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Çíàéäåíi íåîáõiäíi òà äîñòàòíi óìîâè êåðîâíîñòi äëÿ ñèñòåì ç ðîçãàëóæåííÿì ñòðóêòóð.
Ñôîðìóëüîâàíî àëãåáðà��÷íi êðèòåði�� êåðîâíîñòi äëÿ íåñòàöiîíàðíèõ ëiíiéíèõ ñèñòåì êåðóâà-
ííÿ çi ñòàëèìè ìàòðèöÿìè. Âîíè óçàãàëüíþþòü êðèòåðié Êàëìàíà äëÿ ñòàöiîíàðíèõ ñèñòåì.
Äîñòàòíi óìîâè êåðîâíîñòi íåñòàöiîíàðíèõ ëiíiéíèõ ñèñòåì êåðóâàííÿ ç àíàëiòè÷íèìè ìàòðè-
öÿìè áóëè ñôîðìóëüîâàíi Ì.Êðàñîâñüêèì. Ó äàíié ðîáîòi äîâåäåíî, ùî âîíè c íåîáõiäíèìè.

The necessary and su�cient conditions of controllability for systems with variable structures
are found. The algebraic criteria of controllability for nonstationary linear control systems with
lump-constant matricies are formulated. They generalize Kalman's criteria for stationary systems.
The su�cient conditions for controllability of nonstationary linear control systems with analytic
matrices were found by N. Krasovsky. In this paper these conditions are proved to be necessary.

Ïîñòàíîâêà çàäà÷i. Íåõàé T0 = t0 <
t1 < ... < tN−1 < tN = T1 � äå-
ÿêå ðîçáèòòÿ âiäðiçêà [T0, T1], ÿêå â ïîäàëü-
øîìó ïîçíà÷àòèìåìî {tj, 0 ≤ j ≤ N},
X1, X2, ..., XN � ôàçîâi ïðîñòîðè âiäïîâiäíî
ðîçìiðiâ n1, n2, ..., nN , à ðóõ îá'cêòà êåðóâà-
ííÿ îïèñócòüñÿ ñèñòåìîþ

dx(j)(t)

dt
= Aj(t)x(j)(t) + Bj(t)u(j)(t), (1)

t ∈ [tj−1, tj),

x(j)(tj−1) = Cjx(j−1)(tj−1)+Djν(j), j = 1, N,
(2)

äå x(j)(t) � nj-âèìiðíèé âåêòîð-ñòîâïåöü
ñòàíiâ ñèñòåìè íà ïðîìiæêó [tj−1, tj), u(j)(t)
� mj-âèìiðíà âåêòîð-ôóíêöiÿ êåðóâàí-
íÿ, ν(j) � rj-âèìiðíèé âåêòîð ïàðàìå-
òðiâ êåðóâàííÿ â ïåðåêëþ÷åííi ñòðóêòóð,
Aj(t), Bj(t), Cj, Dj � âiäîìi ìàòðèöi âiäïî-
âiäíî ðîçìiðiâ nj×mj, nj×mj, nj×nj−1, nj×
rj (j = 1, N), ïðè÷îìó C1 = E1, äå E1 � îäè-
íè÷íà ìàòðèöÿ ïîðÿäêó n1, D1 � íóëüîâà
ìàòðèöÿ.

Îçíà÷åííÿ 1. Ñèñòåìà (1), (2) iç çàäà-
íèì ðîçáèòòÿì íàçèâàcòüñÿ êåðîâíîþ íà
ïðîìiæêó [T0, T1], ÿêùî äëÿ äîâiëüíèõ òî-
÷îê x(0) ∈ X1 i x(1) ∈ XN ôàçîâèõ ïðîñòîðiâ
X1, XN ðîçìiðiâ n1, nN âiäïîâiäíî iñíóþòü

òàêi ôóíêöi�� êåðóâàíü u(j)(t), t ∈ [tj−1, tj),
i âåêòîðè ïàðàìåòðiâ êåðóâàíü ó ïåðåêëþ-
÷åííi ñòðóêòóð ν(j), j = 1, N , ïðè ÿêèõ
ðîçâ'ÿçîê (1), (2) çàäîâîëüíÿc óìîâè x(T0) =
x(0), x(T1) = x(1).

Íåõàé Xj(t, τ) � íîðìàëüíà ôóíäàìåí-
òàëüíà ìàòðèöÿ ðîçâ'ÿçêiâ ëiíiéíî�� îäíîði-
äíî�� ñèñòåìè

dXj(t, τ)

dt
= Aj(t)Xj(t, τ), t, τ ∈ [tj−1, tj),

Xj(τ, τ) = Ej,

äå Ej � îäèíè÷íà ìàòðèöÿ ïîðÿäêó nj, j =
1, N .

Ââåäåìî ïîçíà÷åííÿ

Wjk(t, τ) = Xj(t, tj−1)CjXj−1(tj−1, tj−2)×

×Cj−1...Xk+1(tk+1, tk)Ck+1Xk(tk, τ)Bk(τ),

t ∈ [tj−1, tj), τ ∈ [tk−1, tk), 1 ≤ k ≤ j, (3)

Wjk(t) = Xj(t, tj−1)CjXj−1(tj−1, tj−2)×
×Cj−1...Xk+1(tk+1, tk)Ck+1Xk(tk, tk−1)Dk,

t ∈ [tj−1, tj), 1 ≤ k ≤ j, j = 1, N. (4)

Ðîçâ'ÿçîê (1), (2), ÿêèé çàäîâîëüíÿc ïî-
÷àòêîâó óìîâó x(T0) = x(0), çàïèøåìî ó âè-
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ãëÿäi

x(j)(t) =

j−1∑

k=1

tk∫

tk−1

Wjk(t, τ)u(k)dτ+

+

t∫

tj−1

Wjj(t, τ)u(j)(τ)dτ +

j∑

k=1

Wjk(t)ν(k)+

+X(j)(t, tj−1)Cj...X1(t, t0)C1x(0), t ∈ [tj−1, tj).

Òåîðåìà 1. Äëÿ òîãî ùîá ñèñòåìà (1),
(2) áóëà êåðîâíîþ íà âiäðiçêó [T0, T1] iç çà-
äàíèì ðîçáèòòÿì, íåîáõiäíî i äîñèòü iñíó-
âàííÿ òàêîãî 1 ≤ k0 ≤ N , ùî

lT WNk0(tN , t) 6= 0, t ∈ [tk0−1, tk0),

lT WNk0(tN) 6= 0 (5)

äëÿ äîâiëüíîãî nN -âèìiðíîãî âåêòîðà l 6= 0.
Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî çà

ñõåìîþ, çàïðîïîíîâàíîþ â [1,2].
Äîñòàòíiñòü. Íåõàé óìîâà (5)

âèêîíócòüñÿ. Âèáåðåìî

u(k)(t) = W T
Nk(tN , t)l, t ∈ [tk−1, tk),

ν(k) = W T
Nk(tN)l.

Òîäi
x(1) −XN(tN , tN−1)×

×CN ...X2(t2, t1)C2X1(t1, t0)x(0) =

=
N∑

k=1

( tk∫

tk−1

WNk(tN , τ)W T
Nk(tN , τ)dτ+

+WNk(tN)W T
Nk(tN)

)
l. (6)

ßêùî ìàòðèöÿ

W =
N∑

k=1

( tk∫

tk−1

WNk(tN , τ)W T
Nk(tN , τ)dτ+

+WNk(tN)W T
Nk(tN)

)

íåîñîáëèâà, òîáòî det W 6= 0, òî ç ñèñòåìè ëi-
íiéíèõ ðiâíÿíü (6) âiäíîñíî íåâiäîìèõ êîì-
ïîíåíò âåêòîðà l ìîæíà îäíîçíà÷íî âèçíà-
÷èòè l. Äîâåäåìî, ùî det W 6= 0. Äëÿ öüî-
ãî ðîçãëÿíåìî âåêòîð LT = (lT , lT , ..., lT ), äå
êîìïîíåíòè âåêòîðà l ïîâòîðþþòüñÿ 2N ðà-
çiâ, i ìàòðèöþ

Q = diag (WN1(tN , τ),WN2(tN , τ), ...,

WNN(tN , τ), WN1(tN), ..., WNN(tN)).

Òîäi íà ïiäñòàâi óìîâè (5) ìàcìî ‖LT Q‖2 >
0, òîáòî ‖LT Q‖2 = lT WlT > 0. Îòæå, W �
äîäàòíî âèçíà÷åíà ìàòðèöÿ, à ç óìîâ Ñiëü-
âåñòðà âèïëèâàc, ùî det W > 0. Òîìó

l0 = W−1C, (7)

äå C = x(1) − XN(tN , tN−1)CN ...X2(t2, t1)
C2X1(t1, t0)x(0).

Âðàõîâóþ÷è âèãëÿä u(k)(τ), ν(k) i (7),
ìàcìî

u0
(k)(t) = W T

Nk(tN , t)W−1C, t ∈ [tk−1, tk),

ν0
(k) = W T

Nk(tN)W−1C, k = 1, N. (8)

Íåîáõiäíiñòü. Íåõàé ñèñòåìà (1), (2) öië-
êîì êåðîâíà, àëå óìîâà (5) íå âèêîíócòüñÿ.
Öå ðiâíîñèëüíî òâåðäæåííþ: iñíóc òàêèé âå-
êòîð l 6= 0, ùî

lT WNk(tN , t) ≡ 0, t ∈ [tk−1, tk) i lT WNk(tN) = 0
(9)

äëÿ âñiõ k = 1, N .
Íà ïiäñòàâi ïðèïóùåííÿ ïðî êåðîâíiñòü

ñèñòåìè ìîæíà âèáðàòè ôóíêöi�� u(k)(t) òà
ïàðàìåòðè êåðóâàíü ó ïåðåêëþ÷åííi ñòðó-
êòóð ν(k) òàê, ùîá x(T0) = x(0), x(T1) = x(1)

äëÿ òðàcêòîði�� ñèñòåìè (1), (2).
Âèáåðåìî x(0) ∈ X1 òà x(1) ∈ XN òàêèìè,

ùîá âèêîíóâàëàñü íåðiâíiñòü

lT (x(1) −XN(tN , tN−1)×
×CN ...X2(t2, t1)C2X1(t1, t0)x(0)) 6= 0.

Äëÿ âèáðàíèõ x(0) i x(1) ìàcìî

N∑

k=1

( tk∫

tk−1

WNk(tN , τ)u(k)(τ)dτ+
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+WNk(tN)νk

)
= x(1)−

−XN(tN , tN−1)CN ...X2(t2, t1)C2X1(t1, t0)x(0).

Òîäi, ç îäíîãî áîêó,

lT
N∑

k=1

( tk∫

tk−1

WNk(tN , τ)u(k)(τ)dτ+

+WNk(tN)νk

)
= lT

(
x(1) −XN(tN , tN−1)×

×CN ...X2(t2, t1)C2X1(t1, t0)x(0)

)
6= 0,

à ç äðóãîãî � íà ïiäñòàâi (9) ìàcìî,
ùî ëiâà ÷àñòèíà îñòàííüîãî ñïiââiäíîøåí-
íÿ äîðiâíþc íóëåâi. Îòðèìàíå ïðîòèði÷÷ÿ
çàâåðøóc äîâåäåííÿ íåîáõiäíîñòi. Òåîðåìà 1
äîâåäåíà.

Ç äîâåäåííÿ òåîðåìè 1 âèïëèâàc, ùî äëÿ
ñèñòåìè (1), (2) iñíóc íå cäèíèé íàáið ôóí-
êöié u(k)(t) i ïàðàìåòðiâ ν(k), ÿêi çàáåçïå÷ó-
þòü âèêîíàííÿ çàäàíèõ êðàéîâèõ óìîâ. Öå
ïiäòâåðäæóc, íàïðèêëàä, ðiâíiñòü

N∑

k=1

( tk∫

tk−1

WNk(tN , τ)u(k)(τ)dτ+

+WNk(tN)νk

)
= x(1)−

−XN(tN , tN−1)CN ...X2(t2, t1)C2X1(t1, t0)x(0).

Ïîêàæåìî, ùî ñåðåä óñiõ öèõ íàáîðiâ
u(k)(t), ν(k), k = 1, N , ôóíêöi�� u0

(k)(t) i ïàðà-
ìåòðè ν0

(k), ÿêi âèçíà÷àþòüñÿ ñïiââiäíîøåí-
íÿìè (8), c îïòèìàëüíèìè â òîìó ðîçóìiííi,
ùî

N∑

k=1

( tk∫

tk−1

‖uk(τ)‖2dτ + ‖νk‖2

)
≥

≥
N∑

k=1

( tk∫

tk−1

‖u0
(k)(τ)‖2dτ + ‖ν0

(k)‖2

)
. (10)

Ñêîðèñòàcìîñü òîòîæíîñòÿìè

‖uk(τ)‖2 − 2(u0
(k)(τ))T [u(k)(t)− u0

(k)(t)] =

= ‖u0
(k)(τ)‖2 + ‖u(k)(t)− u0

(k)(t)‖2,

‖νk‖2 − 2(ν0
(k))

T [ν(k) − ν0
(k)] =

= ‖ν0
(k)‖2 + ‖ν(k) − ν0

(k)‖2,

äå

‖u(k)(t)‖2 =

mk∑
j=1

u2
(k)j = uT

(k)(t)uk(t),

‖ν(k)(t)‖2 =

rk∑
j=1

ν2
(k) = νT

(k)ν(k).

Âðàõîâóþ÷è ðiâíiñòü
N∑

k=1

( tk∫

tk−1

(u0
k(τ))T [uk(τ)− u0

(k)(τ)]dτ+

+(ν0
(k))

T [ν(k) − ν0
(k)]

)
=

= l0
T
( N∑

k=1

( tk∫

tk−1

WNk(tN , τ)[uk(τ)−u0
(k)(τ)]dτ+

+WNk(tN)[ν(k) − ν0
(k)]

))
=

= l0
T
( N∑

k=1

( tk∫

tk−1

WNk(tN , τ)uk(τ)dτ+

+WNk(tN)ν(k)

)
−

N∑

k=1

( tk∫

tk−1

WNk(tN , τ)u0
k(τ)dτ+

+WNk(tN)ν0
(k)

))
= l0

T
(C − C) = 0,

îòðèìócìî
N∑

k=1




tk∫

tk−1

‖uk(τ)‖2dτ + ‖νk‖2


 =

=
N∑

k=1

( tk∫

tk−1

‖u0
(k)(τ)‖2dτ +

tk∫

tk−1

‖uk(τ)−
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−u0
(k)(τ)‖2dτ + ‖ν0

k‖2 + ‖ν(k) − ν0
(k)‖2

)
.

Çâiäñè âèïëèâàc ïðàâèëüíiñòü íåðiâíîñòi
(10).

Íåîáõiäíi é äîñòàòíi óìîâè (5) êåðîâ-
íîñòi ñèñòåìè (1), (2) âèðàæàþòüñÿ ÷åðåç
ôóíêöi�� WNk(tN , τ) i WNk(tN), ÿêi ïîòði-
áíî îá÷èñëþâàòè äëÿ ðiçíèõ çíà÷åíü τ ∈
[tk−1, tk), k = 1, N . Òîìó ïðàêòè÷íî âèêîðè-
ñòîâóâàòè ��õ äóæå âàæêî. Âàæëèâî îòðèìà-
òè óìîâè êåðîâíîñòi, ÿêi âèðàæàþòüñÿ áåç-
ïîñåðåäíüî ÷åðåç ìàòðèöi Aj(t), Bj(t), Cj i
Dj, j = 1, N . Ðîçãëÿíåìî âèïàäîê, êîëè íà
ïðîìiæêó [tj−1, tj) ñèñòåìà ñòàöiîíàðíà. Òîá-
òî ðîçãëÿíåìî ñèñòåìó

dx(j)(t)

dt
= Ajx(j)(t) + Bju(j)(t), t ∈ [tj−1, tj),

(11)
ç óìîâàìè êåðîâàíîãî ïåðåêëþ÷åííÿ ñòðó-
êòóð

x(j)(tj−1) = Cjx(j−1)(tj−1−0)+Djν(j), j = 1, N.
(12)

Çàïðîâàäèìî ïîçíà÷åííÿ

Sj(B) = (B, AjB, ..., A
nj−1
j B),

SnN
(B) = (exp(AN(tN − tN−1))DN , ...,

exp(AN(tN − tN−1))CN ... exp(A3(t3 − t2))×
×C3 exp(A2(t2 − t1))D2, SN(BN),

exp(AN(tN − tN−1))CNSN−1(BN−1), ...,

exp(AN(tN − tN−1))CN ... exp(A3(t3 − t2))×
×C3 exp(A2(t2 − t1))C2S1(B1)).

Ïîäàëüøà òåîðåìà c ðåçóëüòàòîì, ÿêèé
óçàãàëüíþc êðèòåðié êåðîâíîñòi äëÿ ñèñòåì
ç êóñêîâî-ñòàëèìè ïàðàìåòðàìè.

Òåîðåìà 2. Äëÿ òîãî ùîá ñèñòåìà (11),
(12) áóëà öiëêîì êåðîâíîþ íà ïðîìiæêó
[T0, T1] iç çàäàíèì ðîçáèòòÿì, íåîáõiäíî i
äîñèòü âèêîíàííÿ óìîâè

rank SnN
= nN . (13)

Äîâåäåííÿ. Äîñòàòíiñòü. Ïîòðiáíî
äîâåñòè, ùî ïðè âèêîíàííi óìîâè (13) ñèñòå-
ìà (11), (12) öiëêîì êåðîâíà íà [T0, T1] ç ðîç-
áèòòÿì {tj, 0 ≤ j ≤ N}. Òîáòî ïîòðiáíî äî-
âåñòè, ùî ÿêùî ðàíã ìàòðèöi SnN

äîðiâíþc
nN , òî íå iñíóc òàêîãî ñòàëîãî âåêòîðà l 6= 0,
äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè

lT WNk(tN , τ) = 0, τ ∈ [tk−1, tk), (14)

lT WNk(tN) = 0, k = 1, N, (15)

äå WNk(tN , τ),WNk(tN) ìàþòü âèãëÿä (3), (4)
âiäïîâiäíî ïðè j = N, t = tN .

Ñôîðìóëüîâàíå òâåðäæåííÿ ðiâíîñèëüíå
òàêîìó: ÿêùî äëÿ äàíîãî ðîçáèòòÿ âiäðiçêà
[T0, T1] iñíóc òàêèé âåêòîð l 6= 0 ðîçìiðó nN ,
ùî âèêîíóþòüñÿ óìîâè (14) i (15), òî ðàíã
ìàòðèöi SnN

ìåíøèé, íiæ nN .
Ôóíêöi�� WNk(tN , τ) àíàëiòè÷íi íà ïðî-

ìiæêàõ [tk−1, tk), k = 1, N , òîìó ç (14)
âèïëèâàc

ds

dτ s
lT WNk(tN , τ)

∣∣∣∣
τ=tk−0

= 0, τ ∈ [tk−1, tk),

s = 0, 1, ..., nk − 1, k = 1, 2, ..., N − 1,

ds

dτ s
lT WN,k+1(tN , τ)

∣∣∣∣
τ=tk+0

= 0, τ ∈ [tk, tk+1),

s = 0, 1, ..., nk+1 − 1, k = 1, 2, ..., N − 1.

Îñêiëüêè ç öèõ ðiâíîñòåé îäåðæócòüñÿ,
ùî

lT exp(AN(tN − tN−1))CN ... exp(Aj+1(tj+1−
−tj))Cj+1(−1)sAs

jBj = 0,

s = 0, 1, ..., nj − 1, j = 1, 2, ..., N − 1,

lT exp(AN(tN − tN−1))CN ... exp(Aj+2N(tj+2−
−tj+1))Cj+2 exp(Aj+1(tj+1−

−tj))(−1)kAk
j Bj = 0,

k = 0, 1, ..., nj+1 − 1, j = 1, 2, ..., N − 1,

òî, âðàõîâóþ÷è îçíà÷åííÿ ìàòðè÷íî�� ôóí-
êöi�� exp(At) i (15), îòðèìócìî

rankSnN
< nN .

Öÿ ñóïåðå÷íiñòü çàâåðøóc äîâåäåííÿ äîñòà-
òíîñòi óìîâè (13).
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Íåîáõiäíiñòü óìîâ òåîðåìè áóäå âñòà-
íîâëåíà, ÿêùî äîâåäåìî, ùî ïðè âèêîíàííi
óìîâ (5) íà ïðîìiæêó [T0, T1] ç ðîçáèòòÿì
{tj, 0 ≤ j ≤ N} âèïëèâàc ðiâíiñòü ðàíãó
ìàòðèöi SnN

÷èñëó nN . Àëå öå òâåðäæåííÿ
ðiâíîçíà÷íå òàêîìó: ÿêùî ðàíã ìàòðèöi SnN

ìåíøèé, íiæ nN , òî íå âèêîíóþòüñÿ óìîâè
(5). Ïðèïóñòèìî, ùî ðàíã ìàòðèöi SnN

ìåí-
øèé, íiæ nN . Òîäi iñíóc òàêèé nN -âèìiðíèé
âåêòîð l 6= 0, ùî lT SnN

= 0, òîáòî

lT exp(AN(tN − tN−1))CN ... exp(Aj+1(tj+1−
−tj))Cj+1Sj(Bj) = 0, (16)

lT exp(AN(tN − tN−1))CN ... exp(Aj(tj−
−tj−1))Dj = 0, j = 1, N. (17)

Ðiâíiñòü (16) îçíà÷àc, ùî

lT1jA
s
jBj = 0, s = 0, 1, ..., nj − 1, (18)

äå
lT1j = lT exp(AN(tN − tN−1))×

×CN ... exp(Aj+1(tj+1 − tj))Cj+1, j = 1, N.

Ç (18) ëåãêî îäåðæàòè, ùî

lT1jA
s
jBj = 0, s = 0, 1, 2, ....

Òîäi

lT WNj(tN , τ) = lT exp(AN(tN−
−tN−1))CN ... exp(Aj+1(tj+1 − tj))Cj+1×

× exp(Aj(tj − τ))Bj =

= lT1j

∞∑

k=0

(tj − τ)k

k!
Ak

j Bj ≡ 0,

τ ∈ [tj−1, tj), j = 1, N. (19)

Ç (17) i (19) îòðèìócìî, ùî íå âèêîíóþ-
òüñÿ óìîâè (5), à öå ñóïåðå÷èòü êåðîâíîñòi
ñèñòåìè (11), (12). Òåîðåìà 2 äîâåäåíà.

Ïðè äîñëiäæåííi ñèñòåì êåðóâàííÿ çi
çìiííîþ ñòðóêòóðîþ âàæëèâèìè c ïèòàííÿ
ïðî òå, ÷è ïðè áóäü-ÿêèõ ðîçáèòòÿõ âiäðiçêà
[T0, T1] ñïðàâäæócòüñÿ êåðîâíiñòü. Ñëóøíîþ
c íàñòóïíà òåîðåìà.

Òåîðåìà 3. Äëÿ iñíóâàííÿ ðîçáèòòÿ
{tj, 0 ≤ j ≤ N}, ïðè ÿêîìó âèêîíócòüñÿ

óìîâà (13), íåîáõiäíî, ùîá rank S̃(N) = nN ,
äå ìàòðèöÿ S̃(N) ìàc âèãëÿä [3]

S̃(N) = (SN(CNSN−1(...(C2S1(B1))...)),

SN(CNSN−1(...(C3S2(D2, B2))...)), ...,

SN(CNSN−1(DN−1, BN−1)), SN(DN , BN)).

Äîâåäåííÿ òåîðåìè 3 àíàëîãi÷íå äîâå-
äåííþ íåîáõiäíîñòi óìîâ òåîðåìè 2.

Íåõàé ôóíêöiîíóâàííÿ îá'cêòà êåðóâàí-
íÿ îïèñócòüñÿ ñèñòåìîþ

dx(t)

dt
= A(t)x(t) + B(t)u(t), (20)

äå x(t), u(t) c âiäïîâiäíî n-âèìiðíèì òà m-
âèìiðíèì âåêòîðàìè.

Îçíà÷åííÿ 2. Ñèñòåìà (20)
íàçèâàcòüñÿ êåðîâíîþ íà çàäàíîìó âiä-
ðiçêó [T0, T1], ÿêùî äëÿ äâîõ äîâiëüíèõ
çíà÷åíü x(0) òà x(1) ç ôàçîâîãî ïðîñòîðó X
ìîæíà âêàçàòè òàêó ôóíêöiþ êåðóâàííÿ
u(t), t ∈ [T0, T1], ùî ðîçâ'ÿçîê ðiâíÿííÿ (20)
çàäîâîëüíÿc êðàéîâi óìîâè x(T0) = x(0) òà
x(T1) = x(1).

Òåîðåìà 4. ßêùî åëåìåíòè ìàòðèöü
A(t) òà B(t) c àíàëiòè÷íèìè ôóíêöiÿìè,
òî íåîáõiäíà i äîñòàòíÿ óìîâà êåðîâíîñòi
ñèñòåìè (20) íà âiäðiçêó [T0, T1] ìàc âèãëÿä

rank (Z1(t
∗), Z2(t

∗), ..., Zn(t∗)) = n, (21)

äå t∗ ∈ (T0, T1), ìàòðèöi Z(k)(t) âèçíà÷àþ-
òüñÿ â îêîëi òî÷êè t∗ ðåêóðåíòíèìè ñïiâ-
âiäíîøåííÿìè

Z1(t) = B(t), Zk(t) = A(t)Zk−1(t)−

−dZk−1(t)

dt
, k = 2, n. (22)

Ïîïåðåäíüî äîâåäåìî ëåìó.
Ëåìà.ßêùî rank (Z1(t), Z2(t), ..., Zn(t)) =

r, r < n, äëÿ äîâiëüíîãî t ∈ [T0, T1],
òî iñíóþòü {t′0, t′1} ⊂ [T0, T1] òàêi, ùî
rank (Z1(t), Z2(t), ..., Zr(t)) = r äëÿ âñiõ
t ∈ [t

′
0, t

′
1].

Äîâåäåííÿ ëåìè. Ïðèïóñòèìî, ùî äëÿ
âñiõ t ∈ [T0, T1] rank (Z1(t), Z2(t), ..., Zr(t)) <
r, i ðîçãëÿíåìî j(t) � êiëüêiñòü ïåðøèõ
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ëiíiéíî-íåçàëåæíèõ âåêòîð-ñòîâïöiâ ìàòðè-
öi (Z1(t), Z2(t), ..., Zr(t)). Òîáòî j(t) � öå
òàêå j, ùî Z1(t), Z2(t), ..., Zj(t) c ëiíié-
íî íåçàëåæíèìè, à Zj+1(t) ëiíiéíî çàëå-
æèòü âiä Z1(t), Z2(t), ..., Zj(t). Ïîêëàäåìî
j∗ = j(t∗) = max

t∈[T0,T1]
j(t). Òîäi ìàòðè-

öÿ (Z1(t∗), Z2(t∗), ..., Zj∗(t∗)) ìàc âèçíà÷íèê
∆j∗(t∗) ïîðÿäêó j∗, âiäìiííèé âiä íóëÿ. Áåç
îáìåæåííÿ çàãàëüíîñòi ââàæàòèìåìî, ùî
∆j∗(t∗) > 0. Ç àíàëiòè÷íîñòi ∆j∗(t) âèïëèâàc,
ùî ∆j∗(t) > 0 ó äåÿêîìó îêîëi (t

′
∗, t

′′
∗) òî-

÷êè t∗. Îòæå, Zj∗+1(t) =

j∗∑
i=1

C1
i (t)Zi(t) ïðè

t ∈ (t
′
∗, t

′′
∗), äå C1

i (t) � àíàëiòè÷íi ôóíêöi��
âiä t. Ëåãêî áà÷èòè, ùî

Zj∗+k(t) =

j∗∑
i=1

Ck
i (t)Zi(t) (23)

äëÿ âñiõ k ∈ {1, 2, ...}. Ó ñïiââiäíîøåííi (23)
Ck

i (t) � àíàëiòè÷íi ôóíêöi��, ÿêi âèðàæàþ-
òüñÿ ÷åðåç C1

i (t) òà ��õ ïîõiäíi.
Âðàõîâóþ÷è (23), îäåðæèìî

rank (Z1(t∗), Z2(t∗), ..., Zn(t∗)) < r, ùî ñóïå-
ðå÷èòü óìîâi ëåìè. Ëåìà äîâåäåíà.

Äîâåäåííÿ òåîðåìè 4. Íåîáõi-
äíiñòü. Ïðèïóñòèìî ñóïðîòèâíå. Íåõàé
rank (Z1(t), Z2(t), ..., Zn(t)) < n äëÿ âñiõ
t ∈ [T0, T1]. Öå îçíà÷àc, ùî iñíóc ïðîìi-
æîê [T

′
0, T

′
1] ⊂ [T0, T1], äëÿ ÿêîãî ïðè t ∈

[T
′
0, T

′
1] rank (Z1(t), Z2(t), ..., Zn(t)) = r <

n, äå r = max
t∈[T0,T1]

rank (Z1(t), Z2(t), ..., Zn(t)).

Çà ëåìîþ íà ïðîìiæêó (T
′
0, T

′
1) iñíóc òî-

÷êà t∗, â îêîëi ÿêî�� lT0 (Z1(t), Z2(t), ..., Zk(t)) =
0 äëÿ k > r, ‖l0‖ > 0. Íåõàé âåêòîð l òàêèé,
ùî lT0 = lT X(T1, t∗), äå X(T1, t) � íîðìàëüíà
ôóíäàìåíòàëüíà ìàòðèöÿ ðîçâ'ÿçêiâ ñèñòå-
ìè dx(t)

dt
= A(t)x(t).

Ïîêàæåìî, ùî âèêîíócòüñÿ óìîâà
lT W (T1, t) = 0 ïðè âñiõ t ∈ [T0, T1], äå
W (T1, t) = X(T1, t)B(t) � ìàòðèöÿ iìïóëü-
ñíèõ ïåðåõiäíèõ ôóíêöié ñèñòåìè (20).

Ïîäàìî ôóíêöiþ W (T1, t) ó âèãëÿäi ðÿ-
äó W (T1, t) = W (T1, t∗) +

∞∑
k=1

W (k)(T1, t∗)(t −

t∗), äå W (k)(T1, t∗) = dk

dtk
(W (T1, t))

∣∣∣
t=t∗

=

= (−1)kX(T1, t)
(
A(t)Zk(t)− dZk(t)

dt

)∣∣∣
t=t∗

.

Îñêiëüêè ïðàâèëüíi ðiâíîñòi

lT X(T1, t∗)B(t∗) = lT0 B(t∗) = lT0 Z1(t∗) = 0,

d

dt
(lT X(T1, t)B(t))

∣∣∣∣
t=t∗

=

(
lT

dX(T1, t)

dt
B(t)+

+ lT X(T1, t)
dB(t)

dt

)∣∣∣∣
t=t∗

=

= lT X(T1, t)

(
−A(t)B(t) +

dB(t)

dt

)∣∣∣∣
t=t∗

=

= −lT0 Z2(t∗) = 0, ...

dk

dtk
(lT X(T1, t)B(t))

∣∣∣∣
t=t∗

=

= (−1)klT X(T1, t)

(
A(t)Zk(t)−

−dZk(t)

dt

)∣∣∣∣
t=t∗

= (−1)klT0 Zk+1(t∗) = 0, ...

òî lT W (T1, t) = 0 äëÿ t ∈ [T0, T1].
Îäåðæàíå ïðîòèði÷÷ÿ çàâåðøóc äîâåäåí-

íÿ íåîáõiäíîñòi óìîâ òåîðåìè 4. Äîñòàòíiñòü
òåîðåìè äîâåäåíà â [1].
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