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ÐIÇÍI ÔÎÐÌÈ ÎÇÍÀ×ÅÍÍß ÏÐÎÑÒÎÐIÂ ÒÈÏÓ W

Íàâåäåíi åêâiâàëåíòíi ôîðìè îçíà÷åííÿ ïðîñòîðiâ òèïó W .

Equivalent forms of de�nition of W type spaces are presented.

Ïðîñòîðè òèïó W áóëè ââåäåíi Á.Ë. Ãóðå-
âè÷åì ó 50-õ ðîêàõ. Âàæëèâiñòü öèõ ïðîñòî-
ðiâ ïîëÿãàc â òîìó, ùî âîíè øèðîêî âèêîðè-
ñòîâóþòüñÿ ïðè äîñëiäæåííi ïðîáëåìè ïðî
êëàñè cäèíîñòi òà êëàñè êîðåêòíîñòi ðîçâ'ÿç-
êiâ çàäà÷i Êîøi äëÿ ðiâíÿíü ç ÷àñòèííèìè
ïîõiäíèìè çi ñòàëèìè ( àáî çàëåæíèìè ëè-
øå âiä ÷àñó ) êîåôiöicíòàìè òà ðiâíÿíü, ùî
ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè, à
òàêîæ ïðîáëåìè ïðî ðîçâèíåííÿ ñàìîñïðÿ-
æåííèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ çà âëà-
ñíèìè ôóíêöiÿìè.

Ïðè âèðiøåííi öèõ ïðîáëåì âàæëèâî ìà-
òè îöiíêè ïîõiäíèõ ôóíêöié ç êëàñiâ òèïó
W íà äiéñíié îñi, îñêiëüêè ôóíäàìåíòàëü-
íi ðîçâ'ÿçêè çàäà÷i Êîøi äëÿ âêàçàíèõ ðiâ-
íÿíü, ÿê ïðàâèëî, c åëåìåíòàìè òèõ ÷è ií-
øèõ ïðîñòîðiâ òèïó W .

Ðîçãëÿíåìî ôóíêöiþ ω: [0, +∞) →
→ [0, +∞), ÿêà c íåïåðåðâíîþ i ìîíîòîííî
çðîñòàþ÷îþ, ïðè÷îìó ω(0) = 0, ω(1) > 1,
ω(∞) = ∞. Î÷åâèäíî, ùî äëÿ êîæíîãî n ∈
Z+ ðiâíÿííÿ xω(x) = n ìàc cäèíèé ðîçâ'ÿ-
çîê ρn < n ïðè n ≥ 1 i ρ0 = 0 ïðè n = 0.
Ïîñëiäîâíiñòü {ρn, n ∈ Z+} c çðîñòàþ÷îþ i
íåîáìåæåíîþ.

Äëÿ x ≥ 0 ðîçãëÿíåìî Ω(x) =

x∫

0

ω(η)dη.

Ôóíêöiÿ Ω c äèôåðåíöiéîâíîþ, çðîñòàþ÷îþ,
îïóêëîþ âíèç íà [0, +∞), ïðè÷îìó Ω(0) = 0,
Ω(+∞) = +∞. Äîâèçíà÷èìî ïàðíèì ÷èíîì
���� íà (−∞, 0].

Ðîçãëÿíåìî òàêîæ ôóíêöiþ µ : [0, +∞) →
→ [0, +∞), ÿêà ìàc òi æ âëàñòèâîñòi, ùî é
ôóíêöiÿ ω. Äëÿ x ≥ 0 âèçíà÷èìî

M(x) =

x∫

0

µ(ξ)dξ, M(−x) = M(x).

Çà ôóíêöiÿìè M, Ω ïîáóäócìî îñíîâíi
ïðîñòîðè WM ,WΩ,WΩ

M [1], äå

(ϕ ∈ WM) ⇐⇒ (∃n > 0 ∀n ∈ Z+ ∃Cn > 0

∀x ∈ R : |ϕ(n)(x)| ≤ Cn exp{−M(ax)});
(ϕ ∈ WΩ) ⇐⇒ (∃b > 0 ∀k ∈ Z+ ∃Ck > 0

∀z = x+iy ∈ C : |z(k)ϕ(z)| ≤ Ck exp{Ω(by)});
(ϕ ∈ WΩ

M) ⇐⇒ (∃a > 0 ∃b > 0 ∃C > 0

∀z = x + iy ∈ C :

|ϕ(z)| ≤ C exp{−M(ax) + Ω(by)}).
Òåîðåìà 1. Äëÿ ôóíêöi�� ϕ ∈ WM íàñòó-

ïíi òâåðäæåííÿ åêâiâàëåíòíi:

1)∃a > 0 ∀n ∈ Z+ ∃Cn > 0 ∀x ∈ R :

|ϕ(n)(x)| ≤ Cn exp{−M(ax)};
2)∃a1 > 0 ∀n ∈ Z+ ∃C(1)

n > 0 ∀k ∈ Z+

∃νk ∈ [0, k), ν0 = 0, ∀x ∈ R :

|xkϕ(n)(x)| ≤ C(1)
n

(
νk

a1

)k

exp{−M(νk)},

äå νk - ðîçâ'ÿçîê ðiâíÿííÿ xµ(x) = k, k ∈
∈ Z+.

Äîâåäåííÿ. Äîâåäåìî, ùî ç ïåðøîãî
òâåðäæåííÿ âèïëèâàc äðóãå. Íåõàé ñïðàâ-
äæócòüñÿ òâåðäæåííÿ 1). Ðîçãëÿíåìî äî-
âiëüíå k ∈ Z+ i äîìíîæèìî îáèäâi ÷àñòèíè
äàíî�� íåðiâíîñòi íà |x|k, x 6= 0. Òîäi

|xkϕ(n)(x)| ≤ Cn|x|k exp{−M(ax)}.
Çíàéäåìî sup

x>0
xk exp{−M(ax)}.
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Çàñîáàìè äèôåðåíöiàëüíîãî ÷èñëåííÿ
çíàõîäèìî, ùî xk = νk/a - òî÷êà ìàêñèìóìó
i

sup
x>0

xk exp{−M(ax)} =

(
νk

a

)k

exp{−M(νk)}.

Îòæå,

∃a > 0∀n ∈ Z+ ∃Cn > 0∀k ∈ Z+

∃νk ∈ [0, k), ν0 = 0, ∀x ∈ R :

|xkϕ(n)(x)| ≤ Cn

(
νk

a

)k

exp{−M(νk)},

äå νk - ðîçâ'ÿçîê ðiâíÿííÿ xµ(x) = k, k ∈
Z+.

Íåõàé òåïåð c ïðàâèëüíèì òâåðäæåííÿ
2). Òîäi äëÿ x 6= 0 îòðèìócìî

∀ k ∈ Z+ ∀n ∈ Z+ : |ϕ(n)(x)| ≤

≤ C(1)
n

(
νk

a1|x|
)k

exp{−M(νk)} = C(1)
n fa1|x|(νk),

äå fξ(νk) =

(
νk

ξ

)νkµ(νk)

exp{−M(νk), k ∈ Z+,

ξ > 0, îñêiëüêè k = νkµ(νk), k ∈ Z+.
Îòæå,

∀n ∈ Z+ ∀x ∈ R :

|ϕ(n)(x)| ≤ C(1)
n inf

k∈Z+

fa1|x|(νk).

Çàçíà÷èìî, ùî νk ≤ k, M(νk) ≤ k, k ∈ Z+,
i

ln(fξ(νk)) = kln

(
νk

ξ

)
−M(νk) =

= k

(
ln

(
νk

ξ

)
−M(νk)

k

)
≥

≥ k

(
ln

(
νk

ξ

)
−1

)
= kln

(
νk

ξe

)
.

Òîäi
lim

k→+∞
lnfξ(νk) = +∞,

à, îòæå,
lim

k→+∞
fξ(νk) = +∞.

Îñêiëüêè

lim
k→0+

lnfξ(νk) = 0,

òî
lim

k→0+
fξ(νk) = 1.

Òàêèì ÷èíîì, äëÿ äîâiëüíîãî ξ > 0
ñïðàâäæócòüñÿ íåðiâíiñòü inf

k∈Z+

fξ(νk) ≤ 1.

Îäåðæèìî òî÷íiøó îöiíêó. Äëÿ öüîãî
çàôiêñócìî ξ > 0. Çðîçóìiëî, ùî

inf
k∈Z+

fξ(νk) ≤ inf
k:νk≤ξ

fξ(νk).

Îñêiëüêè

∃ a0 > 0∀k ∈ Z+ : νk ≤ a0 + M(νk),

òî äëÿ âêàçàíèõ k

fξ(νk) =

(
νk

ξ

)k

exp{−M(νk)} ≤

≤ exp{a0}
(

νk

ξ

)k

exp{−νk} ≤

≤ exp{a0}
(

νk

ξe

)νk

,

òîáòî

inf
k:νk≤ξ

fξ(νk) ≤ exp{a0}
(

νk

ξe

)νk

.

Ïîçíà÷èìî gξ(νk) =

(
νk

ξe

)νk

, k ∈ N, i ðîç-
ãëÿíåìî ôóíêöiþ

gξ(x) =

(
x

ξe

)ξ

, 0 ≤ x ≤ ξ.

Òîäi

lngξ(x) = x(lnx− lnξe),

xmin = ξ i gξ(xmin) = exp{−ξ}.
Îñêiëüêè ìè ðîçãëÿäàcìî íàéìåíøå çíà-

÷åííÿ íå äëÿ âñiõ x ∈ [0, ξ], à ñàìå äëÿ νk,
k ∈ Z+, òî ìiíiìóì äîñÿãàcòüñÿ ó íàéáëèæ-
÷îìó νkξ

∈ (ξ − 1, ξ).
Òîäi

inf
k:νk≤ξ

fξ(νk) = fξ(νkξ
) =

=

(
νkξ

ξ

)kξ

exp{−M(νkξ
)} ≤ exp{−M(νkξ

)},
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îñêiëüêè

∀ k ∈ Z+ : (k +1)µ(k +1)−kµ(k) > µ(k +1).

Öå îçíà÷àc, ùî íà [k, k +1], k ∈ Z+, iñíóc
ðîçâ'ÿçîê ðiâíÿííÿ xµ(x) = k, k ∈ Z+.

1) ßêùî ξ ≤ 2, òî 0 ≤ νkξ
≤ ξ i

inf
k:νk≤ξ

fξ(νk) ≤ exp{−M(νkξ
)} ≤

≤ exp{M(1)} exp{−M(ξ/2)}.
2) ßêùî ξ > 2, òî, îñêiëüêè ξ − 1 > ξ/2,

ìàcìî

inf
k:νk≤ξ

fξ(νk) ≤ exp{−M(ξ/2)}.

Îòæå,

∀ ξ > 0 : inf
k:νk≤ξ

fξ(νk) ≤

≤ exp{M(1)} exp{−M(ξ/2)}.
Òîäi

∃a > 0∀n ∈ Z+ ∃Cn > 0 ∀x ∈ R :

|ϕ(n)(x)| ≤ Cn exp{−M(ax)},
äå a = a1/2, Cn = C

(1)
n exp{M(1)}.

Òåîðåìà 2. Äëÿ ôóíêöi�� ϕ ∈ WΩ
M íàñòó-

ïíi òâåðäæåííÿ åêâiâàëåíòíi:

1)∃C > 0 ∃a > 0 ∃b > 0 ∀z = x + iy ∈ C :

|ϕ(z)| ≤ C exp{−M(ax) + Ω(by)}.
2) ∃C1 > 0 ∃a1 > 0∃b1 > 0 ∀n ∈ Z+

∃ρn ∈ [0, n), ρ0 = 0, ∀x ∈ R :

|ϕ(n)(x)| ≤ C1
n!bn

1

ρn
n

exp{Ω(ρn)−M(a1x)} ,

äå ρn - ðîçâ'ÿçîê ðiâíÿííÿ xω(x) = n, n ∈
∈ Z+.

Äîâåäåííÿ. Äîâåäåìî, ùî ç ïåðøîãî
òâåðäæåííÿ âèïëèâàc äðóãå. Çãiäíî ç ôîð-
ìóëîþ Êîøi

ϕ(n)(x) =
n!

2πi

∮

ΓR

ϕ(z)

(z − x)n+1
dz, n ∈ Z+,

äå ΓR - êîëî ðàäióñà R ç öåíòðîì ó òî÷öi
x ∈ R.

Òîäi

|ϕ(n)(x)| ≤ n!

2π

∮

ΓR

|ϕ(z)|
|z − x|n+1

ds ≤

≤ n!

2π
max

z∈|z−x|=R

|ϕ(z)|
|z − x|n+1

∮

ΓR

ds =

= n!R max
z∈|z−x|=R

|ϕ(z)|
|z − x|n+1

.

Îñêiëüêè ϕ ∈ WΩ
M , òî, âðàõóâàâøè òâåð-

äæåííÿ 1), îäåðæèìî, ùî

|ϕ(n)(z)| ≤ Cn!

Rn
exp{−M(ax0) + Ω(bR)},

äå x0 - òî÷êà ìàêñèìóìó ôóíêöi��
exp{−M(aξ)}, ξ ∈ [x−R, x + R].

Îñêiëüêè M c çðîñòàþ÷îþ íà [0, +∞)
ôóíêöicþ, òî x0 ∈ {0, x − R, x + R}. Òî-
ìó x0 = x + θR, äå θ ∈ {0; 1;−1}, ïðè÷îìó
θ = 0, êîëè x = 0.

Âðàõîâóþ÷è îïóêëiñòü âíèç i ïàðíiñòü
ôóíêöi�� M , îòðèìócìî

|ϕ(n)(x)| ≤ Cn!

Rn
exp{−M(ax)−M(aθR)}×

× exp{Ω(bR)}, x ∈ R, n ∈ Z+.

Äëÿ êîæíîãî n ∈ Z+ ôóíêöiÿ gn(R) =
= exp{Ω(bR)}/Rn, R ∈ (0, +∞), c äèôåðåí-
öiéîâíîþ, ïðè÷îìó

lim
R→∞

gn(R) = ∞, n ∈ Z+,

i
lim

R→0+
gn(R) =

{ ∞, n ≥ 1,
1, n = 0.

Îñêiëüêè gn(R) ≥ 0, R ∈ (0, +∞), n ∈
Z+, òî äàíà ôóíêöiÿ äîñÿãàc ñâîãî ìiíiìóìó.
Çíàéäåìî éîãî. Ìàcìî

g
′
n(R) =

exp{Ω(bR)}(bRω(bR)− n)

Rn+1

äëÿ âñiõ n ∈ Z+. Ïðèðiâíÿcìî äî íóëÿ i äi-
ñòàíeìî bRω(bR) = n, n ∈ Z+. Âîíî ìàc
ðîçâ'ÿçîê ρn = bRn < n, êîëè n ≥ 1 i ρ0 = 0,
êîëè n = 0.
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Áåçïîñåðåäíüî ïåðåêîíócìîñü ó òîìó, ùî
êîæíà ôóíêöiÿ gn, n ∈ Z+, äîñÿãàc ñâîãî
ìiíiìóìó â òî÷öi Rn =

ρn

b
.

Îòæå, ÿêùî ϕ ∈ WΩ
M , òî

∃C > 0∃ a > 0∃ b > 0∀n ∈ Z+

∃Rn =
ρn

b
∀x ∈ R :

|ϕ(n)(x)| ≤ C
n!bn

ρn
n

exp{−M(ax)} exp{Ω(ρn)},

äå ρn - ðîçâ'ÿçîê ðiâíÿííÿ xω(x) = n, n ∈
∈ Z+.

Íàâïàêè, íåõàé íåñêií÷åííî äèôåðåíöi-
éîâíà ôóíêöiÿ ϕ : R → R çàäîâîëüíÿc óìî-
âó 2). Òîäi ���� ìîæíà àíàëiòè÷íî ïðîäîâæèòè
íà âñþ ïëîùèíó C. Äiéñíî, çàëèøêîâèé ÷ëåí
ó ôîðìóëi Òåéëîðà

ϕ(x + ∆x) =
n∑

k=0

ϕ(k)(x)

k!
(∆x)k+

+
ϕ(n+1)(ξ)

(n + 1)!
(∆x)n+1, x ∈ R,

äå |ξ − x| < |∆x|, äîïóñêàc îöiíêó

|ϕ(n+1)(ξ)|
(n + 1)!

|∆x|n+1 ≤

≤ C1|b1∆x|n+1

ρn+1
n+1

exp{−M(a1x)} exp{Ω(ρn+1)},

x ∈ R.

Îñêiëüêè Ω(ρn) =

ρn∫

0

ω(x)dx, n ≥ 1, òî

çãiäíî ç òåîðåìîþ ïðî ñåðåäíc çíà÷åííÿ âëà-
ñíîãî iíòåãðàëà

∀n ∈ N ∃ ξn ∈ (0, ρn) : Ω(ρn) = ρnω(ξn).

ßêùî æ n = 0, òî ρ0 = 0 i Ω(0) = ω(0) = 0.
Ôóíêöiÿ ω ìîíîòîííî çðîñòàþ÷à i íåïå-

ðåðâíà, òîìó äëÿ âñiõ n ∈ N i ∆x ∈ R+

Ω(ρn) < ρnω(ρn) = n

i
|b1∆x|n exp{Ω(ρn)}

ρn
n

≤ |b1∆x|n exp{n}
ρn

n

=

= exp{n(ln(b1e|∆x|)− lnρn)}.
Îñêiëüêè ρn −→

n→∞
∞, òî

|b1∆x|n exp{Ω(ρn)}
ρn

n

= o(sn),

äå s � äîâiëüíå ÷èñëî ç ïðîìiæêó (0, 1), òîá-
òî |b1∆x|n exp{Ω(ρn)}

ρn
n

→ 0 ïðè n →∞ äëÿ
âñiõ |∆x| ∈ R+ øâèäøå çà çàãàëüíèé ÷ëåí
äîâiëüíî�� ãåîìåòðè÷íî�� ïðîãðåñi��.

Îòæå, çàëèøêîâèé ÷ëåí ó ôîðìóëi Òåé-
ëîðà ïðÿìóc äî íóëÿ äëÿ äîâiëüíèõ ∆x ∈ C,
òîìó ϕ c öiëîþ àíàëiòè÷íîþ ôóíêöicþ.

Òàêèì ÷èíîì,

ϕ(x + iy) =
∞∑

n=0

ϕ(n)(x)

n!
(iy)n, z = x + iy ∈ C,

i
|ϕ(x + iy)| ≤

∞∑
n=0

|ϕ(n)(x)|
n!

|y|n ≤

≤ C1 exp{−M(a1x)}
∞∑

n=0

|b1y|n
ρn

n

exp{Ω(ρn)},

z = x + iy ∈ C.

Oöiíèìî
∞∑

n=0

|b1y|n
ρn

n

exp{Ω(ρn)}, y ∈ R.

Çíàéäåìî íîìåð n0 ∈ N, ïî÷èíàþ÷è ç ÿêîãî

sup
n≥n0

|b1ey|
ρn

≤ 1

2
.

Áåçïîñåðåäíüî âñòàíîâëþcìî, ùî n0 > ρn ≥
2|bey|. Ïîêëàäåìî n0 = [(2|b1ey|)] + 1 (òóò [s]
- öiëà ÷àñòèíà ÷èñëà s). Òîäi

∞∑
n=0

|b1y|n
ρn

n

exp{Ω(ρn)} =

=

n0−1∑
n=0

|b1y|n
ρn

n

exp{Ω(ρn)}+

+
∞∑

n=n0

|b1y|n
ρn

n

exp{Ω(ρn)} ≤

≤ n0 sup
0≤n≤n0−1

[ |b1y|n
ρn

exp{Ω(ρn)}
]

+ 1 ≤
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≤ C1|b1ey| sup
0≤n≤n0−1

[ |b1y|n
ρn

exp{Ω(ρn)}
]

+ 1.

Çàïèøåìî
|b1y|n

ρn
n

exp{Ω(ρn)} =
|b1y|n−ρn

ρn−ρn
n

×

× exp{Ω(ρn)− ρn}|b1y|ρn

ρρn
n

exp{ρn},

y ∈ R, n ∈ Z+. Îñêiëüêè

|b1y|n−ρn

ρn−ρn
n

exp{Ω(ρn)− ρn} ≤

≤ exp{(n− ρn)(ln|b1y|+ 1− lnρn)} = o(sn),

äå s ∈ (0, 1), y ∈ R \ {0}, òî:
1) ∃C2 > 0 :

sup
n≥ρn≥|b1ey|

[ |by|n−ρn

ρn−ρn
n

exp{n− ρn}
]
≤ C2;

2) sup
0≤n≤|b1ey|

[ |b1y|n−ρn

ρn−ρn
n

exp{n− ρn}
]
≤

≤ exp{|b1ey|ln|b1ey|}, y ∈ R \ {0}.
Âèêîðèñòîâóþ÷è âiäîìå ñïiââiäíîøåííÿ ç

[2]
exp{−α

e
|ξ|1/α} ≤ inf

k∈Z+

kkα

|ξ|k ≤

≤ exp{αe

2
} exp{−α

e
|ξ|1/α}, α > 0, ξ > 0,

îòðèìócìî

sup
0≤n≤n0

[ |b1y|ρn

ρρn
n

exp{ρn}
]
≤

≤ 1

inf
n≥0

(
ρn

|b1ey|
)ρn

≤ exp

{ |b1ey|
e

}
=

= exp {|b1y|} , y ∈ R \ {0}.
Òîäi

C1|b1ey| sup
0≤n≤n0−1

[ |b1y|n
ρn

n

exp{Ω(ρn)}
]

+ 1 ≤

≤ C3 exp{4|b1ey|ln|b1ey|} ≤
≤ C4 exp{Ω(4b1ey)}, y ∈ R \ {0},

äå ñòàëà C4 � íå çàëåæèòü âiä y. Çàóâàæèìî,
ùî äëÿ y = 0 äàíà íåðiâíiñòü î÷åâèäíà.

Îòæå,
|ϕ(x + iy)| ≤

≤ C5 exp{−M(a1x) + Ω(by)}, z = x + iy ∈ C,

äå C5 = C1C4, b = 4b1e.
Òåîðåìà 3. Äëÿ ôóíêöi�� ϕ ∈ WΩ íàñòó-

ïíi òâåðäæåííÿ åêâiâàëåíòíi:

1) ∃b > 0 ∀k ∈ Z+ ∃Ck > 0

∀z = x + iy ∈ C : |z(k)ϕ(z)| ≤ Ck exp{Ω(by)};
2) ∃b1 > 0 ∀k ∈ Z+ ∃C(1)

k > 0 ∀n ∈ Z+

∃ρn ∈ [0, n), ρ0 = 0, ∀x ∈ R :

|xkϕ(n)(x)| ≤ C
(1)
k

n!bn
1

ρn
n

exp{Ω(ρn} ,

äå ρn - ðîçâ'ÿçîê ðiâíÿííÿ xω(x) = n, n ∈
∈ Z+.

Äîâåäåííÿ. Íåõàé ñïðàâäæócòüñÿ òâåð-
äæåííÿ 1). Äëÿ êîæíîãî k ∈ ∈ Z+ ïîêëàäå-
ìî ϕk(z) = zkϕ(z), z ∈ C.

Ôóíêöi�� ϕk, k ∈ Z+, íàëåæàòü äî ïðîñòî-
ðó WΩ i

|ϕk(z)| ≤ Ck exp{Ω(by)}, z = x+iy ∈ Z, k ∈ Z+,

äå ñòàëà b çàëåæèòü âiä ϕ, ñòàëà Ck - âiä
ôóíêöi�� ϕ òà k. Çàñòîñócìî äî ôóíêöi�� ϕk

òåîðåìó 2, êîëè a = 0. Òîäi

∀n ≥ 0 ∃ ρn ∈ [0, n), ρ0 = 0, ∀x ∈ R :

|ϕ(n)
k (x)| ≤ Ck

n!bn

ρn
n

exp{Ω(ρn)},

äå ρn - ðîçâ'ÿçîê ðiâíÿííÿ xω(x) = n, n ∈
∈ Z+.

Âiäîìî, ùî

ϕ
(n)
k (x) =

n∑
i=0

Ci
n(xk)(i)ϕ(n−i)(x), x ∈ R.

Ðîçãëÿäàòèìåìî âèïàäîê n ≥ 2. Äëÿ k = 0

|ϕ(n)
0 (x)| = |ϕ(x)(n)| ≤ C0

bnn!

ρn
n

exp{Ω(ρn)};

äëÿ k = 1

ϕ
(n)
1 (x) = xϕ(n)(x) + nϕ(n−1)(x), x ∈ R.
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Çâiäñè

xϕ(n)(x) = ϕ
(n)
1 (x)− nϕ(n−1)(x), x ∈ R.

Òîìó

|xϕ(n)|(x) ≤ |ϕ(n)
1 (x)|+ n|ϕ(n−1)(x)| ≤

≤ max

(
C1,

C0

b

)
bnn!

ρn
n

exp{Ω(ρn)}×

×
(

1 +
ρn

n

ρn−1
n−1

exp{Ω(ρn−1)}
exp{Ω(ρn)}

)
, x ∈ R.

Îöiíèìî âèðàç
ρn

n

ρn−1
n−1

exp{Ω(ρn−1)}
exp{Ω(ρn)} =

= ρn−1

(
ρn

ρn−1

)n
exp{Ω(ρn−1)}
exp{Ω(ρn)} .

Îñêiëüêè
ρn

ρn−1

=
ρnω(ρn)ω(ρn−1)

ρn−1ω(ρn−1)ω(ρn)
=

=
n

n− 1
· ω(ρn−1)

ω(ρn)
<

n

n− 1
= 1 +

1

n− 1
,

òî (
ρn

ρn−1

)n

<

(
1 +

1

n− 1

)n

≤ 4.

Î÷åâèäíî, ùî äëÿ äîâiëüíîãî ε > 0

ρn−1 < exp{ερn−1} < exp{Ω(ερn−1)}, n ≥ 1.

Íà ïiäñòàâi òîãî, ùî

ρn−1 exp{Ω(ρn−1)} < exp{Ω((ε + 1)ρn−1)},
äëÿ êîæíîãî n > 2 âèáåðåìî εn ∈(

0,
ρn

ρn−1

− 1

)
òàê, ùîá

ρn−1 exp{Ω(ρn−1)} ≤ exp{Ω(ρn)}.
Òîäi

ρn−1

(
ρn−1

ρn

)n
exp{Ω(ρn−1)}
exp{Ω(ρn)} < 4, n ≥ 1.

Îòæå,

|xϕ(n)(x)| ≤ C
′
1b

nn!
exp{Ω(ρn)}

ρn
n

, x ∈ R,

äå C
′
1 = 5 max

(
C1,

C0

b

)
.

Ó çàãàëüíîìó âèïàäêó ìàcìî

|xkϕ(n)(x)| ≤ |ϕ(n)
k (x)|+ C1

nk|xk−1ϕ(n−1)(x)|+
+C2

nk(k − 1)|xk−2ϕ(n−2)(x)|+ . . . ≤

≤ max

(
Ck,

Ck−1

b
k,

Ck−2

b2
k(k − 1), . . .

)
bnn!

ρn
n

×

× exp{Ω(ρn)}
(

1 + 4 +
42

2!
+

43

3!
+ . . .

)
≤

≤ C
′
k

bnn!

ρn
n

exp{Ω(ρn)},
äå

C
′
k = e4 max

(
Ck,

Ck−1

b
k,

Ck−2

b2
k(k − 1), . . .

)
.

Äîâåäåííÿ îáåðíåíîãî òâåðäæåííÿ àíà-
ëîãi÷íå âiäïîâiäíîìó äîâåäåííþ â òåîðåìi 2.

Íà ïiäñòàâi òåîðåì 1 i 2 ïðàâèëüíå òâåð-
äæåííÿ.

Òåîðåìà 4. Äëÿ ôóíêöi�� ϕ ∈ WΩ
M íàñòó-

ïíi òâåðäæåííÿ åêâiâàëåíòíi:
1) ∃a > 0 ∃b > 0 ∃C > 0 ∀z = x+iy ∈

C : |ϕ(z)| ≤ C exp{−M(ax) + Ω(by)}.
2) ∃C1 > 0 ∃a1 > 0 ∃b1 > 0 ∀k ∈

Z+ ∃νk ∈ [0, k), ν0 = 0, ∀n ∈ Z+ ∃ρn ∈
[0, n), ρ0 = 0, ∀x ∈ R : |xkϕ(n)(x)| ≤
C1n!

(
b1
ρn

)n(
νk

a1

)k

exp{Ω(ρn) − M(νk)}, äå ρn

- ðîçâ'ÿçîê ðiâíÿííÿ xω(x) = n, n ∈ ∈ Z+,
νk - ðîçâ'ÿçîê ðiâíÿííÿ xµ(x) = k, k ∈ Z+.
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