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ÏÐÎ ÍÓËÜÎÂI ÌÍÎÆÈÍÈ ÓÇÀÃÀËÜÍÅÍÈÕ ÔÓÍÊÖIÉ Ç ÊËÀÑIÂ
ÒÈÏÓ W

′

Äîñëiäæåíà êîðåêòíiñòü ïîíÿòòÿ íóëüîâî�� ìíîæèíè óçàãàëüíåíî�� ôóíêöi�� ç êëàñó òèïó
W

′ .

The correctness of the notion of the zero set of a generalized function from a space of W
′ type

has been investigated.

Ðîçãëÿíåìî ôóíêöiþ η: [0, +∞) →
→ [0, +∞), ÿêà c íåïåðåðâíîþ i çðîñòàþ÷îþ,
ïðè÷îìó η(0) = 0, η(1) > 1, η(∞) = ∞.
Î÷åâèäíî, ùî äëÿ êîæíîãî n ∈ Z+ ðiâíÿ-
ííÿ xη(x) = n ìàc cäèíèé ðîçâ'ÿçîê ρn < n,
ÿêùî n ≥ 1 i ρ0 = 0, ÿêùî n = 0. Ïîñëiäîâ-
íiñòü {ρn, n ∈ Z+} c çðîñòàþ÷îþ i íåîáìåæå-
íîþ.

Äëÿ x ≥ 0 áóäåìî ââàæàòè Ω(x) =
x∫

0

η(ω)dω. Ôóíêöiÿ Ω c äèôåðåíöiéîâíîþ,

çðîñòàþ÷îþ, îïóêëîþ âíèç íà [0, +∞), ïðè-
÷îìó Ω(0) = 0, Ω(+∞) = +∞. Äîâèçíà÷èìî
ïàðíèì ÷èíîì ���� íà (−∞, 0].

Ïîðó÷ ç η ðîçãëÿíåìî ôóíêöiþ µ :
[0, +∞) → [0, +∞), ÿêà ìàc òi ñàìi âëàñòè-
âîñòi, ùî é ôóíêöiÿ η. Äëÿ x ≥ 0 âiçüìåìî

M(x) =

x∫

0

µ(ξ)dξ, M(−x) = M(x).

Çà ôóíêöiÿìè M, Ω áóäócìî îñíîâíi ïðî-
ñòîðè WM ,WΩ, WΩ

M [1], äå

(ϕ ∈ WM) ⇐⇒ (∃a > 0 ∀n ∈ Z+ ∃Cn > 0

∀x ∈ R : |ϕ(n)(x)| ≤ Cn exp(−M(ax)));

(ϕ ∈ WΩ) ⇐⇒ (∃b > 0 ∀k ∈ Z+ ∃Ck > 0

∀z = x+ iy ∈ C : |z(k)ϕ(z)| ≤ Ck exp(Ω(by)));

(ϕ ∈ WΩ
M) ⇐⇒ (∃a > 0 ∃b > 0 ∃C > 0

∀z = x + iy ∈ C :

|ϕ(z)| ≤ C exp(−M(ax) + Ω(by))).

Ñóêóïíiñòü ëiíiéíèõ íåïåðåðâíèõ ôóí-
êöiîíàëiâ, çàäàíèõ íà WM , WΩ, WΩ

M , çi
ñëàáêîþ çáiæíiñòþ ïîçíà÷èìî âiäïîâiä-
íî ÷åðåç (WM)′, (WΩ)′, (WΩ

M)′. Åëåìåíòè
ïðîñòîðiâ (WM)′, (WΩ)′, (WΩ

M)′ íàçèâàòèìå-
ìî óçàãàëüíåíèìè ôóíêöiÿìè, à ïðîñòîðiâ
WM ,WΩ,WΩ

M � îñíîâíèìè ôóíêöiÿìè. Ðå-
çóëüòàò äi�� óçàãàëüíåíî�� ôóíêöi�� F íà îñíîâ-
íó ôóíêöiþ ϕ ç âiäïîâiäíîãî ïðîñòîðó ïî-
çíà÷àòèìåìî ñèìâîëîì 〈F, ϕ〉.

Ïðàâèëüíi íàñòóïíi òâåðäæåííÿ [2].
Ëåìà 1. ( ϕ ∈ WΩ

M ) ⇐⇒
( ∃C > 0 ∃a > 0 ∃b > 0 ∀n ∈ Z+

∃ρn ∈ [0, n), ρ0 = 0, ∀x ∈ R :

|ϕ(n)(x)| ≤ C
n!bn

ρn
n

exp(Ω(ρn)−M(ax)) ).

Ëåìà 2. ( ϕ ∈ WΩ ) ⇐⇒
(∃b > 0 ∀k ∈ Z+ ∃Ck > 0 ∀n ∈ Z+

∃ρn ∈ [0, n), ρ0 = 0, ∀x ∈ R :

|xkϕ(n)(x)| ≤ Ck
n!bn

ρn
n

exp(Ω(ρn)) ).

Âiäîìî [3], ùî

(ϕ ∈ S) ⇐⇒ (∀ {k, m} ⊂ Z+ ∃Ckm > 0

∀x ∈ R : |xkϕ(m)(x)| ≤ Ckm);

(ϕ ∈ Sβ) ⇐⇒ (∃B > 0 ∀k ∈ Z+ ∃Ck > 0

∀q ∈ Z+ ∀x ∈ R :

|xkϕ(q)(x)| ≤ CkB
qqqβ);

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 1999. Âèïóñê 46. Ìàòåìàòèêà. 19



Ïðî íóëüîâi ìíîæèíè óçàãàëüíåíèõ ôóíêöié ç êëàñiâ òèïó W
′

(ϕ ∈ Sβ
α) ⇐⇒ (∃C > 0 ∃a > 0 ∃B > 0

∀q ∈ Z+ ∀x ∈ R :

|ϕ(q)(x)| ≤ CBqqqβe−a|x|1/α

),

äå α > 0, β > 0, α + β ≥ 1 (îçíà÷åííÿ ïðî-
ñòîðiâ òèïó S äèâ. ó [3]).

Ëåìà 3. Ïðàâèëüíi òàêi íåïåðåðâíi
âêëàäåííÿ:

1) WΩ
M ⊂ S1

1 ;
2) WΩ ⊂ S1.
Äîâåäåííÿ. 1). Ðîçãëÿíåìî äîâiëüíó

ôóíêöiþ ϕ ∈ WΩ
M . Òîäi íà R äëÿ íå�� âèêî-

íóþòüñÿ îöiíêè ç ëåìè 1.
Çãiäíî ç ôîðìóëîþ Ñòiðëiíãà,

n! =
(n

e

)n√
2πnEn, äå En −→

n→∞
1.

Î÷åâèäíî, ùî iñíóc ñòàëà CE > 0 òàêà, ùî
|En| < CE äëÿ âñiõ n ∈ Z+.

Òîäi íà ïiäñòàâi îöiíîê ç ëåìè 1 äëÿ ôóí-
êöi�� ϕ îòðèìócìî

∃C > 0 ∃a > 0 ∃b > 0 ∀n ∈ Z+

∃ρn ∈ [0, n), ρ0 = 0, ∀x ∈ R :

|ϕ(n)(x)| ≤ CCE

√
2π

√
n exp{Ω(ρn)}

ρn
n

×

×
(

b

e

)n

exp{−M(ax)}nn.

Çàçíà÷èìî, ùî

∃C1 > 0 ∀n ∈ Z+ :

√
n exp{Ω(ρn)}

ρn
n

≤ C1,

∃a1 > 0 ∀x ∈ R : a1 + M(ax) ≥ a|x|.
Òîäi

|ϕ(n)(x)| ≤ C2B
nnn exp{−a|x|},

x ∈ R, n ∈ Z+,

äå C2 =
√

2πCCEC1 exp{a1}, B =
b

e
.

Îòæå, ϕ ∈ S1
1 .

Íåïåðåðâíiñòü âêëàäåííÿ WΩ
M ⊂ S1

1 î÷å-
âèäíà.

Âèïàäîê 2) äîâîäèòüñÿ àíàëîãi÷íî.
Äëÿ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ

F , çàäàíèõ íà îñíîâíîìó ïðîñòîði X, ÿêèé

ìiñòèòü ùiëüíó ñóêóïíiñòü ôiíiòíèõ ôóí-
êöié, âiäîìå òàêå îçíà÷åííÿ ðiâíîñòi íóëþ
íà âiäêðèòié ìíîæèíi Q ⊂ R.

Îçíà÷åííÿ 1. Íåõàé F ∈ X ′. F = 0 íà
Q, ÿêùî äëÿ äîâiëüíî�� ôóíêöi�� ϕ ∈ X òà-
êî��, ùî supp ϕ ⊂ Q, âèêîíócòüñÿ ðiâíiñòü
〈F, ϕ〉 = 0.

Çàçíà÷èìî, ùî ïðîñòîðè WM , Sβ
α, Sβ, α >

> 0, β > 1, ìiñòÿòü ôiíiòíi ôóíêöi��, à ïðî-
ñòîðè WΩ

M , WΩ - íi, îñêiëüêè ��õíi åëåìåíòè
c öiëèìè ôóíêöiÿìè.

Åëåìåíòè ïðîñòîðiâ S1
α, α > 0, S1 àíà-

ëiòè÷íî ïðîäîâæóþòüñÿ â äåÿêó ñìóãó êîì-
ïëåêñíî�� ïëîùèíè. Ó [4] îáãðóíòîâàíî òàêå
îçíà÷åííÿ.

Îçíà÷åííÿ 2. Óçàãàëüíåíà ôóíêöiÿ F ∈
∈ (S1

α)′ ( F ∈ (S1)′ ), α > 0, äîðiâíþc íóëåâi
íà âiäêðèòié ìíîæèíi Q, ÿêùî àíàëiòè÷íà
íà C \R ôóíêöiÿ

F̃1,α(z) =
1

2πi

〈
Fx,

exp(−(1 + x2)1/(2α))

x− z

〉

(
F̃1,1(z) =

1

2πi

〈
Fx,

exp(−(1 + x2)1/2)

x− z

〉)
,

x ∈ R, z ∈ C \R,

ïðîäîâæócòüñÿ àíàëiòè÷íî íà Q.
Ðîçãëÿíåìî íàñòóïíi ïðîñòîðè. Íåõàé Q �

îáìåæåíà âiäêðèòà ìíîæèíà â R. Ïîçíà÷è-
ìî ñèìâîëîì WΩ

M(R \Q) ñóêóïíiñòü íåñêií-
÷åííî äèôåðåíöiéîâíèõ ôóíêöié ç ïðîñòîðó
S, ÿêi íà R \ Q çáiãàþòüñÿ ç ôóíêöiÿìè ç
ïðîñòîðó WΩ

M , i äëÿ ÿêèõ íà R \ Q âèêîíó-
þòüñÿ îöiíêè ç ëåìè 1. Îçíà÷èìî â ïðîñòîði
WΩ

M(R \Q) çàãàëüíîïðèéíÿòó òîïîëîãiþ.
Î÷åâèäíî, ùî:
1) WΩ

M ⊂ WΩ
M(R \Q);

2) K(Q) ⊂ WΩ
M(R \ Q), äå K(Q) � ñóêó-

ïíiñòü ôiíiòíèõ ôóíêöié ç S, íîñi�� ÿêèõ ìi-
ñòÿòüñÿ â Q.

Àíàëîãi÷íî áóäócìî ïðîñòið WΩ(R \Q).
Îçíà÷åííÿ 3. Óçàãàëüíåíà ôóíêöiÿ

F ∈ (WΩ
M)′ ( F ∈ (WΩ)′ ) äîðiâíþc íó-

ëåâi íà âiäêðèòié ìíîæèíi Q, ÿêùî iñíóc
ïðîäîâæåííÿ FQ ∈ (WΩ

M(R \ Q))′ ( FQ ∈
∈ (WΩ(R\Q))′ ), ÿêå äîðiâíþc íóëåâi íà Q.
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Îñêiëüêè ìàþòü ìiñöå òàêi ëàíöþæêè íå-
ïåðåðâíèõ âêëàäåíü:

WΩ
M ⊂ Sβ

α ⊂ Sβ ⊂ S ⊂ L2(R) ⊂
⊂ S ′ ⊂ (Sβ)′ ⊂ (Sβ

α)′ ⊂ (WΩ
M)′,

WΩ
M ⊂ Sβ

α ⊂ Sα ⊂ S ⊂ L2(R) ⊂
⊂ S ′ ⊂ (Sα)′ ⊂ (Sβ

α)′ ⊂ (WΩ
M)′,

WΩ ⊂ Sβ ⊂ S ⊂ L2(R) ⊂ S ′ ⊂ (Sβ)′ ⊂ (WΩ)′,

α ≥ 1, β ≥ 1,

òî äîâåäåìî, ùî äëÿ F ∈ (Sβ
α)′ ( F ∈ S ′, F ∈

∈ (Sβ)′, F ∈ (Sα)′ ), α ≥ 1, β > 1, îçíà÷åííÿ
1 i 3 ðiâíîñèëüíi, à äëÿ F ∈ (S1

α)′ ( F ∈
∈ (S1)′ ), α ≥ 1, ðiâíîñèëüíèìè c îçíà÷åííÿ
2 i 3.

Òåîðåìà. 1) ßêùî F ∈ (Sβ
α)′ ( F ∈ S ′,

F ∈ (Sα)′, F ∈ (Sβ)′ ), äå α ≥ 1, β > 1,
òî F = 0 íà âiäêðèòié ìíîæèíi Q, çãiäíî
ç îçíà÷åííÿì 1, òîäi i òiëüêè òîäi, êîëè
F = 0 íà Q, çãiäíî ç îçíà÷åííÿì 3.

2) ßêùî F ∈ (S1
α)′ ( F ∈ (S1)

′ ), α ≥
≥ 1, òî F = 0 íà âiäêðèòié ìíîæèíi Q çà
îçíà÷åííÿì 2 òîäi i òiëüêè òîäi, êîëè F =
= 0 íà Q çà îçíà÷åííÿì 3.

Äîâåäåííÿ. Íåîáõiäíiñòü. Äëÿ F ∈
∈ (Sβ

α)′, α ≥ 1, β > 1, ó ïðàöi [4] äîâåäåíî,
ùî îçíà÷åííÿ 1 i 2 åêâiâàëåíòíi. Òîìó äîñèòü
äîâåñòè, ùî ÿêùî âèêîíócòüñÿ óìîâà ç îçíà-
÷åííÿ 2, òî âèêîíócòüñÿ óìîâà ç îçíà÷åííÿ
3.

Îòæå, ðîçãëÿíåìî F ∈ (Sβ
α)′, α ≥ 1, β ≥

1.
Òîäi äëÿ äîâiëüíî�� ôóíêöi�� ϕ ∈ Sβ

α, α ≥ 1,
β ≥ 1, iñíóc δ ∈ (0, 1] òàêå, ùî [4]

〈F, ϕ〉 =

= lim
ε→0+

+∞∫

−∞

[F̃δ(x+iε)−F̃δ(x−iε)]µ−δ(x)ϕ(x)dx.

Áóäócìî ôóíêöiîíàë FQ : WΩ
M(R \ Q) →

→ C òàê. Âiçüìåìî äîâiëüíó ôóíêöiþ ψ ∈
∈ WΩ

M(R\Q). Çà öicþ ôóíêöicþ ðîçãëÿäàcìî
ôóíêöiþ ϕ ∈ WΩ

M òàêó, ùî ϕ(x) = ψ(x) íà
R \Q. Çðîçóìiëî, ùî äëÿ êîæíî�� ôóíêöi�� ψ
iñíóc òàêà ôóíêöiÿ ϕ i ÿêùî suppψ ∈ Q, òî
ϕ ≡ 0 íà R.

Ðîçãëÿíåìî ôóíêöiþ γQ ∈ C∞(R) òàêó,
ùî:

1) γQ(x) = 1, êîëè x ∈ Q̄1 (òóò Q̄1 �
çàìèêàííÿ ìíîæèíè Q1 ⊂ Q) ;

2) γQ(x) = 0, ÿêùî x 6∈ Q.
Ôóíêöiÿ γQ c ìóëüòèïëiêàòîðîì ó ïðîñòî-

ði S.
Ôóíêöiîíàë FQ çàäàìî òàê:

〈FQ, ψ〉 = 〈F, ϕ〉+ 〈γQG,ψ − ϕ〉 ,
äå G ∈ S

′ - ïðîäîâæåííÿ ôóíêöiîíàëó F ç
ïðîñòîðó Sβ

α, α ≥ 1, β ≥ 1 [5].
Î÷åâèäíî, ùî ôóíêöiîíàë FQ âèçíà÷åíèé

íà âñüîìó ïðîñòîði WΩ
M(R \Q) i c ëiíiéíèì.

Äîâåäåìî, ùî âií c íåïåðåðâíèì.
Äiéñíî, ðîçãëÿíåìî äîâiëüíó ïîñëiäîâ-

íiñòü {ψn, n ≥ 1} ⊂ WΩ
M(R \ Q) òàêó,

ùî ψn −→
n→∞

0 ó ïðîñòîði WΩ
M(R \ Q). Òîäi

ϕn −→
n→∞

0 ó ïðîñòîði WΩ
M , äå {ϕn, n ≥ 1} âè-

çíà÷àþòüñÿ ôóíêöiÿìè {ψn, n ≥ 1}.
Îñêiëüêè ψn(x) = ϕn(x) íà R\Q äëÿ âñiõ

n ∈ N, òî

∀K ⊂ R \Q ∀m ∈ Z+ : ϕ(m)
n

K

⇒
n→∞

0.

Ïîñëiäîâíiñòü {ϕn, n ∈ N} íàëåæèòü äî
ïðîñòîðó WΩ

M , òîìó â îêîëi äîâiëüíî�� òî÷êè
x0 ∈ R ìàc ìiñöå ðîçêëàä

ϕ(m)
n (x) =

∞∑

k=0

ϕ
(k+m)
n (x0)

k!
(x− x0)

k,

x ∈ R, n ∈ N, m ∈ Z+.

Çàôiêñócìî äåÿêó òî÷êó x0 ∈ R \Q i ðîç-
ãëÿíåìî äîâiëüíó òî÷êó x ∈ Q. Îñêiëüêè äà-
íèé ðÿä çáiãàcòüñÿ ðiâíîìiðíî íà äîâiëüíî-
ìó êîìïàêòi K, ÿêèé ìiñòèòü âiäðiçîê, ùî
ç'cäíóc òî÷êè x i x0, òî

lim
n→∞

ϕ(m)
n (x) =

=
∞∑

k=0

lim
n→∞

ϕ
(k+m)
n (x0)

k!
(x− x0)

k = 0, m ∈ Z+.

Îòæå, ϕ
(m)
n (x) → 0, m ∈ Z+, íà ìíîæèíi

Q.
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Ðîçãëÿíåìî òåïåð äîâiëüíèé êîìïàêò K
òàêèé, ùî K

⋂
Q 6= ∅. Òîäi

∀x ∈ K ∀m ∈ Z+ : lim
n→∞

|ϕ(m)
n (x)| ≤

≤ lim
n→∞

∞∑

k=0

|ϕ(k+m)
n (x0)|

k!
|x− x0|k ≤

≤ lim
n→∞

∞∑

k=0

|ϕ(k+m)
n (x0)|

k!
Nk =

=
∞∑

k=0

lim
n→∞

|ϕ(k+m)
n (x0)|

k!
Nk = 0,

äå N = λ1(K) + ρ(x0, K) ( òóò λ1(K) � ìiðà
Ëåáåãà íà ïðÿìié êîìïàêòà K, ρ(x0, K) =
= inf

x∈K
|x− x0| ).

Îòæå,

∀K ⊂ R ∀m ∈ Z+ : ϕ(m)
n

K

⇒
n→∞

0.

Çàçíà÷èìî, ùî íà R\Q ïðàâèëüíi îöiíêè

∃C > 0 ∃a > 0 ∃b > 0 ∀m ∈ Z+

∃ρm ∈ [0,m), ρ0 = 0, ∀n ∈ N :

|ϕ(m)
n (z)| ≤ C

m!bm

ρm
m

exp{−M(ax) + Ω(ρm)},

äå ρm � ðîçâ'ÿçîê ðiâíÿííÿ xη(x) = m, m ∈
∈ Z+.

Äîâåäåìî, ùî öi îöiíêè çáåðiãàþòüñÿ íà
Q.

Íåõàé çíîâó x0 � äåÿêà ôiêñîâàíà òî÷êà
ç R \Q, i ðîçãëÿíåìî äîâiëüíå x ∈ Q. Òîäi

∀n ∈ N ∀m ∈ Z+ ∀x ∈ Q : |ϕ(m)
n (x)| ≤

≤
∞∑

k=0

|ϕ(k+m)
n (x0)|

k!
|x−x0|k ≤

∞∑

k=m

|ϕ(k)
n (x0)|

(k −m)!
Lk,

äå L = λ1(Q) + ρ(x0, Q).
Âèêîðèñòîâóþ÷è âèùåíàâåäåíi îöiíêè

äëÿ {ϕn, n ≥ 1} íà R \Q, îòðèìócìî, ùî

∀n ∈ N ∀m ∈ Z+ ∀x ∈ Q :

|ϕ(m)
n (x)| ≤ C exp{−M(ax0)}×

×
∞∑

k=m

bkk!Lk−m

ρk
k(k −m)!

exp{Ω(ρk)} ≤

≤ C exp{−M(ax)} exp{M(ax)}×

×m!

Lm
· exp{Ω(ρm)}

ρm

×

×
∞∑

k=m

(bL)kk!

m!(k −m)!
· ρm

m

ρk
k

· exp{Ω(ρk)}
exp{Ω(ρm)} .

Çàçíà÷èìî, ùî:
1) sup

x∈Q
exp{M(ax)} = CQ,a < ∞;

2) Ck
m =

k!

m!(k −m)!
≤

k∑
j=0

Cj
k = 2k.

Òîäi

∀n ∈ N ∀m ∈ Z+ ∀x ∈ Q : |ϕ(m)
n (x)| ≤

≤ CCQ,a
m!

Lm
· exp{Ω(ρm)}

ρm
m

exp{−M(ax)}×

×
∞∑

k=m

(2Lb)k · ρm
m

ρk
k

· exp{Ω(ρk)}
exp{Ω(ρm)} .

Îöiíèìî âèðàç

(2Lb)k · ρm
m

ρk
k

· exp{Ω(ρk)}
exp{Ω(ρm)} , k ≥ m.

Îñêiëüêè 1 ≤ exp{Ω(ρk)} ≤ exp{k}, k ∈
∈ Z+, òî

(2Lb)k·ρ
m
m

ρk
k

· exp{Ω(ρk)}
exp{Ω(ρm)} ≤ (2Lbe)k·ρ

m
m

ρk
k

, k ≥ m.

Âiäîìî, ùî ρk → ∞ ïðè k → ∞, òîìó
iñíóc íîìåð k0 ≥ ρ ≥ 4Lbem òàêèé, ùî äëÿ
âñiõ k ≥ k0 âèêîíócòüñÿ íåðiâíiñòü ρm

ρk

<

<
1

4Lbe
. Îñêiëüêè [am] ≤ ([a]+1)m ( òóò [s] �

öiëà ÷àñòèíà ÷èñëà s ) äëÿ äîâiëüíèõ a > 0
i m ∈ Z+, òî, âçÿâøè k0 = ([4Lbe] + 1)m,
îòðèìàcìî, ùî:

1) (2Lbe)k ·
(

ρm

ρk

)
≤ (1/2)k, k ≥ k0;

2) (2Lbe)k ·
(

ρm

ρk

)
≤ (2Lbe)k ≤ Cm,

22 Íàóêîâèé âiñíèê ×åðíiâåöüêîãî óíiâåðñèòåòó. 1999. Âèïóñê 46. Ìàòåìàòèêà.



Ò.I. Ãîòèí÷àí

m ≤ k ≤ k0,
äå Cm = max{1, (2Lbe)k0}.

Çàçíà÷èìî, ùî Cm < bm
1 , m ∈ Z+, äå b1 �

äåÿêà ñòàëà, áiëüøà çà îäèíèöþ.
Òîäi

∞∑

k=m

(2Lb)k · ρm
m

ρk
k

· exp{Ω(ρk)}
exp{Ω(ρm)} ≤

≤
k0∑

k=m

(2Lb)k · ρm
m

ρk
k

· exp{Ω(ρk)}
exp{Ω(ρm)}+

+
∞∑

k=m

(2Lb)k · ρm
m

ρk
k

· exp{Ω(ρk)}
exp{Ω(ρm)} ≤

≤ bm
1 (k0 −m) + 1 ≤ 2([4Lbe] + 1)mbm

1 .

Îòæå, äëÿ x ∈ R, m ∈ Z+, n ∈ N

|ϕ(m)
n | ≤ 2CCQ,a([4Lbe] + 1)

(
2b1

L

)m

×

×m!
exp{Ω(ρm)}

ρm
m

exp{−M(ax)}.

Òîäi

∃C̃ > 0 ∃ã > 0 ∃b̃ > 0 ∀m ∈ Z+

∃ρm ∈ [0,m), ρ0 = 0, ∀n ∈ N ∀x ∈ R :

|ϕ(n)(x)| ≤ C̃
m!b̃m

(ρm)m
exp{−M(ãx) + Ω(ρm)},

äå C̃ = max{C, 2CCQ,a([4Lbe] + 1)}, b̃ =

= max

{
b,

2b1

L

}
, ρn � ðîçâ'ÿçîê ðiâíÿííÿ

xη(x) = n, n ∈ Z+.
Êðiì òîãî, {ψn − ϕn, n ≥ 1, } ⊂ S, òîìó

ψn − ϕn −→
n→∞

0 çà òîïîëîãicþ ïðîñòîðó S.
Îòæå, ôóíêöiîíàë FQ ∈ (WΩ

M(R \Q))′.
Äëÿ êîæíî�� ôóíêöi�� ϕ ∈ WΩ

M î÷åâèäíà
ðiâíiñòü 〈FQ, ϕ〉 = 〈F, ϕ〉.

Çâiäñè âèïëèâàc, ùî FQ c ëiíiéíèì íåïå-
ðåðâíèì ïðîäîâæåííÿì ôóíêöiîíàëà F íà
ïðîñòið WΩ

M(R \Q).
Äîâåäåìî, ùî FQ = 0 íà Q.

ßêùî òåïåð âçÿòè äîâiëüíó ôóíêöiþ ψ ∈
∈ WΩ

M(R \ Q), äëÿ ÿêî�� suppψ ⊂ Q, òî çíà-
éäåòüñÿ çàìêíåíà ìíîæèíà Q̄2 ⊂ Q òàêà, ùî
suppψ ⊂ Q̄2. Òîäi

〈FQ, ψ〉 = 〈F, ϕ〉+ 〈γQG,ψ − ϕ〉 = 〈G, γQψ〉 .
Âiäîìî [4], ùî äëÿ âñiõ δ ∈ (0, 1]

〈G, γQψ〉 = lim
ε→0+

∫

Q̄2

[G̃δ,α(x+iε)−G̃δ,α(x−iε)]×

×µ−δ,α(x)γQ(x)ψ(x)dx.

Àëå [4]

G̃δ,α(z) =
1

2πi
〈Gx, ηδ,z,1,α(x)〉 =

=
1

2πi
〈Fx, ηδ,z,1,α(x)〉 = F̃δ,α(z),

z ∈ C \R, x ∈ R, δ ∈ (0, 1].

Òîìó

〈FQ, ψ〉 = lim
ε→0+

∫

Q̄2

[F̃1,α(x+ iε)− F̃1,α(x− iε)]×

×µ−1,α(x)γQ(x)ψ(x)dx.

Îñêiëüêè ôóíêöiÿ F̃1,α ïðîäîâæócòüñÿ
àíàëiòè÷íî íà Q, òî 〈FQ, ψ〉 = 0, òîáòî FQ =
0 íà Q. Òîäi, çà îçíà÷åííÿì 3, ôóíêöiÿ F = 0
íà öié ìíîæèíi Q.

Âèïàäêè F ∈ (Sβ)
′
, F ∈ (Sα)

′
, α ≥ 1,

β ≥ ≥ 1, ðîçãëÿäàþòüñÿ àíàëîãi÷íî. ßêùî
æ F ∈ ∈ S

′ , òî òâåðäæåííÿ î÷åâèäíå.
Äîñòàòíiñòü. 1. ßêùî F ∈ S

′ i F = 0
íà âiäêðèòié ìíîæèíi Q çà îçíà÷åííÿì 3, òî
î÷åâèäíî, ùî F = 0 íà Q çà îçíà÷åííÿì 1,
îñêiëüêè K(Q) ⊂ S i FQ = F.

2. Íåõàé F ∈ (Sβ
α)

′
, α ≥ 1, β ≥ 1. Çà òå-

îðåìîþ Ãàíà-Áàíàõà, ïðîäîâæèìî ëiíiéíî i
íåïåðåðâíî ôóíêöiîíàë F íà ïðîñòið S. Ïðî-
äîâæåííÿ ïîçíà÷èìî ÷åðåç G, òîáòî G ∈ S

′
.

Ðîçãëÿíåìî äîâiëüíó ôóíêöiþ ϕ ∈ S òà-
êó, ùî suppϕ ⊂ Q. Òîäi ϕ ∈ K(Q) i 〈G, ϕ〉 =
= 〈FQ, ϕ〉 = 0. Îòæå, G = 0 íà âiäêðèòié
ìíîæèíi Q çà îçíà÷åííÿì 1.

ßêùî F ∈ (Sβ
α)

′ , α ≥ 1, β > 1, òî î÷åâè-
äíî, ùî F = 0 íà Q çà îçíà÷åííÿì 1. ßêùî
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Ïðî íóëüîâi ìíîæèíè óçàãàëüíåíèõ ôóíêöié ç êëàñiâ òèïó W
′

æ F ∈ (S1
α)

′
, α ≥ 1, òî, îñêiëüêè iíäèêàòðèñà

G̃1,α àíàëiòè÷íà íà (C\R)
⋃

Q, à G̃1,α = F̃1,α,
F = 0 íà Q çà îçíà÷åííÿì 2.

3. Âèïàäêè F ∈ (Sβ)
′
, β ≥ 1, F ∈ (Sα)

′
,

α ≥ 1, ðîçãëÿäàþòüñÿ àíàëîãi÷íî.
Ëåìà 4. ßêùî óçàãàëüíåíà ôóíêöiÿ F ∈

∈ (WΩ
M)′ äîðiâíþc íóëåâi íà âiäêðèòié ìíî-

æèíi Q, òî âîíà ÿê óçàãàëüíåíà ôóíêöiÿ ç
ïðîñòîðó (WΩ1

M1
)
′ òàêîæ äîðiâíþc íóëþ íà

Q, äå WΩ1
M1
⊂ WΩ

M .

Äîâåäåííÿ. Íåõàé F ∈ (WΩ
M)′ i F = 0 íà

Q, òîáòî iñíóc ïðîäîâæåííÿ FQ ∈ (WΩ
M(R\

\Q))
′ , ÿêå äîðiâíþc íóëåâi íà Q. Îñêiëüêè

WΩ1
M1
⊂ WΩ

M , òî WΩ1
M1

(R \ Q) ⊂ WΩ
M(R \ Q).

Òîìó ôóíêöiîíàë FQ äîðiâíþc íóëåâi íà Q

ó ïðîñòîði (WΩ1
M1

(R \ Q))
′ , òîáòî FQ c ïðî-

äîâæåííÿì ôóíêöi�� F ç WΩ1
M1

íà WΩ1
M1

(R \Q)
i äîðiâíþc íóëåâi íà Q. Òîäi, çà îçíà÷åííÿì
3, F = 0 íà Q ó ïðîñòîði (WΩ1

M1
)
′
.

Çàóâàæåííÿ 1. Ïðîñòîðè Sβ
α, 0 < α < 1,

0 < β < 1, c ïðîñòîðàìè WΩ
M , äå M(x) =

= x1/α, 0 < α < 1, x ∈ R, Ω(y) = y1/(1−β), 0 <
< β < 1, y ∈ R. Îòæå, äëÿ ôóíêöi�� F ∈ Sβ

α,
0 < α < 1, 0 < β < 1, ââåäåíå ïîíÿòòÿ
�ôóíêöiîíàë äîðiâíþc íóëåâi íà îáìåæåíié
âiäêðèòié ìíîæèíi�, ÿêå çàëèøàcòüñÿ ïðà-
âèëüíèì i ó âèïàäêó α ≥ 1, 0 < β < 1.

Çàóâàæåííÿ 2. Ïðè äîâåäåííi òåîðåìè
äëÿ ôóíêöi�� F ∈ (Sβ

α)′, α ≥ 1, β > 1, âñòà-
íîâëåíî åêâiâàëåíòíiñòü îçíà÷åíü 1, 2 i 3.

Çàóâàæåííÿ 3. Àíàëîãè òåîðåìè i ëå-
ìè 4 ìàþòü ìiñöå i äëÿ âèïàäêó, êîëè F ∈
(WΩ)′.

Çàóâàæåííÿ 4. Ïðîñòîðè Sβ, 0 < β < 1,
c ïðîñòîðàìè WΩ, äå Ω(y) = y1/(1−β), 0 <
< β < 1, y ∈ R. Îòæå, äëÿ ôóíêöi�� F ∈ Sβ,
0 < β < 1, ââåäåíå ïîíÿòòÿ �ôóíêöiî-
íàë äîðiâíþc íóëåâi íà îáìåæåíié âiäêðè-
òié ìíîæèíi�.

Çàóâàæåííÿ 5. Äëÿ äîâiëüíî�� ôóíêöi��
F ∈ (Sβ)

′
, β > 1, îçíà÷åííÿ 1, 2 i 3 åêâi-

âàëåíòíi.
Îçíà÷åííÿ 4. Óçàãàëüíåíà ôóíêöiÿ F ∈

(WΩ
M)

′ ( F ∈ (WΩ)
′ ) äîðiâíþc íóëåâi íà íåî-

áìåæåíié âiäêðèòié ìíîæèíi Q̃ ⊂ R, ÿêùî
âîíà äîðiâíþc íóëåâi íà äîâiëüíié îáìåæå-
íié âiäêðèòié ìíîæèíi Q ⊂ Q̃.

Çàóâàæåííÿ 6. ßêùî óçàãàëüíåíà ôóí-
êöiÿ F ∈ (WΩ

M)
′ (F ∈ (WΩ)

′) äîðiâíþc íó-
ëåâi íà âiäêðèòié ìíîæèíi Q, òî êîæíå ����
ëiíiéíå íåïåðåðâíå ïðîäîâæåííÿ G ∈ S

′

( G ∈ (Sβ
ν )

′
, G ∈ (Sβ)

′
, G ∈ (Sν)

′
, ν ≥ α ≥ 1,

β ≥ 1 ) òàêîæ äîðiâíþc íóëåâi íà Q.
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