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ÔÓÍÊÖIÉ
Âñòàíîâëåíà îäíîçíà÷íà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ âèðîäæåíèõ ðiâíÿíü òèïó Êîëìî-

ãîðîâà ç −→2b-ïàðàáîëi÷íîþ ÷àñòèíîþ çà îñíîâíîþ ãðóïîþ çìiííèõ ó ïðîñòîðàõ óçàãàëüíåíèõ
ôóíêöié.

The unique solvability of the Cauchy problem for degenerate parabolic equations of the
Kolmogorov type with −→2b-parabolic part for basic group of variables in spaces of generalized functi-
ons is established.

Ó ïðàöÿõ [1�4] äîâåäåíi òåîðåìè ïðî
îäíîçíà÷íó ðîçâ'ÿçíiñòü i âëàñòèâiñòü ëîêà-
ëiçàöi�� ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ïàðàáî-
ëi÷íèõ çà I.Ã. Ïåòðîâñüêèì, Ã.C. Øèëîâèì
i Ñ.Ä. Åéäåëüìàíîì ðiâíÿíü i ñèñòåì ðiâ-
íÿíü. Ïðè öüîìó ïðèïóñêàëîñü, ùî ïî÷àòêî-
âi ôóíêöi�� íàëåæàòü äî ïðîñòîðiâ óçàãàëüíå-
íèõ ôóíêöié, äëÿ ÿêèõ çà ïðîñòîðè îñíîâíèõ
ôóíêöié âçÿòi ïðîñòîðè òèïó S ç ìîíîãðà-
ôi�� [5]. Âèáið ïðîñòîðó óçàãàëüíåíèõ ôóí-
êöié âèçíà÷àcòüñÿ òèì, äî ÿêîãî ïðîñòîðó
òèïó S íàëåæèòü ôóíäàìåíòàëüíèé ðîçâ'ÿ-
çîê (ô.ð.) çàäà÷i Êîøi äëÿ âiäïîâiäíîãî ðiâ-
íÿííÿ. Àíàëîãi÷íi ðåçóëüòàòè îäåðæàíi â [6]
äëÿ âèðîäæåíèõ ïàðàáîëi÷íèõ ðiâíÿíü, ÿêi
óçàãàëüíþþòü êëàñè÷íå ðiâíÿííÿ äèôóçi�� ç
iíåðöicþ À.Ì. Êîëìîãîðîâà.

Íåùîäàâíî Ñ.Ä. Åéäåëüìàí i Ñ.Ä. Iâàñè-
øåí îçíà÷èëè é ïî÷àëè äîñëiäæåííÿ íîâîãî
êëàñó ðiâíÿíü � âèðîäæåíèõ ðiâíÿíü òèïó
Êîëìîãîðîâà ç −→2b-ïàðàáîëi÷íîþ ÷àñòèíîþ
çà îñíîâíîþ ãðóïîþ çìiííèõ. Ó ïðàöÿõ [7,8]
äëÿ ðiâíÿíü ç öüîãî êëàñó ó âèïàäêó íå çàëå-
æíèõ âiä ïðîñòîðîâèõ çìiííèõ êîåôiöicíòiâ
ïîáóäîâàíèé i äîñëiäæåíèé ô.ð. çàäà÷i Êî-
øi. Ó äàíié ñòàòòi äëÿ òàêèõ ðiâíÿíü íàâî-
äèòüñÿ òåîðåìà ïðî îäíîçíà÷íó ðîçâ'ÿçíiñòü
çàäà÷i Êîøi ç ïî÷àòêîâèìè äàíèìè iç âiäïî-
âiäíèõ ïðîñòîðiâ óçàãàëüíåíèõ ôóíêöié.

1. Îñíîâíi ïîçíà÷åííÿ. Êîðèñòóâàòè-
ìåìîñü òàêèìè ïîçíà÷åííÿìè: n1, n2, n3,

b1, ..., bn1 � çàäàíi íàòóðàëüíi ÷èñëà, ïðè-
÷îìó n1 ≥ n2 ≥ n3; n ≡ n1 + n2 + n3;
N0 ≡ {1, 2, 3}; Nl = {1, ..., nl}, l ∈ N0;−→
2b ≡ (2b1, ..., 2bn1); qj ≡ 2bj/(2bj − 1), j ∈
N1, q′ ≡ min

j∈N1

qj, q′′ ≡ max
j∈N1

qj; Rr, Rr
+ i

Zr
+ � ìíîæèíè âñiõ r-âèìiðíèõ âiäïîâiäíî

äiéñíèõ âåêòîðiâ, âåêòîðiâ ç óñiìà äîäàòíè-
ìè êîîðäèíàòàìè i âåêòîðiâ ç óñiìà öiëè-
ìè íåâiä'cìíèìè êîîðäèíàòàìè, òîáòî ìóëü-
òèiíäåêñiâ (êîîðäèíàòè âåêòîðiâ ç öèõ ìíî-
æèí äëÿ r < n áóäóòü âiäðiçíÿòèñÿ òiëüêè
îäíèì iíäåêñîì, à äëÿ r = n � äâîìà ií-
äåêñàìè; âåêòîðè ç Rr ïîçíà÷àòèìóòüñÿ ëi-
òåðàìè áåç ñòðiëêè, à ç Rr

+ i Zr
+ � ëiòå-

ðàìè çi ñòðiëêîþ); ‖~m1‖ ≡
n1∑

j=1

(m1j/(2bj)),

ÿêùî ~m1 ≡ (m11, ..., m1n1) ∈ Zn1
+ ; M~m ≡

3∑

l=1

nl∑
j=1

(l − 1 + 1/(2bj))(mlj + 1), ÿêùî ~m ≡

(m11, ..., m1n1 ,m21, ...,m2n2 , m31, ..., m3n3) ∈
Zn

+; {x ≡ (x1, x2, x3), ξ ≡ (ξ1, ξ2, ξ3)} ⊂ Rn,
ÿêùî {xl ≡ (xl1, ..., xlnl

), ξl ≡ (ξl1, ..., ξlnl
)} ⊂

Rnl , l ∈ N0; ∂ ~m1
x1
≡

n1∏
j=1

∂m1j
x1j

, ∂ ~m
x ≡

3∏

l=1

nl∏
j=1

∂
mlj
xlj ,

ÿêùî x1 ∈ Rn1 , x ∈ Rn, ~m1 ∈ Zn1
+ , ~m ∈ Zn

+;

xlj(t) =
l−1∑
r=0

1

r!
trx(l−r)j, j ∈ Nl, l ∈ N0; x(t) ≡

(x11(t), ..., x1n1(t), x21(t), ..., x2n2(t), x31(t), ...,
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x3n3(t)); ρ(t, x, ξ) ≡
3∑

l=1

nl∑
j=1

t1−lqj |xlj(t)−ξlj|qj ;

d(x, ξ) ≡
( 3∑

l=1

nl∑
j=1

|xlj − ξlj|qj

)1/q′′

� ñïåöi-

àëüíà âiäñòàíü ìiæ òî÷êàìè x i ξ ïðîñòî-
ðó Rn; KR ≡ {x ∈ Rn | d(x, 0) ≤ R}; ΠH ≡
{(t, x) | t ∈ H, x ∈ Rn}, ÿêùî H ⊂ R; T �
çàäàíå äîäàòíå ÷èñëî; i � óÿâíà îäèíèöÿ.

Íåõàé âåêòîðè ~α ≡ (α1, ..., αn1) ∈ Rn1
+ i

~β ≡ (β11, ..., β1n1 , β21, ..., β2n2 , β31, ..., β3n3) ∈
Rn

+ òàêi, ùî αj + βlj ≥ 1, j ∈ Nl, l ∈ N0.
Ðîçãëÿäàòèìåìî ïðîñòið S

~β
~α ç [5]. Öåé ïðî-

ñòið ñêëàäàcòüñÿ ç íåñêií÷åííî äèôåðåíöi-
éîâíèõ ôóíêöié f : Rn → C, ÿêi çàäîâîëü-
íÿþòü óìîâó

∃ C > 0 ∃ { ~A, ~B} ⊂ Rn
+ ∀ {~k,~s} ⊂ Zn

+

∀ ξ ∈ Rn : |ξ~k∂~s
ξf(ξ)| ≤ C ~A

~k ~B~s~k
~k~α~s~s~β, (1)

äå ~A
~k ≡

3∏

l=1

nl∏
j=1

A
klj

lj , ~B~s ≡
3∏

l=1

nl∏
j=1

B
slj

lj , ~k
~k~α ≡

3∏

l=1

nl∏
j=1

k
kljαj

lj , ~s~s~β ≡
3∏

l=1

nl∏
j=1

s
sljβlj

lj . Òóò Alj, Blj,

klj i slj � êîîðäèíàòè âiäïîâiäíî âåêòîðiâ
~A, ~B,~k i ~s.

Óìîâó (1) ìîæíà çàìiíèòè òàêîþ óìîâîþ
[5]:

∃C > 0 ∃ ~B ∈ Rn
+ ∃ c0 > 0 ∀~s ∈ Zn

+ ∀ ξ ∈ Rn :

|∂~s
ξf(ξ)| ≤ C ~B~s~s~s~β exp

{
−c0

3∑

l=1

nl∑
j=1

|ξlj|1/αj

}
.

ßêùî βlj = βj, j ∈ Nl, l ∈ N0, òî ïðî-
ñòið S

~β
~α ç òàêèì âåêòîðîì ~β ïîçíà÷àòèìåìî

òàêîæ ÷åðåç S
~β0

~α , äå ~β0 ≡ (β1, ..., βn1).
Çàóâàæèìî [5], ùî ïðè 0 < βj < 1, j ∈ N1,

ôóíêöiÿ f : Rn → C íàëåæèòü äî ïðîñòîðó
S

~β0

~α òîäi i òiëüêè òîäi, êîëè âîíà ìîæå áó-
òè ïðîäîâæåíà äî öiëî�� ôóíêöi�� f(ξ + iη),
{ξ, η} ⊂ Rn, ÿêà çàäîâîëüíÿc íåðiâíiñòü

|f(ξ + iη)| ≤

≤ C exp

{ 3∑

l=1

nl∑
j=1

(−c0|ξlj|1/αj+c1|ηlj|1/(1−βj))

}
,

{ξ, η} ⊂ Rn, (2)

ç äåÿêèìè C > 0, c0 > 0 i c1 > 0.
Ïðè βlj > 1, j ∈ Nl, l ∈ N0, ïðîñòið S

~β
~α

ìiñòèòü ôiíiòíi ôóíêöi��, òîäi ÿê ïðè βlj < 1
äëÿ ïðèíàéìíi îäíic�� ïàðè l, j â ÷èñëi åëå-
ìåíòiâ ïðîñòîðó S

~β
~α ôiíiòíi ôóíêöi�� íå ìi-

ñòÿòüñÿ.
2. Âëàñòèâîñòi ô.ð. çàäà÷i Êîøi. Ðîç-

ãëÿíåìî ðiâíÿííÿ âèãëÿäó
(

∂t −
3∑

l=2

nl∑
j=1

x(l−1)j∂xlj
−

∑

‖~m1‖≤1

a~m1(t)∂
~m1
x1

)
×

×u(t, x) = 0, (t, x) ∈ Π(0,T ], (3)

äå êîåôiöicíòè a~m1 : [0, T ] → C, ‖~m1‖ ≤ 1,
íåïåðåðâíi é òàêi, ùî âèêîíócòüñÿ óìîâà −→2b-
ïàðàáîëi÷íîñòi çà îñíîâíîþ ãðóïîþ çìiííèõ
t, x1 [8].

Iç ðåçóëüòàòiâ [8] âèïëèâàc, ùî ô.ð.
Z(t, x; 0, ξ+iη) çàäà÷i Êîøi äëÿ ðiâíÿííÿ (3)
ïðè áóäü-ÿêèõ ôiêñîâàíèõ t ∈ (0, T ] i x ∈ Rn

c öiëîþ ôóíêöicþ àðãóìåíòó ξ+ iη. Êðiì òî-
ãî, ÿêùî â îäåðæàíèõ ó [8] îöiíêàõ

max{|∂ ~m
x Z(t, x + iy; τ, ξ + iη)|,

|∂ ~m
ξ Z(t, x + iy; τ, ξ + iη)|} ≤

≤ C~m(t− τ)−M~m exp{−cρ(t− τ, x, ξ)+

+c1ρ(t− τ, y, η)},
0 ≤ τ < t ≤ T, {x, y, ξ, η} ⊂ Rn, ~m ∈ Zn

+, (4)

ïîêëàñòè ~m = ~0, y = 0, τ = 0, ââàæàòè ôi-
êñîâàíèìè t ∈ (0, T ] i x ∈ Rn òà ñêîðèñòàòè-
ñÿ íåðiâíîñòÿìè

|xlj(t)− ξlj|qj ≥
≥ 2−qj+1|ξlj|qj − |xlj(t)|qj , j ∈ Nl, l ∈ N0,

òî äiñòàíåìî îöiíêó

|Z(t, x; 0, ξ + iη)| ≤
≤ C exp{−c0ρ(1, ξ, 0) + c1ρ(1, η, 0)},

{ξ, η} ⊂ Rn, (5)
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â ÿêié

C ≡ C(t, x(t)), c0 ≡ 2−q′′+1c min{1, T 1−3q′′}.
Ç îöiíêè (5) âèïëèâàc, ùî äëÿ Z ïðà-

âèëüíi îöiíêè (2) ç αj = 1/qj, βj = 1 −
1/qj = 1/(2bj), j ∈ N1. Çâiäñè âèïëèâàc, ùî
ô.ð. Z(t, x; 0, ξ), ÿê ôóíêöiÿ ξ ∈ Rn, íàëå-
æèòü äî ïðîñòîðó S

1/
−→2b

1/~q . Òàê ìè ïîçíà÷àcìî
ïðîñòið S

~β0

~α , ç ~α = (1/q1, ..., 1/qn1) i
~β0 = (1/(2b1), ..., 1/(2bn1)). Òîìó ôóíêöiÿ
Z(t, x; 0, ·) c àáñòðàêòíîþ ôóíêöicþ ïàðàìå-
òðiâ t ∈ (0, T ] i x ∈ Rn ó ïðîñòîði S

1/
−→2b

1/~q . Âëà-
ñòèâîñòi öic�� ôóíêöi�� îïèñàíi â íàñòóïíié ëå-
ìi, äîâåäåííÿ ÿêî�� ïðîâîäèòüñÿ àíàëîãi÷íî
äîâåäåííþ âiäïîâiäíî�� ëåìè ç [6].

Ëåìà. Ó ïðîñòîði S
1/
−→2b

1/~q ôóíêöiÿ
Z(t, x; 0, ·), ÿê àáñòðàêòíà ôóíêöiÿ ïà-
ðàìåòðà:

1) t ∈ (0, T ] (ïðè ôiêñîâàíèõ x ∈ Rn),
äèôåðåíöiéîâíà;

2) x1 ∈ Rn1 (ïðè ôiêñîâàíèõ t ∈ (0, T ],
x2 ∈ Rn2 i x3 ∈ Rn3), íåñêií÷åííî äèôåðåí-
öiéîâíà;

3) x2 ∈ Rn2 (ïðè ôiêñîâàíèõ t ∈ (0, T ],
x1 ∈ Rn1 i x3 ∈ Rn3), íåñêií÷åííî äèôåðåí-
öiéîâíà;

4) x3 ∈ Rn3 (ïðè ôiêñîâàíèõ t ∈ (0, T ],
x1 ∈ Rn1 i x2 ∈ Rn2), íåñêií÷åííî äèôåðåí-
öiéîâíà.

3. Iñíóâàííÿ i cäèíiñòü ðîçâ'ÿçêiâ çà-
äà÷i Êîøi. Äëÿ óçàãàëüíåíî�� ôóíêöi�� ϕ ∈
(S

1/
−→2b

1/~q )′ âèçíà÷èìî < ϕ, Z(t, x; 0, ·) > ÿê çíà-
÷åííÿ óçàãàëüíåíî�� ôóíêöi�� ϕ íà ôóíêöi��
ç îñíîâíîãî ïðîñòîðó. ßêùî ϕ � çâè÷àéíà
ôóíêöiÿ, òî

< ϕ, Z(t, x; 0, ·) >=

∫

Rn

Z(t, x; 0, ξ)ϕ(ξ)dξ

çà óìîâè, ùî iíòåãðàë iñíóc.
Çàäàìî ïî÷àòêîâó óìîâó

u(t, ·)|t=0 = ϕ, ϕ ∈ (S
1/
−→2b

1/~q )′. (6)

Ïiä ðîçâ'ÿçêîì çàäà÷i Êîøi (3), (6) ðîçó-
ìiòèìåìî ôóíêöiþ u(t, x), (t, x) ∈ Π(0,T ], ÿêà

äèôåðåíöiéîâíà îäèí ðàç çà t, x2 i x3 òà 2bj

ðàçiâ çà x1j, j ∈ N1, çàäîâîëüíÿc ðiâíÿííÿ
(3) i óìîâó (6) ó òàêîìó ðîçóìiííi:

∀ f ∈ S
1/
−→2b

1/~q : < u(t, ·), f > →
t→0+

< ϕ, f > .

Òåîðåìà. Çàäà÷à Êîøi (3), (6) îäíîçíà-
÷íî ðîçâ'ÿçíà. �I�� ðîçâ'ÿçîê äèôåðåíöiéîâíèé
çà t, íåñêií÷åííî äèôåðåíöiéîâíèé çà x i ìàc
âèãëÿä

u(t, x) =< ϕ,Z(t, x; 0, ·) >, (t, x) ∈ Π(0,T ].
(7)

Äîâåäåííÿ. Çãiäíî ç ëåìîþ ôóíêöiÿ
Z(t, x; 0, ·), ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìå-
òðiâ t ∈ (0, T ] i x ∈ Rn ó ïðîñòîði S

1/
−→2b

1/~q ,
äèôåðåíöiéîâíà çà t i íåñêií÷åííî äèôåðåí-
öiéîâíà çà x. Òîìó ôóíêöiÿ (7) c çâè÷àéíîþ
ôóíêöicþ, ÿêà äèôåðåíöiéîâíà çà t i íåñêií-
÷åííî äèôåðåíöiéîâíà çà x.

Îñêiëüêè Z � ô.ð. çàäà÷i Êîøi äëÿ ðiâ-
íÿííÿ (3), òî ôóíêöiÿ (7) çàäîâîëüíÿc ðiâ-
íÿííÿ (3) ó çâè÷àéíîìó ðîçóìiííi.

Íåõàé f ∈ S
1/
−→2b

1/~q . Ïîêëàäåìî

gt(ξ) ≡
∫

Rn

Z(t, x; 0, ξ)f(x)dx =

=

∫

Rn

Z(t, x + ξt; 0, ξ)f(x + ξt)dx, t ∈ (0, T ],

äå
ξt ≡ (ξ11

t , ..., ξ1n1
t , ξ21

t , ..., ξ2n2
t , ξ31

t , ..., ξ3n3
t ),

ξlj
t ≡

l−1∑
r=0

(−1)r

r!
trξ(l−r)j, j ∈ Nl, l ∈ N0.

ßêùî äîâåäåìî, ùî:
1) iñíóc ÷èñëî γ ∈ (0, T ] òàêå, ùî äëÿ

áóäü-ÿêèõ t ∈ (0, γ] ôóíêöiÿ gt íàëåæèòü äî
ïðîñòîðó S

1/
−→2b

1/~q ;

2) gt →
t→0+

f â S
1/
−→2b

1/~q , òî îäåðæèìî

lim
t→0+

< u(t, ·), f >=< ϕ, f >,

òîáòî ôóíêöiÿ u çàäîâîëüíÿc óìîâó (6) ó âè-
ùåçàçíà÷åíîìó ðîçóìiííi.
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Ñïðàâäi, ìàcìî

lim
t→0+

< u(t, ·), f >= lim
t→0+

∫

Rn

u(t, x)f(x)dx =

= lim
t→0+

∫

Rn

< ϕ, Z(t, x; 0, ·) > f(x)dx =

= lim
t→0+

< ϕ, gt >=< ϕ, f > .

Äîâåäåìî òâåðäæåííÿ 1). Äëÿ t ∈ (0, T ] i
{ξ, η} ⊂ Rn ìàcìî

|gt(ξ + iη)| ≤
∫

Rn

|Z(t, x + ξt + iηt; 0, ξ + iη)|×

×|f(x + ξt + iηt)|dx, (8)

äå

ηt ≡ (η11
t , ..., η1n1

t , η21
t , ..., η2n2

t , η31
t , ..., η3n3

t ),

ηlj
t ≡

l−1∑
r=0

(−1)r

r!
trη(l−r)j, j ∈ Nl, l ∈ N0.

Îñêiëüêè ó ïðîñòîði S
1/
−→2b

1/~q îïåðàöiÿ çñóâó
ðiâíîìiðíî îáìåæåíà, òî äëÿ áóäü-ÿêèõ t ∈
(0, T ] i {x, ξ, η} ⊂ Rn ñïðàâäæócòüñÿ íåðiâ-
íiñòü

|f(x + ξt + iηt)| ≤ C exp{−c0ρ(1, ξt, 0)+

+c1ρ(1, ηt, 0)}, (9)

äå ñòàëi C > 0, c0 > 0 i c1 > 0 íå çàëåæàòü
âiä x.

Çà äîïîìîãîþ íåðiâíîñòåé

(a + b)qj ≤ 2qj−1(aqj + bqj),

3−1(aqj + bqj + cqj) ≤ (a + b + c)qj ≤
≤ 3qj−1(aqj + bqj + cqj), a ≥ 0, b ≥ 0, c ≥ 0,

òàê ñàìî, ÿê â [6], îäåðæèìî

ρ(1, ξt, 0) ≥ δ0ρ(1, ξ, 0), ρ(1, ηt, 0) ≤ δ2ρ(1, η, 0)
(10)

äëÿ áóäü-ÿêèõ t ∈ (0, γ], ÿêùî γ äîñèòü ìàëå.
Ç íåðiâíîñòåé (9) i (10) âèïëèâàc îöiíêà

|f(x + ξt + iηt)| ≤

≤ C exp{−c2ρ(1, ξ, 0) + c3ρ(1, η, 0)},
{x, ξ, η} ⊂ Rn, t ∈ (0, γ]. (11)

Äëÿ áóäü-ÿêèõ t ∈ (0, T ] i {x, ξ, η} ⊂ Rn

çãiäíî ç îöiíêîþ (4) ìàcìî

|Z(t, x + ξt + iηt; 0, ξ + iη)| ≤
≤ C0t

−M~0 exp{−c4ρ(t, x+ξt, ξ)+c5ρ(t, ηt, η)} =

= C0t
−M~0 exp{−c4ρ(t, x, 0)}. (12)

Âèêîðèñòîâóþ÷è íåðiâíîñòi (8), (11), (12) i
ðiâíiñòü

∫

Rn

t−M~0 exp{−c4ρ(t, x, 0)}dx = C̃,

t > 0, x ∈ Rn, δ > 0, (13)

îäåðæócìî

|gt(ξ + iη)| ≤ C1 exp{−c2ρ(1, ξ, 0)+

+c3ρ(1, η, 0)}
∫

Rn

t−M~0 exp{−c4ρ(t, x, 0)}dx =

= C2 exp{−c2ρ(1, ξ, 0) + c3ρ(1, η, 0)},
t ∈ (0, γ], {ξ, η} ⊂ Rn, (14)

çâiäêè âèïëèâàc ïðàâèëüíiñòü òâåðäæåííÿ
1).

Òâåðäæåííÿ 2) îçíà÷àc, ùî
à) ïðè t → 0+ gt çáiãàcòüñÿ äî f ðàçîì ç

óñiìà ñâî��ìè ïîõiäíèìè ðiâíîìiðíî â êîæíié
êóëi KR;

á) ïðè äîñèòü ìàëîìó γ ôóíêöi�� gt ðiâ-
íîìiðíî ùîäî t ∈ (0, γ] îáìåæåíi â ïðîñòîði
S

1/
−→2b

1/~q .
Îñêiëüêè â íåðiâíîñòi (14) ñòàëi C2, c2 i c3

íå çàëåæàòü âiä t, ÿêùî t ∈ (0, γ], òî óìîâà
á) âèêîíócòüñÿ.

Äîâåäåìî, ùî âèêîíócòüñÿ óìîâà à).
Çãiäíî ç îçíà÷åííÿì ôóíêöi�� gt ìàcìî

∂
~k
ξ gt(ξ) =

=
∑

~s≤~k

C~s
~k

∫

Rn

∂
~k−~s
ξ Z(t, x + ξt; 0, ξ)∂

~s
ξf(x + ξt)dx,

~k ∈ Zn
+, t ∈ (0, T ], ξ ∈ Rn.
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Îñêiëüêè ∂
~k−~s
ξ Z(t, x + ξt; 0, ξ) = 0 äëÿ

~s < ~k [8], òî

∂
~k
ξ gt(ξ) =

∫

Rn

Z(t, x + ξt; 0, ξ)∂
~k
ξ f(x + ξt)dx =

=

∫

Rn

Z(t, x + ξt; 0, ξ)dx∂
~k
ξ f(ξt)+

+

∫

Rn

Z(t, x+ξt; 0, ξ)(∂
~k
ξ f(x+ξt)−∂

~k
ξ f(ξt))dx ≡

≡ I1(t, ξ)+I2(t, ξ), t ∈ (0, T ], ξ ∈ Rn. (15)

Âðàõîâóþ÷è òå, ùî [8]
∫

Rn

Z(t, x; 0, ξ)dx →
t→0+

1,

ïðè÷îìó ðiâíîìiðíî ùîäî ξ ∈ Rn, i âèêîðè-
ñòîâóþ÷è îöiíêè ïîõiäíèõ âiä f , îäåðæócìî

I1(t, ξ) →
t→0+

∂
~k
ξ f(ξ), (16)

ðiâíîìiðíî ùîäî ξ ∈ KR.
Äîâåäåìî, ùî

I2(t, ξ) →
t→0+

0, (17)

ðiâíîìiðíî ùîäî ξ ∈ Rn. Äëÿ öüîãî çîáðàçè-
ìî iíòåãðàë I2(t, ξ) ó âèãëÿäi ñóìè iíòåãðàëà
I
′
2(t, ξ) ïî Kδ i iíòåãðàëà I

′′
2 (t, ξ) ïî Rn \Kδ,

δ > 0. Íåõàé ε � äîâiëüíî âçÿòå äîäàòíå ÷è-
ñëî. Âèáåðåìî δ > 0 òàê, ùîá

|∂~k
ξ f(x + ξt)− ∂

~k
ξ f(ξt)| < ε (18)

äëÿ âñiõ x ∈ Kδ, t ∈ (0, T ] i ξ ∈ Rn.
Çà äîïîìîãîþ îöiíêè (12) ïðè η = 0, íå-

ðiâíîñòi (18) òà íåðiâíîñòi (22) ç [9], à òàêîæ
ðiâíîñòi (13) ìàcìî

|I ′2(t, ξ)| ≤ ε

∫

Kδ

|Z(t, x + ξt; 0, ξ)|dx ≤

≤ C0ε

∫

Rn

exp{−c4ρ(t, x, 0)}t−M~0dx = Cε,

ξ ∈ Rn, (19)

|I ′′2 (t, ξ)| ≤
∫

Rn\Kδ

|Z(t, x + ξt; 0, ξ)|×

×|∂~k
ξ f(x + ξt)− ∂

~k
ξ f(ξt)|dx ≤

≤ L~kC0

∫

Rn\Kδ

exp{−c4ρ(t, x, 0)}t−M0dx ≤

≤ L~kC0 exp

{
−c4

2
t1−q′

(
δ

2

)q′′}
×

×
∫

Rn

exp

{
−c4

2
ρ(t, x, 0)

}
dx =

= L~kC exp{−c6t
1−q′δq′′}, t ∈ (0, δ0), ξ ∈ Rn,

(20)
äå

L~k ≡ sup
t∈[0,T ]

{x,ξ}⊂Rn

|∂~k
ξ f(x + ξt)|+

+ sup
t∈[0,T ]

ξ∈Rn

|∂~k
ξ f(ξt)|, c6 ≡ 2−q′′−1c4.

Iç íåðiâíîñòi (20) âèïëèâàc, ùî

∃ γ ∈ (0, T ] ∀ t ∈ (0, γ) ∀ ξ ∈ Rn :

|I ′′2 (t, ξ)| < ε.

Çâiäñè òà ç íåðiâíîñòi (19) îäåðæócìî
|I2(t, ξ)| ≤ (C+1)ε, t ∈ (0, γ), ξ ∈ Rn. Îñêiëü-
êè ε äîâiëüíå, òî âèêîíócòüñÿ ñïiââiäíîøåí-
íÿ (17). Iç ñïiââiäíîøåíü (15)�(17) âèïëèâàc
ïðàâèëüíiñòü óìîâè à).

Òåïåð äîâåäåìî, ùî ðîçâ'ÿçîê çàäà÷i (3),
(6), ÿêèé îäåðæàíî âèùå, cäèíèé. Ðîçãëÿíå-
ìî çàäà÷ó Êîøi äëÿ ñïðÿæåíîãî ðiâíÿííÿ

∂τv(τ, ξ) = Aτv(τ, ξ),

(τ, ξ) ∈ Π[0,t1), v(τ, ·)|τ=t1 = ψ, (21)

äå Aτ � îïåðàòîð, ÿêèé âèçíà÷àcòüñÿ ôîð-
ìóëîþ

(Aτf)(τ, ξ) ≡
( 3∑

l=2

nl∑
j=1

ξ(l−1)j∂ξlj
−

−
∑

‖~m1‖≤1

a~m1(τ)(−∂ξ1)
~m1

)
f(ξ),
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ξ ∈ Rn, f ∈ S
1/
−→2b

1/~q ; 0 < t1 ≤ T, ψ ∈ S
1/
−→2b

1/~q .

Çàóâàæèìî, ùî Aτf ∈ S
1/
−→2b

1/~q ïðè áóäü-ÿêèõ

τ ∈ [0, T ] i f ∈ S
1/
−→2b

1/~q .
Îïåðàòîð A∗

τ , ñïðÿæåíèé äî Aτ , äic ó
ïðîñòîði (S

1/
−→2b

1/~q )′ i íà ãëàäêèõ ôóíêöiÿõ f

âèçíà÷àcòüñÿ ôîðìóëîþ

(A∗
τf)(τ, ξ) =

(
−

3∑

l=2

nl∑
j=1

ξ(l−1)j∂ξlj
−

−
∑

‖~m1‖≤1

a~m1(τ)∂ ~m1
ξ1

)
f(ξ), ξ ∈ Rn.

Çàäà÷ó Êîøi (3), (6) ìîæíà çàïèñàòè ó
âèãëÿäi

∂1
t u(t, x) = −A∗

t u(t, x), (t, x) ∈ Π(0,T ],

u(t, ·)|t=0 = ϕ, ϕ ∈ (S
1/
−→2b

1/~q )′. (22)

Çãiäíî iç çàãàëüíîþ òåîðåìîþ cäèíîñòi
ç �2 ðîçäiëó II êíèãè [9] ðîçâ'ÿçîê çàäà÷i
(22) cäèíèé, ÿêùî çàäà÷à (21) ðîçâ'ÿçíà äëÿ
áóäü-ÿêèõ t1 ∈ (0, T ] i ψ ∈ S

1/
−→2b

1/~q .
Îñêiëüêè ψ � îáìåæåíà ãëàäêà ôóíêöiÿ,

òî ðîçâ'ÿçîê ó çâè÷àéíîìó ðîçóìiííi çàäà÷i
(21) âèðàæàcòüñÿ ôîðìóëîþ

v(τ, ξ) =

∫

Rn

Z∗(τ, ξ; t1, x)ψ(x)dx, (τ, ξ) ∈ Π[0,t1),

äå Z∗ � ô.ð. çàäà÷i Êîøi äëÿ ñïðÿæåíîãî
ðiâíÿííÿ.

Âðàõîâóþ÷è çâ'ÿçîê Z∗ iç Z [8], òàê ñàìî,
ÿê ïðè äîñëiäæåííi âëàñòèâîñòi ôóíêöi�� gt,
äîâîäèòüñÿ iñíóâàííÿ òàêîãî γ ∈ [0, t1), ùî
ïðè áóäü-ÿêîìó τ ∈ [γ, t1) v(τ, ·) ∈ S

1/
−→2b

1/~q i

v(τ, ·) →
τ→t1

ψ ó ïðîñòîði S
1/
−→2b

1/~q . ßêùî γ > 0,
òî, ïîâòîðèâøè àíàëîãi÷íi ìiðêóâàííÿ i âè-
êîðèñòàâøè ôîðìóëó çãîðòêè [8], îäåðæèìî,
ùî ïðè áóäü-ÿêîìó τ ∈ [0, t1) v(τ, ·) ∈ S

1/
−→2b

1/~q

i v(τ, ·) →
τ→t1

ψ ó ïðîñòîði S
1/
−→2b

1/~q . Îòæå, çàäà-
÷à (21) ðîçâ'ÿçíà ïðè áóäü-ÿêèõ t1 ∈ (0, T ] i
ψ ∈ S

1/
−→2b

1/~q .
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