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Óñòàíîâëåíî, ùî âiíöåâèé äîáóòîê äâîõ ñèìåòðè÷íèõ ãðóï çàâæäè c 2-ïîðîäæåíèì. Îäåð-
æàíî ïîëiíîìiàëüíó îöiíêó äiàìåòðà ãðàôà Êåëi ãðóïè Sm o Sn.

It is shown that the wreath product of two symmetric groups is 2-generated. The polynomial
estimation of Kayley's graph diameter is obtained for group Sm o Sn.

Âiíöåâi äîáóòêè ñêií÷åííèõ ñèìåòðè÷íèõ
ãðóï çàñòîñîâóþòüñÿ â ðiçíèõ ðîçäiëàõ äèñ-
êðåòíî�� ìàòåìàòèêè: ó òåîði�� ãðàôiâ, ïðè
êëàñèôiêàöi�� ôóíêöié áàãàòîçíà÷íî�� ëîãiêè
òîùî (äèâ., çîêðåìà, [1]). Íèçêà òâåðäæåíü
ïðî áóäîâó òàêèõ âiíöåâèõ äîáóòêiâ c â ìî-
íîãðàôiÿõ [2,3]. Ó ïðàöÿõ [4,5] âñòàíîâëå-
íî, ùî (çà î÷åâèäíèìè âèíÿòêàìè) öi ãðó-
ïè c ìàêñèìàëüíèìè ïiäãðóïàìè ó âiäïîâiä-
íié ñèìåòðè÷íié ãðóïi, à â ïðàöÿõ [6,7] âè-
â÷àëèñÿ ïðèìiòèâíi çîáðàæåííÿ òàêèõ âií-
öåâèõ äîáóòêiâ (òàê çâàíi ñèìåòðè÷íi åêñïî-
íåíöiþâàííÿ). Ó [8] ïîêàçàíî, ùî âîíè òà-
êîæ ìîæóòü áóòè ìàêñèìàëüíèìè ïiäãðóïà-
ìè ó âiäïîâiäíèõ ñèìåòðè÷íèõ ãðóïàõ. Ñà-
ìå òîìó ïîäàëüøå äîñëiäæåííÿ áóäîâè òà-
êèõ âiíöåâèõ äîáóòêiâ c öiêàâîþ é ïåðñïå-
êòèâíîþ çàäà÷åþ. Ðîçâèâàþ÷è ìåòîäèêó, çà-
ïðîïîíîâàíó â [9,10], ó äàíié ñòàòòi áóäóþ-
òüñÿ êîíêðåòíi 2-åëåìåíòíi ñèñòåìè òâiðíèõ
âiíöåâèõ äîáóòêiâ äâîõ ñèìåòðè÷íèõ ãðóï i
îöiíþcòüñÿ äiàìåòð ãðàôà Êåëi äëÿ òàêèõ
ñèñòåì òâiðíèõ.

Äîïîìiæíi òâåðäæåííÿ
Ëåìà 1. Ïðè äîâiëüíîìó k > 2 ãðóïà Sk

ïîðîäæócòüñÿ ïiäñòàíîâêàìè

α1 = (1, 2), β1 = (1, 2, ..., k)

àáî ïiäñòàíîâêàìè

α2 = (1, 2, ..., k − 1), β2 = (1, 2, ..., k).

Äîâåäåííÿ ëåìè äèâ. â [11].

Íåõàé Σ � äåÿêà ñèñòåìà òâiðíèõ ñèìå-
òðè÷íî�� ãðóïè Sk. Ñèìâîëîì lΣ(σ) ïîçíà÷è-
ìî äîâæèíó ìiíiìàëüíîãî ðîçêëàäó ïiäñòà-
íîâêè σ íà äîáóòîê òâiðíèõ iç Σ i ïîêëàäåìî

LΣ(k) = max
σ∈Sk

lΣ(σ).

Ëåìà 2. 1) ßêùî Σ = {α1, β1}, òî

LΣ(k) ≤ k(k − 1)

2
(k2 + k − 1).

2) ßêùî Σ = {α2, β2}, òî

LΣ(k) ≤ k(k − 1)

2
(k2 + 2k − 2).

Äîâåäåííÿ ëåìè 2 äèâ. ó [10].

Äâîåëåìåíòíi ñèñòåìè òâiðíèõ âií-
öåâîãî äîáóòêó äâîõ ñèìåòðè÷íèõ ãðóï

Òåîðåìà 1. Ãðóïà Tm,n = Sm o Sn, äå
m,n � íàòóðàëüíi ÷èñëà (m,n > 2), c 2-
ïîðîäæåíîþ, òîáòî ìiñòèòü íåçâiäíó ñè-
ñòåìó òâiðíèõ, ÿêà ñêëàäàcòüñÿ ç äâîõ åëå-
ìåíòiâ.

Äîâåäåííÿ. Îñêiëüêè çà ëåìîþ 1 ñè-
ìåòðè÷íi ãðóïè Sm i Sn (m,n > 2) c 2-
ïîðîäæåíèìè, òî â ãðóïi Tm,n ñòàíäàðòíèì
÷èíîì ìîæíà âèçíà÷èòè ñèñòåìè òâiðíèõ,
ÿêi ñêëàäàþòüñÿ ç ÷îòèðüîõ åëåìåíòiâ:

a = [(1, 2, ..., m); ε, ..., ε],

b = [(1, 2); ε, ..., ε],

c = [ε; (1, 2), ε, ..., ε], (1)
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d = [ε; (1, 2, ..., n), ε, ..., ε]

àáî
ã = [(1, 2, ...,m− 1); ε, ..., ε],

b̃ = [(1, 2, ..., m); ε, ..., ε],

c̃ = [ε; (1, 2, ..., n), ε, ..., ε], (2)

d̃ = [ε; (1, 2, ..., n− 1), ε, ..., ε].

Ïîêàæåìî, ùî êiëüêiñòü òâiðíèõ ìîæíà
çìåíøèòè äî äâîõ. Ðîçãëÿíåìî 4 ðiçíi âè-
ïàäêè çàëåæíî âiä ïàðíîñòi ÷èñåë m i n.

Âèïàäîê 1. Íåõàé m,n � íåïàðíi íàòó-
ðàëüíi ÷èñëà. Ïîêàæåìî, ùî åëåìåíòè

u1 = [(1, 2, ..., m); (1, 2), ..., (1, 2)],

v1 = [(1, 2); (1, 2), ε, (1, 2, ..., n), ε, ..., ε] (3)

óòâîðþþòü íåçâiäíó ñèñòåìó òâiðíèõ ãðóïè
Tm,n. Äëÿ öüîãî äîñèòü äîâåñòè, ùî òàáëèöi
a, b, c, d âèðàæàþòüñÿ ÷åðåç u1 òà v1.

Äëÿ äîâiëüíîãî öiëîãî ÷èñëà k

uk
1 = [(1, 2, ...,m)k; (1, 2)k, ..., (1, 2)k].

Îñêiëüêè m � íåïàðíå ÷èñëî, òî

um
1 = [ε; (1, 2), ..., (1, 2)],

um+1
1 = [(1, 2, ..., m); ε, ..., ε] = a.

Àíàëîãi÷íî ìîæíà ïåðåâiðèòè, ùî äëÿ êî-
æíîãî öiëîãî ÷èñëà s

v2s
1 = [(1, 2)2s; (1, 2)s, (1, 2)s,

(1, 2, ..., n)2s, ε, ..., ε]

i
v2s+1

1 = [(1, 2)2s+1; (1, 2)s+1, (1, 2)s,

(1, 2, ..., n)2s+1, ε, ..., ε].

Îñêiëüêè n � íåïàðíå ÷èñëî, òî

vn
1 = [(1, 2); (1, 2)

n+1
2 , (1, 2)

n−1
2 , ε, ..., ε]

i
vn+1

1 =

= [ε; (1, 2)
n+1

2 , (1, 2)
n+1

2 , (1, 2, ..., n), ε, ..., ε].

Ìîæëèâi äâà íàñòóïíi âèïàäêè.

à) n = 4s+1 (s ∈ N), òîáòî n + 1

2
= 2s+1

� íåïàðíå, n− 1

2
= 2s � ïàðíå íàòóðàëüíi

÷èñëà. Òîäi

vn
1 = [(1, 2); (1, 2), ε, ..., ε]

i

vn+1
1 = [ε; (1, 2), (1, 2), (1, 2, ..., n), ε, ..., ε].

Îá÷èñëèìî òàêi äîáóòêè:

v2n
1 = (vn

1 )2 = [ε; (1, 2), (1, 2), ε, ..., ε],

(vn+1
1 )n+1 = [ε; ε, ε, (1, 2, ..., n), ε, ..., ε].

á) n = 4s+3 (s = 0, 1, 2, ...), òîáòî n + 1

2
=

2s + 2 � ïàðíå, n− 1

2
= 2s + 1 � íåïàðíå

íàòóðàëüíi ÷èñëà. Òîäi îäåðæèìî, ùî

vn
1 = [(1, 2); ε, (1, 2), ε, ..., ε],

vn+1
1 = [ε; ε, ε, (1, 2, ..., n), ε, ..., ε],

v2n
1 = (vn

1 )2 = [ε; (1, 2), (1, 2), ε, ..., ε].

Îòæå,

vn
1 =





[(1, 2); (1, 2), ε, ..., ε] ,
n = 4s + 1,

[(1, 2); ε, (1, 2), ε, ..., ε] ,
n = 4s + 3,

vn+1
1 =





[ε; (1, 2), (1, 2), (1, 2, ..., n), ε, ..., ε] ,
n = 4s + 1,

[ε; ε, ε, (1, 2, ..., n), ε, ..., ε] ,
n = 4s + 3.

Äëÿ çðó÷íîñòi ïîçíà÷èìî

z = [ε; (1, 2), (1, 2), ε, ..., ε] = v2n
1 ,

r = [ε; ε, ε, (1, 2, ..., n), ε, ..., ε] =

=

{
(vn+1

1 )n+1, n = 4s + 1,
vn+1

1 , n = 4s + 3,

Ìîæíà ïåðåâiðèòè, ùî äëÿ äîâiëüíîãî öiëî-
ãî i, 0 ≤ i ≤ m−3

2
, îòðèìócìî

a2i · z · a−2i =
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= [ε; ε, ..., ε︸ ︷︷ ︸
2i

, (1, 2), (1, 2), ε, ..., ε],

çâiäêè
m−3

2∏
i=0

a2i · z · a−2i = [ε; (1, 2), ..., (1, 2)︸ ︷︷ ︸
m−1

, ε].

Ïîêëàâøè f = [ε; (1, 2), ..., (1, 2), ε], ìàcìî

u1 · f · a−1 = [ε; (1, 2), ε, ..., ε] = c,

à òîìó
b = [(1, 2); ε, ..., ε] =

=

{
c · vn

1 , n = 4s + 1,
vn

1 · c, n = 4s + 3.

Çàëèøèëîñÿ îäåðæàòè âèðàç äëÿ d. Äëÿ äî-
âiëüíîãî öiëîãî 0 ≤ i ≤ m− 3 ìàcìî

ai · r · a−i = [ε; ε, ..., ε︸ ︷︷ ︸
i+2

, (1, 2, ..., n), ε, ..., ε︸ ︷︷ ︸
m−i−3

],

à òîìó

am−2 ·r ·a−(m−2) = a · (am−3 ·r ·a−(m−3)) ·a−1 =

= [ε; (1, 2, ..., n), ε, ..., ε] = d.

Òàêèì ÷èíîì, äëÿ íåïàðíèõ m,n ñïðàâ-
äæóþòüñÿ ðiâíîñòi

a = um+1
1 ; c = u1 ·f ·a−1; d = am−2 ·r ·a−(m−2);

b =

{
c · vn

1 , n = 4s + 1,
vn

1 · c, n = 4s + 3, s ∈ N,
(4)

äå f, r âèçíà÷åíî âèùå. Îòæå, u1, v1 óòâî-
ðþþòü ñèñòåìó òâiðíèõ âiíöåâîãî äîáóòêó
Sm o Sn ïðè íåïàðíèõ m i n.

Âèïàäîê 2.Íåõàé m � íåïàðíå, n � ïàðíå
íàòóðàëüíi ÷èñëà. Ïîêàæåìî, ùî åëåìåíòè

u2 = [(1, 2, ..., m); (1, 2), ..., (1, 2)],

v2 = [(1, 2); (1, 2, ..., n), ε, (1, 2, ..., n−1), ε, ..., ε]
(5)

óòâîðþþòü íåçâiäíó ñèñòåìó òâiðíèõ ó Tm,n.
Î÷åâèäíî, ùî äëÿ äîâiëüíîãî ÷èñëà i ∈ Z

ìàcìî

ui
2 = [(1, 2, ..., m)i; (1, 2)i, ..., (1, 2)i],

à òîìó, îñêiëüêè m íåïàðíå,

um
2 = [ε; (1, 2), ..., (1, 2)]

i
um+1

2 = [(1, 2, ..., m); ε, ..., ε] = a.

Äëÿ êîæíîãî s ∈ Z äiñòàcìî

v2s
2 = [ε; (1, 2, ..., n)s, (1, 2, ..., n)s,

(1, 2, ..., n− 1)2s, ε, ..., ε]

i

v2s+1
2 = [(1, 2); (1, 2, ..., n)s+1, (1, 2, ..., n)s,

(1, 2, ..., n− 1)2s+1, ε, ..., ε].

Çâiäñè îòðèìócìî, ùî

v2n
2 = [ε; ε, ε, (1, 2, ..., n− 1)2, ε, ..., ε],

v2n+1
2 = [(1, 2); (1, 2, ..., n), ε,

(1, 2, ..., n− 1)3, ε, ..., ε],

Ïîêëàâøè k = n
2
− 2, îäåðæèìî

(v2n
2 )k · v2n+1

2 = [(1, 2); (1, 2, ..., n), ε, ..., ε].

Ïîçíà÷èìî f = (v2n
2 )

n
2
−2 · v2n+1

2 , òîäi

f 2 = [ε; (1, 2, ..., n), (1, 2, ..., n), ε, ..., ε].

Ïîêëàäåìî äàëi

g =

m−3
2∏

i=0

a2i · f 2 · a−2i

= [ε; (1, 2, ..., n), ..., (1, 2, ..., n), ε].

Âðàõîâóþ÷è, ùî

g · um
2 = [ε; π, ..., π, (1, 2)],

äå π = (1, 2, ..., n) · (1, 2) = (1)(2, 3, ..., n) �
öèêë äîâæèíè n− 1, îòðèìócìî

(g · um
2 )n−1 = [ε; ε, ..., ε, (1, 2)].

Çâiäñè ìàcìî

a · (g · um
2 )n−1 · a−1 = [ε; (1, 2), ε, ..., ε] = c.

Îñêiëüêè

c · f = [(1, 2); σ, ε, ...., ε],
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äå σ = (1, 2) · (1, 2, ..., n) = (2)(1, 3, ..., n) �
öèêë äîâæèíè n− 1, òî

r = (c · f)2 = [ε; σ, σ, ε, ...., ε].

Âðàõîâóþ÷è, ùî (1, 2) · σ = (1, 2, ..., n) i

c · r = [ε; (1, 2, ..., n), σ, ε, ..., ε],

ìàòèìåìî

(c · r)n = [ε; ε, σ, ε, ..., ε].

Ïîçíà÷èâøè îñòàííié âèðàç ÷åðåç t, îòðèìó-
cìî

(c · r) · tn−2 = [ε; (1, 2, .., n), ε, ..., ε] = d.

Çâiäñè âèïëèâàc, ùî

dn−1 · f = [(1, 2); ε, ..., ε] = b.

Òàêèì ÷èíîì, äëÿ íåïàðíîãî m i ïàðíîãî
n ñïðàâäæóþòüñÿ ðiâíîñòi

a = um+1
2 ;

c = a · (g · um
2 )n−1 · a−1;

d = c · r · tn−2;

b = dn−1 · f, (6)

äå g, r, t, fâèçíà÷åíî âèùå, òîáòî u2, v2 c íå-
çâiäíîþ ñèñòåìîþ òâiðíèõ Tm,n.

Âèïàäîê 3.Íåõàé m � ïàðíå, n � íåïàðíå
íàòóðàëüíi ÷èñëà. Äîâåäåìî, ùî åëåìåíòè

u3 = [(1, 2, ...,m); ε, ... ε],

v3 = [(1, 2); ε, ε, (1, 2), ε, ..., ε, (1, 2, ..., n)] (7)

óòâîðþþòü íåçâiäíó ñèñòåìó òâiðíèõ ãðóïè
Tm,n. Îñêiëüêè u3 = a, òî äîñèòü ïåðåñâiä÷è-
òèñü, ùî b, c, d âèðàæàþòüñÿ ÷åðåç u3, v3.

Äëÿ äîâiëüíîãî öiëîãî ÷èñëà i ìàcìî

vi
3 = [(1, 2)i; ε, ε, (1, 2)i, ε, ..., ε, (1, 2, ..., n)i],

òîáòî

vn
3 = [(1, 2); ε, ε, (1, 2), ε, ..., ε]

òà
vn+1

3 = [ε; ε, ..., ε, (1, 2, ..., n)],

çâiäêè

a · vn+1
3 · a−1 = [ε; (1, 2, ..., n), ε, ..., ε] = d.

Íåõàé äàëi

p = a2 · d · a−2 = [ε; ε, ε, (1, 2, ..., n), ε, ..., ε],

òîäi

vn
3 · p2 = [(1, 2); ε, ε, γ, ε, ..., ε],

äå
γ = (1, 2) · (1, 2, ..., n)2 =

=

(
1 2 3 4 ... n− 2 n− 1 n
4 3 5 6 ... n 1 2

)

� öèêë äîâæèíè n. Îòæå,

(vn
3 · p2)n = [(1, 2); ε, ..., ε] = b.

Îñêiëüêè

b · vn
3 = [ε; ε, ε, (1, 2), ε, ..., ε],

òî

am−2 · (b · vn
3 ) · a−(m−2) = [ε; (1, 2), ε, ..., ε] = c.

Òàêèì ÷èíîì, äëÿ ïàðíîãî m i íåïàðíîãî
n ìàcìî

d = a · vn+1
3 · a−1; b = (vn

3 · p2)n;

c = am−2 · (b · vn
3 ) · a−(m−2), (8)

äå p âèçíà÷åíî âèùå. Îòæå, u3, v3 óòâîðþ-
þòü íåçâiäíó ñèñòåìó òâiðíèõ ãðóïè Tm,n.

Âèïàäîê 4. Íåõàé m,n � ïàðíi íàòóðàëü-
íi ÷èñëà. Ïîêàæåìî, ùî òàáëèöi

u4 = [(1, 2, ..., m); (1, 2, ..., n− 1), ε, ..., ε],

v4 = [(1, 2, ..., m− 1); ε, ..., ε, (1, 2, ..., n)] (9)

óòâîðþþòü íåçâiäíó ñèñòåìó òâiðíèõ ãðóïè
Tm,n ó öüîìó âèïàäêó. Äëÿ öüîãî äîñèòü äî-
âåñòè, ùî òàáëèöi ã, b̃, c̃, d̃ âèðàæàþòüñÿ ÷å-
ðåç u4 i v4.

Äëÿ äîâiëüíèõ öiëèõ ÷èñåë i ≤ m òà j
ñïðàâäæóþòüñÿ ðiâíîñòi

ui
4 = [(1, 2, ..., m)i;

(1, 2, ..., n− 1), ..., (1, 2, ..., n− 1)︸ ︷︷ ︸
i

, ε, ..., ε]
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i

vj
4 = [(1, 2, ..., m− 1)j; ε, ..., ε, (1, 2, ..., n)j].

Ïiäáèðàþ÷è ïàðíå ÷èñëî α òàê, ùîá
{

α ≡ 1(mod m− 1),
α ≡ 0(mod n),

äiñòàíåìî

vα
4 = [(1, 2, ..., m− 1); ε, ..., ε] = b̃.

Àíàëîãi÷íî, ïiäáèðàþ÷è íåïàðíå ÷èñëî β
òàê, ùîá

{
β ≡ 0(mod m− 1),
β ≡ 1(mod n),

ìàòèìåìî

vβ
4 = [ε; ε, ..., ε, (1, 2, ..., n)].

Î÷åâèäíî, ùî

um
4 · vβ

4 =

= [ε; (1, 2, ..., n− 1), ..., (1, 2, ..., n− 1), ϕ],

äå

ϕ = (1, 2, ..., n− 1) · (1, 2, ..., n) =
(

1 2 3... n− 2 n− 1 n
3 4 5... n 2 1

)

� öèêë äîâæèíè n. Îòæå, ïîçíà÷àþ÷è

t = (um
4 · vβ

4 )n = [ε; (1, 2, ..., n− 1),

..., (1, 2, ..., n− 1), ε],

ìàòèìåìî, ùî

u4 · t = [(1, 2, ...m); (1, 2, ..., n− 1), ...,

(1, 2, ..., n− 1)],

òà âðàõîâóþ÷è ðiâíiñòü

(um
4 )n−2 = [ε; (1, 2, ..., n− 1)n−2, ...,

(1, 2, ..., n− 1)n−2],

îòðèìócìî

u4 · t · (um
4 )n−2 = [(1, 2, ..., m); ε, ..., ε] = ã.

Òàêèì ÷èíîì,

u4 · ãm−1 = [ε; (1, 2, ..., n− 1), ε, ..., ε] = d̃

òà

ã · vβ
4 · ã−1 = [ε; (1, 2, ..., n), ε, ..., ε] = c̃.

Îòæå, ó âèïàäêó ïàðíèõ m,n ñïðàâäæó-
þòüñÿ ðiâíîñòi

ã = u4 · t · (um
4 )n−2; b̃ = vα

4 ;

c̃ = ã · vβ
4 · ã−1, d̃ = u4 · ãm−1, (10)

äå α, β, t âèçíà÷åíî âèùå. Òàêèì ÷èíîì,
u4, v4 c íåçâiäíîþ ñèñòåìîþ òâiðíèõ ãðóïè
Tm,n.

Òåîðåìó 1 äîâåäåíî.

Îöiíêè äiàìåòðà ãðàôà Êåëi ãðóïè
Tm,n äëÿ äâîåëåìåíòíèõ ñèñòåì òâið-
íèõ

Äîâiëüíó òàáëèöþ q ∈ Tm,n = Sm o Sn ìî-
æíà çàïèñàòè ó âèãëÿäi äîáóòêó �êîîðäèíà-
òíèõ� òàáëèöü òàêèì ÷èíîì:

q = [π; σ1, σ2, ..., σm] =

= [ε; σ1, ε, ..., ε] · [ε; ε, σ2, ε, ..., ε] · ...
... · [ε; ε, ..., ε, σm] · [π; ε, ..., ε], (11)

äå π ∈ Sm, σi ∈ Sn, i = 1, 2, .., n; m,n ∈ N.
Äîìîâèìîñÿ íàäàëi ïðî òàêi ïîçíà÷åííÿ:

q1 = [ε; σ1, ε, ..., ε];

q2 = [ε; ε, σ2, ε, ..., ε];

.............................. (12)

qm = [ε; ε, ..., ε, σm];

qm+1 = [π; ε, ..., ε].

Ñèìâîëîì Λi (i = 1, 2, 3, 4) ïîçíà÷à-
òèìåìî ñèñòåìó òâiðíèõ ãðóïè Tm,n, ÿêà
âèíà÷àcòüñÿ óìîâàìè:

à) Λ1 = {u1, v1} äëÿ íåïàðíèõ m,n;
á) Λ2 = {u2, v2} äëÿ íåïàðíîãî m i ïàðíî-

ãî n;
â) Λ3 = {u3, v3} äëÿ ïàðíîãî m i íåïàðíî-

ãî n;
ã) Λ4 = {u4, v4} äëÿ ïàðíèõ m,n.
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Cèìâîëîì lΛi
(q) ïîçíà÷èìî äîâæèíó íàé-

êîðîòøîãî ðîçêëàäó òàáëèöi q ∈ Tm,n â ñè-
ñòåìi òâiðíèõ Λi òà ïîêëàäåìî

LΛi
(m,n) = max

q∈Tm,n

lΛi
(q), 1 ≤ i ≤ 4. (14)

Íåõàé Λ � îäíà ç ñèñòåì Λi (1 ≤ i ≤ 4)
çàëåæíî âiä ïàðíîñòi ÷èñåë m i n. Òîäi ïðà-
âèëüíèì c íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2. Äëÿ äîâiëüíèõ íàòóðàëüíèõ
÷èñåë m,n ≥ 3

LΛ(m,n) ≤ 62m6n9. (15)

Äîâåäåííÿ. Êîæíà ç ïiäñòàíîâîê π i σi

(1 ≤ i ≤ m) âèðàæàþòüñÿ ÷åðåç òâiðíi åëå-
ìåíòè ãðóï Sm òà Sn âiäïîâiäíî. Òîìó òà-
áëèöi qj (1 ≤ j ≤ m + 1) áóäóòü ðîçêëàäà-
òèñÿ íà äîáóòîê òâiðíèõ ãðóïè Tm,n. Íàñ öi-
êàâèòü äîâæèíà ìiíiìàëüíîãî ðîçêëàäó òà-
áëèöi q ∈ Tm,n íà äîáóòîê åëåìåíòiâ îäíic�� ç
ñèñòåì Λi(1 ≤ i ≤ 4). Ðîçãëÿíåìî íàñòóïíi
âèïàäêè.

Âèïàäîê 1. Íåõàé m,n � íåïàðíi íàòó-
ðàëüíi ÷èñëà. Çà òåîðåìîþ 1, åëåìåíòè áàçè
(1) ãðóïè Tm,n âèðàæàþòüñÿ ÷åðåç ñèñòåìó
òâiðíèõ Λ1 = {u1, v1} çà ôîðìóëàìè (4). Âè-
êîðèñòîâóþ÷è öåé ôàêò, îá÷èñëèìî äîâæè-
íè ðîçêëàäiâ òàáëèöü qj (1 ≤ j ≤ m + 1) ó
áàçi Λ1.

Òàáëèöÿ qm+1 ðîçêëàäàcòüñÿ íà äîáóòîê
åëåìåíòiâ a i b, à òàáëèöi q1, q2, ..., qm � íà
äîáóòîê c i d, ÿêi, ó ñâîþ ÷åðãó, âèðàæàþ-
òüñÿ ÷åðåç u1, v1. Òîìó, îá÷èñëþþ÷è äîâæè-
íè ðîçêëàäiâ êîæíî�� ç òàáëèöü a, b, c, d íà äî-
áóòîê u1, v1, îòðèìócìî

lΛ1(a) = m + 1; lΛ1(b) ≤ 3m3n;

lΛ1(c) ≤ 2m3n; lΛ1(d) ≤ 5m2n2. (16)

Âiäîìî, ùî äîâiëüíà òðàíñïîçèöiÿ (i, j)
ñèìåòðè÷íî�� ãðóïè Sk çîáðàæócòüñÿ ó âèãëÿ-
äi äîáóòêó

(i, j) = β−i+1
1 ·(α1 ·β−1

1 )j−i ·βj−1
1 , (j > i) (17)

äå α1 = (1, 2), β1 = (1, 2, ..., k) � òâiðíi ñèìå-
òðè÷íî�� ãðóïè Sk.

Ç óðàõóâàííÿì (16) i (17) ìîæíà ïîêàçà-
òè, ùî

lΛ1(qm+1) ≤ 5m6n, lΛ1(q1) ≤ 12m3n5,

lΛ1(qi+1) ≤ 2(m− i)(m + 1) + 12m3n5,

1 ≤ i ≤ m− 1.

Òîäi
LΛ1(m, n) =

= max
q∈Tm,n

m+1∑
i=1

lΛ1(qi) ≤ 37m6n5. (18)

Âèïàäîê 2. Íåõàé m � íåïàðíe, n � ïàð-
íå íàòóðàëüíi ÷èñëà. Çãiäíî ç òåîðåìîþ 1,
â ãðóïi Tm,n iñíóc äâîåëåìåíòíà áàçà Λ2 =
{u2, v2}. Âðàõîâóþ÷è ôîðìóëè (6), (12), (17)
òà ìiðêóâàííÿ, íàâåäåíi â ïîïåðåäíüîìó âè-
ïàäêó, îòðèìócìî

lΛ2(a) = m, lΛ2(b) ≤ 29m3n7,

lΛ2(c) ≤ 4m3n3, lΛ2(d) ≤ 28m3n6,

lΛ2(qm+1) ≤ 31m6n7, lΛ2(q1) ≤ 30m3n9,

lΛ2(qi+1) ≤ 2m(m− i) + 30m3n9,

1 ≤ i ≤ m− 1.

Òîìó
LΛ2(m,n) ≤ 62m6n9. (19)

Âèïàäîê 3. Ó âèïàäêó ïàðíîãî m òà íå-
ïàðíîãî n àíàëîãi÷íî îäåðæèìî

lΛ3(a) = 1, lΛ3(b) ≤ 7n2,

lΛ3(c) ≤ 10mn2, lΛ3(d) = n + 3,

lΛ3(qm+1) ≤ 12m4n2, lΛ3(q1) ≤ 14mn5,

lΛ3(qi+1) ≤ 2(m− i) + 14mn5,

1 ≤ i ≤ m− 1.

Çâiäñè âèïëèâàc, ùî

LΛ3(m,n) ≤ 27m4n5. (20)

Âèïàäîê 4. Àíàëîãi÷íî äëÿ ïàðíèõ m i n
ìàcìî

lΛ4(ã) ≤ 3m2n3, lΛ4(b̃) ≤ m2n2,

lΛ4(c̃) ≤ 7m2n3, lΛ4(d̃) ≤ 3m3n3,
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lΛ4(qm+1) ≤ 11

2
m5n3, lΛ4(q1) ≤ 41

2
m3n6,

lΛ4(qi+1) ≤ 6m2n3(m− i) +
41

2
m3n6,

1 ≤ i ≤ m− 1.

Çâiäñè äiñòàcìî

LΛ4(m,n) ≤ 27m5n6. (21)

Îñêiëüêè ëiâà ÷àñòèíà êîæíî�� ç íåðiâ-
íîñòåé (18)�(21) íå ïåðåâèùóc 62m6n9, òî
ñïðàâäæócòüñÿ íåðiâíiñòü (15).

Òåîðåìó 2 äîâåäåíî.
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