ôóíêöiÿ γ c íåâiä'cìíîþ, ïàðíîþ íà R
ôóíêöicþ, ÿêà ìîíîòîííî ñïàäàc íà ïðîìiæ-
êó [1, +∞) i ìîíîòîííî çðîñòàc íà ïðîìiæêó
(−∞;−1], γ(x) ≤ 1, ∀x ∈ R. Êðiì òîãî, iç
íåðiâíîñòi (1) âèïëèâàc, ùî

∃c′0 > 0 ∃c′ > 0 ∀x : |x| > 1 : γ(x) ≤ c
′
0e
−c
′ |x|.

Íàïðèêëàä, ÿêùî ln = nnα, α ∈ (0, 1), òî γ
çàäîâîëüíÿc íåðiâíîñòi [1]:

exp
{
−α

e
|x|1/α

}
≤ γ(x) ≤ c exp

{
−α

e
|x|1/α

}
,

c = exp
{αe

2

}
.

Ñèìâîëîì Cγ ïîçíà÷èìî ñóêóïíiñòü âñiõ
íåñêií÷åííî äèôåðåíöiéîâíèõ íà Rôóíêöié,
ÿêi çàäîâîëüíÿþòü óìîâó

∃ a > 0 ∀ q ∈ Z+ ∃ cq > 0 ∀x ∈ R :

|ϕ(q)(x)| ≤ cqγ(ax).

Î÷åâèäíî, ùî Cγ � ëiíiéíèé ïðîñòið (iç
çâè÷àéíèìè îïåðàöiÿìè). Ïðîñòið Cγ ìîæíà
ïîäàòè ÿê îá'cäíàííÿ çëi÷åííî íîðìîâàíèõ
ïðîñòîðiâ. Ïîçíà÷èìî ÷åðåç Cγ,a ñóêóïíiñòü
òèõ ôóíêöié ϕ ∈ Cγ, ÿêi çàäîâîëüíÿþòü íå-
ðiâíîñòi

|ϕ(q)(x)| ≤ cqγ(āx), q ∈ Z+, x ∈ R,

ç äîâiëüíîþ ñòàëîþ 0 < ā < a. Iíøèìè ñëî-
âàìè, Cγ,a ñêëàäàcòüñÿ ç òèõ ôóíêöié ϕ ïðî-
ñòîðó Cγ, äëÿ ÿêèõ ïðè êîæíîìó 0 < δ < a
ñïðàâäæóþòüñÿ íåðiâíîñòi
|ϕ(q)(x)| ≤ cqδ · γ((a− δ)x), q ∈ Z+, x ∈ R.

Ïîêëàäåìî

Mp(x) =

[
γ
(
a
(
1− 1

p

)
x
)]−1

, p ∈ {2, 3, ...}.
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Ôóíêöi�� Mp óòâîðþþòü çðîñòàþ÷ó ïîñëiäîâ-
íiñòü; ïðè öüîìó Cγ,a ïåðåòâîðþcòüñÿ â çëi-
÷åííî íîðìîâàíèé ïðîñòið ç íîðìàìè

‖ϕ‖p = sup
x∈R

0≤q≤p

{Mp(x)|ϕ(q)(x)|}.

Îòæå, Cγ,a çáiãàcòüñÿ ç ïðîñòîðîì K{Mp},
ââåäåíèì â [1] ç ôiêñîâàíîþ ïîñëiäîâíiñòþ
âàãîâèõ ôóíêöié Mp, òîáòî äî ïðîñòîðó Cγ,a

ìîæíà çàñòîñóâàòè âñi ðåçóëüòàòè, ùî ñòî-
ñóþòüñÿ çàãàëüíèõ ïðîñòîðiâ K{Mp}. Cγ,a ç
íîðìàìè ‖ · ‖p c ïîâíèì äîñêîíàëèì çëi÷åí-
íî íîðìîâàíèì ïðîñòîðîì, à Cγ = ∪Cγ,a ïî
âñiì a ∈

{
1,

1

2
, ...

}
. ßê i ó âèïàäêó ïðîñòîðó

Cρ ìàc ìiñöå íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 2. Äëÿ ôóíêöi�� ϕ ∈ Cγ íàñòóï-

íi òâåðäæåííÿ åêâiâàëåíòíi:
1) ∃ a > 0 ∀ q ∈ Z+ ∃cq > 0 ∀x ∈ R:

|ϕ(q)(x)| ≤ cqγ(ax);

2) ∃ a1 > 0 ∀ q ∈ Z+ ∃c′q > 0 ∀ k ∈ Z+

∀x ∈ R:
|xkϕ(q)(x)| ≤ c

′
qa

k
1γk ≤ c

′
qa

k
1lk,

äå

γk = sup
x 6=0
{|x|kγ(x)} = sup

|x|≥1

{|x|kγ(x)}.

Çàóâàæåííÿ 2. Ç òåîðåìè 2, à òàêîæ
iç ðåçóëüòàòiâ, îäåðæàíèõ â [4] âèïëèâàc,
ùî ÿêùî ïîêëàñòè lk = νk

k exp{−M(νk)},
äå νk � ðîçâ'ÿçîê ðiâíÿííÿ xM ′(x) = k,
k ∈ Z+, çà óìîâè, ùî M � äèôåðåíöiéîâ-
íà, íåâiä'cìíà, ïàðíà íà R i çðîñòàþ÷à íà
[0, +∞) ôóíêöiÿ, òî ïðîñòið Cγ çáiãàcòüñÿ
ç ïðîñòîðîì WM , ââåäåíèì â [3], òîáòî

(
ϕ ∈ WM

)
⇔

(
∃ a > 0 ∀ q ∈ Z+ ∃cq > 0

∀x ∈ R : |ϕ(q)(x)| ≤ cq exp{−M(ax)}
)
.

Ó ïðîñòîði Cγ âèçíà÷åíi i c íåïåðåðâíèìè
îïåðàöi�� ìíîæåííÿ íà íåçàëåæíó çìiííó, äè-
ôåðåíöiþâàííÿ òà îïåðàöiÿ çñóâó àðãóìåí-
òà.

Ìóëüòèïëiêàòîðîì ó ïðîñòîði Cγ c íå-
ñêií÷åííî äèôåðåíöiéîâíà íà R ôóíêöiÿ f ,
ÿêà ïðè äîâiëüíîìó ε > 0 çàäîâîëüíÿc íå-
ðiâíîñòi

|f (q)(x)| ≤ cqε(γ(εx))−1, q ∈ Z+, x ∈ R.

Ñïðàâäi, íåõàé ϕ ∈ Cγ. Òîäi

∃ a > 0 ∀ q ∈ Z+ ∃cq > 0 ∀x ∈ R :

|ϕ(q)(x)| ≤ cqγ(ax).

Îòæå,

|(f(x)ϕ(x))(q)| ≤
q∑

j=0

Cj
q |f (j)(x)| · |ϕ(q−j)(x)| ≤

≤
q∑

j=0

Cj
qcjεcq−j

γ(ax)

γ(εx)
≡ C

′
q

γ(ax)

γ(εx)
,

äå c
′
q =

q∑
j=0

Cj
qcjεcq−j. Âiçüìåìî ε ∈ (0, a) i

äîâåäåìî, ùî

∃ c > 0 ∃ a1 > 0 ∀x ∈ R :
γ(ax)

γ(εx)
≤ cγ(a1x).

Îñêiëüêè

γ(x) = inf
n

ln
|x|n =

1

sup
n

|x|n
ln

, |x| ≥ 1,

òî
sup

n

|εx|n
ln

=
1

γ(εx)
, |x| ≥ 1

ε
.

Îòæå, äëÿ äîâiëüíîãî ε0 > 0 çíàéäåòüñÿ íî-
ìåð n0 = n0(ε0, x) òàêèé, ùî

1

γ(εx)
<
|εx|n0

ln0

+ ε0, |x| ≥ 1

ε
.

Êðiì òîãî, γ(ax) ≤ ln
|ax|n , ∀n ∈ Z+, |x| ≥ 1

a
.

Òîäi

γ(ax)

γ(εx)
≤ ln
|ax|n

( |εx|n0

ln0

+ ε0

)
=

=
ln · |εx|n0

|ax|nln0

+ ε0
ln
|ax|n ≤
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≤ inf
n∈Z+

{
ln · |εx|n0

|ax|nln0

}
+ ε0 inf

n∈Z+

ln
|ax|n =

= inf
n∈Z+

{
ln · |εx|n0

|ax|nln0

}
+ ε0γ(ax).

Îñêiëüêè

inf
n∈Z+

{
ln · |εx|n0

|ax|nln0

}
≤ inf

n≥n0

{
ln · |εx|n0

|ax|nln0

}
,

òî ââàæàòèìåìî, ùî n ≥ n0. Íåõàé
ε < min{1, a}. Òîäi

ln · |εx|n0

|ax|nln0

=
ln∣∣∣a

ε
x
∣∣∣
n0

· |ax|n−n0ln0

≤

≤ εn0ln
|ax|n−n0ln0

<
ωn0ln

|ax|n−n0ln0

,

ω =

{
1, a ≤ 1,
a, a > 1

(òóò âðàõîâàíî, ùî
∣∣∣a
ε
x
∣∣∣ > |x| ≥ 1

ε
). Îöiíèìî

âèðàç

inf
n≥n0

ln
|ax|n−n0ln0

= inf
p∈Z+

lp+n0

|ax|pln0

.

Ïîñëiäîâíiñòü {lp, p ∈ Z+} âîëîäic âëàñòè-
âîñòÿìè 2), 3), òîáòî

∃ c > 0 ∃M > 1 : ln0+p ≤ cMn0+p−1ln0+p−1 =

= cMn0Mp−1ln0+p−1, ∀ p ≥ 1;

∀h > 0 ∃ ch > 0 : ln0 ≥ chh
n0 .

Âiçüìåìî h òàêå, ùîá âèêîíóâàëàñü íåðiâ-
íiñòü c(Mω)n0

h
≤ 1. Òîäi

ωn0lp+n0

ln0

≤ c

ch

(Mω)n0 ·Mp−1

hn0
ln0+p−1 ≤

≤ Mp−1

chhn0−1
ln0+p−1,

ln0+p−1 ≤ cMn0+p−2ln0+p−2,

òîáòî
ωn0lp+n0

ln0

≤ Mp−1

chhn0−1
·c(Mω)n0 ·Mp−2 ·ln0+p−2 ≤

≤ Mp−1 ·Mp−2

chhn0−2
ln0+p−2

i ò.ä. Îñòàòî÷íî ïðèéäåìî äî íåðiâíîñòåé
ωn0lp+n0

ln0

≤ ωn0

ch

Mp−1 ·Mp−2 · ... ·Mp−n0lp ≤

≤ 1

ch

(Mω)n0p−(1+2+...+n0)lp ≤

≤ 1

ch

(h/c)p

(h/c)(1+2+...+n0)/n0
lp ≤

≤ 1

ch

(h/c)p

(h/c)
lp =

c

hch

(h

c

)p

lp, p ∈ Z+

(òóò âðàõîâàíî, ùî h/c ≥ 1). Îòæå,

ωn0 inf
n≥n0

ln
ln0 · |ax|n−n0

≤ c̃ inf
p∈Z+

h̃plp
|ax|p =

= c̃ inf
p∈Z+

lp∣∣∣a
h̃
x
∣∣∣
p ,

äå c̃ =
c

h · ch

, h̃ =
h

c
. Çâiäñè âèïëèâàc, ùî

γ(ax)

γ(εx)
≤ c̃γ

(a

h̃
x
)

+ ε0γ(ax) ≤ c0γ(a1x),

äå c0 = c̃ + ε0, a1 = min
{a

h̃
, a

}
. Íåõàé

ε < min{1, a1}, a1 ≤ a. Îñêiëüêè 1/ε > 1/a1,
1/ε > 1/a, òî îñòàííÿ íåðiâíiñòü ïðàâèëü-
íà äëÿ x: |x| ≥ 1/ε. ßêùî æ |x| < 1/ε, òî
γ(εx) = γ(ax) = γ(a1x) = 1. Îòæå, äëÿ âñiõ
x ∈ R ìàc ìiñöå íåðiâíiñòü γ(ax)

γ(εx)
≤ cγ(a1x),

äå c = max{1, c0}. Òàêèì ÷èíîì,
|(f(x)ϕ(x))(q)| ≤ c̃

′
q · γ(a1x), c̃

′
q = c

′
q · c,

òîáòî f ·ϕ ∈ Cγ, ùî i ïîòðiáíî áóëî äîâåñòè.
Çà äîïîìîãîþ àíàëîãi÷íèõ ìiðêóâàíü äîâî-
äèìî, ùî îïåðàöiÿ Cγ 3 ϕ 7→ fϕ ∈ Cγ c
íåïåðåðâíîþ â öüîìó ïðîñòîði.

3. Ïðîñòið Cρ
γ . Íåõàé ρ òà γ � ôóíêöi��,

ïîáóäîâàíi ó ïîïåðåäíiõ ïóíêòàõ çà ïîñëi-
äîâíîñòÿìè {mn, n ∈ Z+} òà {ln, n ∈ Z+}
âiäïîâiäíî. Ñèìâîëîì Cρ

γ ïîçíà÷èìî ñóêó-
ïíiñòü âñiõ öiëèõ ôóíêöié ϕ : C → C, ÿêi
çàäîâîëüíÿþòü óìîâó
∃ a > 0 ∃ b > 0 ∃ c > 0 ∀ z = x + iy ∈ C :
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|ϕ(z)| ≤ cγ(ax)ρ(by).

Çáiæíiñòü â Cρ
γ ââåäåìî òàê: ïîñëiäîâ-

íiñòü {ϕν , ν ≥ 1} ⊂ Cρ
γ íàçèâàcòüñÿ çáiæíîþ

äî íóëÿ, ÿêùî âîíà ðiâíîìiðíî çáiãàcòüñÿ äî
íóëÿ â êîæíié îáìåæåíié îáëàñòi êîìïëå-
êñíî�� ïëîùèíè C, ïðè öüîìó ìàþòü ìiñöå
íåðiâíîñòi

|ϕν(z)| ≤ cγ(ax)ρ(by), z = x + iy ∈ C,

çi ñòàëèìè c, a, b > 0, íå çàëåæíèìè âiä ν.
Ïðîñòið Cρ

γ òàêîæ ìîæíà ïîäàòè ÿê
îá'cäíàííÿ çëi÷åííî íîðìîâàíèõ ïðîñòîðiâ
Cρ,b

γ,a ïî âñiì a ∈
{ 1

n
, n ≥ 1

}
, b ∈ N, äå Cρ,b

γ,a

ñêëàäàcòüñÿ ç òèõ ôóíêöié ϕ ∈ Cρ
γ , äëÿ ÿêèõ

ïðàâèëüíèìè c íåðiâíîñòi

|ϕ(x + iy)| ≤ cγ(āx)ρ(b̄y), z = x + iy ∈ C,

äå ā �äîâiëüíà ñòàëà, ìåíøà çà a, b̄ � äî-
âiëüíà ñòàëà, áiëüøà çà b. ßêùî äëÿ ϕ ∈ Cρ,b

γ,a

ïîêëàñòè

‖ϕ‖pω = sup
z∈C

|ϕ(z)|
γ
(
a
(
1− 1

p

)
x
)
ρ((b + ω)y)

,

p ∈ {2, 3, ...}, ω ∈ N,

òî ç öèìè íîðìàìè ïðîñòið Cρ,b
γ,a ñòàc ïîâ-

íèì äîñêîíàëèì çëi÷åííî íîðìîâàíèì ïðî-
ñòîðîì.

Ìàc ìiñöå íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 3. Äëÿ ôóíêöi�� ϕ ∈ Cρ

γ åêâiâà-
ëåíòíèìè c òâåðäæåííÿ:

1) ∃ a > 0 ∃ b > 0 ∃ c > 0 ∀ z = x + iy:
|ϕ(z)| ≤ cγ(ax)ρ(by);

2) ∃ a1 > 0 ∃ b1 > 0 ∃ c1 > 0 ∀ k ∈ Z+

∀n ∈ Z+ ∀x ∈ R:
|xkϕ(n)(x)| ≤ c1a

k
1b

n
1γkn!ρn ≤ c1a

k
1b

n
1 lkn!ρn.

Çàóâàæåííÿ 3. Iç òåîðåìè 3, à òàêîæ
ðåçóëüòàòiâ, îäåðæàíèõ â [4] âèïëèâàc, ùî
ÿêùî ïîêëàñòè ρn = γ−n

n exp{Ω(γn)}, lk =
νk

k exp{−M(νk)}, äå γn � ðîçâ'ÿçîê ðiâíÿííÿ
xΩ′(x) = n, n ∈ Z+, νk � ðîçâ'ÿçîê ðiâíÿí-
íÿ xM ′(x) = k, k ∈ Z+, çà óìîâè, ùî Ω,M
� äèôåðåíöiéîâíi, íåâiä'cìíi, ïàðíi íà R i
çðîñòàþ÷i íà [0,∞) ôóíêöi��, òî ïðîñòið Cρ

γ

çáiãàcòüñÿ ç ïðîñòîðîì WΩ
M , ââåäåíèì â [3],

òîáòî (
ϕ ∈ WΩ

M

)
⇔

⇔
(
∃ a, b, c > 0 ∀ z = x + iy ∈ C :

|ϕ(z)| ≤ c exp{−M(ax) + Ω(by)}
)

.

Çàçíà÷èìî, ùî ïðîñòîðè Cρ, Cγ, Cρ
γ

ïîâ'ÿçàíi ìiæ ñîáîþ ñïiââiäíîøåííÿì:
Cρ

γ = Cγ ∩ Cρ. Çâiäñè âèïëèâàc, ùî â Cρ
γ âè-

çíà÷åíi i c íåïåðåðâíèìè îïåðàöi�� ìíîæåííÿ
íà íåçàëåæíó çìiííó, äèôåðåíöiþâàííÿ,
çñóâó àðãóìåíòà. Ìóëüòèïëiêàòîðîì ó ïðî-
ñòîði Cρ

γ c êîæíà öiëà ôóíêöiÿ f : C → C,
ÿêà ïðè äîâiëüíîìó ε > 0 çàäîâîëüíÿc
íåðiâíiñòü

|f(z)| ≤ cε

(
γ(εx)

)−1

ρ(εy), z = x + iy ∈ C,

àáî íà R íåðiâíîñòi

|f (n)(x)| ≤ cε · εnn!ρn

(
γ(εx)

)−1

,

n ∈ Z+, x ∈ R.
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