
ÓÄÊ 517.929.7

c©2001 ð. Î.Â.Ìàòâié, I.Ì.×åðåâêî
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, ×åðíiâöi

ÀÏÐÎÊÑÈÌÀÖIß ÊÐÀÉÎÂÈÕ ÇÀÄÀ× ÄËß ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ
ÐIÂÍßÍÜ IÇ ÇÀÏIÇÍÅÍÍßÌ

Äîñëiäæåíî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî�� çàäà÷i äëÿ äèôåðåíöiàëüíîãî
ðiâíÿííÿ iç çàïiçíåííÿì. Çàïðîïîíîâàíî é îáãðóíòîâàíî ñõåìó àïðîêñèìàöi�� êðàéîâî�� çàäà÷i
iç çàïiçíåííÿì êðàéîâîþ çàäà÷åþ äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

The su�cient conditions for the existence of solution of boundary value problem for delay
di�erential equations are researched. The scheme of the aproximation of boundary value problem
with delay by boundary value problem for ordinary di�erential equations system is given and
described.

Êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíî-
ðiçíèöåâèõ ðiâíÿíü c ìàòåìàòè÷íèìè ìî-
äåëÿìè âàæëèâèõ ïðèêëàäíèõ çàäà÷ îïòè-
ìàëüíîãî êåðóâàííÿ, åëåêòðîäèíàìiêè, åêî-
ëîãi�� òà ií. [1]. Çíàéòè òî÷íèé ðîçâ'ÿçîê òà-
êèõ çàäà÷ ìîæíà òiëüêè â íàéïðîñòiøèõ
âèïàäêàõ. Äëÿ çíàõîäæåííÿ íàáëèæåíèõ
ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ iç çàïiçíåííÿì
ðîçâèíóòî ìåòîäè êîëîêàöié [2] òà ñïëàéí-
ôóíêöié [3, 4].

Ìåòîþ äàíî�� ðîáîòè c îáãðóíòóâàííÿ ñõå-
ìè àïðîêñèìàöi�� êðàéîâî�� çàäà÷i iç çàïiçíå-
ííÿì êðàéîâèìè çàäà÷àìè äëÿ ñèñòåìè çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Àïðîêñè-
ìàöiÿ ïî÷àòêîâèõ çàäà÷ iç çàïiçíåííÿì ðîç-
ãëÿäàëàñü â ïðàöÿõ [5, 6] òà iíøèõ.

1. Ïîñòàíîâêà çàäà÷i, iñíóâàííÿ
ðîçâ'ÿçêó. Ðîçãëÿíåìî êðàéîâó çàäà÷ó

y′′(t) = f(t, y(t), y(t− τ)), t ∈ [a, b], (1)

y(t) = ϕ(t), t ∈ [a− τ, a], y(b) = γ. (2)

Íåõàé f(t, u1, u2) - íåïåðåðâíà ôóíêöiÿ â
îáëàñòi G = [a, b]×G1×G1, äå G1 = {u ∈ R :
|u| ≤ P1}, P1, τ - äîäàòíi ñòàëi, γ ∈ R, ϕ(t) -
çàäàíà íåïåðåðâíà ôóíêöiÿ íà [a− τ, a].

Çàïðîâàäèìî ïîçíà÷åííÿ
P = sup{|f(t, u1, u2)| : |ui| ≤ P1, i = 1, 2, a ≤
t ≤ b}, J = [a − τ, a], I = [a, b], B(J ∪ I) =
{y(t) : y(t) ∈ C(J ∪ I) ∩ (C2(I)), |y(t)| ≤ P1}.

Ðîçâ'ÿçêîì çàäà÷i (1), (2) áóäåìî ââàæàòè
ôóíêöiþ y(t) ∈ B(J ∪ I), ÿêà çàäîâîëüíÿc
ðiâíÿííÿ (1) òà êðàéîâi óìîâè (2).

Ââåäåìî â êëàñi ôóíêöié B(J ∪ I) íîð-
ìó ‖y‖B = max

t∈J∪I
|y(t)|. Ç öicþ íîðìîþ äàíèé

êëàñ c áàíàõîâèì ïðîñòîðîì.
Òåîðåìà 1. Íåõàé ñïðàâäæóþòüñÿ óìî-

âè:

1) (b− a)2

8
P + max{‖ϕ‖, |γ|} ≤ P1;

2) â îáëàñòi G ôóíêöiÿ f(t, u1, u2)
çàäîâîëüíÿc óìîâó Ëiïøèöÿ:

|f(t, u1, u2)− f(t, u1, u2)| ≤
≤ L|u1 − u1|+ L2|u2 − u2|;

3) (L1 + L2)
(b− a)2

8
< 1.

Òîäi â êëàñi ôóíêöié B iñíóc cäèíèé
ðîçâ'ÿçîê êðàéîâî�� çàäà÷i (1), (2).

Äîâåäåííÿ. Êðàéîâà çàäà÷à (1), (2)
åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ [7]

y(t) =

b∫

a−τ

G(t, s)f(s, y(s), y(s− τ))ds + l(t),

(3)
äå

G(t, s) =

{
G(t, s), {t, s} ⊂ I,
0 â iíøèõ âèïàäêàõ,

l(t) =

{
ϕ(t), t ∈ J,
γ−ϕ(a)
(b−a)

(t− a) + ϕ(a), t ∈ I,
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G(t, s) � ôóíêöiÿ Ãðiíà êðàéîâî�� çàäà÷i

y′′(t) = 0, t ∈ I, y(a) = y(b) = 0.

Âèçíà÷èìî îïåðàòîð T ðiâíiñòþ

(Ty)(t) =

b∫

a−τ

G(t, s)f(s, y(s), y(s−τ))ds+l(t),

t ∈ J ∪ I.

Ïðè âèêîíàííi óìîâè 1) îïåðàòîð T
âiäîáðàæàc ïðîñòið B(J ∪ I) â ñåáå. Íåõàé
{y1, y2} ⊂ B(J ∪ I), òîäi, âðàõîâóþ÷è îöiíêó

b∫

a

|G(t, s)|ds ≤ (b − a)2/8, t ∈ I, i óìîâó 2),

äiñòàcìî

|T (y1)−T (y2)| ≤
b∫

a

|G(t, s)||f(t, y1(s), y1(s−τ))−

−f(s, y2(s), y2(s− τ))|ds ≤
b∫

a

|G(t, s)|×

×(L1|y1(s)−y2(s)|+L2|y1(s−τ)−y2(s−τ)|)ds ≤

≤ (b− a)2

8
(L1 + L2)‖y1 − y2‖B.

Íà ïiäñòàâi öic�� îöiíêè òà óìîâè 3)
îäåðæócìî, ùî îïåðàòîð T ñòèñêàþ÷èé. Îò-
æå, âií ìàc â ïðîñòîði B cäèíó íåðóõîìó òî-
÷êó. Òåîðåìà 1 äîâåäåíà.

Íàñëiäîê. Ðîçâ'ÿçîê êðàéîâî�� çàäà÷i (1),
(2) c ãðàíèöåþ çà íîðìîþ ïðîñòîðó B(J∪I)
ïîñëiäîâíîñòi ôóíêöié yk(t), k ∈ {0, 1, ...},
ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè

y0(t) =

b∫

a−τ

G(t, s)f(s, 0, 0)ds + l(t),

yk(t) = (Tyk−1(t))(t), k ∈ {1, 2, · · ·}.

2.Àïðîêñèìàöiÿ êðàéîâî�� çàäà÷i.
Çàñòîñócìî ñõåìó àïðîêñèìàöi�� ïî÷àòêîâèõ
çàäà÷ äëÿ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâ-
íÿíü [5, 6] äî íàáëèæåííÿ êðàéîâî�� çàäà÷i
(1), (2).

Ïîñòàâèìî ó âiäïîâiäíiñòü çàäà÷i (1), (2)
êðàéîâó çàäà÷ó äëÿ ñèñòåìè çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

z′′0 (t) = f(t, z0(t), zm(t)), t ∈ I, (4)

zi(t) = µ(zi−1(t)− zi(t)), i = 1,m, (5)

zi(a) = ϕ

(
a− iτ

m

)
, i = 0,m, z0(b) = γ.

(6)
Áóäåìî ãîâîðèòè, ùî êðàéîâà çàäà÷à

(4)�(6) àïðîêñèìóc êðàéîâó çàäà÷ó (1), (2),
ÿêùî ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ

∣∣∣∣zj(t)− yj

(
t− jτ

m

)∣∣∣∣ → 0 ïðè m →∞,

t ∈ I, j = 0, m.

Äëÿ îáãðóíòóâàííÿ àïðîêñèìàöi��
äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü ñè-
ñòåìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ãîëîâíó ðîëü âiäiãðàc àïðîêñèìàöiÿ
åëåìåíòà çàïiçíåííÿ.

Ëåìà 1. Ðîçãëÿíåìî ñèñòåìó ëiíiéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü

τ

m
z′1(t) + z1(x) = x(t),

τ

m
z′j(t) + zj(x) = zj−1(t), j = 2,m, t ∈ I,

(7)
ç ïî÷àòêîâèìè óìîâàìè

zj(a) = x
(
a− j

τ

m

)
, j = 1,m,m ∈ N, (8)

äå x ∈ C(J ∪ I). Òîäi ñïðàâäæóþòüñÿ íåðiâ-
íîñòi∣∣∣zj(t)− x

(
t− j

τ

m

)∣∣∣ ≤ 2ω
(
x,

τ

m

)
(eτ + 1),

t ∈ I, j = 1,m, m ∈ N, (9)

äå ω(x, σ) - ìîäóëü íåïåðåðâíîñòi ôóíêöi��
x(t) íà J ∪ I.

Äîâåäåííÿ. Ðîçãëÿíåìî ñïî÷àòêó âèïà-
äîê, êîëè x ∈ C1(J ∪ I). Ââåäåìî ôóíêöi��
yj(t) = x

(
t− j

τ

m

)
, j = 1,m, m ∈ N i îöi-

íèìî ðiçíèöi εj(t) = zj(t) − yj(t), j = 1,m.
Äëÿ ε1(t) ñïðàâäæócòüñÿ îöiíêà |ε1(t)| ≤
|z1(t)− y1(t)| ≤ τ

m
ω

(
x′,

τ

m

)
.
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Âðàõîâóþ÷è ñïiââiäíîøåííÿ z1(t) =
ε1(t) + y1(t), çàïèøåìî çîáðàæåííÿ z2(t) =

z
(1)
2 (t) + z

(2)
2 (t), äå z

(1)
2 i z

(2)
2 (t) - ðîçâ'ÿçêè çà-

äà÷
τ

m
z
′(1)
2 (t) + z

(1)
2 (t) = y1(t),

z
(1)
2 (a) = y2(a);

τ

m
z
′(2)
2 (t) + z

(2)
2 (t) = ε1(t),

z
(2)
2 (a) = 0.

Òåïåð îäåðæócìî

|ε2(t)| = |z2(t)− y2(t)| = |z(1)
2 (t)− y2(t)+

+z
(2)
2 (t)| ≤ |z(1)

2 − y2|+ |z(2)
2 | ≤ τ

m
ω

(
x′,

τ

m

)
+

+
τ

m

τ

m
ω

(
x′,

τ

m

)
=

τ

m
ω

(
x′,

τ

m

)(
1 +

τ

m

)
.

Ïðîäîâæóþ÷è àíàëîãi÷íî, äiñòàíåìî

|εj(t)| ≤ τ

m
ω

(
x′,

τ

m

)(
1 +

τ

m

)j−1

≤

≤ τ

m
ω

(
x′,

τ

m

)(
1 +

τ

m

)m−1

≤ (10)

≤ τ

m
ω

(
x′,

τ

m

)
eτ , j = 1, m.

Ïîñëàáèìî òåïåð ïðèïóùåííÿ ùîäî x(t).
Ïðèïóñòèìî, ùî âîíà íåïåðåðâíà ïðè t ∈ J∪
I. Ðîçãëÿíåìî çãëàäæåíó ôóíêöiþ

x(1)(t) =
1

h

t+h∫

t

x(ξ)dξ (t ∈ J ∪ I)

(ôóíêöiþ x(t) íà âiäðiçîê [b, b + h]
ïðîäîâæócìî ïî íåïåðåðâíîñòi ÿê ñòàëó).

Îöiíèìî ðiçíèöþ x(2)(t) = x(t)− x(1)(t):

∣∣x(2)(t)
∣∣ =

∣∣∣∣∣∣
x(t)− 1

h

t+h∫

t

x(ξ)dξ

∣∣∣∣∣∣
=

= |x(t)− x(s)| ≤ ω(x, h),

äå s ∈ [t, t + h].
ßêùî òåïåð ó ñèñòåìi (7) ââàæàòè, ùî

x(t) = x(1)(t) + x(2)(t), òî çãiäíî ç ���� ëiíié-
íiñòþ ðîçâ'ÿçîê áóäå ñóìîþ ôóíêöié, ÿêi c
ðîçâ'ÿçêàìè òàêèõ ñèñòåì:

τ

m
z
′(1)
1 (t) + z

(1)
1 (t) = x(1)(t),

τ

m
z
′(1)
j (t) + z

(1)
j (t) = z

(1)
j−1(t), j = 2,m, (11)

z
(1)
j (a) = yj(a), j = 1,m,

τ

m
z
′(2)
1 (t) + z

(2)
1 (t) = x(2)(t),

τ

m
z
′(2)
j (t) + z

(2)
j (t) = z

(2)
j−1(t), j = 2,m, (12)

z
(2)
j (a) = 0, j = 1, m.

Îòæå,

|zj(t)− yj(t)| = |z(1)
j (t) + z

(2)
j (t)− y

(1)
j (t)−

−y
(2)
j (t)| ≤ |z(1)

j (t)−y
(1)
j (t)|+|z(2)

j (t)|+|y(2)
j (t)|.

Î÷åâèäíî, ùî |y(2)
j (t)| =

∣∣∣∣x(2)

(
t− jτ

m

)∣∣∣∣ ≤
ω(x, h). Òà ñàìà íåðiâíiñòü ïðàâèëüíà é äëÿ
|z(2)

j (t)|. Äëÿ îöiíêè ðiçíèöi |z(1)
j (t) − y

(1)
j (t)|

ìîæíà çàñòîñóâàòè íåðiâíiñòü (10), îñêiëüêè
x(1)(t) - âæå äîñòàòíüî ãëàäêà ôóíêöiÿ. Îò-
æå,

|zj(t)− yj(t)| ≤ τ

m
ω

(
x′(1),

τ

m

)
eτ + 2ω(x, h).

(13)
Âðàõîâóþ÷è âèãëÿä ôóíêöi�� x(1)(t),
îäåðæócìî

ω
((

x(1)
)′

,
τ

m

)
≤

≤ 1

h
max

|t1 − t2| ≤ τ
m

t1, t2 ∈ [a− τ, b]

|[x(t1 + h)− x(t1)]+

+[x(t2 + h)− x(t2)]| ≤ 2

h
ω

(
x,

τ

m

)
. (14)

Ïåðåïèøåìî íåðiâíiñòü (13) ç óðàõóâàí-
íÿì (14) ó âèãëÿäi

|zj(t)− yj(t)| ≤ 2τ

hm
ω

(
x,

τ

m

)
eτ + 2ω(x, h).

Ïîêëàäàþ÷è h = τ/m, ìàòèìåìî

|zj(t)− yj(t)| ≤ 2ω
(
x,

τ

m

)
(eτ + 1),

t ∈ I, j = 1,m, m ∈ N.

Ëåìà 1 äîâåäåíà.

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 2001. Âèïóñê 111. Ìàòåìàòèêà. 87



Çàóâàæåííÿ. Ëåìà 1 óòî÷íþc îöií-
êè àïðîêñèìàöi�� åëåìåíòà çàïiçíåííÿ, ÿêi
îäåðæàíi â [5, 6].

Ðîçãëÿíåìî ïèòàííÿ áëèçüêîñòi ðîçâ'ÿç-
êiâ çàäà÷ (1), (2) i (4)�(6). Íåõàé

Nj(t) = max
a≤ξ≤t

∣∣∣∣zj(ξ)− y

(
ξ − jτ

m

)∣∣∣∣ , t ∈ I.

(15)

Çàïèøåìî çîáðàæåííÿ zj(t) = z
(1)
j (t) +

z
(2)
j (t), äå z

(1)
j (t) i z

(2)
j (t) - ðîçâ'ÿçêè çàäà÷

τ

m
z
′(1)
1 (t) + z

(1)
1 (t) = y(t),

τ

m
z
′(1)
j (t) + z

(1)
j (t) = z

(1)
j−1(t), j = 1,m, (16)

z
(1)
j (a) = y

(
a− jτ

m

)
, j = 1, m.

τ

m
z
′(2)
1 (t) + z

(2)
1 (t) = z0(t)− y(t),

τ

m
z
′(2)
j (t) + z

(2)
j (t) = z

(2)
j−1(t), j = 1,m, (17)

z
(2)
j (a) = 0, j = 1,m.

Äëÿ ðiçíèöi
∣∣∣∣zj(t)− y

(
t− jτ

m

)∣∣∣∣
ñïðàâäæócòüñÿ íåðiâíiñòü

∣∣∣∣zj(t)− y

(
t− jτ

m

)∣∣∣∣ ≤

≤
∣∣∣∣z

(1)
j (t)− y

(
t− jτ

m

)∣∣∣∣ + |z(2)
j |. (18)

Íà ïiäñòàâi ëåìè 1 ìîæíà ñòâåðäæóâàòè,
ùî

∣∣∣z(1)
j (t)− yj(t)

∣∣∣ ≤ 2ω
(
y,

τ

m

)
(eτ + 1).

Äëÿ äðóãîãî äîäàíêà â ïðàâié ÷àñòèíi íå-
ðiâíîñòi (18) íåñêëàäíî îäåðæàòè îöiíêó

|z(2)
j (t)| ≤ max

a≤ξ≤t
|z0(ξ)− y(ξ)| = N0(t).

Iç öèõ îöiíîê äiñòàcìî íåðiâíiñòü

Nj(t) ≤ 2ω
(
e,

τ

m

)
(eτ + 1) + N0(t),

j = 1,m, t ∈ I. (19)

Êðàéîâà çàäà÷à äëÿ ôóíêöi�� z0(t) åêâiâà-
ëåíòíà iíòåãðàëüíîìó ðiâíÿííþ

z0(t) =

b∫

a

G(t, s)f(s, z0(s), zm(s))ds+

+
γ − ϕ(a)

b− a
(t− a) + ϕ(a), t ∈ I. (20)

Âðàõîâóþ÷è âëàñòèâîñòi ôóíêöi��
f(t, u1, u2) iç (3), (20) çíàõîäèìî ïðè t ∈ I

|y0(t)−z0(t)| ≤
b∫

a

|G(t, s)||f(s, y(s), y(s−τ))−

−f(s, z0(s), zm(s))|ds ≤

≤
b∫

a

|G(t, s)||L1N0(s) + L2Nm(s)|ds.

Îñòàííÿ íåðiâíiñòü ñïðàâäæócòüñÿ äëÿ
áóäü-ÿêîãî t ∈ I. Òîìó, îöiíþþ÷è |G(t, s)|
ïðè {t, s} ⊂ I òà ïiäñòàâëÿþ÷è Nm(s) iç îöií-
êè (19), äiñòàíåìî

N0(b) ≤ b− a

4

b∫

a

((L1 + L2)N0(s)+

+2L2(e
τ + 1)ω

(
y,

τ

m

)
)ds.

Ñêîðèñòàâøèñü òåïåð íåðiâíiñòþ Ãðîíó-
îëëà, îäåðæócìî

N0(b) ≤ (b− a)2

2
L2(e

τ + 1)ω
(
y,

τ

m

)
×

×e
(b−a)2

4
(L1+L2),

à íåðiâíiñòü (19) íàáóâàc âèãëÿäó

Nj(b) ≤
[
2 +

(b− a)2

2
L2e

(b−a)2

4
(L1+L2)

]
×

×(eτ + 1)ω
(
y,

τ

m

)
, j = 1, m.

Ïiäñóìócìî îäåðæàíèé ðåçóëüòàò ó âè-
ãëÿäi òåîðåìè.

Òåîðåìà 2. Íåõàé ôóíêöiÿ f(t, u1, u2)
çàäîâîëüíÿc óìîâè òåîðåìè 1. Òîäi êðàéîâà
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çàäà÷à (4)�(6) àïðîêñèìóc êðàéîâó çàäà÷ó
(1), (2) i ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ

max
t∈I

∣∣∣∣zj(t)− y

(
t− jτ

m

)∣∣∣∣ ≤

≤ K2ω
(
y,

τ

m

)
, t ∈ I, j = 1,m,

äå ñòàëà K2 > 0 íå çàëåæèòü âiä j òà m.
3. Ïðèêëàä. Ðîçãëÿíåìî ÷èñåëüíèé ïðè-

êëàä, ÿêèé iëþñòðóc íàâåäåíó ìåòîäèêó
àïðîêñèìàöi�� êðàéîâèõ çàäà÷ iç çàïiçíåííÿì:

y′′ = − 1

16
sin y(t)−(t+1)y(t−1)+t, t ∈ [0, 2],

y(t) = t− 1

2
, t ∈ [−1, 0], y(2) = −1

2

t yc(t) y50
θ y100

θ

0,5 -1,543053 -1,550167 -1,544859
1,0 -2,081821 -2,095341 -2,084506
1,5 -1,962343 -1,968893 -1,963352

yc(t) - ðîçâ'ÿçîê, îäåðæàíèé ó [8] ìåòîäîì
ñòðiëüáè ç êðîêîì h = 2−11;
ym

θ - ðîçâ'ÿçîê àïðîêñèìóþ÷î�� êðàéîâî�� çà-
äà÷i äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ïðè m = 50, 100, çíàéäåíèé çà ðiçíè-
öåâîþ ñõåìîþ ç êðîêîì h = 0, 01.

Îäíàêîâà òî÷íiñòü äîñÿãàcòüñÿ ïðè çíà-
÷íî ìåíøèõ, ó ïîðiâíÿííi ç [8], îá÷èñëþ-
âàëüíèõ çàòðàòàõ.
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