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Âñòàíîâëåíà êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi äëÿ îäíîãî ìîäåëüíîãî âèðîäæåíîãî ïà-

ðàáîëi÷íîãî ðiâíÿííÿ òèïó Êîëìîãîðîâà ç íóëüîâîþ ïî÷àòêîâîþ óìîâîþ ó ñïåöiàëüíîìó âà-
ãîâîìó ãåëüäåðîâîìó ïðîñòîði. Äîâåäåííÿ ãðóíòócòüñÿ íà äîñëiäæåííi ãëàäêîñòi âiäïîâiäíîãî
îá'cìíîãî ïîòåíöiàëó.

The well posedness of the Cauchy problem for a model degenerate parabolic equation of
Kolmogorov type with zero initial condition in special weight G�older space is established. The
proof is based on the study of smoothness of corresponding volume potential.

Ðîçãëÿäàcòüñÿ íåîäíîðiäíå ìîäåëüíå ðiâ-
íÿííÿ äðóãîãî ïîðÿäêó, ÿêå íàëåæèòü äî
êëàñó óëüòðàïàðàáîëi÷íèõ ðiâíÿíü i c óçà-
ãàëüíåííÿì âiäîìîãî ðiâíÿííÿ äèôóçi�� ç
iíåðöicþ Êîëìîãîðîâà. Ó ïðàöi [1] ïîêàçà-
íî âiäìiííiñòü ó ãëàäêîñòi ðîçâ'ÿçêiâ òàêî-
ãî ðiâíÿííÿ òà íåâèðîäæåíîãî ïàðàáîëi÷íî-
ãî ðiâíÿííÿ. Ïîõiäíi ðîçâ'ÿçêó, ÿêi âõîäÿòü
â îñòàííc ðiâíÿííÿ, íàëåæàòü äî òîãî æ ñà-
ìîãî êëàñó Ãåëüäåðà, ùî é ïðàâà ÷àñòèíà
ðiâíÿííÿ. Â [1] äîâåäåíî, ùî äðóãi ïîõiäíi
âiä ðîçâ'ÿçêó ðiâíÿííÿ òèïó Êîëìîãîðîâà
ïî ïðîñòîðîâèõ çìiííèõ ïåðøî�� ãðóïè çàäî-
âîëüíÿþòü óìîâó Ãåëüäåðà ç òèì ñàìèì ïî-
êàçíèêîì, ùî é ïðàâà ÷àñòèíà ðiâíÿííÿ, à
ïîêàçíèê Ãåëüäåðà äëÿ ïåðøèõ ïîõiäíèõ âiä
ðîçâ'ÿçêó ïî ïðîñòîðîâèõ çìiííèõ i-�� ãðóïè,
i ≥ 2, íà (2i − 3)/(2i − 1) ìåíøå ïîêàçíèêà
Ãåëüäåðà ïðàâî�� ÷àñòèíè. Äîâåäåíî òî÷íiñòü
îäåðæàíèõ îöiíîê.

Ó öié ñòàòòi ââîäÿòüñÿ ñïåöiàëüíi ãåëü-
äåðîâi íîðìè, â òåðìiíàõ ÿêèõ âèâ÷àcòüñÿ
ãëàäêiñòü îá'cìíîãî ïîòåíöiàëó òà äîâîäè-
òüñÿ êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi.

Íåõàé T � çàäàíå äîäàòíå ÷èñëî; ni, 1 ≤
i ≤ 3, � çàäàíi íàòóðàëüíi ÷èñëà òàêi, ùî
1 ≤ n3 ≤ n2 ≤ n1, N ≡ n1+n2+n3, N1 ≡ n1+
3n2 + 5n3; {X ≡ (x1, x2, x3), Ξ ≡ (ξ1, ξ2, ξ3)}
⊂ RN , ÿêùî {xi ≡ (xi1, . . . , xini

), ξi ≡
(ξi1, . . . , ξini

)} ⊂ Rni , 1 ≤ i ≤ 3; {X̄ ≡
(x̄1, x̄2, x̄3), X̄2 ≡ (ξ1, x̄2, x̄3), X̄3 ≡ (ξ1, ξ2, x̄3)}

⊂ RN , ÿêùî x̄i ≡ ≡ (x̄i1, . . . , x̄ini
) ∈ Rni , 1 ≤

i ≤ 3, x̄1j ≡ x1j, 1 ≤ j ≤ n1, x̄2j ≡ x2j + (t −
τ)x1j, 1 ≤ j ≤ n2, x̄3j ≡ x3j +(t−τ)x2j + 1

2
(t−

τ)2x1j, 1 ≤ j ≤ n3;

ρ(t− τ,X, Ξ) ≡ (t− τ)−1

n1∑
i=1

(x̄1i − ξ1i)
2+

(t−τ)−3

n2∑
i=1

(x̄2i−ξ2i)
2+(t−τ)−5

n3∑
i=1

(x̄3i−ξ3i)
2;

Zn
+− ìíîæèíà âñiõ n-âèìiðíèõ ìóëüòèiíäå-

êñiâ, m ≡ (m1,m2,m3) ∈ ZN
+ , ÿêùî mi ≡

(mi1, . . . , mini
) ∈ Zni

+ , |mi| =
ni∑

j=1

mij, 1 ≤
i ≤ 3, M ≡ |m1| + 2(|m2| + |m3|); ∂mi

xi
≡∏ni

j=1 ∂
mij
xij , ∂m

X ≡ ∏3
i=1 ∂mi

xi
, xi ∈ Rni , mi ∈

Zni
+ , 1 ≤ i ≤ 3; [a, X] ≡ ∑3

i=1 ai|xi|2, ÿêùî
a = (a1, a2, a3), X = (x1, x2, x3); BR ≡ {X ∈
RN ||X| ≤ R} ïðè R ≥ 0, ΠΩ ≡ Ω × RN , Ω ⊂
R.

Ðîçãëÿíåìî ðiâíÿííÿ

(Lu)(t,X) ≡ (∂t −
n2∑

j=1

x1j∂x2j
−

n3∑
j=1

x2j∂x3j
−

−
n1∑

j=1

∂2
x1j

)u(t,X) = f(t,X), (t,X) ∈ Π(0,T ].

(1)

36 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 1999. Âèïóñê 46. Ìàòåìàòèêà.



Â.Ñ. Äðîíü, Ñ.Ä. Iâàñèøåí

Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi
äëÿ ðiâíÿííÿ (1) çàäàcòüñÿ âèðàçîì [2]

Z(t, X; τ, Ξ) =

= 12n2/2720n3/2(4π)−N/2(t− τ)−N1/2×

×exp{− 1

4(t− τ)

n1∑
j=1

(x1j − ξ1j)
2−

− 3

(t− τ)3

n2∑
j=1

(x2j−ξ2j +
1

2
(t−τ)(x1j +ξ1j))

2−

− 180

(t− τ)5

n3∑
j=1

(x3j − ξ3j +
1

2
(t− τ)(x2j + ξ2j)+

+
1

12
(t−τ)2(x1j−ξ1j))

2}, τ < t, {X, Ξ} ⊂ RN ,

(2)
i ìàc òàêi âëàñòèâîñòi:

|∂m
X Z(t,X; τ, Ξ)| ≤

≤ C(t− τ)−(N1+|m1|+3|m2|+5|m3|)/2×
×exp{−cρ(t−τ, X, Ξ)}, τ < t, {X, Ξ} ⊂ RN ,

(3)
äå m ∈ ZN

+ , c > 0 (÷åðåç C òóò i äàëi
ïîçíà÷àcòüñÿ äîäàòíà ñòàëà áåç óðàõóâàííÿ
���� âåëè÷èíè);

∂xij

∫

Rl−i+1

Z(t,X; τ, Ξ)dξijdξi+1,j . . . dξlj = 0

(4)
ïðè 1 ≤ i ≤ 3, 1 ≤ j ≤ ni i l ≥ i òàêîìó, ùî
nl+1 < j ≤ nl.

Ëåãêî ïåðåêîíàòèñÿ, ùî
∫

RN

t−N1/2exp{−δρ(t,X, Ξ)}dΞ = (π/δ)N/2,

t > 0, X ∈ RN , δ > 0, (5)
∫

RN

Z(t,X; τ, Ξ)dΞ = 1, 0 ≤ τ < t,X ∈ RN .

(6)
Ïîêëàäåìî

k(t, a) ≡ (k1(t, a1), k2(t, a2), k3(t, a3)),

s(t) ≡ (s1(t), s2(t), s3(t));

ki(t, ai) ≡ c0ai

c0 − ait2i−1
, 1 ≤ i ≤ 3;

s1(t) ≡ k1(t, a1) + 2t2k2(t, a2) +
3

4
t4k3(t, a3),

s2(t) ≡ 2k2(t, a2) + 3t2k3(t, a3),

s3(t) ≡ 3k3(t, a3), 0 ≤ t ≤ T,

äå 0 < c0 < c, c � ñòàëà ç îöiíêè (3), a ≡
(a1, a2, a3), ai, 1 ≤ i ≤ 3, � íåâiä'cìíi ÷èñëà
òàêi, ùî

T < min
1≤i≤3

(
c0

iai

)1/(2i−1) = min
1≤i≤3

(
c0

si(0)
)1/(2i−1).

Âëàñòèâîñòi ôóíêöié k, s äîñëiäæåíî â
[3]. Çîêðåìà, âñòàíîâëåíî, ùî

ai ≤ ki(τ, ai) < ki(t, ai) ≤ si(t),

0 ≤ τ < t ≤ T, 1 ≤ i ≤ 3; (7)

−c0ρ(t,X, Ξ) + [a, Ξ] ≤
≤ [k(t, a), X̄|τ=0] ≤ [s(t), X],

t ∈ (0, T ], {X, Ξ} ⊂ RN ; (8)

ki(t− τ, ki(τ, ai)) ≤ ki(t, ai),

0 ≤ τ < t ≤ T, 1 ≤ i ≤ 3. (9)

Âèêîðèñòîâóþ÷è öi âëàñòèâîñòi, ìîæíà
äîâåñòè, ùî

−c0ρ(t− τ, X, Ξ) + [k(τ, a), Ξ] ≤
≤ [k(t, a), X̄] ≤ [s(t), X],

0 ≤ τ < t ≤ T, {X, Ξ} ⊂ RN . (10)

Äiéñíî,

−c0ρ(t− τ, X, Ξ) + [k(τ, a), Ξ] ≤
≤ [k(t− τ, k(τ, a)), X̄] ≤

≤ [k(t, a), X̄] ≤ k1(t, a1)

n1∑
j=1

x2
1j+

+2k2(t, a2)

n2∑
j=1

(x2
2j + (t− τ)2x2

1j)+

+3k3(t, a3)

n3∑
j=1

(x2
3j+(t−τ)2x2

2j+
(t− τ)4

4
x2

1j)) ≤
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≤ [s(t), X].

Êîðèñòóâàòèìåìîñü ùå òàêîþ î÷åâèäíîþ
îöiíêîþ:

exp{−c1ρ(t− τ, X, Ξ)}(δ1

n1∑
j=1

|x̄1j − ξ1j|α1+

+δ2

n2∑
j=1

|x̄2j − ξ2j|α2 + δ3

n3∑
j=1

|x̄3j − ξ3j|α3) ≤

≤ C(δ1(t− τ)α1/2 + δ2(t− τ)3α2/2+

+δ3(t− τ)5α3/2)exp{−c2ρ(t− τ, X, Ξ)}, (11)

0 ≤ τ < t ≤ T, {X, Ξ} ⊂ RN , δj ∈ {0, 1},
αi > 0, 1 ≤ i ≤ 3, c2 ∈ (0, c1).

Oçíà÷èìî ïîòðiáíi íîðìè òà ïðîñòîðè
ôóíêöié. Ïîêëàäåìî

||f ||α0 ≡
≡ sup

(t,X)∈Π(0,T ]

(|f(t,X)|exp{−[k(t, a), X]})+

+ sup
{(t,X),(t,Ξ)}⊂Π(0,T ]

X 6=Ξ

((|f(t,X)− f(t, Ξ)|)×

×(|x1 − ξ1|α + |x2 − ξ2|(α+1)/3+

+|x3 − ξ3|(α+3)/5)−1×
×(exp{[k(t, a), X]}+ exp{[k(t, a), Ξ]})−1);

||u||α2 ≡
∑
M≤2

sup
(t,X)∈Π(0,T ]

|∂m
X u(t,X)|

exp{[s(t), X]}+

+
∑
M=2

sup
{(t,X),(t,Ξ)}⊂Π(0,T ]

X 6=Ξ

(
|∂m

X u(t,X)−

−∂m
X u(t, Ξ)| ·

( 3∑
i=1

|xi − ξi|α/(2i−1)×

×(exp{[s(t), X]}+ exp{[s(t), Ξ]})
)−1)

+

+
∑

|m1|=1

sup
{(t,X),(t,Ξ1)}⊂Π(0,T ]

X 6=Ξ1

(
|∂m1

x1
u(t,X)−

−∂m1
x1

u(t, Ξ1)| ·
( 3∑

i=2

|xi − ξi|(α+1)/(2i−1)×

×(exp{[s(t), X]}+ exp{[s(t), Ξ1]})
)−1)

,

äå Ξ1 ≡ (x1, ξ2, ξ3);

||u(t, ·)||s(t) ≡ sup
X∈RN

(|u(t,X)exp{−[s(t), X]}|).

×åðåç Cα
p , p ∈ {0, 2}, α ∈ (0, 1], ïîçíà÷è-

ìî ïðîñòið íåïåðåðâíèõ ó Π(0,T ] ôóíêöié, ÿêi
ìàþòü íåïåðåðâíi ó Π(0,T ] ïîõiäíi ∂m

X , M ≤ p,
òà ñêií÷åííó íîðìó || · ||αp .

Íåõàé α1 ∈ (0, 1], αi ∈ (2i−3
2i−1

, 2i−2
2i−1

], 2 ≤ i ≤
3, ᾱ = (α1, α2, α3) i ïîêëàäåìî

||f ||0 ≡
≡ sup

(t,X)∈Π(0,T ]

(|f(t,X)|exp{−[k(t, a), X]})+

+ sup
{(t,X),(t,Ξ)}⊂Π(0,T ]

X 6=Ξ

(
|f(t, X)− f(t, Ξ)|∑3

i=1 |xi − ξi|αi
×

×(exp{[k(t, a), X]}+ exp{[k(t, a), Ξ]})−1).

×åðåç C ᾱ
0 ïîçíà÷èìî ïðîñòið íåïåðåðâíèõ

ó Π(0,T ] ôóíêöié çi ñêií÷åííîþ íîðìîþ || · ||0.
Òåîðåìà 1. Íåõàé f ∈ C ᾱ

0 . Òîäi ôóíêöiÿ

u(t,X) ≡
t∫

0

dτ

∫

RN

Z(t,X; τ, Ξ)f(τ, Ξ)dΞ,

(t,X) ∈ Π(0,T ], (12)

c ðåãóëÿðíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1), ïðè-
÷îìó

∂m
X u(t,X) =

=

t∫

0

dτ

∫

RN

∂m
X Z(t,X; τ, Ξ)Fm(τ, Ξ; t,X)dΞ,

(t,X) ∈ Π(0,T ], (13)

lim
t→0

sup
X∈RN

(|∂m
X u(t,X)|exp{−[s(t), X]}) = 0,

(14)
0 < M ≤ 2, äå Fm(τ, Ξ; t,X) ≡

≡





f(τ, Ξ), |m1| = 1;
f(τ, Ξ)− f(τ, X̄), |m1| = 2;
f(τ, Ξ)− f(τ, X̄2), |m2| = 1;
f(τ, Ξ)− f(τ, X̄3), |m3| = 1;
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∂tu(t,X) = f(t,X)+

+

t∫

0

dτ

∫

RN

∂tZ(t,X; τ, Ξ)×

×(f(τ, Ξ)− f(τ, X̄3))dΞ+

+

t∫

0

dτ

∫

RN

∂tZ(t,X; τ, Ξ)×

×(f(τ, X̄3)− f(τ, X̄2))dΞ+

+

t∫

0

dτ

∫

RN

∂tZ(t,X; τ, Ξ)×

×(f(τ, X̄2)− f(τ, X̄))dΞ, (t,X) ∈ Π(0,T ].
(15)

Äîâåäåííÿ. Äîñèòü äîâåñòè ïðàâèëü-
íiñòü ðiâíîñòåé (13)-(15). Îñêiëüêè çà îçíà-
÷åííÿì òà (7)

1) ïðè |m1| = 1, |m2| = |m3| = 0

|Fm(τ, Ξ; t,X)| ≤ ||f ||0exp{[k(τ, a), Ξ]} ≤
≤ ||f ||0exp{[k(t, a), Ξ]};

2) ïðè |m1| = 2, |m2| = |m3| = 0

|Fm(τ, Ξ; t,X)| ≤ ||f ||0
3∑

i=1

|x̄i − ξi|αi×

×(exp{[k(t, a), Ξ]}+ exp{[k(t, a), X̄]});
3) ïðè |m2| = 1, |m1| = |m3| = 0

|Fm(τ, Ξ; t,X)| ≤ ||f ||0
3∑

i=2

|x̄i − ξi|αi×

×(exp{[k(t, a), Ξ]}+ exp{[k(t, a), X̄2]});
4) ïðè |m3| = 1, |m1| = |m2| = 0

|Fm(τ, Ξ; t,X)| ≤ ||f ||0|x̄3 − ξ3|α3×
×(exp{[k(t, a), Ξ]}+ exp{[k(t, a), X̄3]}),

òî ç óðàõóâàííÿì (10) òà (11) ïðè c1 = c−c0,
ìàcìî

1) ïðè |m1| = 1, |m2| = |m3| = 0

exp{−cρ(t− τ,X, Ξ)}|Fm(τ, Ξ; t,X)| ≤

≤ Cexp{[s(t), X]}||f ||0exp{−c1ρ(t−τ, X, Ξ)};
(16)

2) ïðè M = 2, |mp| > 0

exp{−cρ(t− τ, X, Ξ)}|Fm(τ, Ξ; t,X)| ≤
≤ Cexp{[s(t), X]}||f ||0exp{−c2ρ(t−τ, X, Ξ)}×

×
3∑

i=p

(t− τ)αi(2i−1)/2. (17)

Ïîcäíóþ÷è îöiíêè (16),(17) ç ðiâíiñòþ
(5), ìàcìî

∫

RN

(t− τ)−N1/2exp{−cρ(t− τ,X, Ξ)}×

×|Fm(τ, Ξ; t, X)|dΞ ≤ Cexp{[s(t), X]}||f ||0×

×




3∑
i=p

(t− τ)αi(2i−1)/2,M = 2, |mp| > 0;

1, |m1| = 1, |m2|+ |m3| = 0,
(18)

0 ≤ τ < t ≤ T, X ⊂ RN .

Ðîçãëÿíåìî

v(t,X; τ) =

∫

RN

Z(t,X; τ, Ξ)Fm(τ, Ξ; t,X)dΞ,

X ∈ RN , 0 ≤ τ < t ≤ T.

Ìîæëèâiñòü çàñòîñóâàííÿ îïåðàöi�� ∂m
X ,M ≤

2, ïiä çíàêîì iíòåãðàëà ôóíêöi�� v ìîæíà îá-
ãðóíòóâàòè, ïiäñòàâèâøè ÿâíèé âèðàç äëÿ
∂m

X Z òà çðîáèâøè çàìiíó çìiííèõ iíòåãðóâà-
ííÿ çà ôîðìóëàìè

x̄1 − ξ1 = (t− τ)1/2ξ′1, x̄2 − ξ2 = (t− τ)3/2ξ′2,

x̄3 − ξ3 = (t− τ)5/2ξ′3.

Òîäi íà ïiäñòàâi (16) òà (17) ëåãêî çíàõîäè-
òüñÿ ó äîâiëüíîìó êîìïàêòi K ⊂ RN iíòå-
ãðîâíà ìàæîðàíòà, íå çàëåæíà âiä X. Êðiì
òîãî, íà ïiäñòàâi (18) îäåðæócìî

1) ïðè M = 2, |mp| > 0

|∂m
X v(t,X)| ≤ Cexp{[s(t), X]}||f ||0×

×(t− τ)−|mp|(2p−1)/2

3∑
i=p

(t− τ)αi(2i−1)/2 ≤
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≤ Cexp{[s(t), X]}||f ||0(t− τ)(αp−|mp|)(2p−1)/2;

2) ïðè |m1| = 1, |m2| = |m3| = 0

|∂m
X v(t,X)| ≤ Cexp{[s(t), X]}||f ||0(t− τ)−1/2.

Öå äîâîäèòü ìîæëèâiñòü äèôåðåíöiþâàí-
íÿ â (13) ïiä çíàêîì iíòåãðàëà.

Çàâåðøåííÿ äîâåäåííÿ ðiâíîñòi (13)
âèïëèâàc ç ðiâíîñòi íóëþ íà ïiäñòàâi (4)
iíòåãðàëà

t∫

0

∫

RN

∂m
X Z(t,X; τ, Ξ)×

×(f(τ, Ξ)− Fm(τ, Ξ; t,X))dΞ.

Çàóâàæèìî, ùî íà ïiäñòàâi ðiâíîñòi (4)
âèðàç (13) ìîæíà çìiíèòè òà äîïîâíèòè (12).
Ìàòèìåìî

∂m
X u(t,X) =

=

t∫

0

dτ

∫

RN

∂m
X Z(t,X; τ, Ξ)F̄m(τ, Ξ; t,X)dΞ,

(19)
(t,X) ∈ Π(0,T ], m ∈ ZN

+ ,M ≤ 2, äå

F̄m(τ, Ξ; t,X) ≡

≡





f(τ, Ξ), |m| = 0;
f(τ, Ξ)− f(τ, X̄), |m1| > 0;
f(τ, Ξ)− f(τ, X̄2), |m2| = 1;
f(τ, Ξ)− f(τ, X̄3), |m3| = 1.

Âiäïîâiäíî çìiíèòüñÿ îöiíêà (18):

I(X) ≡
∫

RN

(t− τ)−N1/2×

×exp{−cρ(t,X, Ξ)}|F̄m(τ, Ξ; t,X)| ≤

≤





Cexp{[s(t), X]}||f ||0
3∑

i=p

(t− τ)αi(2i−1)/2,

0 < M ≤ 2, |mp| > 0;
Cexp{[s(t), X]}||f ||0, |m| = 0,

(20)
0 ≤ τ < t ≤ T, X ⊂ RN .
Çíàéäåìî îöiíêè äëÿ ôóíêöi�� u òà ���� ïîõi-

äíèõ (19). ßêùî âèêîðèñòaòè îöiíêó (3) òà
íåðiâíîñòi (20), òî îäåðæèìî

1) ïðè M ≤ 2, |mp| > 0

|∂m
X u(t,X)| ≤ Cexp{[s(t), X]}||f ||0×

×
t∫

0

(t− τ)−|mp|(2p−1)/2

3∑
i=p

(t− τ)αi(2i−1)/2dτ ≤

≤ Cexp{[s(t), X]}||f ||0×

×
t∫

0

(t− τ)(αp−|mp|)(2p−1)/2dτ =

= Cexp{[s(t), X]}t(αp−|mp|)(2p−1)/2+1||f ||0;
2) ïðè |m| = 0

|u(t,X)| ≤ Cexp{[s(t), X]}||f ||0
t∫

0

dτ =

= Cexp{[s(t), X]}t||f ||0.
Îòæå,

|∂m
X u(t,X)| ≤ Cexp{[s(t), X]}||f ||0×

×
{

t, |m| = 0,
t(αp−|mp|)(2p−1)/2+1, 0 < M ≤ 2, |mp| > 0,

(t,X) ∈ Π(0,T ], (21)

ùî äîâîäèòü ñïiââiäíîøåííÿ (14).
Âiçüìåìî äîñèòü ìàëå h (0 < h ≤ h0 < T )

i ïîêëàäåìî

Uh(t,X) =

t−h∫

0

∫

RN

Z(t,X; τ, Ξ)f(τ, Ξ)dΞ,

(t,X) ∈ Π(h0,T ].

Òîäi

∂tUh(t,X) =

∫

RN

Z(t,X; t−h, Ξ)f(t−h, Ξ)dΞ+

+

t−h∫

0

dτ

∫

RN

∂tZ(t, X; τ, Ξ)×

×(f(τ, Ξ)− f(τ, X̄3))dΞ+

40 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 1999. Âèïóñê 46. Ìàòåìàòèêà.



Â.Ñ. Äðîíü, Ñ.Ä. Iâàñèøåí

+

t−h∫

0

dτ

∫

RN

∂tZ(t,X; τ, Ξ)×

×(f(τ, X̄3)− f(τ, X̄2))dΞ+

+

t−h∫

0

dτ

∫

RN

∂tZ(t,X; τ, Ξ)×

×(f(τ, X̄2)− f(τ, X̄))dΞ+

+

t−h∫

0

∫

RN

∂tZ(t,X; τ, Ξ)dΞf(τ, X̄)dτ ≡

≡ I1 + I2 + I3 + I4 + I5.

Íà ïiäñòàâi (6) I5 = 0. Ðiâíîìiðíà íà äî-
âiëüíîìó êîìïàêòi çáiæíiñòü iíòåãðàëiâ I2,
I3, I4 äîâîäèòüñÿ ïîäiáíî äî òîãî, ÿê áó-
ëî îáãðóíòóâàíî ìîæëèâiñòü äèôåðåíöiþâà-
ííÿ ïiä çíàêîì iíòåãðàëà â v. Âèêîðèñòàâøè
îöiíêè

|∂tZ(t, X; τ, Ξ)| ≤
≤ C(t− τ)−(N1+5)/2exp{−c1ρ(t− τ, X, Ξ)},

|∂t

∫

Rn3

Z(t,X; τ, Ξ)dξ3| ≤ C(t−τ)−(n1+3n2+3)/2×

×exp{−c1ρ(t− τ, x1, x2, 0, ξ1, ξ2, 0)},

|∂t

∫

Rn2+n3

Z(t,X; τ, Ξ)dξ2dξ3| ≤ C(t−τ)−(n1+2)/2×

×exp{−c1ρ(t− τ, x1, 0, 0, ξ1, 0, 0)},
τ < t, Ξ ∈ R, X ∈ K (K ⊂ R � äîâiëüíèé
êîìïàêò), 0 < c1 < c (c � ñòàëà ç îöiíêè (3));
i ïîâòîðèâøè äi��, àíàëîãi÷íi ïðîâåäåíèì ïðè
äîâåäåííi çáiæíîñòi iíòåãðàëiâ ó (13), âñòà-
íîâèìî çáiæíiñòü iíòåãðàëiâ ó âèðàçi

I0 ≡
t∫

0

dτ

∫

RN

∂tZ(t,X; τ, Ξ)×

×(f(τ, Ξ)− f(τ, X̄3))dΞ+

+

t∫

0

dτ

∫

RN

∂tZ(t,X; τ, Ξ)×

×(f(τ, X̄3)− f(τ, X̄2))dΞ+

+

t∫

0

dτ

∫

RN

∂tZ(t,X; τ, Ξ)×

×(f(τ, X̄2)− f(τ, X̄))dΞ

i òå, ùî lim
h→0

(I2 + I3 + I4) = I0.
Íà ïiäñòàâi ãðàíè÷íî�� âëàñòèâîñòi iíòå-

ãðàëà Ïóàññîíà I1 → f(t, X) ïðè h → 0.
Ðiâíiñòü (15), òàêèì ÷èíîì, äîâåäåíà.

Òåîðåìà 2. Íåõàé f ∈ Cα
0 . Òîäi îá'cìíèé

ïîòåíöiàë (12) íàëåæèòü äî ïðîñòîðó Cα
2 ,

ïðè÷îìó

||u||α2 ≤ C||f ||α0 , C > 0. (22)

Äîâåäåííÿ. Ïîêëàäåìî α1 = α, α2 =
α+1

3
, α3 = α+3

5
, α ∈ (0, 1]. Çà öic�� óìîâè íîð-

ìè || · ||0 i || · ||α0 , à òàêîæ ïðîñòîðè C ᾱ
0 i Cα

0

c òîòîæíèìè. Âðàõîâóþ÷è òâåðäæåííÿ òåî-
ðåìè 1, ïîòðiáíî òiëüêè äîâåñòè íåðiâíiñòü
(22). Íà ïiäñòàâi (21)

|∂m
X u(t,X)|exp{−[s(t), X]} ≤ C||f ||0,

M ≤ 2, (t,X) ∈ Π(0,T ]. (23)

Îöiíèìî äðóãó i òðåòþ ñêëàäîâi íîðìè
|| · ||α2 . Íåõàé H ∈ RN , H ≡ (h1, h2, h3),
hi ≡ (hi1, . . . , hini

) ∈ Rni , 1 ≤ i ≤ 3. Ïîêëà-
äåìî hij = 0, 1 ≤ j ≤ ni, i 6= l, |hl| > 0.
Îöiíþâàòèìåìî âèðàç

∆hl
xl

∂m
X u(t,X) ≡ ∂m

X u(t,X + H)− ∂m
X u(t,X),

êîëè l|m1| 6= 1.
1. Íåõàé |hl| ≥ t(2l−1)/2. Òîäi íà ïiäñòàâi

(21)
|∆hl

xl
∂m

X u(t,X)| ≡
≡ |∂m

X u(t,X + H)|+ |∂m
X u(t,X)| ≤

≤ C(exp{[s(t), X+H]}+exp{[s(t), X]})||f ||0×
×t(αp−|mp|)(2p−1)/2+1 ≤ C(exp{[s(t), X + H]}+
+exp{[s(t), X]})||f ||0|hl|((αp−|mp|)(2p−1)+2)/(2l−1),

(t,X) ∈ Π(0,T ].
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2. Íåõàé 0 < |hl| < t(2l−1)/2. Î÷åâèäíî, ùî

∆hl
xl

∂m
X u(t, X) =

t−|hl|2/(2l−1)∫

0

dτ×

×
∫

RN

∆hl
xl

(∂m
X Z(t,X; τ, Ξ)F̄m(τ, Ξ; t,X))dΞ+

+

t∫

t−|hl|2/(2l−1)

dτ

∫

RN

∂m
X Z(t,X + H; τ, Ξ)×

×F̄m(τ, Ξ; t,X + H)dΞ−

−
t∫

t−|hl|2/(2l−1)

dτ

∫

RN

∂m
X Z(t,X; τ, Ξ)×

×F̄m(τ, Ξ; t,X)dΞ ≡ J1 + J2 − J3.

Íà ïiäñòàâi îöiíoê (3) òà (20)

|J2 − J3| ≤ |J2|+ |J3| ≤

≤
t∫

t−|hl|2/(2l−1)

(t− τ)−|mp|(2p−1)/2I(X + H)dτ+

+

t∫

t−|hl|2/(2l−1)

(t− τ)−|mp|(2p−1)/2I(X)dτ ≤

≤ C(exp{[s(t), X+H]}+exp{[s(t), X]})||f ||0×

×
t∫

t−|hl|2/(2l−1)

(t− τ)αp−|mp|(2p−1)/2dτ ≤

≤ C(exp{[s(t), X + H]}+ exp{[s(t), X]})×
×||f ||0|hl|((αp−|mp|)(2p−1)+2)/(2l−1),

(t,X) ∈ Π(0,T ].

Âèðàç J1 ìîæíà ïåðåïèñàòè ó âèãëÿäi

J1 =

t−|hl|2/(2l−1)∫

0

dτ

∫

RN

∂m
X Z(t,X + H; τ, Ξ)×

×∆hl
xl

F̄m(τ, Ξ; t,X)dΞ +

t−|hl|2/(2l−1)∫

0

dτ×

×
∫

RN

∆hl
xl

∂m
X Z(t,X; τ, Ξ)F̄m(τ, Ξ; t,X)dΞ ≡

≡ J11 + J12.

Íà ïiäñòàâi (4) J11 = 0. Äëÿ îöiíêè J12 âèêî-
ðèñòàcìî iíòåãðàëüíó òåîðåìó ïðî ñåðåäíc:

J12 = |hl|
1∫

0

dθ

t−|hl|2/(2l−1)∫

0

dτ×

×
∫

RN

∂s∂
m
X Z(t,X + θH; τ, Ξ)F̄m(τ, Ξ; t,X)dΞ,

äå s− íàïðÿìîê âiä òî÷êè X äî òî÷êè X+H.
Íà ïiäñòàâi íåðiâíîñòi [4, ñ.78] exp{−δ(x+

∆)2} ≤ Cexp{−δx2} ïðè |∆| ≤ 1, δ > 0,
ìàcìî

exp{−cρ(t− τ,X + θH, Ξ)} ≤
≤ Cexp{−cρ(t− τ,X, Ξ)}

ïðè τ ∈ [0, t− |hl|2/(2l−1)], θ ∈ [0, 1].
Âðàõîâóþ÷è îöiíêè (3) òà îñòàííþ íåðiâ-

íiñòü, ìîæåìî çàïèñàòè

|J12| = |hl|
1∫

0

dθ

t−|hl|2/(2l−1)∫

0

dτ×

×
∫

RN

|
nl∑

i=1

∂xli
∂m

X Z(t,X + θH; τ, Ξ)cos(s, xli)×

×F̄m(τ, Ξ; t,X)|dΞ ≤

≤ C|hl|
1∫

0

dθ

t−|hl|2/(2l−1)∫

0

dτ×

×
∫

RN

(t− τ)−(N1+|m|p|(2p−1)+(2l−1))/2×

×exp{−cρ(t− τ,X + θH, Ξ)}×
×|F̄m(τ, Ξ; t,X)|dΞ ≤ C|hl|×

×
1∫

0

t−|hl|2/(2l−1)∫

0

(t− τ)−(|m|p|(2p−1)+(2l−1))/2×
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×I(X)dθdτ ≤ C|hl|exp{[s(t), X]}||f ||0×

×
t−|hl|2/(2l−1)∫

0

(t− τ)((αp−|m|p)(2p−1)−2l+1)/2dτ ≤

≤ Cexp{[s(t), X]}||f ||0×
×|hl|((αp−|m|p)(2p−1)−2l+3)/(2l−1),

(t,X) ∈ Π(0,T ].

Îòæå,

|∆hl
xl

∂m
X u(t,X)|

exp{[s(t), X + H]}+ exp{[s(t), X]} ≤

≤ C||f ||0|hl|((αp−|mp|)(2p−1)+2)/(2l−1), (24)

1 ≤ l ≤ 3, 0 < M ≤ 2, l|m1| 6= 1, (t,X) ∈ Π(0,T ].

Íåðiâíîñòi (23) i (24) äîâîäÿòü (22) çà
óìîâ íà αi, 1 ≤ i ≤ 3, âêàçàíèõ íà ïî÷àòêó
äîâåäåííÿ.

Òåîðåìà 3. Ó êëàñi Cα
2 iñíóc íå áiëüøå

îäíîãî ðîçâ'ÿçêó ðiâíÿííÿ (1), äëÿ ÿêîãî

lim
t→0

||u(t, ·)||s(t) = 0. (25)

Äîâåäåííÿ. Íåõàé u ∈ Cα
2 � ðîçâ'ÿçîê

ðiâíÿííÿ (1), äëÿ ÿêîãî âèêîíócòüñÿ óìîâà
(25). Òîäi, î÷åâèäíî, äëÿ íüîãî âèêîíóþòüñÿ
óìîâè

À. ∃C > 0 ∀t ∈ (0, T ] : ||u(t, ·)||s(t) ≤
C,

Â. u(t, ·) → 0 ñëàáêî ïðè t → 0.
Äîâåäåííÿ òåîðåìè âèïëèâàc ç òàêîãî

òâåðäæåííÿ: çà óìîâ À òà Â íå iñíóc íå-
òðèâiàëüíîãî ðîçâ'ÿçêó îäíîðiäíîãî ðiâíÿí-
íÿ (1).

Äîâåäåííÿ öüîãî òâåðäæåííÿ ïðîâîäèòü-
ñÿ àíàëîãi÷íî äîâåäåííþ ëåìè 4 ç [3]. Ó ëåìi
òiëüêè ñòàâèëàñÿ ñèëüíiøà çà À óìîâà ç íîð-
ìîþ || · ||k(t,a).

Çàóâàæåííÿ 1. Ç äîâåäåííÿ òåîðåìè
3 âèïëèâàc, ùî êëàñ cäèíîñòi ìîæíà ðîç-
øèðèòè. À ñàìå, íå iñíóc áiëüøå îäíîãî
ðîçâ'ÿçêó ðiâíÿííÿ (1), äëÿ ÿêîãî âèêîíóþ-
òüñÿ óìîâè À i Â.

Çàóâàæåííÿ 2. Ç òåîðåì 1-3 âèïëèâàc
êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i Êîøi (1), (25)
ó êëàñi Cα

2 .
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