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ÏÐÎ ÊÎÐÅÊÒÍÓ ÐÎÇÂ'ßÇÍIÑÒÜ ÏÀÐÀÁÎËI×ÍÈÕ ÑÈÑÒÅÌ Ç
ÂÈÐÎÄÆÅÍÍßÌ ÍÀ ÏÎ×ÀÒÊÎÂIÉ ÃIÏÅÐÏËÎÙÈÍI

Óñòàíîâëåíà êîðåêòíà ðîçâ'ÿçíiñòü ïàðàáîëi÷íèõ ñèñòåì ç âèðîäæåííÿì íà ïî÷àòêîâié
ãiïåðïëîùèíi â ñïåöiàëüíèõ âàãîâèõ ïðîñòîðàõ Ãåëüäåðà.

The correct resolvability of parabolic systems with degenerations on the initial hyperplane in
special weight spaces is established.

Â [1�3] ïîáóäîâàíà é äîñëiäæåíà ôóíäà-
ìåíòàëüíà ìàòðèöÿ ðîçâ'ÿçêiâ (ô.ì.ð.) çàäà-
÷i Êîøi äëÿ ïàðàáîëi÷íèõ ñèñòåì ðiâíÿíü ç
âèðîäæåííÿì íà ïî÷àòêîâié ãiïåðïëîùèíi.
Òóò öi ðåçóëüòàòè çàñòîñîâóþòüñÿ äî âñòà-
íîâëåííÿ êîðåêòíî�� ðîçâ'ÿçíîñòi òàêèõ ñè-
ñòåì ó ñïåöiàëüíèõ âàãîâèõ ïðîñòîðàõ Ãåëü-
äåðà.

1. Âèêîðèñòîâóâàòèìåìî òàêi ïî-
çíà÷åííÿ: n, b,N � çàäàíi íàòóðàëü-
íi ÷èñëà; T � çàäàíå äîäàòíå ÷èñëî;
α, β : [0, T ] → [0,∞) � íåïåðåðâíi ôóí-
êöi�� òàêi, ùî α(0)β(0) = 0, α(t) > 0 i
β(t) > 0 äëÿ t > 0, β ìîíîòîííî íåñïàäíà;
q ≡ 2b/(2b− 1); ΠH ≡ {(t, x)|t ∈ H, x ∈ Rn},
H ⊂ [0,∞); CN � ñóêóïíiñòü óñiõ
ñòîâïöiâ âèñîòè N , åëåìåíòàìè ÿêèõ
c êîìïëåêñíi ÷èñëà; A(t, τ) ≡

t∫
τ

dθ
α(θ)

,

B(t, τ) ≡
t∫

τ

β(θ)
α(θ)

dθ, Ed(t, τ) ≡ exp{dA(t, τ)},
Ec(t, τ, x) ≡ exp{−c(B(t, τ))1−q|x|q},
Ed

c (t, τ, x) ≡ Ec(t, τ, x)Ed(t, τ); ∆t′
t f(t, ·) ≡

f(t, ·) − f(t′, ·), ∆x′
x f(·, x) ≡ f(·, x) − f(·, x′),

∆t′,x′
t,x f(t, x, ·) ≡ f(t, x, ·) − f(t′, x′, ·); t ≤ t′;

I � îäèíè÷íà ìàòðèöÿ ïîðÿäêó N ;
p(t, x; t′, x′) ≡ ((A(t′, t))1/b + |x − x′|2)1/2

� ñïåöiàëüíà âiäñòàíü ìiæ òî÷êàìè (t, x)
i (t′, x′); η � õàðàêòåðèñòè÷íà ôóíêöiÿ
ïðîìiæêó [0,∞).

Ðîçãëÿíåìî ñèñòåìó N ðiâíÿíü âèãëÿäó

(α(t)I∂t − β(t)×

×
∑

1≤|k|≤2b

ak(t, x)∂k
x − a0(t, x))u(t, x) = f(t, x),

(t, x) ∈ Π(0,T ], (1)

ïðè òàêèõ ïðèïóùåííÿõ:
1) âèðàç I∂t −

∑
|k|≤2b

ak(t, x)∂k
x ðiâíîìiðíî

ïàðàáîëi÷íèé çà Ïåòðîâñüêèì â Π[0,T ];
2) êîåôiöicíòè ak, |k| ≤ 2b, îáìåæåíi é

íåïåðåðâíi çà t â Π[0,T ] (ïðè öüîìó íåïå-
ðåðâíiñòü ak, |k| = 2b, ðiâíîìiðíà âiäíîñíî
x ∈ Rn), à òàêîæ çàäîâîëüíÿþòü ó Π[0,T ] ðiâ-
íîìiðíó óìîâó Ãåëüäåðà çà x ç ïîêàçíèêîì
γ ∈ (0, 1);

3) ∃C > 0 ∀ {t, t′} ⊂ (0, T ], t <
t′, ∀x ∈ Rn ∀ k, |k| ≤ 2b: |∆t′

t ak(t, x)| ≤
C(A(t′, t))γ/(2b).

Çà óìîâ 1) i 2) â [1, 2] äîâåäåíî iñíóâàííÿ
ô.ì.ð. Z çàäà÷i Êîøi äëÿ ñèñòåìè (1), äëÿ
ÿêî�� ïðàâèëüíi îöiíêè

|∂k
xZ(t, x; τ, ξ)| ≤

≤ C(B(t, τ))−(n+|k|)/(2b)Ec
d(t, τ, x− ξ), (2)

|∆x′
x ∂k

xZ(t, x; τ, ξ)| ≤
≤ C|x− x′|γ(B(t, τ))−(n+|k|+γ)/(2b)×
×(Ed

c (t, τ, x− ξ) + Ed
c (t, τ, x′ − ξ)), (3)

0 < τ < t ≤ T, {x, x′, ξ} ⊂ Rn, |k| ≤ 2b,

ç äåÿêèìè ñòàëèìè C > 0, c > 0 i d ∈ R.
ßêùî âèêîíócòüñÿ ùå é óìîâà 3), òî â [3]

äîâåäåíà ïðàâèëüíiñòü òàêîæ òàêèõ îöiíîê:

|∆t′,x′
t,x ∂k

xZ(t, x; τ, ξ)| ≤
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≤ C(p(t, x; t′, x′))γ(B(t, τ))−(n+|k|+γ)/(2b)×
×(Ed

c (t, τ, x− ξ) + Ed
c (t′, τ, x′ − ξ)), (4)

∣∣∣∣∣∣
∂k

x

∫

Rn

Z(t, x; τ, ξ)dξ

∣∣∣∣∣∣
≤

≤ CEd(t, τ)(B(t, τ))−(|k|−γ)/(2b), (5)
∣∣∣∣∣∣
∆t′,x′

t,x ∂k
x

∫

Rn

Z(t, x; τ, ξ)dξ

∣∣∣∣∣∣
≤

≤ C(p(t, x; t′, x′))γ(B(t, τ))−|k|/(2b)Ed(t̃, τ),
(6)

0 < τ < t ≤ t′ ≤ T , {x, x′, ξ} ⊂ Rn, 1 ≤ |k| ≤
2b, äå t̃ ≡ t + η(d)(t′ − t).

2. Ô.ì.ð. Z ïîðîäæóc îá'cìíèé ïîòåíöiàë

u(t, x) ≡
t∫

0

dτ

α(τ)

∫

Rn

Z(t, x; τ, ξ)f(τ, ξ)dξ,

(t, x) ∈ Π(0,T ]. (7)

Éîãî âëàñòèâîñòi, à îòæå, i ðîçâ'ÿçêiâ ñèñòå-
ìè (1), îïèñóâàòèìóòüñÿ íàëåæíiñòþ ôóí-
êöi�� u äî âiäïîâiäíèõ ïðîñòîðiâ ó çàëåæíîñòi
âiä òîãî, äî ÿêèõ ïðîñòîðiâ íàëåæèòü ôóí-
êöiÿ f . Îçíà÷èìî öi ïðîñòîðè.

Êðiì ôóíêöié α i β, âèêîðèñòîâóâàòè-
ìåìî ùå íåïåðåðâíó i ìîíîòîííî íåñïàäíó
ôóíêöiþ δ : [0, T ] → [0,∞) òàêó, ùî

∀ t ∈ (0, T ] : 0 < δ(t) ≤ β(t),

∆(T, 0) ≡
T∫

0

δ(θ)

α(θ)
dθ < ∞. (8)

Ðîçãëÿäàòèìåìî ïðîñòîðè ôóíêöié, ÿêi c
íåïåðåðâíèìè àáî ìàþòü ïîòðiáíó ãëàäêiñòü
òà çàäîâîëüíÿþòü ïåâíi óìîâè ïðè t → 0 i
|x| → ∞. �Iõ ïîâåäiíêà ïðè t → 0 îïèñóâàòè-
ìåòüñÿ ôóíêöicþ

(δ(t))µ(∆(t, 0))rE−d(T, t), t ∈ (0, T ],

à ïðè |x| → ∞ � ôóíêöicþ

Ψ(t, x) ≡ exp{k(t)|x|q}, (t, x) ∈ Π[0,T ],

äå µ ∈ {0, 1}; r ∈ R; k(t) ≡ c0a(c2b−1
0 − (T −

B(T, t))a2b−1)1−q, t ∈ [0, T ] (ïðè öüîìó k(0) ≡
0, ÿêùî B(T, 0) = ∞), c0 � ôiêñîâàíå ÷èñëî
ç ïðîìiæêó (0, c), c � ñòàëà ç îöiíîê (2)�(6),
à ÷èñëî a òàêå, ùî 0 ≤ a < c0T

1−q.
Ôóíêöiÿ k ìîíîòîííî çðîñòàc âiä k(0) äî

k(T ) i ìàc òàêó âëàñòèâiñòü [2]:

Ec0(t, τ, x− ξ)Ψ(τ, ξ) ≤ Ψ(t, x),

0 < τ < t ≤ T, {x, ξ} ⊂ Rn. (9)

Äëÿ çàäàíèõ ÷èñåë λ ∈ (0, 1), µ ∈ {0, 1} i
r ∈ R ïîçíà÷èìî ÷åðåç C

λ,λ/(2b)
µ,r , Cλ,0

µ,r i C0,0
µ,r

ïðîñòîðè íåïåðåðâíèõ ôóíêöié u : Π(0,T ] →
CN , äëÿ ÿêèõ ñêií÷åííi âiäïîâiäíî íîðìè

‖u‖λ,λ/(2b)
µ,r ≡ ‖u‖0,0

µ,r + [u]λ,λ/(2b)
µ,r ,

‖u‖λ,0
µ,r ≡ ‖u‖0,0

µ,r + [u]λ,0
µ,r

i ‖u‖0,0
µ,r, äå

‖u‖0,0
µ,r ≡ sup

(t,x)∈Π(0,T ]

|u(t, x)|Ed(T, t)

Ψ(t, x)(δ(t))µ(∆(t, 0))r
,

[u]λ,λ/(2b)
µ,r ≡

≡ sup
{(t,x),(t′,x′)}⊂Π(0,T ]

(t,x)6=(t′,x′)

( |∆t′,x′
t,x u(t, x)|Ed(T, t̃)

(δ(t))µ(∆(t̄, 0))r−λ/(2b)
×

×(Ψ(t, x) + Ψ(t′, x′))−1(p(t, x; t′, x′))−λ

)
,

[u]λ,0
µ,r ≡ sup

{x,x′}⊂Rn

x6=x′

( |∆x′
x u(t, x)|Ed(T, t)

(δ(t))µ(∆(t, 0))r−λ/(2b)
×

×(Ψ(t, x) + Ψ(t, x′))−1|x− x′|−λ

)
.

Òóò t̄ ≡ t + (t′ − t)η(r − λ/(2b)), t̃ ≡ t + (t′ −
t)η(d) i ñòàëà d ç îöiíîê (2)�(6).

Çà äîïîìîãîþ îçíà÷åíèõ ïðîñòîðiâ óâå-
äåìî ïðîñòið Uγ,λ

r . Âií ñêëàäàcòüñÿ ç ôóí-
êöié u ∈ C0,0

0,r+1, ÿêi ìàþòü ïîõiäíi ∂k
xu ∈

C
γ,γ/(2b)
0,r+1−|k|/(2b), 0 < |k| < 2b, òà ïîõiäíi ∂k

xu ∈
C

λ,λ/(2b)
0,r , |k| = 2b. Íîðìà â ïðîñòîði Uγ,λ

r

âèçíà÷àcòüñÿ ôîðìóëîþ

‖u‖Uγ,λ
r
≡ ‖u‖0,0

0,r+1+
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+
∑

0<|k|<2b

‖∂k
xu‖γ,γ/(2b)

0,r+1−|k|/(2b)+
∑

|k|=2b

‖∂k
xu‖λ,λ/(2b)

0,r .

3. Íàâåäåìî òåîðåìó ïðî êîðåêòíó ðîçâ'ÿ-
çíiñòü ñèñòåìè (1).

Òåîðåìà. Íåõàé äëÿ ñèñòåìè (1) âèêî-
íóþòüñÿ ïðèïóùåííÿ 1) � 3) òà f ∈ Cλ,0

1,r

ç λ < γ i r > γ/(2b). Òîäi ôóíêöiÿ (7) c
cäèíèì ðîçâ'ÿçêîì ñèñòåìè (1) ç ïðîñòîðó
Uγ,λ

r , äëÿ ÿêîãî ïðàâèëüíà îöiíêà

‖u‖Uγ,λ
r
≤ C‖f‖λ,0

1,r . (10)

Äîâåäåííÿ. Ç âëàñòèâîñòåé ô.ì.ð. [1,2]
âèïëèâàc, ùî ôóíêöiÿ (7) c ðåãóëÿðíèì ó
Π(0,T ] ðîçâ'ÿçêîì ñèñòåìè (1), ïðè÷îìó ïî-
õiäíi âiä u îá÷èñëþþòüñÿ çà ôîðìóëàìè

∂k
xu(t, x) =

t∫

0

dτ

α(τ)

∫

Rn

∂k
xZ(t, x; τ, ξ)f(τ, ξ)dξ,

|k| < 2b, (t, x) ∈ Π(0,T ], (11)

∂k
xu(t, x) =

t1∫

0

dτ

α(τ)

∫

Rn

∂k
xZ(t, x; τ, ξ)f(τ, ξ)dξ+

+

t∫

t1

dτ

α(τ)

∫

Rn

∂k
xZ(t, x; τ, ξ)∆x

ξf(τ, ξ)dξ+

+

t∫

t1


∂k

x

∫

Rn

Z(t, x; τ, ξ)dξ


 f(τ, x)

dτ

α(τ)
,

|k| = 2b, (t, x) ∈ Π(0,T ], (12)

äå t1 � ÷èñëî ç ïðîìiæêó (0, t), âèáið ÿêîãî
âêàæåìî íèæ÷å.

Äîâåäåìî, ùî ðîçâ'ÿçîê (7) íàëåæèòü äî
ïðîñòîðó Uγ,λ

r .
Âèêîðèñòîâóþ÷è ïîçíà÷åííÿ

Ir
ν(t1, t2, t3) ≡

t2∫

t1

(B(t3, τ))−ν(∆(τ, 0))r δ(τ)

α(τ)
dτ,

t1 ∈ [0, T ), {t2, t3} ⊂ (0, T ], (13)

i ðiâíiñòü
∫

Rn

(B(t, τ))−n/(2b)Ec−c0(t, τ, x− ξ)dξ = C,

0 < τ < t ≤ T, x ∈ Rn, (14)

çà äîïîìîãîþ (2), (8), (9), (11) òà îçíà÷åííÿ
íîðìè ‖f‖0,0

1,r ìàcìî

|∂k
xu(t, x)| ≤ C

t∫

0

(B(t, τ))−(n+|k|)/(2b)Ed(t, τ)×

×E−d(T, τ)(∆(τ, 0))r δ(τ)

α(τ)
dτ×

×
∫

Rn

Ec−c0(t, τ, x− ξ)(Ec0(t, τ, x− ξ)Ψ(τ, ξ))×

× |f(τ, ξ)|Ed(T, τ)

Ψ(τ, ξ)δ(τ)(∆(τ, 0))r
dξ ≤

≤ CE−d(T, t)Ψ(t, x)‖f‖0,0
1,r×

×Ir
|k|/(2b)(0, t, t), (t, x) ∈ Π(0,T ], |k| < 2b.

(15)
Çàóâàæèìî, ùî äëÿ äîâiëüíîãî t ∈ (0, T ]

iñíóc cäèíå ÷èñëî t1 ∈ (0, t) òàêå, ùî:
∆(t1, 0) = B(t, t1), ïðè τ < t1 ∆(τ, 0) <
B(t, τ) i ïðè τ > t1 ∆(τ, 0) > B(t, τ). Ñïðàâ-
äi, ôóíêöiÿ ∆(·, 0) ìîíîòîííî çðîñòàc, à
B(t, ·) ìîíîòîííî ñïàäàc, ïðè÷îìó ∆(0, 0) =
B(t, t) = 0. Âiäçíà÷èìî ùå, ùî âèêîíóþòüñÿ
íåðiâíîñòi

∆(t, 0)/2 ≤ ∆(t1, 0) ≤ ∆(t, 0) ≤ ∆(T, 0),

t ∈ (0, T ]. (16)

Äâi îñòàííi íåðiâíîñòi î÷åâèäíi, à ïåðøà
âèïëèâàc ç íåðiâíîñòi

∆(t1, 0) = B(t, t1) ≥ ∆(t, t1) =

= ∆(t, 0)−∆(t1, 0),

ÿêà ïðàâèëüíà âíàñëiäîê (8).
Îöiíèìî iíòåãðàë Ir

ν(0, t, t) ïðè r > ν −
1. Çàïèøåìî éîãî ó âèãëÿäi ñóìè iíòåãðàëiâ
Ir
ν(0, t1, t) i Ir

ν(t1, t, t). Çà äîïîìîãîþ (8) i (16)
ìàcìî

Ir
ν(0, t1, t) ≤

t1∫

0

(∆(τ, 0))r−νd∆(τ, 0) =

=
(∆(t1, 0))r−ν+1

r − ν + 1
≤ (∆(t, 0))r−ν+1

r − ν + 1
; (17)
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Ir
ν(t1, t, t) ≤

≤ −
t∫

t1

(B(t, τ))−νdB(t, τ)(∆(t, 0))r =

=
(B(t, t1))

1−ν

1− ν
(∆(t, 0))r ≤ (∆(t, 0))r−ν+1

1− ν
,

(18)
ÿêùî r ≥ 0 i ν < 1;

Ir
ν(t1, t, t) ≤ −

t∫

t1

(B(t, τ))−ν+rdB(t, τ) =

=
(B(t, t1))

r−ν+1

r − ν + 1
≤ (∆(t, 0))r−ν+1

r − ν + 1
, (19)

ÿêùî r < 0. Îòæå,

Ir
ν(0, t, t) ≤ C(∆(t, 0))r−ν+1, r > ν−1, ν < 1.

(20)
Ç (15) i (20) âèïëèâàc îöiíêà

‖∂k
xu‖0,0

0,r+1−|k|/(2b) ≤ C‖f‖0,0
1,r, |k| < 2b. (21)

Ðîçãëÿíåìî âèïàäîê, êîëè |k| = 2b. Çà äî-
ïîìîãîþ (2), (5), (9), (12)�(14), (17)�(19) i
íåðiâíîñòi

|z|l exp{−c|z|q} ≤ C exp{−c1|z|q}, z ∈ Rn,
(22)

äå l > 0 i c0 < c1 < c, îäåðæócìî

|∂k
xu(t, x)| ≤

≤ CE−d(T, t)Ψ(t, x)(‖f‖0,0
1,rI

r
1(0, t1, t)+

+[f ]λ,0
1,r I

r−λ/(2b)
1−λ/(2b)(t1, t, t)+

+‖f‖0,0
1,rI

r
1−γ/(2b)(t1, t, t)) ≤

≤ C‖f‖λ,0
1,rE

−d(T, t)Ψ(t, x)(∆(t, 0))r,

(t, x) ∈ Π(0,T ],

çâiäêè âèïëèâàc îöiíêà

‖∂k
xu‖0,0

0,r ≤ C‖f‖λ,0
1,r , |k| = 2b. (23)

Íåõàé (t, x), (t′, x′) � äîâiëüíî ôiêñîâà-
íi òî÷êè øàðó Π(0,T ], ïðè÷îìó t ≤ t′, i íå-
õàé p ≡ p(t, x; t′, x′). Îöiíèìî ðiçíèöþ ∆uk ≡
∆t′,x′

t,x ∂k
xu(t, x), 0 < |k| ≤ 2b.

Êîëè p2b ≥ ∆(t, 0), òî ç äîïîìîãîþ îöiíîê
(21) i (23) îäåðæócìî

|∆uk| ≤ |∂k
x(t, x)|+ |∂k

x′u(t′, x′)| ≤

≤ C‖f‖λ,0
1,r ((∆(t, 0))r+1−|k|/(2b)×

×E−d(T, t)Ψ(t, x)+

+((∆(t′, 0))r+1−|k|/(2b)E−d(T, t′)Ψ(t′, x′)) ≤
≤ C‖f‖λ,0

1,rp
ζ(∆(t′, 0))r+1−(|k|+ζ)/(2b)×

×E−d(T, t̃)(Ψ(t, x) + Ψ(t′, x′)), (24)

äå |k| ≤ 2b, t̃ ≡ t + (t′ − t)η(d), ζ = γ äëÿ
|k| < 2b i ζ = λ äëÿ |k| = 2b.

Ñïðàâäi, îñêiëüêè íà ïiäñòàâi ìîíîòîííî-
ñòi δ i íåðiâíîñòi A(t′, t) ≤ p2b

∆(t′, 0) = ∆(t, 0) + ∆(t′, t) ≤
≤ p2b + δ(T )A(t′, t) ≤ (1 + δ(T ))p2b,

òî ìàcìî

(∆(t, 0))r+1−|k|/(2b) ≤
≤ (∆(t, 0))r+1−(|k|+ζ)/(2b)pζ ≤
≤ (∆(t′, 0))r+1−(|k|+ζ)/(2b)pζ ,

(∆(t′, 0))r+1−|k|/(2b) =

= (∆(t′, 0))r+1−(|k|+ζ)/(2b)(∆(t′, 0))ζ/(2b) ≤
≤ C(∆(t′, 0))r+1−(|k|+ζ)/(2b)pζ .

Ðîçãëÿíåìî âèïàäîê, êîëè p2b < ∆(t, 0).
Íåõàé òî÷êè t1 i t2 òàêi, ùî B(t, t1) = ∆(t1, 0)
i B(t, t2) = p2b. ßêùî t1 < t2, òî íà ïiäñòàâi
(11) i (12) çàïèøåìî

∆uk =

=

t1∫

0

dτ

α(τ)

∫

Rn

∆t′,x′
t,x ∂k

xZ(t, x; τ, ξ)f(τ, ξ)dξ+

+

t2∫

t1

dτ

α(τ)

∫

Rn

∆t′,x′
t,x ∂k

xZ(t, x; τ, ξ)∆x
ξf(τ, ξ)dξ+

+

t∫

t2

dτ

α(τ)

∫

Rn

∂k
xZ(t, x; τ, ξ)∆x

ξf(τ, ξ)dξ−
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−
t′∫

t2

dτ

α(τ)

∫

Rn

∂k
x′Z(t, x′; τ, ξ)∆x′

ξ f(τ, ξ)dξ+

+

t2∫

t1


∆t′,x′

t,x ∂k
x

∫

Rn

Z(t, x; τ, ξ)dξ


 f(τ, x)

dτ

α(τ)
+

+

t2∫

t1


∂k

x′

∫

Rn

Z(t′, x′; τ, ξ)dξ


 ∆x′

x f(τ, x)
dτ

α(τ)
+

+

t∫

t2


∂k

x

∫

Rn

Z(t, x; τ, ξ)dξ


 f(τ, x)

dτ

α(τ)
−

−
t′∫

t2


∂k

x′

∫

Rn

Z(t′, x′; τ, ξ)dξ


 f(τ, x′)

dτ

α(τ)
≡

≡
8∑

j=1

Jj, (25)

äå 0 < |k| ≤ 2b.
Âèêîðèñòîâóþ÷è (4), (9), (13), (14) i (17),

îäåðæócìî

|J1| ≤ C‖f‖0,0
1,rp

γE−d(T, t̃)×
×(Ψ(t, x) + Ψ(t′, x′))Ir

(|k|+γ)/(2b)(0, t1, t) ≤
≤ C‖f‖0,0

1,rp
ζE−d(T, t̃)(Ψ(t, x)+

+Ψ(t′, x′))(∆(t, 0))r+1−(|k|+ζ)/(2b),

äå ÷èñëî ζ òàêå æ, ÿê ó (24).
Îöiíèìî J2. Çà äîïîìîãîþ (4), (9), (13),

(14), (17) i (22) ìàcìî

|J2| ≤ C[f ]λ,0
1,rp

γE−d(T, t̃)(Ψ(t, x) + Ψ(t′, x′))×

×
t2∫

t1

(B(t, τ))−γ/(2b)×

×(∆(τ, 0))r−λ/(2b)((B(t, τ))−(|k|−λ)/(2b)+

+pλ(B(t, τ))−|k|/(2b))
δ(τ)

α(τ)
dτ ≤

≤ C[f ]λ,0
1,rp

γE−d(T, t̃)×
×(Ψ(t, x) + Ψ(t′, x′))(Ir−λ/(2b)

(|k|+γ−λ)/(2b)(t1, t2, t)+

+pλI
r−λ/(2b)
(|k|+γ)/(2b)(t1, t2, t)). (26)

Îñêiëüêè pλ = (B(t, t2))
λ/(2b) ≤

(B(t, τ))λ/(2b), τ ≤ t2, òî

pλI
r−λ/(2b)
(|k|+γ)/(2b)(t1, t2, t) ≤ I

r−λ/(2b)
(|k|+γ−λ)/(2b)(t1, t2, t).

(27)
Ç âèêîðèñòàííÿì (8), (16) i òîãî, ùî λ < γ,
îäåðæócìî

I
r−λ/(2b)
(|k|+γ−λ)/(2b)(t1, t2, t) ≤ (∆(t2, 0))r−λ/(2b)×

×
t2∫

t1

(B(t, τ))−(|k|+γ−λ)/(2b) β(τ)

α(τ)
dτ ≤

≤
{

C(∆(t, 0))r+1−(|k|+γ)/(2b), |k| < 2b,
C(∆(t, 0))r+1−(|k|+λ)/(2b)pλ−γ, |k| = 2b.

(28)
Ç (26)�(28) âèïëèâàc îöiíêà

|J2| ≤ C[f ]λ,0
1,rE

−d(T, t̃)(Ψ(t, x)+Ψ(t′, x′))Pζ|k|,

äå Pζ|k| ≡ pζ(∆(t, 0))r+1−(|k|+ζ)/(2b).
Ñêîðèñòàâøèñü (2), (8), (14) i (22), îäåð-

æèìî

|J3| ≤ C[f ]λ,0
1,rE

−d(T, t)Ψ(t, x)(∆(t, 0))r−λ/(2b)×

×
t∫

t2

(B(t, τ))−(|k|−λ)/(2b) β(τ)

α(τ)
dτ.

Îñêiëüêè
t∫

t2

(B(t, τ))−(|k|−λ)/(2b) β(τ)

α(τ)
dτ =

=
p2b−|k|+λ

1− (|k| − λ)/(2b)
,

òî ìàcìî

|J3| ≤ C[f ]λ,0
1,rE

−d(T, t)×

×Ψ(t, x)(∆(t, 0))r−λ/(2b)p2b−|k|+λ ≤
≤ C[f ]λ,0

1,rE
−d(T, t)Ψ(t, x)Pζ|k|.

Àíàëîãi÷íî îäåðæócòüñÿ îöiíêà

|J4| ≤ C[f ]λ,0
1,rE

−d(T, t′)Ψ(t′, x′)Pζ|k|.
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Çà äîïîìîãîþ (6), (8) i (16) ìàcìî

|J5| ≤ C‖f‖0,0
1,rp

γE−d(T, t̃)Ψ(t, x)×

×
t2∫

t1

(B(t, τ))−|k|/(2b)(∆(τ, 0))r δ(τ)

α(τ)
dτ ≤

≤ C‖f‖0,0
1,r(∆(t, 0))rE−d(T, t̃)×

×Ψ(t, x)

t2∫

t1

(B(t, τ))−(|k|−γ)/(2b)×

×β(τ)

α(τ)
dτ ≤ C‖f‖0,0

1,r(∆(t, 0))rE−d(T, t̃)×

×Ψ(t, x)(B(t, t2))
1−(|k|−γ)/(2b) ≤

≤ C‖f‖0,0
1,rE

−d(T, t̃)Ψ(t, x)Pζ|k|,

à íà ïiäñòàâi (5) àíàëîãi÷íî îäåðæócìî

|J6| ≤ C[f ]λ,0
1,rE

−d(T, t̃)×

×(Ψ(t, x) + Ψ(t′, x′))pλ×

×
t2∫

t1

(B(t, τ))−(|k|−γ)/(2b)×

×(∆(τ, 0))r−λ/(2b) δ(τ)

α(τ)
dτ ≤

≤ C[f ]λ,0
1,rE

−d(T, t̃)(Ψ(t, x) + Ψ(t′, x′))Pζ|k|.

Iíòåãðàë J7 îöiíþcòüñÿ òàê:

|J7| ≤ C‖f‖0,0
1,rE

−d(T, t)Ψ(t, x)×

×
t∫

t2

(B(t, τ))−(|k|−λ)/(2b)(∆(τ, 0))r δ(τ)

α(τ)
dτ ≤

≤ C‖f‖0,0
1,rE

−d(T, t)Ψ(t, x)(∆(t, 0))r×
×p2b−|k|+λ ≤ C‖f‖0,0

1,rE
−d(T, t)Ψ(t, x)Pζ|k|.

Àíàëîãi÷íî îäåðæócòüñÿ îöiíêà

|J8| ≤ C‖f‖0,0
1,rE

−d(T, t′)Ψ(t′, x′)Pζ|k|.

Äëÿ âèïàäêó, êîëè t1 ≥ t2, çàìiñòü (25)
âèêîðèñòîâócòüñÿ çîáðàæåííÿ ∆uk = J1 +
J
′
3 +J

′
4 +J

′
7 +J

′
8, äå J1 òàêå æ, ÿê ó (25), à J

′
j

âiäðiçíÿcòüñÿ âiä Jj, j ∈ {3, 4, 7, 8}, òèì, ùî

â íüîìó t2 çàìiíåíî íà t1. Îöiíêè J
′
j îäåðæó-

þòüñÿ àíàëîãi÷íî îöiíêàì Jj.
Ç (21), (23), (24) òà îöiíîê Jj, j ∈

{1, ..., 8}, J
′
j, j ∈ {3, 4, 7, 8}, âèïëèâàc îöií-

êà (10).
Îòæå, ôóíêöiÿ (7) c ðîçâ'ÿçêîì ñèñòåìè

(1) ç ïðîñòîðó Uγ,λ
r . Äëÿ íå��, çîêðåìà, ïðà-

âèëüíà îöiíêà

|u(t, x)| ≤ CE−d(T, t)Ψ(t, x)(∆(t, 0))r+1,

(t, x) ∈ Π(0,T ]. (29)

Äîâåäåìî cäèíiñòü ðîçâ'ÿçêó ñèñòåìè (1)
ó ïðîñòîði Uγ,λ

r . Äëÿ öüîãî äîñèòü äîâåñòè,
ùî ðîçâ'ÿçîê u ∈ Uγ,λ

r îäíîðiäíî�� ñèñòåìè
(1) c íóëüîâèì. Íåõàé (t, x) � äîâiëüíî âçÿ-
òà òî÷êà ç Π(0,T ] i t0 ∈ (0, t). Ôóíêöiÿ u â
Π(t0,T ] c ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ îäíîði-
äíî�� ñèñòåìè ç ïî÷àòêîâîþ ôóíêöicþ u(t0, ·).
Íà ïiäñòàâi ðåçóëüòàòiâ ç [4] äëÿ ïàðàáîëi-
÷íî�� ñèñòåìè áåç âèðîäæåíü ïðàâèëüíà ôîð-
ìóëà

u(t, x) =

∫

Rn

Z(t, x; t0, ξ)u(t0, ξ)dξ, (30)

Çà äîïîìîãîþ (2), (9), (14), (29) i (30)
îäåðæócìî

|u(t, x)| ≤ CE−d(T, t)Ψ(t, x)(∆(t0, 0))r+1,

çâiäêè ïðè t0 → 0 âèïëèâàc, ùî u(t, x) =
0. Îñêiëüêè òî÷êà (t, x) äîâiëüíà ç Π(0,T ], òî
ìàcìî u = 0 â Π(0,T ].
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