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ÄÎ ÏÈÒÀÍÍß ÇÍÀÕÎÄÆÅÍÍß ÊÎÎÐÄÈÍÀÒ ÒÎ×ÎÊ ÏÅÐÅÒÈÍÓ
ÄÂÎÕ ÊÐÈÂÈÕ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ

Âèâåäåíi ðiâíÿííÿ äëÿ çíàõîäæåííÿ êîîðäèíàò òî÷îê ïåðåòèíó äâîõ êðèâèõ äðóãîãî ïî-
ðÿäêó. Ïðîàíàëiçîâàíî ìîæëèâiñòü ñïðîùåííÿ öèõ ðiâíÿíü øëÿõîì ïåðåòâîðåííÿ áàçîâî�� ñè-
ñòåìè êîîðäèíàò.

Equations for coordinates calculation of intersection for two curves of the second order are
obtained. The possibility to simplify these equations by transformation of basic coordinate system
is analized.

Âñòóï. Çàäà÷à ïðî çíàõîäæåííÿ â ÿâíî-
ìó âèãëÿäi êîîðäèíàò òî÷îê ïåðåòèíó äâîõ
êðèâèõ äðóãîãî ïîðÿäêó âèíèêàc, çîêðåìà,
ïðè âiäîáðàæåííi ìåòîäîì ñêàíóâàííÿ ïî
ðÿäêàõ êâàäðàòè÷íèõ ïîâåðõîíü íà åêðàíi
êîìï'þòåðà [1,2]. Êðiì òîãî, âîíà c öiêàâîþ
ç òåîðåòè÷íî�� òî÷êè çîðó. Àäæå ðîçãëÿíó-
òi ó [3�12] âèïàäêè c íåïîâíèìè i ñòîñóþ-
òüñÿ ëèøå ïåðåòèíó êðèâî�� äðóãîãî ïîðÿäêó
ç ïðÿìîþ.

Ç ìàòåìàòè÷íî�� òî÷êè çîðó ïèòàííÿ
çíàõîäæåííÿ êîîðäèíàò òî÷îê ïåðåòèíó
äâîõ êðèâèõ äðóãîãî ïîðÿäêó åêâiâàëåíòíå
ðîçâ'ÿçàííþ ñèñòåìè
{

a1x
2 + b1y

2 + 2c1xy + 2d1x + 2e1y = f1,
a2x

2 + b2y
2 + 2c2xy + 2d2x + 2e2y = f2.

(1)

Âiäîìî [13], ùî äëÿ ïîäiáíèõ ñèñòåì
îäíå ç íåâiäîìèõ, íàïðèêëàä x, ìîæíà âè-
êëþ÷èòè i îäåðæàòè ðiâíÿííÿ âèùîãî ïî-
ðÿäêó. Íàäàëi ïðèïóñêàòèìåìî, ùî îäèí
ç êîåôiöicíòiâ a1 ÷è a2 âiäìiííèé âiä 0.
Iíàêøå, ÿêùî âiäìiííèì âiä 0 c îäèí ç
êîåôiöicíòiâ b1 ÷è b2, òî çà îïèñàíîþ äàëi
ñõåìîþ âèêëþ÷àcòüñÿ çìiííà y. ßêùî æ óñi
êîåôiöicíòè a1, a2, b1 òà b2 äîðiâíþþòü 0, òî
åëåìåíòàðíèìè ïåðåòâîðåííÿìè çàäà÷à çâî-
äèòüñÿ äî âiäîìîãî âèïàäêó ïåðåòèíó êðèâî��
äðóãîãî ïîðÿäêó i ïðÿìî��.

Ðîçâ'ÿçócìî îáèäâà ðiâíÿííÿ ñèñòåìè (1)
ÿê êâàäðàòíi âiäíîñíî x òà ïðèðiâíþcìî âiä-

ïîâiäíi âèðàçè:
(a1c2 − a2c1)y + (a1d2 − a2d1) =

= ±√R±√Q,

äå
R = a2(c

2
1 − a1b1)y

2 + 2(c1d1−
−a1e1)y + (d2

1 − a1f1)
Q = a1(c

2
2 − a2b2)y

2 + 2(c2d2−
−a2e2)y + (d2

2 − a2f2).

Ïiäíîñèìî îáèäâi ÷àñòèíè äî êâàäðàòà:
(a1b2 + a2b1 − 2c1c2)y

2+
+2(a1e2 + a2e1 − c1d2 − c2d1)y+
+(a1f2 + a2f1 − 2d1d2) =

= ±2
√

R
√

Q.

Ïiñëÿ ïîâòîðíîãî ïiäíåñåííÿ äî êâàäðàòà
îäåðæèìî âiäíîñíî y ðiâíÿííÿ ÷åòâåðòîãî
ñòåïåíÿ ç êîåôiöicíòàìè

y4 : AB2 + 4AC ·BC,
y3 : 4AB · AE + 4AD ·BC+

+4AC ·BD − 8AC · CE,
y2 : 2AB · AF + 4AE2+

+4AD ·BD − 4AC · CF−
−8AD · CE − 8AC ·DE,

y : 4AE · AF − 8AD ·DE−
−4AD · CF − 4AC ·DF,

1 : AF 2 − 4AF ·DF,

(2)

äå ÷åðåç AB ïîçíà÷åíî âèçíà÷íèê
∣∣∣∣

a1 b1

a2 b2

∣∣∣∣,

÷åðåç AC �
∣∣∣∣

a1 c1

a2 c2

∣∣∣∣, ÷åðåç AD �
∣∣∣∣

a1 d1

a2 d2

∣∣∣∣,
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÷åðåç AE �
∣∣∣∣

a1 e1

a2 e2

∣∣∣∣, ÷åðåç AF �
∣∣∣∣

a1 f1

a2 f2

∣∣∣∣,

÷åðåç BC �
∣∣∣∣

b1 c1

b2 c2

∣∣∣∣, ÷åðåç CE �
∣∣∣∣

c1 e1

c2 e2

∣∣∣∣,

÷åðåç CF �
∣∣∣∣

c1 f1

c2 f2

∣∣∣∣, ÷åðåç DE �
∣∣∣∣

d1 e1

d2 e2

∣∣∣∣,

÷åðåç DF �
∣∣∣∣

d1 f1

d2 f2

∣∣∣∣.
Îñêiëüêè (2) c ðiâíÿííÿì äîñèòü âèñîêîãî

ñòåïåíÿ, òî äëÿ ïðàêòè÷íîãî âèêîðèñòàííÿ
áàæàíî ñïðîñòèòè éîãî, ùîá îäðàçó ìîæíà
áóëî á çðîáèòè âèñíîâîê ïðî iñíóâàííÿ êî-
ðåíiâ, ��õ êiëüêiñòü, à òàêîæ âèïèñàòè êîðåíi
â ÿâíîìó âèãëÿäi. Çîêðåìà íàñ öiêàâèòèìå
âèïàäîê, êîëè ðiâíÿííÿ (2) âèÿâèòüñÿ áiêâà-
äðàòíèì.

1. Ïîñòàíîâêà çàäà÷i. Íåõàé çàäàíà
åâêëiäîâà ñèñòåìà êîîðäèíàò, â ÿêié êðèâi
äðóãîãî ïîðÿäêó îïèñóþòüñÿ ñèñòåìîþ (1).
Íàäàëi öþ ñèñòåìó êîîðäèíàò áóäåìî íàçè-
âàòè áàçîâîþ. Íåîáõiäíî ïiäiáðàòè òàêå ïå-
ðåòâîðåííÿ áàçîâî�� ñèñòåìè êîîðäèíàò, ùîá
ðiâíÿííÿ (2) ñòàëî áiêâàäðàòíèì. Âiäïîâiäü
ïðî iñíóâàííÿ òàêîãî ïåðåòâîðåííÿ äàc íà-
ñòóïíà òåîðåìà.

Òåîðåìà. Ïåðåòâîðåííÿ áàçîâî�� ñèñòå-
ìè êîîðäèíàò, ÿêå òðàíñôîðìóc ðiâíÿííÿ
(1) ó áiêâàäðàòíå, iñíóc i äëÿ ñâîãî îá÷èñ-
ëåííÿ âèìàãàc ðîçâ'ÿçàííÿ ðiâíÿííÿ íå âè-
ùå òðåòüîãî ñòåïåíÿ.

Ïåðø íiæ ïåðåéòè äî äîâåäåííÿ òåîðåìè,
äîñëiäèìî ñïî÷àòêó, ÿê áóäóòü çìiíþâàòèñü
âèçíà÷íèêè

AB, AC, AD, AE, AF, BC,CE,CF, DE, DF
(3)

ïðè ïåðåõîäi âiä îäíic�� ñèñòåìè êîîðäèíàò
äî iíøî��. Îñêiëüêè ïåðåòâîðåííÿ êîîðäèíàò
çâîäèòüñÿ äî ïîâîðîòó òà çñóâó, ðîçãëÿíå-
ìî, ÿê íà âèçíà÷íèêè (3) âïëèíå ïîâîðîò òà
çñóâ.

Ëåìà 1. Ïðè ïîâîðîòi ñèñòåìè êîîðäè-
íàò íà êóò ϕ âèçíà÷íèêè (3) çìiíþþòüñÿ
òàê:

AB′ = ABcos2(ϕ)− ABsin2(ϕ)−
−2ACcos(ϕ)sin(ϕ)−

−2BCcos(ϕ)sin(ϕ),
AC ′ = ACcos2(ϕ)−BCsin2(ϕ)+

+ABcos(ϕ)sin(ϕ),
AD′ = ADcos3(ϕ) + BEsin3(ϕ)+

+AEcos2(ϕ)sin(ϕ)+
+BDcos(ϕ)sin2(ϕ)+
+2CDcos2(ϕ)sin(ϕ)+
+2CEcos(ϕ)sin2(ϕ),

AE ′ = AEcos3(ϕ)−BDsin3(ϕ)−
−ADcos2(ϕ)sin(ϕ)+
+BEcos(ϕ)sin2(ϕ)−
−2CDcos(ϕ)sin2(ϕ)+
+2CEcos2(ϕ)sin(ϕ),

AF ′ = AFcos2(ϕ) + BFsin2(ϕ)+
+2CFcos(ϕ)sin(ϕ),

BC ′ = BCcos2(ϕ)− ACsin2(ϕ)+
+ABcos(ϕ)sin(ϕ),

BD′ = BDcos3(ϕ) + AEsin3(ϕ)+
+ADcos(ϕ)sin2(ϕ)+
+BEcos2(ϕ)sin(ϕ)−
−2CDcos2(ϕ)sin(ϕ)−
−2CEcos(ϕ)sin2(ϕ),

BE ′ = −ADsin3(ϕ) + BEcos3(ϕ)−
−BDcos2(ϕ)sin(ϕ)+
+AEcos(ϕ)sin2(ϕ)+
+2CDcos(ϕ)sin2(ϕ)−
−2CEcos2(ϕ)sin(ϕ),

BF ′ = AFsin2(ϕ) + BFcos2(ϕ)−
−2CFcos(ϕ)sin(ϕ),

CD′ = −ADcos2(ϕ)sin(ϕ)−
−AEcos(ϕ)sin2(ϕ)+
−BDcos2(ϕ)sin(ϕ)+
+BEcos(ϕ)sin2(ϕ)+
+CDcos3(ϕ)− CEsin3(ϕ)+
+CEcos2(ϕ)sin(ϕ)−
−CDcos(ϕ)sin2(ϕ),

CE ′ = CEcos3(ϕ) + CDsin3(ϕ)+
+ADcos(ϕ)sin2(ϕ)−
−AEcos2(ϕ)sin(ϕ)−
−CEcos(ϕ)sin2(ϕ)−
−CDcos2(ϕ)sin(ϕ)−
−BDcos(ϕ)sin2(ϕ)+
+BEcos2(ϕ)sin(ϕ),

CF ′ = CFcos2(ϕ)− CFsin2(ϕ)−
−AFcos(ϕ)sin(ϕ)+
+BFcos(ϕ)sin(ϕ),

DE ′ = DE,

(4)
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DF ′ = DFcos(ϕ) + EFsin(ϕ).

Äîâåäåííÿ. Ïðîâåäåìî äîâåäåííÿ äëÿ
îäíîãî ç âèçíà÷íèêiâ, íàïðèêëàä, äëÿ AB.
Äëÿ ðåøòè âèçíà÷íèêiâ ç (3) ïðîöåäóðà
äîâåäåííÿ àíàëîãi÷íà. Âiäîìî [3�12], ùî
ïðè ïîâîðîòi ñèñòåìè êîîðäèíàò íà êóò ϕ
êîåôiöicíòè êâàäðàòè÷íî�� ôîðìè

ax2 + by2 + cxy + dx + ey + f = 0 (5)

òðàíñôîðìóþòüñÿ çà ôîðìóëîþ



a c d
c b e
d e f



′

=




cos(ϕ) sin(ϕ) 0
−sin(ϕ) cos(ϕ) 0
0 0 1


×

×



a c d
c b e
d e f







cos(ϕ) −sin(ϕ) 0
sin(ϕ) cos(ϕ) 0
0 0 1


 ,

òîáòî
a′ = acos2(ϕ) + bsin2(ϕ)+

+2ccos(ϕ)sin(ϕ),
b′ = asin2(ϕ) + bcos2(ϕ)−

−2ccos(ϕ)sin(ϕ),
c′ = −acos(ϕ)sin(ϕ)+

+bcos(ϕ)sin(ϕ)+
+ccos(ϕ)2 − csin(ϕ)2,

d′ = dcos(ϕ) + esin(ϕ),
e′ = −dsin(ϕ) + ecos(ϕ),
f ′ = f.

Çâiäñè âèïëèâàc, ùî âèçíà÷íèê AB = a1b2−
a2b1 áóäå ïåðåòâîðþâàòèñü ó

AB′ = a′1b
′
2 − a′2b

′
1 =

(a1cos
2(ϕ) + b1sin

2(ϕ)+
+2c1cos(ϕ)sin(ϕ))×
×(a2sin

2(ϕ) + b2cos
2(ϕ)−

−2c2cos(ϕ)sin(ϕ))+
+(a2cos

2(ϕ) + b2sin
2(ϕ)+

+2c2cos(ϕ)sin(ϕ))×
×(a1sin

2(ϕ) + b1cos
2(ϕ)−

−2c1cos(ϕ)sin(ϕ)) =
= ABcos2(ϕ)− ABsin2(ϕ)+
+2ACcos(ϕ)sin(ϕ)+
+2BCcos(ϕ)sin(ϕ).

Ëåìà 2. Ïðè çñóâi ñèñòåìè êîîðäèíàò
íà âåëè÷èíè 4x, 4y âèçíà÷íèêè (3) çìiíþ-

þòüñÿ òàê:
AB′ = AB,
AC ′ = AC,
AD′ = AC4y + AD,
AE ′ = AC4x + AB4y + AE,
AF ′ = AB4y2 + 2AC4x4y+

+2AD4x + 2AE4y + AF,
BC ′ = +BC,
BD′ = −AB4x + BC4y + BD,
BE ′ = +BE,
BF ′ = −AB4x2 + 2BC4x4y+

+2BD4x + 2BE4y + BF,
CD′ = +CD,
CE ′ = −BC4y + CE,
CF ′ = −AC4x2 −BC4y2+

+2CD4x + 2CE4y + CF,
DE ′ = AC4x2 + AB4x4y+

+AE4x−BC4y2+
+CE4y − CD4x−
−BD4y + DE,

DF ′ = AB4x4y2 + AF4x+
+AC4x24y −BC4y3+
+AD4x2 + 2AE4x4y+
+2CE4y2 + CF4y−
−BD4y2 + 2DE4y + DF.

(6)

Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåí-
íÿ ëåìè 1 ç óðàõóâàííÿì òîãî, ùî ïðè çñóâi
êîåôiöicíòè êâàäðàòè÷íî�� ôîðìè (5) çìiíþ-
þòüñÿ òàê:




a c d
c b e
d e f



′

=




1 0 0
0 1 0
4x 4y 1


×

×



a c d
c b e
d e f







1 0 4x
0 1 4y
0 0 1


 ,

òîáòî
a′ = a,
b′ = b,
c′ = c,
d′ = a4x + c4y + d,
e′ = c4x + b4y + e,
f ′ = a4x2 + b4y2 + 2c4x4y+

+d4x + e4y + f.

Ëåìà 3. Êîåôiöicíò ïðè y4 íå çàëå-
æèòü âiä çìiíè ñèñòåìè êîîðäèíàò.
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Äîâåäåííÿ. Ñïðàâäi, çñóâ ñèñòåìè êîîð-
äèíàò íå çìiíþc âèçíà÷íèêè AB, AC, BC,
òîìó êîåôiöicíò ïðè y4 ïðè çñóâi çàëèøè-
òüñÿ áåç çìií. Ç iíøîãî áîêó, ïðè ïîâîðîòi

AB′2 + 4AC ′ ·BC ′ = (ABcos2(ϕ)−
−ABsin2(ϕ) + 2ACcos(ϕ)sin(ϕ)+
+2BCcos(ϕ)sin(ϕ))2+
+4(ACcos2(ϕ)−BCsin2(ϕ)−
−ABcos(ϕ)sin(ϕ))×
×(BCcos2(ϕ)− ACsin2(ϕ)−
−2ABcos ∗ (ϕ)sin(ϕ)) =
= AB2 + 4AC ·BC.

Ëåìà 3 äîâåäåíà.
Ëåìà 4. Êîåôiöicíòè ïðè y3, y2, y, 1 çà-

ëåæàòü ëèøå âiä ïîâîðîòó òà çñóâó ñèñòå-
ìè ñèñòåìè êîîðäèíàò íà âåëè÷èíó 4y i íå
çàëåæàòü âiä çñóâó íà âåëè÷èíó 4x. Çîêðå-
ìà, ïðè çñóâi êîåôiöicíò ïðè y3 çìiíþcòüñÿ
òàê:

(AB2 + 4AC ·BC)4y + AB · AE+
+AD ·BC + AC ·BD − 2AC · CE,

(7)

à ïðè y:

(AB2 + 4AC ·BC)4y3 + 3(AB · AE+
+AD ·BC + AC ·BD − 2AC · CE)×
×4y2 + 2(AB · AF + 2AE2 + 2AD×
×BD − 2AC · CF − 4AD · CE−
−4AC ·DE)4y − AD · CF−
−AC ·DF + AE · AF − 2AD ·DE.

(8)

Äîâåäåííÿ ëåìè 4 ëåãêî ïðîâåñòè çà ñõåìîþ
äîâåäåííÿ ëåìè 3.

Âèêîðèñòîâóþ÷è ëåìó 4, ìîæíà çâåñòè
ïîñòàâëåíó çàäà÷ó äî åêâiâàëåíòíî��: çäié-
ñíèòè ïîñëiäîâíî ïîâîðîò ñèñòåìè êîîðäè-
íàò, à ïîòiì ���� çñóâ òàê, ùîá ðiâíÿííÿ (2)
ñòàëî áiêâàäðàòíèì.

2. Äîâåäåííÿ òåîðåìè. Ç ôîðìóëè (7)
âèïëèâàc, ùî çñóâ ñèñòåìè êîîðäèíàò íåîá-
õiäíî çäiéñíþâàòè íà âåëè÷èíó

4y =
AB · AE + AD ·BC + AC(BD − 2CE)

AB2 + 4AC ·BC
.

(9)
Ïiäáåðåìî òåïåð òàêèé êóò ïîâîðîòó ϕ, ùîá
âèðàç (8) äîðiâíþâàâ 0. ßêùî ïiäñòàâèòè (4)

òà (9) ó (8) i ïðèðiâíÿòè (8) äî 0, òî îäåðæè-
ìî òðèãîíîìåòðè÷íå piâíÿííÿ

w1cos
3(ϕ) + w2cos

2(ϕ)sin(ϕ)+
+w3cos(ϕ)sin2(ϕ) + w4sin

3(ϕ) = 0
(10)

ç òàêèìè êîåôiöicíòàìè:
w1 = 2(AB · AE−

−2AC · CE + BC · AD+
+AC ·BD)3 − (AB2+
+4AC ·BC)·
·(−2AC · CF + AB · AF+
+2AE2 − 4CE · AD+
+2AD ·BD)(AB · AE−
−2AC · CE + AD ·BC+
+AC ·BD) + (AB2+
+4AC ·BC)2(−AD · CF−
−AC ·DF − 2AD ·DE+
+AE · AF ),

w2 = 6(AB · AE − 2AC · CE+
+BC · AD + AC ·BD)2·
·(−AB ·BD − 2BC · CD+
+BE · AC + BC · AE)−
−(AB2 + 4AC ·BC)·
·(−2AC · CF + AB · AF+
+2AE2 − 4CE · AD+
+2AD ·BD)(−AB ·BD−
−2BC · CD + AC ·BE+
+AE ·BC) + (AB2+
+4AC ·BC)2(AB ·DF+
+4CD ·DE + 2AE ·DE+
+AC · EF − 2AF · CE+
+2CD · CF − AE · CF+
+AD ·BF ),

w3 = 6(−AB ·BD − 2BC · CD+
+BE · AC + BC · AE)2·
·(AB · AE − 2AC · CE+
+BC · AD + AC ·BD)−
−(AB2 + 4AC ·BC)·
·(−2BC · CF − 2BE · CD+
+2BD2 + 2AE ·BE−
−AB ·BF + 4BC ·DE)·
·(AB · AE − 2AC · CE+
+BC · AD + AC ·BD)+
+(AB2 + 4AC ·BC)2·
·(−AB · EF − 4CE ·DE+
+BC ·DF − 2BD ·DE+
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+2CE · CF − 2BF · CD+
+AF ·BE −BD · CF ),

w4 = 2(−AB ·BD−
−2BC · CD + BE · AC+
+BC · AE)3 − (AB2+
+4AC ·BC)(−2BC · CF−
−2BE · CD + 2BD2+
+2AE ·BE − AB ·BF+
+4BC ·DE)(−AB ·BD−
−2BC · CD + BE · AC+
BC · AE) + (AB2+
+4AC ·BC)2(BD ·BF−
−BE · CF −BC · EF+
+2BE ·DE).

Ïîäiëèâøè ðiâíÿííÿ (10) íà cos3(ϕ) àáî íà
s3(ϕ), îäåðæèìî âiäíîñíî tg(ϕ) àáî ctg(ϕ)
êóái÷íå ðiâíÿííÿ, ùî i òðåáà áóëî äîâåñòè.

3. Âèñíîâêè. Îòæå, îñòàòî÷íî àëãîðèòì
ðîçâ'ÿçóâàííÿ ñèñòåìè (1) ìîæíà çàïèñàòè ó
âèãëÿäi:

1. Îá÷èñëèòè âèçíà÷íèêè (3).
2. Âèïèñàòè ðiâíÿííÿ (10) i çíàéòè îäèí

ç éîãî ðîçâ'ÿçêiâ.
3. Çäiéñíèòè ïîâîðîò áàçîâî�� ñèñòåìè êî-

îðäèíàò íà îá÷èñëåíèé êóò ϕ.
4. Âèêîíàòè ïàðàëåëüíå ïåðåíåñåííÿ áà-

çîâî�� ñèñòåìè êîîðäèíàò íà âåëè÷èíó 4y,
îá÷èñëåíó çà ôîðìóëîþ (9).

5. Ðîçâ'ÿçàòè áiêâàäðàòíå ðiâíÿííÿ (2).
6. Ïîâåðíóòèñÿ äî ñòàðî�� ñèñòåìè êîîðäè-

íàò.
7. Ïiäñòàâèòè çíàéäåíó êîîðäèíàòó y â

îäíå ç ðiâíÿíü (1) i çíàéòè êîîðäèíàòó x.
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