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ÔÓÍÊÖIÉ
Âñòàíîâëåíî åêâiâàëåíòíiñòü äâîõ îïåðàòîðiâ, ÿêi ¹ ëiâèìè îáåðíåíèìè äî ñòåïåíÿ iíòå-

ãðóâàííÿ, ó ïðîñòîði àíàëiòè÷íèõ ôóíêöié.

It is obtained the similarity of two operators which are left inverse to a degree of integration
in a space of analytic functions.

Íåõàé n ∈ N, ω = exp(2πi
n

), à G � çiðêîâà
âiäíîñíî íóëÿ îáëàñòü êîìïëåêñíî¨ ïëîùè-
íè, äëÿ ÿêî¨ ωG = G. ×åðåçH(G) ïîçíà÷èìî
ïðîñòið óñiõ àíàëiòè÷íèõ ó G ôóíêöié, ùî
íàäiëåíèé òîïîëîãi¹þ êîìïàêòíî¨ çáiæíîñòi,
à ÷åðåç I òà ∂ � âiäïîâiäíî îïåðàòîðè iíòå-
ãðóâàííÿ òà äèôåðåíöiþâàííÿ íà öüîìó ïðî-
ñòîði, òîáòî

(If)(z) =

z∫

0

f(ζ)dζ,

(∂f)(z) = f ′(z), f ∈ H(G).

Ó äàíié ðîáîòi âñòàíîâëåíî åêâiâàëåí-
òíiñòü ó H(G) îïåðàòîðà A âèäó

(Af)(z) = (∂nf)(z) +
n−1∑

k=0

ak(z)f (k)(0), (1)

äå ak(z), k = 0, n− 1, � ôiêñîâàíi ôóíêöi¨
ç H(G), òà îïåðàòîðà ∂n, òîáòî ïîáóäîâàíî
òàêèé içîìîðôiçì T ïðîñòîðó H(G) íà ñåáå,
ùî

AT = T∂n. (2)

Êðiì öüîãî, ïîáóäîâàíèé îïåðàòîð T çàäî-
âîëüíÿ¹ óìîâè

(Tf)(k)(0) = f (k)(0), k = 0, n− 1, f ∈ H(G).

Çàóâàæèìî, ùî ôîðìóëîþ (1) äà¹òüñÿ çà-
ãàëüíèé âèãëÿä îïåðàòîðiâ, ÿêi ¹ ëiâèìè
îáåðíåíèìè äî In.

Âiäçíà÷èìî, ùî äëÿ âèïàäêó n = 1 öÿ çà-
äà÷à áóëà ðîçâ'ÿçàíà â [1]. Êðiì öüîãî, â [2]
âñòàíîâëåíî åêâiâàëåíòíiñòü äâîõ îïåðàòî-
ðiâ çàãàëüíiøîãî âèäó, íiæ (1), àëå â ïðîñòî-
ðàõ ôóíêöié, àíàëiòè÷íèõ ó êðóãîâèõ îáëà-
ñòÿõ.

Äëÿ ïîáóäîâè ëiíiéíîãî íåïåðåðâíîãî
îïåðàòîðà T , ÿêèé çàäîâîëüíÿ¹ ðiâíÿííÿ
(2), âèêîðèñòà¹ìî çàïðîïîíîâàíèé ó [3] àïà-
ðàò õàðàêòåðèñòè÷íèõ ôóíêöié äëÿ ëiíiéíèõ
íåïåðåðâíèõ îïåðàòîðiâ.

Íåõàé t(λ, z) = T (eλz), äå λ ∈ C. Ïîäiÿâ-
øè îáîìà ÷àñòèíàìè ðiâíîñòi (2) íà ôóíêöiþ
eλz, îòðèìà¹ìî

∂nt

∂zn
(λ, z) +

n−1∑

k=0

ak(z)
∂kt

∂zk
(λ, 0) =

= λnt(λ, z). (3)

Ïîêëàäàþ÷è

bk(λ) =
∂kt

∂zk
(λ, 0), k = 0, n− 1,

ìàòèìåìî, ùî ôóíêöiÿ t(λ, z) çàäîâîëüíÿ¹
äèôåðåíöiàëüíå ðiâíÿííÿ

∂nt

∂zn
(λ, z)− λnt(λ, z) = −

n−1∑

k=0

ak(z)bk(λ).

Ðîçâ'ÿæåìî öå ðiâíÿííÿ ìåòîäîì âàðiàöi¨
ñòàëèõ. Òîìó øóêàòèìåìî t(λ, z) ó âèãëÿäi

t(λ, z) =
n−1∑

k=0

ck(λ, z)eωkλz,
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äå ck(λ, z), k = 0, n− 1, çíàéäåìî iç ñèñòåì




n−1∑
k=0

ωkmeωkλz ∂ck

∂z
(λ, z) = 0,m = 0, n− 2,

λn−1
n−1∑
k=0

ωk(n−1)eωkλz ∂ck

∂z
(λ, z) = (4)

= −
n−1∑
k=0

ak(z)bk(λ)

i
n−1∑

k=0

λmωkmck(λ, 0) = bm(λ), m = 0, n− 1.

(5)
Îñêiëüêè îñíîâíèé âèçíà÷íèê ñèñòåìè

(4) äîðiâíþc

λn−1

∣∣∣∣∣∣∣∣∣∣

eλz eωλz · · · eωn−1λz

eλz ωeωλz · · · ωn−1eωn−1λz

eλz ω2eωλz · · · ω2(n−1)eωn−1λz

· · · · · · · · · · · ·
eλz ωn−1eωλz · · · ω(n−1)2eωn−1λz

∣∣∣∣∣∣∣∣∣∣

=

= λn−1eλz(1+ω+...+ωn−1)
∏

0≤j<i≤n−1

(ωi − ωj) =

= λn−1
∏

0≤j<i≤n−1

(ωi − ωj),

à âiäïîâiäíi äîïîìiæíi âèçíà÷íèêè ∆k,
k = 0, n− 1, ìàþòü âèãëÿä

∆k = (−1)n+k+2

n−1∑
m=0

am(z)bm(λ)×

×
∏

0≤j<i≤n−1,i,j 6=k

(ωi − ωj)e−ωkλz,

òî äëÿ k = 0, n− 1

∂ck

∂z
(λ, z) = −

n−1∑
m=0

am(z)bm(λ)e−ωkλz×

×
(

λn−1
∏

0≤j≤n−1,j 6=k

(ωk − ωj)

)−1

=

= − ωk

nλn−1

n−1∑
m=0

am(z)bm(λ)e−ωkλz.

Âðàõîâóþ÷è, ùî âèçíà÷íèê ñèñòåìè (5)
∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1
λ λω · · · λωn−1

λ2 λ2ω2 · · · λ2ω2(n−1)

· · · · · · · · · · · ·
λn−1 λn−1ω2(n−1) · · · λn−1ω(n−1)2

∣∣∣∣∣∣∣∣∣∣

=

= λ
n(n−1)

2

∏
0≤j<i≤n−1

(ωi − ωj)

âiäìiííèé âiä òîòîæíîãî íóëÿ i äëÿ êîæíîãî
m = 0, n− 1

n−1∑

k=0

λmωkm 1

n

n−1∑
s=0

bs(λ)

λsωks
=

=
1

n

n−1∑
s=0

bs(λ)λm−s

n−1∑

k=0

ω(m−s)k = bm(λ),

îäåðæó¹ìî

ck(λ, 0) =
1

n

n−1∑
s=0

bs(λ)

λsωks
=

=
ωk

nλn−1

n−1∑
s=0

(λωk)n−s−1bs(λ), k = 0, n− 1.

Îòæå, äëÿ k = 0, n− 1

ck(λ, z) =
ωk

nλn−1

[
n−1∑
s=0

(λωk)n−s−1bs(λ)−

−
z∫

0

n−1∑
s=0

as(t)bs(λ)e−ωkλtdt


 .

Òîìó

t(λ, z) =
n−1∑

k=0

ωk

nλn−1
×

×
[

n−1∑
s=0

(λωk)n−s−1bs(λ)e−ωkλz−

−
z∫

0

n−1∑
s=0

as(t)bs(λ)eωkλ(z−t)dt


 =

=
n−1∑
s=0

bs(λ)

nλs

n−1∑

k=0

ω−kseωkλz−
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−
z∫

0

n−1∑
s=0

as(t)
bs(λ)

nλn−1

n−1∑

k=0

ωkeωkλ(z−t)dt.

Íåõàé bs(λ) = λs, s = 0, n− 1. Òîäi

t(λ, z) =
n−1∑

k=0

eωkλz 1

n

n−1∑
s=0

ω−ks−

−
z∫

0

n−1∑
s=0

as(z − t)

nλn−s−1

n−1∑

k=0

ωkeωkλtdt =

= eλz −
z∫

0

n−1∑
s=0

as(z − t)

nλn−s−1

n−1∑

k=0

ωkeωkλtdt.

Ïîçíà÷èâøè

(Psf)(z) =
1

n

n−1∑

k=0

ω−ksf(ωkz), s = 0, n− 1,

i ñêîðèñòàâøèñü òèì, ùî äëÿ s = 0, n− 2

In−s−1Pse
λt =

1

n

n−1∑

k=0

ω−ksIn−s−1eωkλt =

=
1

n

n−1∑

k=0

ω−ks

(λωk)n−s−1

(
eωkλt −

n−s−2∑
j=0

(ωkλt)j

j!

)
=

=
1

nλn−s−1

n−1∑

k=0

ωkeωkλt−

− 1

nλn−s−1

n−s−2∑
j=0

(λt)j

j!

n−1∑

k=0

ωk(j+1) =

=
1

nλn−s−1

n−1∑

k=0

ωkeωkλt,

îòðèìà¹ìî
t(λ, z) = eλz−

−
z∫

0

n−1∑
s=0

as(z − t)In−s−1Pse
λtdt. (6)

Òàêèì ÷èíîì, ôóíêöiÿ t(λ, z) âèãëÿäó (6)
¹ ðîçâ'ÿçêîì ðiâíÿííÿ

∂nt

∂zn
(λ, z)− λnt(λ, z) = −

n−1∑

k=0

λkak(z),

ïðè÷îìó
∂kt

∂zk
(λ, 0) = λk, k = 0, n− 1,

òîáòî öÿ ôóíêöiÿ çàäîâîëüíÿ¹ ñïiââiäíî-
øåííÿ (3).

Ðîçãëÿíåìî íà H(G) îïåðàòîð
(Tf)(z) = f(z)− (Bf)(z),

äå

(Bf)(z) =

z∫

0

n−1∑
s=0

as(z − t)(In−s−1Psf)(t)dt.

Î÷åâèäíî, ùî îïåðàòîðè B i T ëiíiéíi é
íåïåðåðâíi íà H(G). Äîâåäåìî, ùî T îáî-
ðîòíèé. Äëÿ öüîãî îöiíèìî |(Bmf)(z)| ïðè
f ∈ H(G), m ∈ N i z ∈ G.

Çàôiêñó¹ìî f ∈ H(G) i z ∈ G. Òîäi

|(Bf)(z)| =
∣∣∣∣∣∣

z∫

0

[an−1(z − t)(Pn−1f)(t)+

+
n−2∑
s=0

as(z − t)

t∫

0

(t− τ)n−s−2

(n− s− 2)!
(Psf)(τ)dτ ]dt

∣∣∣∣∣∣
≤

≤ |z|
1∫

0

[|an−1(z(1− u))||(Pn−1f)(zu)|+

+
n−2∑
s=0

|as(z(1− u))|×

×
1∫

0

(|z|u(1− v))n−s−2

(n− s− 2)!
|(Psf)(zuv)||z|udv]du ≤

≤
n−1∑
s=0

|z|n−sM(z, as)M(z, f) = |z|CM(z, f),

äå äëÿ g ∈ H(G)

M(z, g) = max
ζ∈Lz

|g(ζ)|

(òóò Lz = {ζ : ζ = ωjtz, 0 ≤ t ≤ 1,
0 ≤ j ≤ n− 1}), à

C =
n−1∑
s=0

|z|n−s−1M(z, as).
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Ïðèïóñòèìî, ùî äëÿ m ∈ N

|(Bmf)(z)| ≤ |z|mCm

m!
M(z, f),

i äîâåäåìî, ùî

|(Bm+1f)(z)| ≤ |z|m+1Cm+1

(m + 1)!
M(z, f).

Ñïðàâäi,

|(Bm+1f)(z)| ≤ |z|
1∫

0

|an−1(z(1− u))|×

×|(Pn−1B
mf)(zu)|du +

n−2∑
s=0

1∫

0

|as(z(1− u))|×

×
1∫

0

(|z|u(1− v))n−s−2

(n− s− 2)!
×

×|(PsB
mf)(zuv)||z|2udvdu ≤

≤ M(z, an−1)
|z|m+1Cm

m!
M(z, f)

1∫

0

umdu+

+
n−2∑
s=0

M(z, as)|z|n−s |z|mCm

m!
M(z, f)

1∫

0

vmdv =

=
|z|m+1Cm+1

(m + 1)!
M(z, f).

Íåõàé K � òàêèé çiðêîâèé âiäíîñíî íóëÿ
êîìïàêò iç G, ùî ωK = K. Òîäi, î÷åâèäíî,
äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ H(G)

max
z∈K

|(Bmf)(z)| ≤ Cm

m!
max
z∈K

|f(z)|,m ∈ N,

äå C � äåÿêà ñòàëà, ùî çàëåæèòü âiä ôóí-
êöié as(z), s = 0, n− 1, òà êîìïàêòà K. Îò-
æå, ðÿä

∞∑
m=0

Bmf çáiãà¹òüñÿ â H(G) äëÿ êî-
æíî¨ ôóíêöi¨ f ∈ H(G). Òîìó, çãiäíî ç òåîðå-
ìîþ Áàíàõà-Øòåéíãàóçà, îïåðàòîð

∞∑
m=0

Bm

ëiíiéíî òà íåïåðåðâíî äi¹ â H(G). Îñêiëüêè
âií ¹, î÷åâèäíî, îáåðíåíèì äî T , òî T � içî-
ìîðôiçì ïðîñòîðó H(G).

Ïåðåâiðèìî òåïåð, ÷è îïåðàòîð T çàäî-
âîëüíÿ¹ ðiâíÿííÿ (2), òîáòî, ÷è

ATf = T∂nf, f ∈ H(G).

Çðîçóìiëî, ùî äîñèòü äîâåñòè ïðàâèëüíiñòü
öi¹¨ ðiâíîñòi äëÿ ôóíêöié iç ïîâíî¨ â H(G)
ñèñòåìè {eλz : λ ∈ C}, òîáòî, ùî ïðè λ ∈ C

∂nTeλz +
n−1∑

k=0

ak(z)
[
(∂kTeλz)|z=0

]
=

= λnTeλz. (7)

Àëå ôóíêöiÿ t(λ, z) = Teλz ìà¹ âèãëÿä (6),
òîìó âîíà çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ (3),
ÿêå çáiãà¹òüñÿ ç (7).

Òàêèì ÷èíîì, âñòàíîâëåíà òàêà òåîðåìà.
Òåîðåìà. Íåõàé n ∈ N, ω = exp(2πi

n
),

G � çiðêîâà âiäíîñíî íóëÿ îáëàñòü êîìïëå-
êñíî¨ ïëîùèíè, äëÿ ÿêî¨ ωG = G, à ak(z),
k = 0, n− 1, � äîâiëüíî çàôiêñîâàíi ôóíêöi¨
ç ïðîñòîðó H(G). Òîäi îïåðàòîð ∂n i îïå-
ðàòîð A âèãëÿäó (1) åêâiâàëåíòíi â H(G).
Êðiì öüîãî, îäèí iç îïåðàòîðiâ ïåðåòâîðåí-
íÿ ∂n â A ìà¹ âèãëÿä

(Tf)(z) = f(z)−

−
z∫

0

n−1∑

k=0

ak(z − t)(In−k−1Pkf)(t)dt

äëÿ f ∈ H(G), ïðè÷îìó

(Tf)(k)(0) = f (k)(0), k = 0, n− 1.
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