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ÐIÂÍßÍÜ
Âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ iíòåãðàëüíèõ ìíîãîâèäiâ ñèíãóëÿðíî çáóðåíèõ

äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü ó âèãëÿäi ñóêóïíîñòi íåðiâíîñòåé äëÿ äåÿêèõ äî-
ïîìiæíèõ ôóíêöié.

The su�cient conditions of existence are established for integral manifolds of the singularly
perturbed di�erential-functional equations as a totality of inequalities for some auxiliary functions.

Ìåòîä iíòåãðàëüíèõ ìíîãîâèäiâ c åôå-
êòèâíèì àïàðàòîì äëÿ äîñëiäæåííÿ ñèíãó-
ëÿðíî çáóðåíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.
Óìîâè iñíóâàííÿ iíòåãðàëüíèõ ìíîãîâèäiâ
ñèíãóëÿðíî çáóðåíèõ çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü âèâ÷àëèñü ó ïðàöÿõ [1,2] òà
iíøèõ, à äëÿ ñèíãóëÿðíî çáóðåíèõ ñèñòåì iç
çàïiçíåííÿì - ó ïðàöÿõ [3�6].

Ó äàíié ïðàöi äîñëiäæåíî äîñòàòíi
óìîâè iñíóâàííÿ iíòåãðàëüíèõ ìíîãîâèäiâ
ñèíãóëÿðíî çáóðåíèõ äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèõ ðiâíÿíü.

1. Ðîçãëÿíåìî ñèñòåìó ñèíãóëÿðíî çáóðå-
íèõ ðiâíÿíü

dx

dt
= A(t)x + f(t, x, yt, ε),

ε
dy

dt
= L(t, yt) + g(t, x, yt, ε), (1)

äå t ∈ R, x ∈ Rn, y ∈ Rm, yt = y(t + θ),
−ε∆ ≤ θ ≤ 0, ∆ > 0.

Ïðèïóñòèìî, ùî äëÿ ñèñòåìè (1) âèêîíó-
þòüñÿ óìîâè:

I) ìàòðèöÿ A(t) òà ëiíiéíèé âiäíîñíî ϕ
ôóíêöiîíàë L(t, ϕ) íåïåðåðâíi çà t i ðiâíî-
ìiðíî îáìåæåíi ïðè t ∈ R;

II) îïåðàòîð çñóâó T (t, s) çà ðîçâ'ÿçêàìè
ðiâíÿííÿ

ε
dy

dt
= L(t, yt) (2)

çàäîâîëüíÿc íåðiâíiñòü
|T (t, s)ϕ| ≤ Ne−β(t−s)|ϕ|, N > 0, β > 0, t ≥ s;

(3)

III) ôóíêöi�� f i g âèçíà÷åíi é íåïåðåðâíi
â îáëàñòi Ω = {t ∈ R, x ∈ Rn, |y| < ρ, ε ∈
[0, ε0]} òà çàäîâîëüíÿþòü íåðiâíîñòi

|f(t, x, y, ε)| ≤ a1, |g(t, x, y, ε)| ≤ a2,

|f(t, x1, y1, ε)− f(t, x2, y2, ε)| ≤
≤ b1|x1 − x2|+ c1|y1 − y2|,

|g(t, x1, y1, ε)− g(t, x2, y2, ε)| ≤
≤ b2|x1 − x2|+ c2|y1 − y2|, (4)

äå ai = ai(|y|, ε), bi = bi(|y|, ε), ci = ci(|y|, ε) �
íåâiä'cìíi, íåñïàäíi ôóíêöi�� çìiííèõ |y| i ε.

Ñèñòåìà (1) åêâiâàëåíòíà òàêié ñèñòåìi
iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü [7]:

dx

dt
= A(t)x + f(t, x, yt, ε), yt = T (t, σ)yσ+

+
1

ε

t∫

σ

T (t, s)Y0g(s, x, ys, ε)ds, (5)

äå Y0(θ) = 0, −ε∆ ≤ θ < 0, Y0(0) = E, à
iíòåãðàë äëÿ êîæíîãî θ ∈ [−ε∆, 0] ðîçóìicìî
ÿê iíòåãðàë â Rm.

Îçíà÷åííÿ. Ìíîæèíó òî÷îê M ⊂ R ×
Rn×C[−ε∆, 0] áóäåìî íàçèâàòè iíòåãðàëü-
íèì ìíîãîâèäîì ñèñòåìè (5), ÿêùî äëÿ äî-
âiëüíî�� òî÷êè (t0, x0, yt0) ∈ M âèêîíócòüñÿ
óìîâà (t, x(t), yt) ∈ M äëÿ âñiõ t ≥ t0, äå
(x(t), yt) � ðîçâ'ÿçîê ñèñòåìè (5) ç ïî÷à-
òêîâèìè óìîâàìè (t0, x0, yt0).
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Âèâ÷àòèìåìî iíòåãðàëüíi ìíîãîâèäè ïî-
âiëüíèõ çìiííèõ ñèñòåìè (5), ÿêi îïèñóþòüñÿ
ðiâíÿííÿì

yt = h(t, x, ε), t ∈ R, x ∈ Rn, ε ∈ [0, ε0]. (6)

Ïðèïóñêàòèìåìî, ùî ôóíêöiÿ h � íåïåðåðâ-
íà çà t i çàäîâîëüíÿc çà x óìîâó Ëiïøèöÿ

|h(t, x1, ε)− h(t, x2, ε)| ≤ η|x1 − x2|. (7)

ßêùî, êðiì òîãî, âèêîíócòüñÿ óìîâà

|h(t, x, ε)| ≤ ρ, t ∈ R, x ∈ Rn, ε ∈ [0, ε0], (8)

òî iíòåãðàëüíèé ìíîãîâèä M , ùî îïèñócòüñÿ
ðiâíÿííÿì (6), áóäåìî íàçèâàòè (ρ, η)�
ìíîãîâèäîì [3,8].

ßêùî íà öüîìó ìíîãîâèäi ëåæèòü
òðàcêòîðiÿ (t, x(t), yt) ñèñòåìè (5), òî yt =
h(t, x(t), ε). Ôóíêöi�� x(t), yt = h(t, x(t), ε) çà-
äîâîëüíÿþòü ñèñòåìó (5). Ïåðøå ðiâíÿííÿ
ïðè öüîìó íàáóâàc âèãëÿäó

ẋ(t) = A(t)x + f(t, x, h(t, x, ε), ε). (9)

Çãiäíî ç ïðèïóùåííÿìè (4), (7), (8) ùîäî
ôóíêöié f i h, ìàcìî íåðiâíiñòü

|f(t, x1, h(t, x1, ε), ε)− f(t, x2, h(t, x2, ε), ε)| ≤
≤ [b1(ρ, ε) + c1(ρ, ε)η]|x1 − x2|.

Îòæå, ðiâíÿííÿ (9) äëÿ êîæíîãî ôiêñîâà-
íîãî x0 ∈ Rn ìàc cäèíèé ðîçâ'ÿçîê ϕ(t) =
Φ(t, t0, x0, ε, h), Φ(t0, t0, x0, ε, h) = x0. Ôóí-
êöiÿ yt = h(t, x(t), ε) c îáìåæåíèì íà âñié îñi
ðîçâ'ÿçêîì äðóãîãî ðiâíÿííÿ ñèñòåìè (5) i
òîìó ïîâèííà çàäîâîëüíÿòè iíòåãðàëüíå ðiâ-

íÿííÿ [7] yt =
1

ε

t∫

−∞

T (t, s)Y0g(s, ϕ(s), ys, ε)ds.

Äëÿ ôiêñîâàíîãî t âèáåðåìî òîé ðîçâ'ÿ-
çîê ϕ(s) ðiâíÿííÿ (9), ÿêèé ïðè s = t
äîðiâíþc ôiêñîâàíîìó çíà÷åííþ x(t), òîá-
òî ϕ(t) = Φ(t, s, x, ε, h). Òîäi äëÿ ôóíêöi��
h(t, x, ε), ùî âèçíà÷àc (ρ, η)�ìíîãîâèä ñè-
ñòåìè (6), îäåðæócìî ðiâíÿííÿ

h(t, x, ε) =
1

ε

t∫

−∞

T (t, s)Y0×

×g(s, ϕ(s), h(s, ϕ(s), ε), ε)ds. (10)

Ç äðóãîãî áîêó, ÿêùî ðiâíÿííÿ (10) ìàc
ðîçâ'ÿçîê, ùî çàäîâîëüíÿc óìîâè (7)�(8),
òî öåé ðîçâ'ÿçîê âèçíà÷àc (ρ, η)�ìíîãîâèä
M ñèñòåìè (5). Äiéñíî, äëÿ äîâiëüíî�� òî-
÷êè (t0, x0, yt0) ∈ M ìàcìî yt0 = h(t0, x0, ε)
i ðiâíÿííÿ (9) ìàc ðîçâ'ÿçîê x(t) = ϕ(t) =
Φ(t, t0, x0, ε, h) òàêèé, ùî x(t0) = x0.

Iç ñïiââiäíîøåííÿ Φ(t, s, Φ(s, t0, x0, ε, h),
ε, h) = Φ(t, t0, x0, ε, h) i ðiâíîñòi (10)
îäåðæócìî, ùî ôóíêöiÿ yt = h(t, ϕ(t), ε) c
ðîçâ'ÿçêîì äðóãîãî ðiâíÿííÿ ñèñòåìè (5).

Òàêèì ÷èíîì, ðiâíÿííÿ (10) ìîæíà ðîç-
ãëÿäàòè ÿê îïåðàòîðíå ðiâíÿííÿ äëÿ çíàõî-
äæåííÿ ôóíêöi�� h(t, x, ε).

2. Ðîçãëÿíåìî äîïîìiæíi íåðiâíîñòi.
Ëåìà 1. Íåõàé íåïåðåðâíà äîäàòíà íà

[t0 − T, t0] ôóíêöiÿ u(t) çàäîâîëüíÿc íåðiâ-
íiñòü

u(t) ≤ f(t) +

t0∫

t

[ϕ1(t)ϕ2(s)u(s) + ψ(t, s)]ds,

(11)
äå f(t), ϕ1(t), ϕ2(s), ψ(t, s) � íåïåðåðâíi,
íåâiä'cìíi ôóíêöi�� äëÿ t0 − T ≤ t ≤ s ≤ t0.

Òîäi ñïðàâäæócòüñÿ íåðiâíiñòü

u(t) ≤ f(t) +
t0∫
t

ψ(t, s)ds+

+ϕ1(t)
t0∫
t

ϕ2(s)[f(s) +
t0∫
s

ψ(s, ξ)dξ]×

× exp{
s∫
t

ϕ1(ξ)ϕ2(ξ)dξ}ds. (12)

Äîâåäåííÿ ëåìè 1 íåñêëàäíî ïðîâåñòè
øëÿõîì çâåäåííÿ iíòåãðàëüíî�� íåðiâíîñòi ç
ñåïàðàáåëüíèì ÿäðîì (11) äî ëiíiéíî�� äè-
ôåðåíöiàëüíî�� íåðiâíîñòi, âèêîðèñòîâóþ÷è
ôîðìóëó âàðiàöi�� ñòàëèõ. Âîíî àíàëîãi÷íå
äîâåäåííþ òåîðåìè 1.1.3 ç [9].

Çàóâàæåííÿ. Ëåìà 1 � öå óçàãàëüíåííÿ
ëiíiéíî�� iíòåãðàëüíî�� íåðiâíîñòi [10,c.16].
Âiäçíà÷èìî, ùî T ìîæå áóòè âèáðàíèì
ÿê çàâãîäíî âåëèêèì, òîìó îöiíêà (12)
ñïðàâäæócòüñÿ äëÿ âñiõ t ≤ t0, ÿêùî ôóí-
êöi�� f1, ϕ1, ϕ2, ψ âèçíà÷åíi äëÿ −∞ ≤ t ≤
s ≤ t0.
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Ðîçãëÿíåìî êëàñ C(ρ, η) ôóíêöié h : R×
Rn × [0, ε0] → C[−ε∆, 0] ç íîðìîþ ‖h‖ =
sup
t,x
|h(t, x, ε)|, ùî çàäîâîëüíÿþòü óìîâè (7)�

(8). Äëÿ äîâiëüíî�� ôóíêöi�� h ∈ C(ρ, η) ðîç-
ãëÿíåìî ðiâíÿííÿ (9).

Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè I,
III. Òîäi îïåðàòîð Φ(t, s, x, ε, h) äëÿ âñiõ s ≥
t çàäîâîëüíÿc íåðiâíiñòü

|Φ(t, s, x, ε, h)− Φ(t, s, x̄, ε, h̄)| ≤

≤ K

(
|x− x̄|+ c1(ρ, η)

γ
‖h− h̄‖

)
eγ(s−t),

äå γ = α + K[b1(ρ, ε) + c1(ρ, ε)η].
Äîâåäåííÿ. Ðîçãëÿíåìî ôóíêöi�� ϕ(t) =

Φ(t, s, x, ε, h), ϕ̄(t) = Φ(t, s, x̄, ε, h̄). Öi ôóí-
êöi�� çàäîâîëüíÿþòü iíòåãðàëüíi ðiâíÿííÿ

ϕ(t) = X(t, s)x + +

t∫

s

X(t, τ)f(τ, ϕ(τ),

h(τ, ϕ(τ), ε), ε)dτ, ϕ̄(t) = X(t, s)x̄+

+

t∫

s

X(t, τ)f(τ, ϕ̄(τ), h̄(τ, ϕ̄(τ), ε), ε)dτ.

Íà ïiäñòàâi ïðèïóùåííÿ I ìàcìî, ùî ôóí-
äàìåíòàëüíà ìàòðèöÿ X(t, s) ðiâíÿííÿ dx

dt
=

A(t)x çàäîâîëüíÿc íåðiâíiñòü |X(t, s)| ≤
Keα|t−s|, K > 0, α ≥ 0.

Âðàõîâóþ÷è óìîâè (4), (7), (8), îäåðæóc-
ìî äëÿ s ≥ t

|ϕ(t)− ϕ̄(t)| ≤ Keα(s−t)|x− x̄|+

+K

s∫

t

eα(τ−t){[b1(ρ, ε)+c1(ρ, ε)η]|ϕ(s)−ϕ̄(s)|+

+c1(ρ, ε)‖h− h̄‖}dτ.

Âèêîðèñòîâóþ÷è òåïåð ëåìó 1, ïîêëàâøè
f(t) = Keα(s−t)|x − x̄|, ϕ1(t) = K[b1(ρ, ε) +
c1(ρ, ε)η]e−αt, ϕ2(s) = eαs, ψ(t, s) =
Kc1(ρ, ε)‖h − h̄‖eα(s−t), îäåðæócìî ïîòðiáíó
îöiíêó. Ëåìà 2 äîâåäåíà.

Âèçíà÷èìî íà êëàñi ôóíêöié C(ρ, η) îïå-
ðàòîð St,x(h) ðiâíiñòþ

St,x(h) =
1

ε

t∫

−∞

T (t, s)Y0g(s, ϕ(s),

h(s, ϕ(s), ε), ε)ds, (13)

äå ϕ(s) = Φ(s, t, x, ε, h).
Ëåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè I�

III i β − γ > 0. Òîäi îïåðàòîð St,x(h)
çàäîâîëüíÿc íåðiâíîñòi

|St,x(h)| ≤ N

εβ
a2(ρ, ε), (14)

|St,x(h)− St,x(h̄)| ≤ ω(ρ, η, ε)|x− x̄|+

+

(
c1(ρ, η)ω(ρ, η, ε)

γ
+

c2(ρ, η)N

εβ

)
‖h− h̄‖,

(15)

äå ω(ρ, η, ε) =
NK[b2(ρ, ε) + c2(ρ, ε)η]

ε(β − γ)
.

Äîâåäåííÿ. Îöiíêà (14) áåçïîñåðåäíüî
âèïëèâàc ç íåðiâíîñòi (3) òà âëàñòèâîñòåé
ôóíêöié g i h. Âñòàíîâèìî îöiíêó (15).
Ìàcìî

|St,x(h)− St,x̄(h̄)| ≤ 1

ε

t∫

−∞

Ne−β(t−s)×

×|g(s, ϕ(s), h(s, ϕ(s), ε), ε)−
−g(s, ϕ̄(s), h̄(s, ϕ̄(s), ε), ε)|ds ≤

≤ 1

ε

t∫

−∞

Ne−β(t−s){[b2(ρ, ε) + c2(ρ, ε)η]×

×|ϕ(s)− ϕ̄(s)|+ c2(ρ, ε)‖h− h̄‖}ds.

Âèêîðèñòîâóþ÷è òåïåð ëåìó 2, îäåðæócìî

|St,x(h)− St,x̄(h̄)| ≤ 1

ε

t∫

−∞

Ne−β(t−s)×

×
{

K[b2(ρ, ε) + c2(ρ, ε)η]|x− x̄|eγ(t−s)+

+

[
Kc1(ρ, ε)

γ
(b2(ρ, ε) + c2(ρ, ε)η)eγ(t−s)+
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+c2(ρ, ε)

]
‖h− h̄‖

}
ds =

=
NK[b2(ρ, ε) + c2(ρ, ε)η]

ε(β − γ)
|x− x̄|+

+
N

ε

[
Kc1(ρ, ε)(b2(ρ, ε) + c2(ρ, ε)η)

γ(β − γ)
+

+
c2(ρ, ε)

β

]
‖h− h̄‖.

Ëåìà 3 äîâåäåíà.
3. Ïðèïóñòèìî, ùî ïðè âèçíà÷åííi êëàñó

ôóíêöié C(ρ, η) ÷èñëà ρ i η âäàëîñÿ âèáðàòè
òàê, ùîá ñïðàâäæóâàëèñÿ íåðiâíîñòi

α + K[b1(ρ, ε) + c1(ρ, ε)η] < β,

N

εβ
a2(ρ, ε) ≤ ρ, ω(ρ, η, ε) < η, (16)

c1(ρ, ε)

α + K[b1(ρ, ε) + c1(ρ, ε)η]
+

c2(ρ, ε)N

εβ
≤ q < 1.

Òîäi ç îöiíîê (14), (15) ìàcìî
|St,x(h)| ≤ ρ, |St,x(h)− St,x̄(h)| ≤ η|x− x̄|,

|St,x(h)− St,x(h̄)| ≤ q|h− h̄|.
Öå îçíà÷àc, ùî äëÿ òàêèõ ρ, η îïåðàòîð
St,x(h) âiäîáðàæàc C(ρ, η) â ñåáå i c ñòèñêà-
þ÷èì. Îòæå, â öüîìó âèïàäêó ðiâíÿííÿ (10)
ìàc â C(ρ, η) cäèíèé ðîçâ'ÿçîê h∗(t, x, ε), à
ñèñòåìà ðiâíÿíü (5) � iíòåãðàëüíèé ìíîãî-
âèä, ùî âèçíà÷àcòüñÿ ñïiââiäíîøåííÿì

yt = h∗(t, x, ε). (17)
Ïiäñóìócìî íàâåäåíi ìiðêóâàííÿ ó âèãëÿ-

äi òåîðåìè.
Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè I�

III, äå ôóíêöi�� ai, bi, ci (i = 1, 2) i ÷èñëà
α, β, N,K,L, ε0 òàêi, ùî äîïóñêàþòü iñíó-
âàííÿ òàêèõ ρ i η, ùî çäiéñíþþòüñÿ íåðiâ-
íîñòi (16). Òîäi äëÿ êîæíîãî ε ∈ (0, ε0] ñè-
ñòåìà (5) ìàc cäèíèé (ρ, η)�iíòåãðàëüíèé
ìíîãîâèä ïîâiëüíèõ çìiííèõ (17).

Çàóâàæåííÿ. Óìîâè iñíóâàííÿ iíòå-
ãðàëüíîãî ìíîãîâèäó çîáðàæóþòüñÿ ÿê ñó-
êóïíiñòü íåðiâíîñòåé äëÿ äåÿêèõ äîïîìi-
æíèõ ôóíêöié. Âèáèðàþ÷è öi ôóíêöi�� ïåâ-
íèì ÷èíîì, ìîæíà îäåðæàòè óìîâè iñíó-
âàííÿ iíòåãðàëüíèõ ìíîãîâèäiâ äëÿ êîíêðå-
òíèõ êëàñiâ ñèñòåì.

ßê ïðèêëàä ðîçãëÿíåìî âèïàäîê, êî-
ëè êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿí-
íÿ det (λE − L(t, eλ·)) = 0 äëÿ âñiõ
t ∈ R ëåæàòü ó ëiâié ïiâïëîùèíi
Re λ ≤ −2β0 < 0. Òîäi äëÿ îïåðàòîðà
çñóâó T (t, s) ñïðàâäæócòüñÿ îöiíêà [7]
|T (t, s)ϕ| ≤ N0e

−β0
ε

(t−s)|ϕ|, N0 > 0, t ≥ s. Âè-
áèðàþ÷è òåïåð β = β0ε

−1, ôóíêöi�� a1, b1, c1

� ñòàëèìè, a2, b2, c2 � íåñêií÷åííî ìàëè-
ìè ïðè ρ → 0, ε → 0, ëåãêî áà÷èòè, ùî
ïðè äîñòàòíüî ìàëèõ ε, ρ, η íåðiâíîñòi (16)
ñïðàâäæóþòüñÿ. Îòæå, â öüîìó âèïàäêó ñè-
ñòåìà ðiâíÿíü (5) ìàc cäèíèé iíòåãðàëüíèé
ìíîãîâèä ó êëàñi C(ρ, η).
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