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Âñòàíîâëåíî óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i äëÿ ïàðàáîëi÷íîãî
ðiâíÿííÿ ç äâîìà íåâiäîìèìè êîåôiöi¹íòàìè, ùî çàëåæàòü âiä ÷àñó, ó âèïàäêó íåëîêàëüíèõ
êðàéîâèõ óìîâ òà iíòåãðàëüíèõ óìîâ ïåðåâèçíà÷åííÿ.

We establish the existence and uniqueness conditions for solution of an inverse problem for a
parabolic equation with two unknown time-dependent coe�cients in the case of nonlocal boundary
conditions and integral overdetermination conditions.

Â îáåðíåíèõ çàäà÷àõ ç áàãàòüìà íåâiäî-
ìèìè ïàðàìåòðàìè âèíèêà¹ ïðîáëåìà çàäàí-
íÿ ïîòðiáíî¨ êiëüêîñòi íåçàëåæíèõ äîäàòêî-
âèõ óìîâ � òàê çâàíèõ óìîâ ïåðåâèçíà÷åííÿ.
Îäíèì iç ìîæëèâèõ øëÿõiâ ðîçâ'ÿçàííÿ öi¹¨
ïðîáëåìè ¹ âèêîðèñòàííÿ ìîìåíòiâ. Ñïðîáó
ðîçâ'ÿçàòè ïðÿìó çàäà÷ó òåïëîïðîâiäíîñòi,
çàäàþ÷è òåïëîâi ìîìåíòè çàìiñòü êðàéîâèõ
óìîâ, áóëî çðîáëåíî â [1]. Ó äàíié ðîáîòi òå-
ïëîâi ìîìåíòè ðàçîì ç íåëîêàëüíèìè êðàéî-
âèìè óìîâàìè âèêîðèñòîâóþòüñÿ ïðè âèçíà-
÷åííi äâîõ çàëåæíèõ âiä ÷àñó íåâiäîìèõ êî-
åôiöi¹íòiâ ó ïàðàáîëi÷íîìó ðiâíÿííi, ïðè÷î-
ìó îäèí ç íèõ ñòàðøèé. Çàäà÷i çíàõîäæåííÿ
äâîõ ñòàðøèõ êîåôiöi¹íòiâ � êîåôiöi¹íòà òå-
ïëîïðîâiäíîñòi òà îá'¹ìíî¨ òåïëî¹ìíîñòi, äî-
ñëiäæåíî â ðîáîòàõ [3, 4]. Ïèòàííÿ ¹äèíîñòi
ðîçâ'ÿçêó çàäà÷i âèçíà÷åííÿ äâîõ ñòàðøèõ
êîåôiöi¹íòiâ ó íåëiíiéíîìó ðiâíÿííi òåïëî-
ïðîâiäíîñòi ðîçãëÿíóòî â [2].

1. Â îáëàñòi QT = {(x, t) : 0 < x <
h, 0 < t < T} ðîçãëÿäà¹òüñÿ ðiâíÿííÿ

ut = a(t)uxx + c(t)u + f(x, t) (1)

ç íåâiäîìèìè êîåôiöi¹íòàìè a i c, ç ïî÷àòêî-
âîþ óìîâîþ

u(x, 0) = ϕ(x), x ∈ [0, h], (2)

íåëîêàëüíèìè êðàéîâèìè óìîâàìè

u(h, t)− u(0, t) = ν1(t),
ux(h, t)− ux(0, t) = ν2(t), t ∈ [0, T ],

(3)

òà óìîâàìè ïåðåâèçíà÷åííÿ ó âèãëÿäi òåïëî-
âèõ ìîìåíòiâ

h∫

0

xiu(x, t)dx = µi+1(t), i = 0, 1, t ∈ [0, T ].

(4)

Ïiä ðîçâ'ÿçêîì îáåðíåíî¨ çàäà÷i (1)�
(4) ðîçóìi¹òüñÿ òðiéêà ôóíêöié (a(t), c(t),
u(x, t)) ç êëàñó C[0, T ]×C[0, T ]×C2,1(QT )∩
C1,0(QT ), a(t) > 0, c(t) ≤ 0, t ∈ [0, T ], ùî çà-
äîâîëüíÿ¹ ðiâíÿííÿ (1) òà óìîâè (2)�(4).

Òåîðåìà 1. Çàäà÷à (1)�(4) ìà¹ ðîçâ'ÿ-
çîê, ÿêùî âèêîíóþòüñÿ óìîâè:

1) νi(t), µi(t) ∈ C1[0, T ], i = 1, 2; ϕ(x) ∈
C1[0, h], f(x, t) ∈ C1,0(QT );

2) µ1(t) > 0, νi(t) ≥ 0, i = 1, 2,

(µ′1(t) −
h∫
0

f(x, t)dx)/µ1(t) ≤ 0, (hν2(t)/2 −
ν1(t))µ1(t) − µ2(t)ν2(t) > 0, µ1(t)(µ

′
2(t) −

h∫
0

xf(x, t)dx) − µ2(t)(µ
′
1(t) −

h∫
0

f(x, t)dx) > 0,
ν ′1(t)+f(0, t)−f(h, t) ≥ 0,t ∈ [0, T ]; ϕ′(x) ≥ 0,
x ∈ [0, h]; fx(x, t) ≥ 0, (x, t) ∈ QT ;

3) ν1(0) = ϕ(h) − ϕ(0), ν2(0) = ϕ
′
(h) −

ϕ
′
(0), µ1(0) =

h∫
0

ϕ(x)dx, µ2(0) =
h∫
0

xϕ(x)dx.

Äîâåäåííÿ. Ïîáóäó¹ìî ðiâíÿííÿ ñòîñîâ-
íî íåâiäîìèõ êîåôiöi¹íòiâ a(t) òà c(t). Âèêî-
ðèñòîâóþ÷è óìîâè (3), (4) ïðè iíòåãðóâàííi
çà x âiä 0 äî h ðiâíÿííÿ (1) òà ðiâíÿííÿ,
îòðèìàíîãî ç (1) ìíîæåííÿì íà x, ïðèõîäè-
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ìî äî ñèñòåìè ðiâíÿíü

µ1
′
(t) = a(t)ν2(t) + c(t)µ1(t) +

h∫

0

f(x, t)dx,

µ2
′
(t) = a(t)(hux(h, t)− ν1(t))+

+c(t)µ2(t) +

h∫

0

xf(x, t)dx. (5)

Ïîçíà÷èìî

u(0, t) = p(t), t ∈ [0, T ], (6)

òîäi

u(h, t) = ν1(t) + p(t), t ∈ [0, T ]. (7)

Ïðèïóñêàþ÷è òèì÷àñîâî âiäîìèìè êîåôiöi-
¹íòè a(t) i c(t), à òàêîæ çíà÷åííÿ ïàðàìå-
òðà p(t), çà äîïîìîãîþ ôóíêöi¨ Ãðiíà ïåð-
øî¨ êðàéîâî¨ çàäà÷i G1(x, t, ξ, τ) ïîáóäó¹ìî
ðîçâ'ÿçîê ïðÿìî¨ çàäà÷i (1), (2), (6), (7):

u(x, t)w(t) =

h∫

0

ϕ(ξ)G1(x, t, ξ, 0)dξ+

+

t∫

0

w(τ)dτ

h∫

0

f(ξ, τ)G1(x, t, ξ, τ)dξ+

+

t∫

0

a(τ)p(τ)w(τ)G1ξ(x, t, 0, τ)dτ−

−
t∫

0

a(τ)(p(τ) + ν1(τ))w(τ)G1ξ(x, t, h, τ)dτ,

äå w(t) = exp(−
t∫

0

c(τ)dτ).

Ïðîäèôåðåíöiþ¹ìî äàíèé ðîçâ'ÿçîê çà x:

ux(x, t)w(t) =

h∫

0

ϕ
′
(ξ)G2(x, t, ξ, 0)dξ+

+

t∫

0

w(τ)dτ

h∫

0

fξ(ξ, τ)G2(x, t, ξ, τ)dξ−

−
t∫

0

(p
′
(τ)− c(τ)p(τ)− f(0, τ))×

×w(τ)G2(x, t, 0, τ)dτ+

+

t∫

0

(p
′
(τ) + ν1

′
(τ)− c(τ)(p(τ)+

+ν1(τ))− f(h, τ))w(τ)G2(x, t, h, τ)dτ, (8)

äå G2(x, t, ξ, τ)� ôóíêöiÿ Ãðiíà äðóãî¨ êðà-
éîâî¨ çàäà÷i.

Ç äðóãî¨ óìîâè (3) îòðèìó¹ìî ñïiââiäíî-
øåííÿ ux(h, t) = 1

2
(ux(h, t) + ux(0, t) + ν2(t)),

ÿêå ç óðàõóâàííÿì (8) ìàòèìå âèãëÿä

ux(h, t) =
ux(h, t) + ux(0, t)

2
+

ν2(t)

2
=

= w−1(t)
[ν2(t)

2
+

1

2
√

πθ(t)

h∫

0

ϕ
′
(ξ)×

∞∑
n=−∞

exp
(
−(ξ + nh)2

4θ(t)

)
dξ+

1

2
√

π

t∫

0

w(τ)dτ√
θ(t)− θ(τ)

×
h∫

0

fξ(ξ, τ)
∞∑

n=−∞
exp

(
− (ξ + nh)2

4(θ(t)− θ(τ))

)
dξ+

+
1

2
√

π

t∫

0

((f(0, τ) + ν1
′
(τ)− c(τ)ν1(τ)−

−f(h, τ))w(τ))(θ(t)− θ(τ))−1.2×

×
∞∑

n=−∞
exp

(
− n2h2

4(θ(t)− θ(τ))

)
dτ

]
, (9)

θ(t) =

t∫

0

a(τ)dτ.

Öå îçíà÷à¹, ùî ïðè âiäîìèõ êîåôiöi¹íòàõ
a(t) i c(t) çíà÷åííÿ ux(h, t) òåæ âiäîìå. Âè-
çíà÷àþ÷è òîäi ç (3) ux(0, t), ðîçâ'ÿçîê ïðÿìî¨
çàäà÷i (1)�(3) çíàõîäèìî çà âêàçàíèìè çíà-
÷åííÿìè ux(0, t), ux(h, t).
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Âðàõîâóþ÷è (9), íàäàìî ñèñòåìi (5) òàêî-
ãî âèãëÿäó:

a(t) =
F1(t)

F2(t) + hµ1(t)Q(t)w−1(t)
,

−c(t) =
1

µ1(t)
(F3(t) + a(t)ν2(t)), (10)

äå
Q(t) =

ux(h, t) + ux(0, t)

2
w(t),

θ(t) =

t∫

0

a(τ)dτ, F1(t) = µ1(t)(µ
′
2(t)−

−
h∫

0

xf(x, t)dx)− µ2(t)(µ
′
1(t)−

h∫

0

f(x, t)dx),

F2(t) = (hν2(t)/2− ν1(t))µ1(t)− µ2(t)ν2(t),

F3(t) =

h∫

0

f(x, t)dx− µ′1(t).

Çàóâàæèìî, ùî ç ñèñòåìè (10) òà óìîâè 2)
òåîðåìè 1 âèïëèâà¹ äîäàòíiñòü êîåôiöi¹íòà
a(t) i íåäîäàòíiñòü êîåôiöi¹íòà c(t).

Ïîêàæåìî, ùî çàäà÷à (1)�(4) åêâiâà-
ëåíòíà ñèñòåìi (10) â òîìó ðîçóìiííi, ùî
êîëè (a(t), c(t), u(x, t)) ç êëàñó C[0, T ] ×
C[0, T ]×C2,1(QT )∩C1,0(QT ), a(t) > 0, c(t) ≤
0, t ∈ [0, T ], � ðîçâ'ÿçîê çàäà÷i (1)�(4), òî
(a(t), c(t)) ç êëàñó C[0, T ] × C[0, T ], a(t) >
0, c(t) ≤ 0, t ∈ [0, T ], ¹ ðîçâ'ÿçêîì ñèñòå-
ìè (10), i, íàâïàêè, ÿêùî (a(t), c(t)) ç êëàñó
C[0, T ] × C[0, T ], a(t) > 0, c(t) ≤ 0, t ∈ [0, T ],
� ðîçâ'ÿçîê ñèñòåìè (10), òî, ïiäñòàâëÿþ÷è
éîãî â ðiâíÿííÿ (1) i çíàõîäÿ÷è u(x, t) ÿê
ðîçâ'ÿçîê çàäà÷i (1)�(3), îòðèìó¹ìî ðîçâ'ÿ-
çîê (a(t), c(t), u(x, t)) çàäà÷i (1)�(4) ç êëàñó
C[0, T ]× C[0, T ]× C2,1(QT ) ∩ C1,0(QT ).

Äiéñíî, iç ñïîñîáó îòðèìàííÿ ñèñòåìè
(10) î÷åâèäíî, ùî êîëè (a(t), c(t), u(x, t)) �
ðîçâ'ÿçîê çàäà÷i (1)�(4), òî íåïåðåðâíi ôóí-
êöi¨ (a(t), c(t)) áóäóòü çàäîâîëüíÿòè ñèñòåìó
ðiâíÿíü (10).

Ïðèïóñêàþ÷è òåïåð, ùî (a(t), c(t)) ç êëà-
ñó C[0, T ]×C[0, T ], a(t) > 0, c(t) ≤ 0, t ∈

[0, T ], � ðîçâ'ÿçîê ñèñòåìè (10), ïiäñòàâè-
ìî éîãî â ðiâíÿííÿ (1) i çíàéäåìî u(x, t)
� ðîçâ'ÿçîê ïðÿìî¨ çàäà÷i (1)�(3). Òðié-
êà ôóíêöié (a(t), c(t), u(x, t)) áóäå ðîçâ'ÿç-
êîì çàäà÷i (1)�(4), ÿêùî âèêîíóâàòèìóòüñÿ
óìîâè (4). Íåõàé u(x, t) íå çàäîâîëüíÿ¹ äàíi
óìîâè, çîêðåìà, ïåðøó ç íèõ, òîáòî

h∫

0

u(x, t)dx = χ(t),

χ(t) 6≡ µi(t), t ∈ [0, T ].

(11)

Âðàõîâóþ÷è (3), ç ïåðøîãî ðiâíÿííÿ ñèñòå-
ìè (5) ìà¹ìî

µ1
′
(t)− c(t)µ1(t) =

=

h∫

0

(a(t)uxx(x, t) + f(x, t))dx.

Ç iíøîãî áîêó, ç ðiâíÿííÿ (1) òà ïðèïóùåííÿ
(11) çíàõîäèìî

χ
′
(t)− c(t)χ(t) =

=

h∫

0

(a(t)uxx(x, t) + f(x, t))dx.

Ââîäÿ÷è ïîçíà÷åííÿ q(t) = χ(t) − µ1(t), ç
äâîõ îñòàííiõ ðiâíÿíü îòðèìó¹ìî

q
′
(t)− c(t)q(t) = 0. (12)

Ç óìîâ 3) òåîðåìè 1 âèïëèâà¹, ùî

q(0) =

h∫

0

u(x, 0)dx− µ1(0) =

=

h∫

0

ϕ(x)dx− µ1(0) = 0.

(13)

Çàäà÷à (12), (13) ìà¹ ¹äèíèé ðîçâ'ÿçîê
q(t) ≡ 0, òîáòî ïåðøà óìîâà ç (4) âèêîíó-
¹òüñÿ. Âèêîíàííÿ äðóãî¨ óìîâè äîâîäèòüñÿ
àíàëîãi÷íî.
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Îòæå, çàäà÷à (1)�(4) i ñèñòåìà (10) åêâi-
âàëåíòíi.

Âñòàíîâèìî îöiíêè ðîçâ'ÿçêiâ ñèñòåìè
(10). Ëåãêî áà÷èòè, ùî

a(t) ≤ max
[0,T ]

F1(t)

F2(t)
≡ A1, (14)

−c(t) ≤ max
[0,T ]

F3(t)

µ1(t)
+

+A1 max
[0,T ]

ν2(t)

µ1(t)
≡ C1. (15)

Äëÿ îöiíêè a(t) çíèçó ñïî÷àòêó îöiíèìî
îêðåìî w(t) i Q(t). Ç âèãëÿäó ôóíêöi¨ w(t)
âèïëèâà¹, ùî

1 ≤ w(t) ≤ C2. (16)

Âðàõîâóþ÷è (9), îöiíèìî Q(t) çâåðõó:

Q(t) ≤ 1

2
max
[0,h]

ϕ
′
(x) +

1

2
TC2 max

QT

fx(x, t)+

+
C2

2
√

π

(
2C3 +

t∫

0

dτ√
θ(t)− θ(τ)

)
× (17)

×max
[0,T ]

(f(0, t) + ν1
′
(t) + +C1ν1(t)− f(h, t)),

äå C3 > 0 � äîäàòíà ñòàëà, ÿêà îáìåæó¹
ñóìó ðÿäó

1√
θ(t)− θ(τ)

∞∑
n=1

exp
(
− n2h2

4(θ(t)− θ(τ))

)
.

Âðàõîâóþ÷è íåðiâíîñòi (16), (17), ç ïåð-
øîãî ðiâíÿííÿ ñèñòåìè (10) îòðèìó¹ìî

min
[0,T ]

a(t) ≥ C4

C5 + C6(min
[0,T ]

a(t))−1/2
.

Ðîçâ'ÿçàâøè îñòàííþ íåðiâíiñòü âiäíîñíî
(min
[0,T ]

a(t))−1/2, ìàòèìåìî

a(t) ≥ A0 > 0, t ∈ [0, T ].

Îòæå, îöiíêè ðîçâ'ÿçêiâ ñèñòåìè (10)
âñòàíîâëåíî (ïðî âèêîíàííÿ íåðiâíîñòi
−c(t) ≥ 0 çàçíà÷åíî âèùå).

Ïåðåïèøåìî ñèñòåìó (10) â òàêîìó âèãëÿ-
äi:

b(t) = P (b(t)),

äå
P = (P1(a, c)(t), P2(a, c)(t)),

b(t) = (a(t), c(t)).

Äëÿ äîñëiäæåííÿ öi¹¨ ñèñòåìè çàñòîñó¹ìî
òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó öië-
êîì íåïåðåðâíîãî îïåðàòîðà. Ìíîæèíà Φ =
{(a(t), c(t)): a(t), c(t) ∈ C[0, T ], A0 ≤ a(t) ≤
A1, 0 ≤ −c(t) ≤ C1} � îïóêëà i îáìåæå-
íà â ïðîñòîði C[0, T ] × C[0, T ]. Ó [6] ïîêà-
çàíî, ùî îïåðàòîð P : Φ → Φ öiëêîì íå-
ïåðåðâíèé. Îòæå, iñíó¹ ðîçâ'ÿçîê ðiâíÿííÿ
b(t) = P (b(t)), à çíà÷èòü, i çàäà÷i (1)�(4).
Òåîðåìó äîâåäåíî.

�äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)-(4) âñòàíîâ-
ëþ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 2. Ðîçâ'ÿçîê çàäà÷i (1)�(4)
¹äèíèé çà óìîâè

µ1(t)
(
µ′2(t)−

h∫

0

xf(x, t)dx
)
− µ2(t)

(
µ′1(t)−

−
h∫

0

f(x, t)dx
)
6= 0, t ∈ [0, T ]. (18)

Äîâåäåííÿ. Ïðèïóñòèìî, ùî
iñíó¹ äâà ðîçâ'ÿçêè çàäà÷i (1)�(4)
(ai(t), ci(t), ui(x, t)), i = 1, 2. Äëÿ ¨õ
ðiçíèöi b(t) = a1(t) − a2(t), d(t) =
c1(t) − c2(t), v(x, t) = u1(x, t) − u2(x, t)
îòðèìó¹ìî çàäà÷ó ïðî çíàõîäæåííÿ íåâiäî-
ìîãî äæåðåëà

vt = a1(t)vxx + c1(t)v + b(t)u2xx(x, t)+

+d(t)u2(x, t), (x, t) ∈ QT , (19)

v(x, 0) = 0, x ∈ [0, h], (20)

v(h, t)− v(0, t) = 0,

vx(h, t)− vx(0, t) = 0, t ∈ [0, T ], (21)

h∫

0

xiv(x, t)dx = 0, i = 0, 1, t ∈ [0, T ]. (22)

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2001. Âèïóñê 111. Ìàòåìàòèêà. 103



Iíòåãðóþ÷è çà x âiä 0 äî h ðiâíÿííÿ (19) òà
ðiâíÿííÿ, îòðèìàíå ç (19) ìíîæåííÿì íà x,
i âðàõîâóþ÷è óìîâè (21), (22), ïðèõîäèìî äî
ñèñòåìè ðiâíÿíü

b(t)

h∫

0

u2xx(x, t)dx + d(t)

h∫

0

u2(x, t)dx = 0,

b(t)

h∫

0

xu2xx(x, t)dx+ (23)

+d(t)

h∫

0

xu2(x, t)dx = −a1(t)vx(h, t),

äå v(x, t)�ðîçâ'ÿçîê ïðÿìî¨ çàäà÷i (19)�(21),
ÿêèé øóêà¹ìî àíàëîãi÷íî òîìó, ÿê ïðè äî-
âåäåííi òåîðåìè 1.

ßêùî âèêîíó¹òüñÿ óìîâà
h∫

0

u2xxdx

h∫

0

xu2dx− (24)

−
h∫

0

u2dx

h∫

0

xu2xxdx 6= 0, t ∈ [0, T ],

òî ñèñòåìà ðiâíÿíü (23) çâîäèòüñÿ äî íîð-
ìàëüíîãî âèãëÿäó. Ïåðåòâîðèìî ñïiââiäíî-
øåííÿ (24) çà äîïîìîãîþ ðiâíÿííÿ (1) òà
óìîâ (4):

µ2(t)

a2(t)

h∫

0

(u2t(x, t)− c2(t)u2(x, t)−f(x, t))dx−

−µ1(t)

a2(t)

h∫

0

x(u2t(x, t)−c2(t)u2(x, t)−f(x, t))dx

=
µ2(t)

a2(t)
(µ1

′
(t)− c2(t)µ1(t)−

h∫

0

f(x, t)dx)−

−µ1(t)

a2(t)
(µ2

′
(t)−c2(t)µ2(t)−

h∫

0

xf(x, t)dx) 6= 0.

Ïðàâèëüíiñòü äàíîãî ñïiââiäíîøåííÿ âèïëè-
âà¹ ç óìîâè (18). Îòæå, ïðè âèêîíàííi óìî-
âè (18) çàäà÷à (19)�(22) åêâiâàëåíòíà ñèñòå-
ìi îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëü-
òåððè äðóãîãî ðîäó. Ðîçâ'ÿçîê öi¹¨ ñèñòå-
ìè ¹äèíèé b(t) = d(t) ≡ 0, t ∈ [0, T ], òîäi
v(x, t) ≡ 0, (x, t) ∈ QT . Òåîðåìà äîâåäåíà.

Ñëiä çàóâàæèòè, ùî óìîâè ¹äèíîñòi
ðîçâ'ÿçêó çàäà÷i (1)�(4) iñòîòíî ñëàáøi âiä
óìîâ iñíóâàííÿ, ïðè÷îìó óìîâà (18) ìiñòè-
òüñÿ â óìîâàõ 2) òåîðåìè 1.
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