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Âñòàíîâëåíî óìîâè ñòiéêîñòi òðèâiàëüíîãî ðîçâ'ÿçêó íåàâòîíîìíî�� iñòîòíî íåëiíiéíî�� äè-
ôåðåíöiàëüíî�� ñèñòåìè, ó ÿêî�� ñåðåä âëàñíèõ ÷èñåë ãðàíè÷íî�� ìàòðèöi êîåôiöicíòiâ ñèñòåìè
ïåðøîãî íàáëèæåííÿ c ÷èñëà ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ.

There are obtain su�cient conditions of the stability of the trivial solution of the
nonautonomous essentially nonlinear di�erential system for which the limiting matrix of coe�-
cients of the system of the �rst approximation has eigenvalues with null real parts.

1. Ïîñòàíîâêà çàäà÷i. Äîñëiäæócòüñÿ
ñòiéêiñòü çà Ëÿïóíîâèì, êîëè t ↑ ω, òî÷êè
ñïîêîþ äèôåðåíöiàëüíî�� ñèñòåìè (ä.ñ.) âè-
ãëÿäó

Y ′ = F (t, Y ), (1)

äå t ∈ ∆, ∆ ≡ [t0, ω[ àáî ∆ ≡]ω, t0], |ω| ≤
+∞, F : ∆× S(Y, r0) 7→ Rn,

S(Y, r0) ≡ {Y : ‖Y ‖ ≤ r0; r0 ∈ R+},

F ≡ πPY +
m∑

‖Q‖=2

FQY Q + Rm, π 7→ R+,

P = ‖psk‖, s, k = 1, n, ‖P‖ ≤ M , M ∈ R+,

F = col(F1Q, . . . , FnQ), FkQ 7→ ∆×R,k =
1, n, ‖Q‖ = 2, m, Q = (q1, . . . , qn), qk ∈
{0} ∪N, k = 1, n, ‖Q‖ = q1 + . . . + qn, m ∈
N\{1}, Y Q ≡ yq1

1 · · · yqn
n ; R−, R+, R, N - âiä-

ïîâiäíî ìíîæèíè âiä'cìíèõ äiéñíèõ, äîäà-
òíèõ äiéñíèõ, äiéñíèõ i íàòóðàëüíèõ ÷èñåë,
Rn - n-âèìiðíèé äiéñíèé åâêëiäiâ ïðîñòið, òà
âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) π, psk, FkQ ∈ Cr
∆, s, k = 1, k, ‖Q‖ =

2,m, ‖P‖ = o(1), t ↑ ω, l ∈ {1, r}, r ∈
N, Cr

∆ � ìíîæèíà ôóíêöié, äèôåðåíöiéîâ-
íèõ íà ∆ äî ïîðÿäêó r âêëþ÷íî;

2) ðiâíÿííÿ det(P0 − λE) = 0, P0 = const,
‖P −P0‖ = o(1), t ↑ ω, ìàc êîðåíi λs òàêi, ùî
Re λs = 0, s = 1, s0, à ðåøòà éîãî êîðåíiâ λk

çàäîâîëüíÿþòü óìîâó Re λk ≤ −γ, γ ∈ R+,
k = s0 + 1, n, s ∈ {1, n};

3) ‖Rm‖ ≤ L‖Y ‖m+α, L : ∆ 7→ {0} ∪R+,
L ∈ C∆, α ∈ R+.

Ðåçóëüòàòè ñòàòòi åôåêòèâíî çàñòîñîâóþ-
òüñÿ äî ä.ñ. âèãëÿäó (1), êîåôiöicíòè ÿêî�� -
ïîâiëüíî çìiííi ôóíêöi�� (ïîõiäíi òàêèõ ôóí-
êöié - ìàëi âåëè÷èíè ó ïîðiâíÿííi ç ñàìè-
ìè ôóíêöiÿìè, êîëè t ↑ ω). Íàïðèêëàä, ta,
(ln t)b, sin tc, a, b ∈ R, c ∈]0, 1[, ω = +∞.

Àâòîíîìíà ä.ñ. (1) â àíàëîãi÷íîìó êðèòè-
÷íîìó âèïàäêó äîñëiäæóâàëàñü Î.Ì. Ëÿïó-
íîâèì [1] (π ≡ 1, n = s0 = 2, ω = +∞),
Ã.Â.Êàìåíêîâèì [2], I.Ã. Ìàëêiíèì [3].

Äëÿ ðîçâ'ÿçàííÿ ïîñòàâëåíî�� ïðîáëåìè
çàñòîñîâàíî ìåòîäè óçàãàëüíåíèõ �çðiçóþ-
÷èõ� [4], ëiíiéíèõ òà íåëiíiéíèõ �çàìîðîæå-
íèõ� [5] ïåðåòâîðåíü, ìåòîä ôóíêöié Ëÿïó-
íîâà [1] ó ïîcäíàííi ç ìåòîäîì Î.Â. Êîñòi-
íà [6] äîñëiäæåííÿ àñèìïòîòè÷íî�� ïîâåäií-
êè ïðàâèëüíèõ ðîçâ'ÿçêiâ íåëiíiéíèõ íåàâòî-
íîìíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (ä.ð.) âè-
ùèõ ïîðÿäêiâ.

Çàïðîâàäèìî íàñòóïíi îçíà÷åííÿ òà ïî-
çíà÷åííÿ:

Îçíà÷åííÿ 1. Ä.ñ. (1) ìàc âëàñòè-
âiñòü St, êîëè t ↑ ω, ÿêùî äëÿ êîæíî-
ãî äîñèòü ìàëîãî ε ∈ R+ iñíóþòü δε ∈
]0, ε[, Tε ∈ ∆ òàêi, ùî áóäü-ÿêèé ðîçâ'ÿ-
çîê Y = Y (t; Tε, Y0) ä.ñ. (1) ç ïî÷àòêîâîþ
óìîâîþ ‖Y0‖ ≤ δε, ‖Y (Tε; Tε, Y0)‖ ≡ ‖Y0‖,
çàäîâîëüíÿc íåðiâíiñòü ‖Y (t; Tε, Y0)‖ < ε
äëÿ âñiõ t ∈ [Tε, ω[ (àáî äëÿ âñiõ t ∈]ω, Tε])
(òàê çâàíà ëîêàëüíà ñòiéêiñòü).
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Äëÿ |ω| = +∞ àíàëîãi÷íå îçíà÷åííÿ äàíî
â [7, ñ.168].

Îçíà÷åííÿ 2. ßêùî â îçíà÷åííi 1 Tε íå
çàëåæèòü âiä ε, òîáòî Tε = t0, òî ä.ñ. (1)
ìàc âëàñòèâiñòü G∆St, êîëè t ↑ ω (ãëîáàëü-
íà ñòiéêiñòü).

Îçíà÷åííÿ 3. Ä.ñ. (1) ìàc âëàñòèâiñòü
AsSt, êîëè t ↑ ω, ÿêùî âèêîíócòüñÿ îçíà÷å-
ííÿ 1 i ‖Y (t; Tε, Y0)‖ = o(1), t ↑ ω (ëîêàëüíî
àñèìïòîòè÷íà còiéêiñòü).

Îçíà÷åííÿ 4. ßêùî â îçíà÷åííi 3 Tε íå
çàëåæèòü âiä ε, òîáòî Tε = t0, òî ä.ñ. (1)
ìàc âëàñòèâiñòü G∆AsSt, êîëè t ↑ ω (ãëî-
áàëüíà àñèìïòîòè÷íà ñòiéêiñòü).

Íåõàé Ek, Hk - âiäïîâiäíî ìàòðèöi îäèíè-
÷íà òà çñóâó ðîçìiðó k × k; 0 ≡ col(0, . . . , 0),

Yk - âåêòîð-ñòîâïåöü âèìiðíîñòi k;

Y = col(y1, . . . , yn) ≡ col(Yn1 , . . . , Ynk0
);

‖Y ‖2 ≡
n∑

s=1

|ys|2; Y −1 ≡ col(y−1
1 , . . . , y−1

n );

X = col(x1, . . . , xn); XY ≡
col(x1y1, . . . , xnyn);

‖A‖ ≡
n∑

s,k=1

|ask|, ÿêùî A = ‖ask‖, s, k = 1, n;

grad V (t, X) ≡
(

∂V

∂x1

, . . . ,
∂V

∂xn

)
;

〈X,Y 〉 ≡
n∑

s=1

xsys;

Λ ≡ max{fs : ∆ 7→ R; s = 1, n}, ÿêùî

Λ : ∆ 7→ R+, Λ−1fs = cs + o(1), t ↑ ω,

|c1|+ . . . + |cn| > 0; • - êiíåöü äîâåäåííÿ.

Äàëi X,Y, 0 ðîçãëÿäàþòüñÿ i ÿê òî÷êè Rn.
2. Äîïîìiæíi ðåçóëüòàòè. Íàñòóïíi

ëåìè ïðî ñòiéêiñòü ó êiëüöåïîäiáíié îáëàñòi,
ùî îõîïëþc ïî÷àòîê êîîðäèíàò, òà îáìåæåí-
íiñòü ðîçâ'ÿçêiâ ä.ñ. ìàþòü ñàìîñòiéíå çíà-
÷åííÿ.

Îçíà÷åííÿ 5. ßê i Ëÿïóíîâ [1] ââàæà-
òèìåìî, ùî ôóíêöiÿ V (t,X) ìàc íåñêií÷åí-
íî ìàëó âèùó ãðàíèöþ, ÿêùî äëÿ áóäü-ÿêîãî
ε ∈ R+ iñíóc δε ∈]0, ε[ òàêå, ùî äëÿ âñiõ
t ∈ ∆, X ∈ S(X, δε) âèêîíócòüñÿ íåðiâíiñòü
|V (t,X)| ≤ ε.

Îçíà÷åííÿ 6. Ôóíêöiÿ V = V (t, X)
íàçèâàcòüñÿ äîäàòíî âèçíà÷åíîþ, ÿêùî
iñíóþòü T ∈ ∆, ρ0 ∈]0, r0[, W (X) :
S(X, ρ0) 7→ R+ òàêi, ùî äëÿ âñiõ t ∈
[T, ω[ (àáî äëÿ âñiõ t ∈]ω, T ]), X ∈ S(X, ρ0)
âèêîíócòüñÿ íåðiâíiñòü V (t,X) ≥ W (X).

Îçíà÷åííÿ 7. ßêùî Sk(Y ) ∈ CS(Y,r0),
S(Y, r0) 7→ R+, Sk(0) = 0, ck ∈ R+, k = 1, 2,
òî êiëüöåïîäiáíîþ îáëàñòþ, ùî îõîïëþc
ïî÷àòîê êîîðäèíàò, íàçèâàcòüñÿ

S[S1(Y ) = c1, S2(Y ) = c2] ≡ {Y : Y ∈
S(y, r0),

2∏

k=1

[Sk(Y )− ck] ≤ 0, S1(Y )−S2(Y ) 6= c1− c2}.

Ëåìà 1. Íåõàé äëÿ ä.ñ. âèãëÿäó

X ′ = U(t,X), (2)

äå t ∈ ∆, X ∈ S(X, r0), U(t, 0) 6≡ 0, ñïðàâ-
äæóþòüñÿ ïðèïóùåííÿ:

1) äëÿ áóäü-ÿêèõ T ∗ ∈ ∆, X∗ ∈ S(X, r0)
iñíóc ðîçâ'ÿçîê X = X(t; T ∗, X∗) çàäà÷i Êî-
øi;

2) iñíóþòü ôóíêöi�� S = Sk(X), Sk : S 7→
R+, Sk ∈ CS(X,r0), k = 1, 2, òàêi, ùî äëÿ
ε ∈]0, r0[

Sε(X) ∈ S(X, ε),

Sε(X) ≡ S[S1(X) = c1(ε), S2(X) = c2(ε)];

3) iñíóc äîäàòíî âèçíà÷åíà, ùî ìàc íå-
ñêií÷åííî ìàëó âèùó ãðàíèöþ, ôóíêöiÿ Ëÿ-
ïóíîâà V = V (t,X), V (t, 0) ≡ 0, V (t,X) ∈
C1

∆×S(X,r0), òàêà, ùî

inf
t∈∆,X∈S2(X)=c2(ε)

V (t,X) >

> sup
t∈∆,X∈S1(X)=c1(ε)

V (t, X)
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(S2(X) = c2(ε) - çîâíiøíÿ ãðàíèöÿ îáëàñòi
Sε(X));

4) iñíóc ôóíêöiÿ G0 : ∆×S(X, r0) 7→ R−,
X 6= 0, G0(t, 0) ≡ 0, òàêà, ùî

∂V (t,X)

∂t
+ 〈grad V (t,X), U(t,X)〉 ≡

≡ G0(t,X)[1 + G1(t,X)], t ∈ ∆,
X ∈ S(X, r0),

G1(t,X) = o(1), t ↑ ω, X ∈ Sε(X).

Òîäi iñíóþòü δε ∈]0, ε[, Tε ∈ ∆ òàêi, ùî
êîæíèé ðîçâ'ÿçîê X = X(t; Tε, X0) ä.ñ. (2) ç
ïî÷àòêîâîþ óìîâîþ ‖X0‖ ≤ δε ìàc âëàñòè-
âiñòü ‖X(t; Tε, X0)‖ < ε äëÿ âñiõ t ∈ [Tε, ω[.

Äîâåäåííÿ. Íåõàé ∆ = [t0, ω[, i M0 ∈
R+. Îñêiëüêè çà óìîâîþ 3) ôóíêöiÿ V =
V (t, X) ìàc íåñêií÷åííî ìàëó âèùó ãðàíè-
öþ, òî çàäàìî äîâiëüíå äîñèòü ìàëå ε ∈]0, r0[
òàê, ùîá äëÿ âñiõ t ∈ ∆ òà âñiõ X ∈ S(X, ε)
âèêîíóâàëàñü íåðiâíiñòü

V (t,X) ≤ M0. (3)

Çà óìîâîþ 2) ïîâåðõíÿ S1(X) = c1(ε) íà-
ëåæèòü êóëi S(X, ε). Òîìó (3) âiðíà òàêîæ
äëÿ âñiõ t ∈ ∆ òà âñiõ X ∈ S1(X) = c1(ε).
Òîäi iñíóc

sup
t∈∆,X∈S1(X)=c1(ε)

V (t, X) ≡ Lε, Lε > 0.

Ðîçãëÿíåìî ïîâåðõíþ S2(X) = c2(ε). Çà
óìîâîþ 3) ôóíêöiÿ V = V (t, X) − äîäàòíî
âèçíà÷åíà. Öå îçíà÷àc, ùî iñíóc ôóíêöiÿ
W = W (X), W (0) = 0, òàêà, ùî äëÿ âñiõ
t ∈ ∆ òà âñiõ X ∈ S(X, r0) \ {0} âèêîíócòüñÿ
íåðiâíiñòü

V (t,X) ≥ W (X) > 0. (4)

Ïîâåðõíÿ S2(X) = c2(ε) íå ïðîõîäèòü
÷åðåç ïî÷àòîê êîîðäèíàò (S2(0) = 0 <
c2(ε)). Òîìó äëÿ âñiõ X ∈ S2(X) = c2(ε)
âèêîíócòüñÿ íåðiâíiñòü W (X) > 0, òîáòî äëÿ
çàçíà÷åíèõ X ôóíêöiÿ W = W (X) îáìåæå-
íà çíèçó íóëåì. Öå îçíà÷àc, ùî iñíóc

inf
X∈S2=c2(ε)

≡ wε, wε > 0.

Òîäi ç (4) âèïëèâàc iñíóâàííÿ

inf
t∈∆,X∈S2=c2(ε)

V (t, X) ≡ lε, lε > 0,

äå lε > Lε (çà óìîâîþ 3)).
Äàëi çà óìîâîþ 4) iñíóc Tε ∈ ∆ òàêå, ùî

äëÿ âñiõ t ∈ [Tε, ω[, X ∈ Sε(X) âèêîíócòüñÿ
íåðiâíiñòü |G1(t,X)| < 1. Çâiäñè òà çà óìî-
âè 4) äëÿ âñiõ t ∈ [Tε, ω[, X ∈ Sε(X) âiðíå
ñïiââiäíîøåííÿ

dV (t,X)

dt
=

=
∂V (t,X)

∂t
+ 〈grad V (t,X), U(t,X)〉 ≡

≡ G0(t, X)[1 + G1(t,X)]. (5)

Îñêiëüêè ïîâåðõíÿ S1(X) = c1(ε) íå ïðî-
õîäèòü ÷åðåç òî÷êó X = 0 (S1(0) < c1(ε)), òî
iñíóc

inf
X∈S1(X)

= c1(ε) = δε,

ïðè÷îìó 0 < δε < ε. Äiéñíî, ÿêáè δε = 0,
òî iñíóâàëà á ïîñëiäîâíiñòü {Xn} òàêà,
ùî

lim
n→+∞

Xn = 0 i S1(Xn) ≡ c1(ε), n ∈ N.

Ïåðåéäåìî â îñòàííié òîòîæíîñòi äî ãðà-
íèöi, êîëè n → +∞. Âíàñëiäîê óìîâè 2) (íå-
ïåðåðâíiñòü ôóíêöi�� S = S1(X)) îäåðæèìî
ïðîòèði÷÷ÿ:

0 = S1(0) = S1( lim
n→+∞

Xn) = lim
n→+∞

S1(Xn) ≡

≡ c1(ε) > 0.

Ðîçãëÿíåìî òåïåð äîâiëüíèé ðîçâ'ÿçîê
X = X(t; Tε, X0), äå ‖X0‖ ≤ δε. Äëÿ öüîãî
ðîçâ'ÿçêó ìîæëèâi äâà âèïàäêè :

à) X(t; Tε, X0) ∈ S(X, ε) äëÿ âñiõ t ∈
[Tε, ω[;

á) iñíóc T̂ε ∈ [Tε, ω[ òàêå, ùî X(T̂ε) ∈
S(X, ε).

ßêùî ìàc ìiñöå âèïàäîê à), òî ëåìà
äîâåäåíà.

ßêùî ìàc ìiñöå âèïàäîê á), òî íåîáõiäíî
icíóc T̃ε ∈ [Tε, ω[ òàêå, ùî òî÷êà X(T̃ε; Tε, X0)
íàëåæèòü ïîâåðõíi S2(X) = c2(ε).
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Íåõàé t̃ε ∈ [Tε, T̃ε] òàêå, ùî

dV

dt
[t,X(t; Tε, X0)] < 0, t ∈ [t̃ε, T̃ε]. (6)


Iíòåãðóþ÷è (6) íà ïðîìiæêó [t̃ε, T̃ε], îäåð-
æèìî ñóïåðå÷ëèâó íåðiâíiñòü

lε ≤ V [T̃ε, X(T̃ε; Tε, X0)] = V [t̃ε, X(t̃ε; Tε, X0)]+

+

T̃ε∫

t̃ε

dV

dt
[t,X(t; Tε, X0)]dt <

< V [t̃ε, X(t̃ε; Tε, X0)] ≤ Lε. •
Çàóâàæåííÿ 1. Óìîâè ëåìè 1 ëåãêî àíà-

ëiçóâàòè, êîëè, íàïðèêëàä, V (t,X) ≡ ‖X‖2,
S1(X) ≡ S2(X) ≡ ‖X‖2.

Ëåìà 2. Íåõàé ä.ñ. (2) òàêà, ùî
1) äëÿ áóäü-ÿêèõ T ∗ ∈ ∆, X∗ ∈ S(X, r0)

iñíóc ðîçâ'ÿçîê X = X(t; T ∗, X∗) çàäà÷i Êî-
øi;

2) iñíóc êiëüöåïîäiáíà îáëàñòü

S(X, c1, c2) ≡ S[S1(X) = c1, S2(X) = c2],

ùî îõîïëþc ïî÷àòîê êîîðäèíàò, òàêà, ùî
S(X, c1, c2) ∈ S(X, r0);

3) iñíóc äîäàòíî âèçíà÷åíà, ùî ìàc íå-
ñêií÷åííî ìàëó âèùó ãðàíèöþ, ôóíêöiÿ Ëÿ-
ïóíîâà V = V (t,X), V (t, 0) ≡ 0, V (t,X) ∈
C1

∆×S(X,r0), òàêà, ùî

inf
t∈∆,X∈S2(X)=c2(ε)

V (t, X) >

> sup
t∈∆,X∈S1(X)=c1(ε)

V (t,X)

(S2(X) = c2(ε) - çîâíiøíÿ ãðàíèöÿ îáëàñòi
Sε(X));

4) iñíóc ôóíêöiÿ G0 : ∆×S(X, r0) 7→ R−,
X 6= 0, G0(t, 0) ≡ 0, òàêà, ùî

∂V (t,X)

∂t
+ 〈grad V (t,X), U(t,X)〉 ≡

≡ G0(t,X)[1 + G1(t,X)], t ∈ ∆,
X ∈ S(X, r0),

G1(t,X) = o(1), t ↑ ω, X ∈ S(X, c1, c2).

Òîäi iñíóc T0 ∈ ∆ òàêå, ùî êîæíèé ðîç-
â'ÿçîê X = X(t; Tε, X0) ä.ñ. (2) ç ïî÷àòêî-
âîþ óìîâîþ

‖X0‖ ≤ inf
X∈S1(X)=c1

‖X‖

ìàc âëàñòèâiñòü

‖X(t; T0, X0)‖ ≤ sup
X∈S2(X)=c2

‖X‖

äëÿ âñiõ t ∈ [T0, ω[.
Äîâåäåííÿ ïîäiáíå äîâåäåííþ ëåìè 1. •
Ëåìà 3. Íåõàé ä.ñ. (2) òàêà, ùî
1) äëÿ áóäü-ÿêèõ T ∗ ∈ ∆, X∗ ∈ S(X, r0)

iñíóc ðîçâ'ÿçîê X = X(t; T ∗, X∗) çàäà÷i Êî-
øi;

2) iñíóc êiëüöåïîäiáíà îáëàñòü

S(X, c1, c2) ≡ S[S1(X) = c1, S2(X) = c2],

ùî îõîïëþc ïî÷àòîê êîîðäèíàò, òàêà, ùî
S(X, c1, c2) ∈ S(X, r0);

3) iñíóc äîäàòíî âèçíà÷åíà, ùî ìàc íå-
ñêií÷åííî ìàëó âèùó ãðàíèöþ, ôóíêöiÿ Ëÿ-
ïóíîâà V = V (t,X), V (t, 0) ≡ 0, V (t,X) ∈
C1

∆×S(X,r0), òàêà, ùî

inf
t∈∆,X∈S2(X)=c2(ε)

V (t,X) >

> sup
t∈∆,X∈S1(X)=c1(ε)

V (t, X)

(S2(X) = c2(ε) - çîâíiøíÿ ãðàíèöÿ îáëàñòi
Sε(X));

4) iñíóc ôóíêöiÿ G0 : ∆×S(X, r0) 7→ R−,
X 6= 0, G0(t, 0) ≡ 0, òàêà, ùî

∂V (t,X)

∂t
+ 〈grad V (t,X), U(t, X)〉 ≡

≡ G0(t, X)[1 + G1(t,X)], t ∈ ∆,
X ∈ S(X, r0),

sup
t∈∆,X∈S(X,c1,c2)

|G1(t,X)| < 1.

Òîäi êîæíèé ðîçâ'ÿçîê X = X(t; t0, X0)
ä.ñ. (2) ç ïî÷àòêîâîþ óìîâîþ

‖X0‖ ≤ inf
X∈S1(X)=c1

‖X‖
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ìàc âëàñòèâiñòü

‖X(t; t0, X0)‖ ≤ sup
X∈S2(X)=c2

‖X‖

äëÿ âñiõ t ∈ ∆.
Äîâåäåííÿ ïîäiáíå äîâåäåííþ ëåìè 1.
Çàóâàæåííÿ 2. Çà óìîâè

S1(X) ≡ S2(X) = const > 0,

ëåìè 2, 3 óçàãàëüíþþòü ëåìó [8].
3. Îñíîâíi ðåçóëüòàòè. Çà äîïîìîãîþ

óçàãàëüíåíèõ �çðiçóþ÷èõ� [4], ëiíiéíèõ òà íå-
ëiíiéíèõ �çàìîðîæåíèõ� [5] ïåðåòâîðåíü ìî-
æíà âêàçàòè çà ïåâíèõ óìîâ íåîñîáëèâó çà-
ìiíó

Y =
m∑

‖Q‖=1

gQ(t)XQ ≡ G(t,X), (7)

ÿêà çâîäèòü ä.ñ. (1) äî ä.ñ. âèãëÿäó




X ′
n1

= π1Pn1Xn1 +
m∑

‖Qn1‖
hn1,Qn1

×

×X
Qn1
n1 + Φn1 , n1 ≤ s0,

X ′
ns

= πs(µsEns + Hns)Xns+

+Xns

m−1∑

‖Qn1‖=1

hns,Qn1
X

Qn1
n1 + Φns ,

s = 2, s0,

k0∑
s=1

ns = n− n1,

(8)

äëÿ ÿêî�� πs : ∆ 7→ R+, hns,Qn1
, s = 1, k0,

‖Qn1‖ = 1,m, µs ∈ R \ {0}, s = 2, k0, - âiäîìi
âåëè÷èíè; Pn1 ≡ ‖0‖, àáî Pn1 ≡ Hn1 , àáî

Pn1 ≡ {µn1,1Ep1 + Hp1 , . . . , µn1,lEnl
+ Hnl

},

µn1,k ∈ R\{0}, k = 1, l,
l∑

k=1

pk = n1, à âåëè÷è-

íè Φs, s = 1, k0, - ìàëi ó äåÿêîìó ðîçóìiííi.
Âèëó÷èìî ç ä.ñ. (8) ä.ñ. âèãëÿäó

X ′
n1

= π1Pn1Xn1 +
m∑

‖Qn1‖=2

hn1,Qn1
X

Qn1
n1 . (9)

Ïðèïóñòèìî, ùî ä.ñ. (9) ìîæíà çâåñòè äî
åêâiâàëåíòíîãî ��é ä.ð. n1-ãî ïîðÿäêó ñòîñîâ-
íî îäíic�� ç êîìïîíåíò âåêòîðà Xn1 . Òîäi ìå-
òîäîì Î.Â. Êîñòiíà [6] ìîæíà çíàéòè àñèì-
ïòîòè÷íi çîáðàæåííÿ âñiõ òàê çâàíèõ ïðà-
âèëüíèõ ðîçâ'ÿçêiâ îäåðæàíîãî ä.ð. Ïîçíà-
÷èìî ÷åðåç Ψn1 = Ψn1(t) âåêòîð-ñòîâáåöü
àñèìïòîòè÷íîãî çîáðàæåííÿ ðîçâ'ÿçêó ä.ñ.
(9), ÿêèé âiäïîâiäàc îäíîìó ç ïðàâèëüíèõ
ðîçâ'ÿçêiâ îòðèìàíîãî ä.ð. n1-ãî ïîðÿäêó.

Òåîðåìà 1. Íåõàé ä.ñ. (1) òàêà, ùî
1) iñíóc ïåðåòâîðåííÿ (7) Y = G(t,X),

ùî çâîäèòü ���� äî ä.ñ. (8), äå µs ∈ R−, s =
2, k0;

2) äëÿ áóäü-ÿêèõ T ∗ ∈ ∆, X∗ ∈ S(X, r0)
iñíóc ðîçâ'ÿçîê X = X(t; T ∗, X∗) çàäà÷i Êî-
øi ä.ñ. (8);

3) iñíóc âåêòîð-ñòîâáåöü àñèìïòîòè-
÷íîãî çîáðàæåííÿ îäíîãî ç ïðàâèëüíèõ
ðîçâ'ÿçêiâ ä.ñ. (9) Ψn1 = Ψn1(t) òàêèé, ùî
‖Ψn1‖ = o(1), π−1

1 ‖Ψn1Ψ
−1
n−1‖ = O(1), t ↑ ω;

4) icíóc ôóíêöiÿ
Λ ≡ max{π1‖Pn1 − π−1

1 Ψ′
n1

Ψ−1
n1

En1‖,
hn1,Qn1

Ψ−1
n1

Ψ
Qn1
n1 ; ‖Qn1‖ = 2, m}

òàêà, ùî (Λ+πs)
−1hns,Qn1

Ψ
Qn1
n1 = o(1), t ↑ ω,

s = 2, k0, ‖Qn1‖ = 1,m− 1;
5) iñíóc äîäàòíî âèçíà÷åíà ôóíêöiÿ Ëÿ-

ïóíîâà V = Vn1(Xn1) òàêà, ùî äëÿ êîæíîãî
t ∈ ∆ i âñiõ òî÷îê (Xn1 , 0) ∈ S(X, r0)

〈
grad Vn1(Xn1), π

−1
1 (Pn1 −Ψ′

n1
Ψ−1

n1
En1)+

+Ψ−1
n1

m∑

‖Qn1‖=2

hn1,Qn1
Ψ

Qn1
n1 X

Qn1
n1

〉
≡

≡ Λ[W0(Xn1) + W1(t, Xn1)],

W0(0) = 0, W0(Xn1) < 0, Xn1 6= 0,

W1(t,Xn1) = o(1), t ↑ ω;

6) iñíóþòü ôóíêöi�� νs : ∆ 7→ R+, νs ∈ C1
∆,

òàêi, ùî νs = o(1), ν ′sν
−1
s (Λ + πs)

−1 = o(1),
t ↑ ω, s = 2, k0 i äëÿ êîæíîãî ρ ∈]0, r0[ òà
âñiõ X ∈ S[‖X‖+ ρ, ‖X‖ = r0]

[
ΛW0(Xn1)−

k0∑
s=2

πs‖Xns‖2

]−1

×
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×
[
‖Ψ−1

n1
Φn1(t, Ψn1Xn1 , ν2Xn2 , . . . , νk0Xnk0

)‖+

+

k0∑
s=2

ν−1
s ‖Φns(t, Ψn1Xn1 , ν2Xn2 , ..., νk0Xnk0

)‖
]

=

= o(1), t ↑ ω;

7) äëÿ âñiõ X ∈ S(X, r0)

‖G(t, Ψn1Xn1 , ν2Xn2 , . . . , νk0Xnk0
)‖ = o(1),

t ↑ ω.

Òîäi âîíà ìàc âëàñòèâiñòü AsSt, êîëè t ↑
ω.

Äîâåäåííÿ. Äî ä.ñ. (1) çàñòîñócìî ïåðå-
òâîðåííÿ

Y = G(t, Ψn1Xn1 , ν2Xn2 , . . . , νk0Xnk0
).

Ïîêàæåìî, ùî äëÿ îäåðæàíî�� ñòîñîâíî
X = col(Xn1 , . . . , Xnk0

) ä.ñ. ìîæíà ïîáóäó-
âàòè ôóíêöiþ Ëÿïóíîâà òà êiëüöåïîäiáíó
îáëàñòü, ùî îõîïëþc ïî÷àòîê êîîðäèíàò, ÿêi
çàäîâîëüíÿþòü óìîâè ëåìè 2. Íåõàé

V (t,X) ≡ V (X) ≡
k0∑

s=1

Vns(Xns),

äå V = V ns(Xns), s = 2, k0, - ðîçâ'ÿçîê ðiâ-
íÿííÿ âèãëÿäó

〈
grad Vns(Xns), (µsEns + Hns)Xns

〉
=

= −‖Xns‖2, s = 2, k0. (10)

Ç [9, c.67] òà óìîâè 1) âèïëèâàc, ùî
ðîçâ'ÿçîê ðiâíÿííÿ (10) iñíóc, cäèíèé i c äî-
äàòíî âèçíà÷åíîþ êâàäðàòè÷íîþ ôîðìîþ çi
ñòàëèìè êîåôiöicíòàìè. Òîäi ôóíêöiÿ V =
V (X) - äîäàòíî âèçíà÷åíà i äîïóñêàc íåñêií-
÷åííî ìàëó âèùó ãðàíèöþ. Íåõàé

S(X, ρ0, r0) ≡ S[‖X‖ = ρ0, ‖X‖ = r0]

- êiëüöåïîäiáíà îáëàñòü (êiëüöå), ùî
îõîïëþc ïî÷àòîê êîîðäèíàò, ó ÿêié âè-
áið ρ0 ç ]0, r0[ âêàçàíî íèæ÷å.

Îñêiëüêè V = V (X) - äîäàòíî âèçíà÷åíà
ôóíêöiÿ çi ñòàëèìè êîåôiöicíòàìè, i íà ïî-
âåðõíi ‖X‖ = r0 - îáìåæåíà çíèçó íóëåì, òî
iñíóc

inf
X∈‖X‖=r0

≡ l∗,

ïðè÷îìó l∗ > 0.
Äàëi ôóíêöiÿ V = V (X) ìàc íåñêií÷åííî

ìàëó âèùó ãðàíèöþ. Öå îçíà÷àc, ùî, íàïðè-
êëàä, äëÿ ÷èñëà 0, 5l∗ çàâæäè ìîæíà âêàçà-
òè ρ0 ∈]0, r0[ òàêå, ùîá äëÿ âñiõ X ∈ S(X, ρ0)
âèêîíóâàëàñü íåðiâíiñòü V (X) ≤ 0, 5l∗. Çðî-
çóìiëî, ùî öÿ æ íåðiâíiñòü ñïðàâåäëèâà i
äëÿ âñiõ X ∈ ‖X‖ = ρ0. Òîäi iñíóc

sup
X∈‖X‖=ρ0

≡ L∗,

ïðè÷îìó L∗ ≤ 0, 5l∗ < l∗.
Ïîâíó ïîõiäíó ïî t âiä ôóíêöi�� V = V (X)

âíàñëiäîê ðiâíÿíü ä.ñ. ñòîñîâíî X (äèâ. (5))
ìîæíà ïîäàòè ó âèãëÿäi

dV

dt
≡ G0(t,X)[1 + G1(t,X)],

äå â ïîçíà÷åííÿõ ëåìè 2

G0(t,X) ≡ ΛW0(Xn1)−
k0∑

s=2

πs‖Xns‖2,

ïðè÷îìó G0(t,X) < 0 (çà óìîâîþ 5)), i

G1(t,X) ≡

≡ G−1
0 (t,X)

{ k0∑
s=2

(Λ + πs)
〈
grad Vns(Xns),

Xns

m−1∑

‖Qn1‖=2

(Λ + πs)
−1hns,Qns

ΨQn1X
Qn1
ns

〉
−

−
k0∑

s=2

(Λ + πs)
〈
grad Vns(Xns),

(Λ + πs)
−1ν ′sν

−1
s Xns

〉
+

+ΛW1(t,Xn1) +
〈
grad Vn1(Xn1),

Ψ−1
n1

Φn1 [t, Ψn1Xn1 , ν2Xn2 , . . . , νk0Xnk0
]
〉
+

+

k0∑
s=2

〈
grad Vns(Xns),

ν−1
s Φns [t, Ψn1Xn1 , ν2Xn2 , . . . , vk0Xnk0

]
〉
},
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ïðè÷îìó äëÿ áóäü-ÿêîãî ρ ∈]0, r0[ i êîæíîãî
X ∈ S[‖X‖ = ρ, ‖X‖ = r0] çà óìîâîþ 6)
ìàcìî G1(t,X) = o(1), t ↑ ω.

Òoäi çà ëåìîþ 2 êîæíèé ðîçâ'ÿçîê X =
X(t; T0, X0) ä.ñ ñòîñîâíî X ç T0, X0 äîñèòü
áëèçüêèìè âiäïîâiäíî äî ω òà X = 0, c îáìå-
æåíèì.

Çà óìîâîþ 7) êîæíèé ðîçâ'ÿçîê ä.ñ. (1) ç
òèìè æ âëàñòèâîñòÿìè ñïàäàc äî íóëÿ, êîëè
t ↑ ω. •

Òåîðåìà 2. Íåõàé ä.ñ. (1) òàêà, ùî âè-
êîíàíi óìîâè 1)-5), 7) òåîðåìè 1 i â ïîçíà-
÷åííÿõ òåîðåìè 1

sup
t∈∆,X∈S[‖X‖=ρ0,‖X‖=r0]

|G1(t,X)| < 1,

äå ρ0 ∈]0, r0[ òàêå, ùî

sup
X∈‖X‖=ρ0

k0∑
s=1

Vns(Xns) < inf
X∈‖X‖=r0

k0∑
s=1

Vns(Xns),

Vns(Xns), s = 2, k0 - ðîçâ'ÿçîê ðiâíÿííÿ (10).
Òîäi âîíà ìàc âëàñòèâiñòü G∆AsSt, êî-

ëè t ↑ ω.
Äîâåäåííÿ òàêå æ, ÿê äëÿ òåîðåìè 1 ç

ïîñèëàííÿì íà ëåìó 3.
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