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ÂÈÐÎÄÆÅÍÍßÌ
Çíàéäåíi ÿâíi âèðàçè äëÿ åëåìåíòiâ âåêòîð-ôóíêöié Ãðiíà êðàéîâèõ çàäà÷ Äiðiõëå i

Íåéìàíà áåç ïî÷àòêîâèõ óìîâ äëÿ ðiâíÿííÿ Êîëìîãîðîâà äèôóçiéíîãî ïðîöåñó Óëåíáåêà�
Îðíøòåéíà ç âèðîäæåííÿì. Îïèñàíèé êëàñ ðîçâ'ÿçêiâ, ÿêi ìîæóòü áóòè çîáðàæåíi â iíòå-
ãðàëüíié ôîðìi çà äîïîìîãîþ âåêòîð�ôóíêöié Ãðiíà.

We �nd the explicit expressions for elements of Green's vector-functions of Dirichlet and
Neumann boundary value problems without initial conditions for Kolmogorov's equation for
Uhlenbeck � Ornstein di�usion process with degeneration. The class of solutions that can be
represented with the aid of Green's vector�function in the integral form is described.

Ñòàòòÿ ïðèñâÿ÷åíà çíàõîäæåííþ ôîðìóë
äëÿ ðîçâ'ÿçêiâ çàäà÷ Äiðiõëå i Íåéìàíà â
îáëàñòi Q−∞ ≡ {(t, x) ∈ R2| t < T, x > 0},
äå T � çàäàíå äiéñíå ÷èñëî, äëÿ ðiâíÿííÿ

Lu(t, x) ≡ (α(t)∂t − ∂2
x−

−x∂x − 1)u(t, x) = f(t, x), (t, x) ∈ Q−∞,
(1)

â ÿêîìó α : (−∞, T ] → (0,∞) � íåïåðåðâíà
ôóíêöiÿ òàêà, ùî α(t) → 0 ïðè t → −∞.

Ðiâíÿííÿ (1) c ðiâíÿííÿì Êîëìîãîðîâà
äèôóçiéíîãî ïðîöåñó Óëåíáåêà � Îðíøòåé-
íà [1, c.165]. Öå ðiâíÿííÿ c ïàðàáîëi÷íèì ðiâ-
íÿííÿì äðóãîãî ïîðÿäêó, êîåôiöicíò ïðè ïî-
õiäíié ïåðøîãî ïîðÿäêó ïî x ÿêîãî íåîáìå-
æåíî çðîñòàc ïðè x → ∞. Âîíî õàðàêòåð-
íå òèì, ùî äëÿ íüîãî âäàcòüñÿ çíàéòè ÿâíi
ôîðìóëè äëÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó
çàäà÷i Êîøi [1, c.166-167], à òàêîæ äëÿ åëå-
ìåíòiâ âåêòîð-ôóíêöié Ãðiíà îñíîâíèõ êðà-
éîâèõ çàäà÷ iç çâè÷àéíîþ ïî÷àòêîâîþ óìî-
âîþ i êðàéîâèìè óìîâàìè ïðè x = 0 [2].

Çàäà÷i, ÿêi ðîçãëÿäàþòüñÿ â ñòàòòi, c çà-
äà÷àìè Äiðiõëå i Íåéìàíà áåç ïî÷àòêîâèõ
óìîâ. Òàêi çàäà÷i âèíèêàþòü, êîëè ÿêèéñü
ïðîöåñ âèâ÷àcòüñÿ â ìîìåíòè ÷àñó, äîñèòü
âiääàëåíi âiä ïî÷àòêîâîãî ìîìåíòó, i òî-
äi âïëèâ ïî÷àòêîâèõ äàíèõ ïðàêòè÷íî íå
ïîçíà÷àcòüñÿ íà ïîâåäiíöi âiäïîâiäíî�� ôóíê-
öi�� â ìîìåíò ñïîñòåðåæåííÿ. Ðîçãëÿíóòi â

ñòàòòi çàäà÷i áåç ïî÷àòêîâî�� óìîâè ìiñòÿòü
ùå âèðîäæåííÿ ïðè t → −∞.

1. Ðîçãëÿíåìî çàäà÷ó ïðî çíàõîäæåííÿ
ðîçâ'ÿçêó u ðiâíÿííÿ (1) , ÿêèé çàäîâîëüíÿc
îäíó ç òàêèõ êðàéîâèõ óìîâ :

Biu(t, x) |x=0= gi(t), t ∈ (−∞, T ], i = 1, 2,
(2i)

äå B1u ≡ u, à B2u ≡ ∂xu. Ìåòîþ ñòàòòi c
çíàõîäæåííÿ ôîðìóë äëÿ ðîçâ'ÿçêiâ çàäà÷
(1), (2i), i = 1, 2.

Íåõàé A(t, τ) ≡
t∫

τ

dθ
α(θ)

, ρ(t, x; τ, ξ) ≡ (1 −
e−2A(t,τ))−1(x− e−A(t,τ)ξ)2, c � ôiêñîâàíà ñòà-
ëà ç ïðîìiæêó (0, 1

2
), a � çàäàíà íåâiä'cìíà

ñòàëà. Ðîçãëÿíåìî ôóíêöiþ

k(t, a) ≡ cae−2A(T,t)(c + a(1− e−2A(T,t)))−1,

t ≤ T. (3)

Äîñëiäèâøè íà ìàêñèìóì ôóíêöiþ f(ξ) ≡
−cρ(t, x; τ, ξ) + k(τ, a)ξ2, ξ ∈ R, ëåãêî ïåðå-
êîíàòèñÿ, ùî ôóíêöiÿ (3) ìàc òàêó âëàñòè-
âiñòü:
∀ {x, ξ} ⊂ R, ∀ {τ, t} ⊂ (−∞, T ], τ < t :

−cρ(t, x; τ, ξ) + k(τ, a)ξ2 ≤ k(t, a)x2.
(4)

Äëÿ íåïåðåðâíî�� ôóíêöi�� u áóäåìî ââàæà-
òè

||u(t, ·)||k(t,a) ≡
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≡ sup
x∈[0,∞)

(|u(t, x)| exp{−k(t, a)x2}),

t ∈ (−∞, T ],

i ñôîðìóëþcìî îñíîâíèé ðåçóëüòàò ñòàòòi.
Òåîðåìà. Íåõàé íåïåðåðâíi ôóíêöi�� f i

gi, i = 1, 2, çàäîâîëüíÿþòü òàêi óìîâè:

∃ C1 > 0 ∀ t ≤ T : ‖f(t, ·)‖k(t,a) ≤
≤ C1 exp{−A(T, t)}η(t), (5)

∃ C2 > 0 ∀ t ≤ T : |gi(t)| ≤ C2 exp{−iA(T, t)},
i = 1, 2, (6i)

äå ôóíêöiÿ η òàêà, ùî
T∫

−∞
η(t)
α(t)

dt < ∞. Òîäi

âñÿêèé ðîçâ'ÿçîê ui çàäà÷i (1), (2i), i = 1, 2,
ÿêèé çàäîâîëüíÿc óìîâó

∃ C3 > 0 ∀ t ≤ T :

‖ui(t, ·)‖k(t,a) ≤ C3 exp{−A(T, t)}ε(t), (7i)

äå ε(t) → 0 ïðè t → −∞, çîáðàæócòüñÿ ó
âèãëÿäi

ui(t, x) =

t∫

−∞

dτ

α(τ)

∞∫

0

Gi0(t, x; τ, ξ)f(τ, ξ)dξ+

+

t∫

−∞

Gi1(t, x; τ)gi(τ)
dτ

α(τ)
, (t, x) ∈ Q−∞.

(8i)
Ôóíêöi�� Gi0 i Gi1, i = 1, 2, âèçíà÷àþòüñÿ

òàêèìè ôîðìóëàìè:

Gi0(t, x; τ, ξ) ≡ (2π(1− e−2A(t,τ)))−1/2×

×
(

exp

{
−1

2
ρ(t, x; τ, ξ)

}
+ (−1)i×

× exp

{
−1

2
ρ(t, x; τ,−ξ)

})
, (9i)

Gi1(t, x; τ) ≡ (−1)i+121/2(xe−A(t,τ))2−i×

×(π1/2(1− e−2A(t,τ))1+
(−1)i+1

2 )−1×

× exp

{
−1

2
ρ(t, x; τ, 0)

}
,

−∞ < τ < t ≤ T, x > 0, ξ > 0, i = 1, 2.
(10i)

Çàóâàæåííÿ. Ç ôîðìóë (9i) i (10i) ëåãêî
âèïëèâàþòü ðiâíîñòi

Gi1(t, x; τ) = −∂2−i
ξ Gi0(t, x; τ, ξ) |ξ=0,

−∞ < τ < t ≤ T, x > 0, i = 1, 2.

Âåêòîð�ôóíêöi�� (Gi0, Gi1) ïðèðîäíî
íàçâàòè âåêòîð-ôóíêöiÿìè Ãðiíà çàäà÷
(1), (2i), i = 1, 2.

Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ â íàñòó-
ïíèõ ïóíêòàõ.

2. Íåõàé t0 < T, Qt0 ≡ {(t, x) ∈ R2 | t0 <
t ≤ T, x > 0} òà i � îäíå ç ÷èñåë 1 àáî
2. Ðîçâ'ÿçîê ui çàäà÷i (1), (2i) c, î÷åâèäíî,
ðîçâ'ÿçêîì ó Qt0 êðàéîâî�� çàäà÷i (1), (2i) ç
ïî÷àòêîâîþ óìîâîþ

ui(t, x) |t=t0= ϕi(x), x > 0, (11i)

äå
ϕi(x) ≡ ui(t0, x), x > 0. (12i)

Òîìó ñïî÷àòêó ðîçãëÿíåìî çàäà÷ó
(1), (2i), (11i) i çâåäåìî���� äî çàäà÷i, äëÿ ÿêî��
êîìïîíåíòè âåêòîð-ôóíêöi�� Ãðiíà âiäîìi.
Äëÿ öüîãî â çàäà÷i (1), (2i), (11i) çäiéñíèìî
çàìiíó, ïîñòàâèâøè ó âiäïîâiäíiñòü çìiííié
t çìiííó β çà äîïîìîãîþ ôîðìóëè

β = A(t, t0), (13)

òàê ùî t = A−1(β, t0) ≡ Φ(β). Çìiííié τ âiä-
ïîâiäàòèìå çìiííà γ çãiäíî ç ôîðìóëîþ

γ = A(τ, t0). (14)

Çàóâàæèìî, ùî çìiíi t íà [t0, T ] âiäïîâiäàc
çìiíà β íà [0, B], äå B ≡ A(T, t0).

Ó ðåçóëüòàòi çàìiíè (13) çàäà÷à
(1), (2i), (11i) ïåðåéäå â çàäà÷ó

L̃ũi(β, x) ≡ (∂β−∂2
x−x∂x−1)ũi(β, x) = f̃(β, x),

(β, x) ∈ Q̃, (15i)

ũi(β, x) |β=0= ϕi(x), x > 0, (16i)

Biũi(β, x) |x=0= g̃i(β), β ∈ (0, B], (17i)
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à íåðiâíîñòi ç (4), (5), (6i), (7i) äëÿ t ∈ [t0, T ]
� âiäïîâiäíî â íåðiâíîñòi

∀ {x, ξ} ⊂ R ∀ {γ, β} ⊂ [0, B], γ < β :

−cρ̃(β, x; γ, ξ) + k̃(γ, a)ξ2 ≤ k̃(β, a)x2, (18)

∃ Cj > 0, j = 1, 2, 3, ∀ β ∈ [0, B] :

‖f̃(β, ·)‖k̃(β,a) ≤ C1 exp{−B + β}η̃(β), (19)

|g̃i(β)| ≤ C2 exp{−i(B − β)}, (20i)

||ũi(β, ·)||k̃(β,a) ≤ C3 exp{−B + β}ε̃(β), (21i)

äå âèêîðèñòàíi òàêi ïîçíà÷åííÿ:

ũi(β, x) ≡ ui(Φ(β), x),

f̃(β, x) ≡ f(Φ(β), x), g̃i(β) ≡ gi(Φ(β)),

Q̃ ≡ {(β, x) ∈ R2|0 < β ≤ B, x > 0},
ρ̃(β, x; γ, ξ) ≡ (1− e−2(β−γ))−1(x− e−(β−γ)ξ)2,

k̃(β, a) ≡ cae−2(B−β)(c + a(1− e−2(B−β)))−1,

η̃(β) ≡ η(Φ(β)), ε̃(β) ≡ ε(Φ(β)).

Ëåãêî ïåðåêîíàòèñÿ, ùî äëÿ ôóíêöi�� k̃
ñïðàâäæócòüñÿ íåðiâíiñòü

k̃(β − γ, k̃(γ, a)) ≤ k̃(β, a), 0 ≤ γ ≤ β ≤ B.

3. Äîâåäåìî, ùî çà óìîâ (19), (20i)
òà (21i) ðîçâ'ÿçîê çàäà÷i (15i) − (17i)
çîáðàæócòüñÿ ó âèãëÿäi

ũi(β, x) =

β∫

0

dγ

∞∫

0

G̃i0(β, x; γ, ξ)f̃(γ, ξ)dξ+

+

β∫

0

G̃i1(β, x; γ)g̃i(γ)dγ+

+

∞∫

0

G̃i0(β, x; 0, ξ)ϕi(ξ)dξ,

(β, x) ∈ Q̃, (22i)

äå, çãiäíî ç [2],

G̃i0(β, x; γ, ξ) ≡ (2π(1− e−2(β−γ)))−
1
2×

×
(

exp

{
−1

2
ρ̃(β, x; γ, ξ)

}
+ (−1)i×

× exp

{
−1

2
ρ̃(β, x; γ,−ξ)

})
, (23i)

G̃i1(β, x; γ) ≡ (−1)i+121/2(xe−(β−γ))2−i×
×(π1/2(1− e−2(β−γ))1+(−1)i+1/2)−1×

× exp

{
−1

2
ρ̃(β, x; γ, 0)

}
, (24i)

0 ≤ γ < β ≤ B, x > 0, ξ > 0.

Îñêiëüêè äîâåäåííÿ ôîðìóëè (22i) äëÿ
i = 1 òà i = 2 àíàëîãi÷íi, òî äëÿ âèçíà÷å-
íîñòi ðîçãëÿíåìî âèïàäîê i = 1.

Âiçüìåìî ôóíêöiþ θ ç ïðîñòîðó
C∞([0,∞)) òàêó, ùî θ = 1 íà [0, 1/2],
θ = 0 íà [3/4,∞) i θ′ < 0, òà ôiêñîâàíó
òî÷êó (β, x) ∈ (0, B] × (0, R̄/4], äå R̄ > 0.
Ñêîðèñòàcìîñü òàêîþ ôîðìóëîþ Ãðiíà-
Îñòðîãðàäñüêîãî:

β2∫

β1

dγ

R∫

0

(vL̃u− uL̃∗v)(γ, ξ)dξ =

=

R∫

0

u(β2, ξ)v(β2, ξ)dξ−
R∫

0

u(β1, ξ)v(β1, ξ)dξ−

−
β2∫

β1

(ξ(uv)(γ, ξ))
∣∣∣
ξ=R

ξ=0
dγ−

−
β2∫

β1

(v∂ξu− u∂ξv)(γ, ξ)
∣∣∣
ξ=R

ξ=0
dγ, (25)

äå L̃ � äèôåðåíöiàëüíèé âèðàç ç (15i),

L̃∗ ≡ −∂γ − ∂2
ξ + ξ∂ξ, β1 < β2, R > 0.

Ôîðìóëà (25) îäåðæócòüñÿ, ÿêùî ïðîiíòå-
ãðóâàòè çà çìiííîþ γ ïî [β1, β2] i çà çìiííîþ
ξ ïî [0, R] îáèäâi ÷àñòèíè òîòîæíîñòi

(vL̃u− uL̃∗v)(γ, ξ) = ∂γ(uv)(γ, ξ)−
−∂ξ(ξuv)(γ, ξ)− ∂ξ(v∂ξu− u∂ξv)(γ, ξ).

Ó ôîðìóëi (25) ïîêëàäåìî çàìiñòü β1,
β2, v(γ, ξ) i u(γ, ξ) âiäïîâiäíî ε, β − h,
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G̃10(β, x; γ, ξ)θ( ξ
R
) i ũ1(γ, ξ), äå 0 < ε < 1

2
β,

0 < h < 1
2
β, R ≥ R̄, G̃10 âèçíà÷àcòüñÿ ôîð-

ìóëîþ (231), à ũ1 � âçÿòèé íàìè ðîçâ'ÿçîê
çàäà÷i (151) − (171).

Îñêiëüêè

(L̃ũ1)(γ, ξ) = f̃(γ, ξ), (γ, ξ) ∈ Q̃;

ũ1(γ, ξ) |ξ=0= g̃1(γ), γ ∈ (0, B];

G̃10(β, x; γ, ξ) |ξ=0= 0, γ < β, x > 0,

òî íà ïiäñòàâi ôîðìóëè (25), âëàñòèâîñòåé
ôóíêöi�� θ òà ðiâíîñòi

∂ξG̃10(β, x; γ, ξ) |ξ=0= −G̃11(β, x; γ),

γ < β, x > 0,

ÿêà âèïëèâàc ç ÿâíèõ âèðàçiâ äëÿ G̃10 òà G̃11,
îäåðæèìî

R∫

0

G̃10(β, x; β − h, ξ)θ

(
ξ

R

)
ũ1(β − h, ξ)dξ =

=

R∫

0

G̃10(β, x; ε, ξ)θ

(
ξ

R

)
ũ1(ε, ξ)dξ+

+

β−h∫

ε

G̃11(β, x; γ)g̃1(γ)dγ+

+

β−h∫

ε

dγ

R∫

0

G̃10(β, x; γ, ξ)θ

(
ξ

R

)
f̃(γ, ξ)dξ−

−
β−h∫

ε

dγ

R∫

0

L̃∗
(

G̃10(β, x; γ, ξ)θ

(
ξ

R

))
×

×ũ1(γ, ξ)dξ.

Ïiñëÿ ïåðåõîäó â öié ðiâíîñòi äî ãðàíèöi
ïðè h → 0 i âèêîðèñòàííÿ âëàñòèâîñòi îäíî-
ðiäíî�� ôóíêöi�� Ãðiíà ïðèéäåìî äî ðiâíîñòi

ũ1(β, x) =

=

β∫

ε

dγ

R∫

0

G̃10(β, x; γ, ξ)θ

(
ξ

R

)
f̃(γ, ξ)dξ+

+

β∫

ε

G̃11(β, x; γ)g̃1(γ)dγ+

+

R∫

0

G̃10(β, x; ε, ξ)θ

(
ξ

R

)
u1(ε, ξ)dξ−

−
β∫

ε

dγ

R∫

0

L̃∗
(

G̃10(β, x; γ, ξ)θ

(
ξ

R

))
×

×ũ1(γ, ξ)dξ ≡ I
(R)
1 + I2 + I

(R)
3 + I

(R)
4 . (26)

Ïåðåéäåìî â (26) äî ãðàíèöi ïðè R →∞.
Âiçüìåìî

I1 ≡
β∫

ε

dγ

∞∫

0

G̃10(β, x; γ, ξ)f̃(γ, ξ)dξ

i îöiíèìî ðiçíèöþ

| I1 − I
(R)
1 |=

∣∣∣∣∣∣

β∫

ε

dγ

∞∫

R

G̃10(β, x; γ, ξ)f̃(γ, ξ)×

×
(

1− θ

(
ξ

R

))
dξ

∣∣∣∣ ,

âèêîðèñòîâóþ÷è îöiíêó

| G̃10(β, x; γ, ξ) |≤ 21/2(π(1− e−2(β−γ)))−1/2×

× exp

{
−1

2
ρ̃(β, x; γ, ξ)

}
, (27)

ÿêà âèïëèâàc ç ÿâíîãî âèðàçó äëÿ G̃10 i òîãî,
ùî äëÿ x > 0 i ξ > 0

(x + e−(β−γ)ξ)2 ≥ (x− e−(β−γ)ξ)2.

Çà äîïîìîãîþ íåðiâíîñòåé (18), (19) i (27)
ìàcìî

∣∣∣I1 − I
(R)
1

∣∣∣ ≤
(

2

π

) 1
2

×
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×
β∫

ε

dγ

∞∫

0

exp{−cρ̃(β, x; γ, ξ) + k̃(γ, a)ξ2}×

× exp

{
−

(
1

2
− c

)
ρ̃(β, x; γ, ξ)

}
(| f̃(γ, ξ) | ×

× exp{−k̃(γ, a)ξ2})(1− e−2(β−γ))−1/2dξ ≤

≤
(

2

π

)1/2

C1 exp{k(β, a)x2}×

×
β∫

ε

exp{−B+γ}η̃(γ)dγ

∞∫

R/2

(1−e−2(β−γ))−1/2×

× exp

{
−

(
1

2
− c

)
ρ̃(β, x; γ, ξ)

}
dξ → 0,

R →∞,

áî
∫

R

exp

{
−

(
1

2
− c

)
ρ̃(β, x; γ, ξ)

}
×

×(1− e−2(β−γ))−1/2dξ =

(
1

2
− c

)−1/2√
πeβ−γ.

(28)
Àíàëîãi÷íî ç âèêîðèñòàííÿì íåðiâíîñòåé

(18), (211) i (27) äîâîäèòüñÿ, ùî

I
(R)
3 →

∞∫

0

G̃10(β, x; ε, ξ)ũ1(ε, ξ)dξ, R →∞.

Òåïåð äîâåäåìî, ùî I
(R)
4 → 0, R → ∞.

Äëÿ öüîãî çàóâàæèìî, ùî

L̃∗
(

G̃10(β, x; γ, ξ)θ

(
ξ

R

))
=

= (L̃∗G̃10(β, x; γ, ξ))θ

(
ξ

R

)
−

−G̃10(β, x; γ, ξ)∂2
ξ θ

(
ξ

R

)
−

−2∂ξG̃10(β, x; γ, ξ)∂ξθ

(
ξ

R

)
+

+ξG̃10(β, x; γ, ξ)∂ξθ

(
ξ

R

)
.

Çà äîïîìîãîþ ôîðìóëè (231) ëåãêî ïåðåâiðè-
òè ïðàâèëüíiñòü ðiâíîñòi L̃∗G̃10(β, x; γ, ξ) =
0. Âðàõóâàâøè öå i âëàñòèâîñòi ôóíêöi�� θ,
äiñòàíåìî, ùî L̃∗(G̃10(β, x; γ, ξ)θ( ξ

R
)) = 0 äëÿ

ξ ∈ [0, 1
2
R]∪ [3

4
R,∞). Âèêîðèñòîâóþ÷è íåðiâ-

íîñòi
∣∣∣∣∂ξθ

(
ξ

R

)∣∣∣∣ ≤
C

R
,

∣∣∣∣∂2
ξ θ

(
ξ

R

)∣∣∣∣ ≤
C

R2
,

∣∣∣∣ξ∂ξθ

(
ξ

R

)∣∣∣∣ ≤
C

R
ξ,

îöiíêó (27) òà îöiíêó

| ∂ξG̃10(β, x; γ, ξ) |=
=

∣∣(2π(1− e−2(β−γ)))−1/2e−(β−γ)×

×(1− e−2(β−γ))−1

(
exp

{
−1

2
ρ̃(β, x; γ, ξ)

}
×

×(x− e−(β−γ)ξ) + exp

{
−1

2
ρ̃(β, x; γ,−ξ)

}
×

×(x + e−(β−γ)ξ)

)∣∣∣∣ ≤ C(1− e−2(β−γ))−1×

× exp

{
−1

2

(
1

2
+ c

)
ρ̃(β, x; γ, ξ)

}
,

ïðè R ≥ 1 ìàcìî
∣∣∣∣L̃∗

(
G̃10(β, x; γ, ξ)θ

(
ξ

R

))∣∣∣∣ ≤

≤ C(1− e−2(β−γ))−1×

× exp

{
−1

2

(
1

2
+ c

)
ρ̃(β, x; γ, ξ)

}
. (29)

Çà äîïîìîãîþ (18), (211), (28), (29) i íå-
ðiâíîñòi

ρ̃(β, x; γ, ξ) ≥ (1− e−2(β−γ))−1(ξ − eβ−γx)2×

×e−2(β−γ) ≥ (1− e−2(β−γ))−1

(
1

2
R− eB R̄

4

)2

×

×e−2B ≥ 1

16
e−2B(1− e−2(β−γ))−1R2,

x ∈
(

0,
R̄

4

]
, ξ ∈

[
R

2
,∞

)
,

0 ≤ γ < β ≤ B, 0 < R̄ ≤ e−BR,
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ìàcìî
∣∣∣∣∣∣∣

3R/4∫

R/2

L̃∗
(

G̃10(β, x; γ, ξ)θ

(
ξ

R

))
ũ1(γ, ξ)dξ

∣∣∣∣∣∣∣
≤

≤ C(1− e−2(β−γ))−1

3R/4∫

R/2

exp{−cρ̃(β, x; γ, ξ)+

+k̃(γ, a)ξ2} exp

{
−1

2

(
1

2
− c

)
ρ̃(β, x; γ, ξ)

}
×

×(|ũ1(γ, ξ)| exp{−k̃(γ, a)})dξ ≤

≤ C||ũ1(γ, ·)||k̃(γ,a) exp

{
− 1

64

(
1

2
− c

)
×

×e−2B(1− e−2(β−γ))−1R2+

+k̃(β, a)x2
}

(1− e−2(β−γ))−1/2×

×
∫

R

exp

{
−1

4

(
1

2
− c

)
ρ̃(β, x; γ, ξ)

}
×

×(1− e−2(β−γ))−1/2dξ ≤

≤ C exp{k̃(β, a)x2 − δ(1− e−2(β−γ))−1R2}×

×(1−e−2(β−γ))−1/2 ≤ C

R
exp{k̃(β, a)x2−δ0(1−

−e−2(β−γ))−1R2} ≤ C exp{k̃(β, a)x2 − δ0(1−

−e−2(β−γ))−1R2}, 0 ≤ γ < β ≤ B, R ≥ 1,

äå 0 < δ0 < δ ≡ 1
64

(
1
2
− c

)
. Çâiäñè âèïëèâàc,

ùî ∣∣∣I(R)
4

∣∣∣ ≤ C exp{k̃(β, a)x2−

−δ0(1− e−2(β−ε))−1R2} → 0, R →∞.

Îòæå, ïiñëÿ ïåðåõîäó â (26) äî ãðàíèöi
ïðè R →∞ îäåðæèìî

ũ1(β, x) =

β∫

ε

dγ

∞∫

0

G̃10(β, x; γ, ξ)f̃(γ, ξ)dξ+

+

β∫

ε

G̃11(β, x; γ)g̃1(γ)dγ+

+

∞∫

0

G̃10(β, x; ε, ξ)ũ1(ε, ξ)dξ. (30)

Òåïåð ó ðiâíîñòi (30) ïåðåéäåìî äî ãðàíèöi
ïðè ε → 0. Íà ïiäñòàâi ôîðìóë (231) i (241)
òà óìîâ (19) i (201) ëåãêî ïåðåêîíàòèñü, ùî
ãðàíèöÿìè ïåðøèõ äâîõ äîäàíêiâ ç (30) c
âiäïîâiäíi äîäàíêè ç ôîðìóëè (221). Äîâå-
äåìî, ùî ïðè ε → 0 òðåòié äîäàíîê ç (30)
ïðÿìóc äî òðåòüîãî äîäàíêà ç (221). Äëÿ öüî-
ãî âiäçíà÷èìî, ùî

lim
ε→0

(G̃10(β, x; ε, ξ)ũ1(ε, ξ)) =

= G̃10(β, x; 0, ξ)ϕ1(ξ), ξ > 0,

i ïðàâèëüíà íåðiâíiñòü

| G̃10(β, x; ε, ξ)ũ1(ε, ξ) |≤ C(1− e−2(β−ε))−1×

× exp

{
−

(
1

2
− c

)
ρ̃(β, x; ε, ξ)

}
×

× exp{−cρ̃(β, x; ε, ξ) + k̃(ε, a)ξ2}×
×(| ũ1(ε, ξ) | exp{−k̃(ε, a)ξ2}) ≤

≤ C(1− e−2(β−ε))−1×
× exp{−B + β}ε̃(β) exp{k̃(β, a)x2}×

× exp

{
−1

2

(
1

2
− c

)
×

×(e−2βξ2 − 2x2)(1− e−2β)−1

}
≤

≤ C exp

{
−1

2

(
1

2
− c

)
×

×(e−2βξ2 − 2x2)(1− e−2β)−1

}
×
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×(1− e−2β)−1/2 exp{k̃(β, a)x2},
ÿêà îäåðæàíà íà ïiäñòàâi (18), (211), (27) i
òîãî, ùî

(x−e−(β−ε)ξ)2 ≥ 1

2
e−2(β−ε)ξ2−x2 ≥ 1

2
e−2βξ2−x2.

Çãiäíî ç òåîðåìîþ Ëåáåãà ïðî îáìåæåíó
çáiæíiñòü, ó òðåòüîìó äîäàíêó ç (30) ìîæíà
ïåðåõîäèòè äî ãðàíèöi ïiä çíàêîì iíòåãðàëà.

Òàêèì ÷èíîì, çîáðàæåííÿ (221) îäåðæà-
íî.

Âðàõîâóþ÷è òå, ùî äëÿ çàäà÷i Íåéìàíà
G̃10(β, x; γ, ξ) |ξ=0= −G̃11(β, x; γ),

γ < β, x > 0,

àíàëîãi÷íèìè ìiðêóâàííÿìè äîâîäèòüñÿ
ïðàâèëüíiñòü çîáðàæåííÿ (222).

4. Ïîâåðíåìîñü äî çàäà÷
(1), (2i), (11i), i = 1, 2, âðàõîâóþ÷è òå,
ùî ui(t, x) = ũi(β, x) |β=A(t,t0) .

Ç ðiâíîñòåé (22i), i = 1, 2, áåðó÷è äî óâà-
ãè (13) i (14), îäåðæócìî òàêå çîáðàæåííÿ
äëÿ ðîçâ'ÿçêiâ ui çàäà÷ (1), (2i), (11i) :

ui(t, x) =

t∫

t0

dτ

α(τ)

∞∫

0

Gi0(t, x; τ, ξ)f(τ, ξ)dξ+

+

t∫

t0

Gi1(t, x; τ)gi(τ)
dτ

α(τ)
+

+

∞∫

0

Gi0(t, x; t0, ξ)ϕi(ξ)dξ, (t, x) ∈ Qt0 , i = 1, 2,

(31i)
äå Gi0(t, x; τ, ξ) ≡ G̃i0(A(t, t0), x; A(τ, t0), ξ),

Gi1(t, x; τ) ≡ G̃i1(A(t, t0), x; A(τ, t0)). (32i)

Ç (23i), (24i) i (32i) âèïëèâàþòü ôîðìóëè
(9i) i (10i).

5. Ïåðåéäåìî äî îñòàííüîãî ïóíêòó äî-
âåäåííÿ òåîðåìè. Ôîðìóëà (31i) ç óðàõóâàí-
íÿì (12i) äàc çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i
(1), (2i) â Qt0 . Ïåðåéøîâøè â (31i) äî ãðà-
íèöi ïðè t0 → −∞, îäåðæèìî çîáðàæåí-
íÿ (8i). Óìîâè òåîðåìè ïðè öüîìó ãàðàíòó-
þòü iñíóâàííÿ ãðàíèöü âiäïîâiäíèõ iíòåãðà-
ëiâ ç (31i). Ïåðåêîíàcìîñü ó öüîìó, íàïðè-
êëàä, äëÿ âèïàäêó i = 1.

Çàïðîâàäèìî òàêi ïîçíà÷åííÿ:

It0 ≡
t∫

t0

G11(t, x; τ)g1(τ)
dτ

α(τ)
,

Jt0 ≡
∞∫

0

G10(t, x; t0, ξ)u1(t0, ξ)dξ,

Ht0 ≡
t∫

t0

dτ

α(τ)

∞∫

0

G10(t, x; τ, ξ)f(τ, ξ)dξ.

Äîâåäåìî, ùî ïðè t0 → −∞ It0 → I−∞,
äå

I−∞ ≡
t∫

−∞

G11(t, x; τ)g1(τ)
dτ

α(τ)
.

Íà ïiäñòàâi (61) i (101) ìàcìî

| I−∞ − It0 |≤ Ce−A(T,t)

t0∫

−∞

xe−2A(t,τ)×

×(1−e−2A(t,τ))−3/2 exp

{
−1

2
ρ(t, x; τ, 0)

}
dτ

α(τ)
.

Çäiéñíèìî çàìiíó çìiííî�� iíòåãðóâàííÿ τ çà
äîïîìîãîþ ôîðìóëè z = ρ1/2(t, x; τ, 0) i âiçü-
ìåìî

c(x, t0) ≡ x(1− e−2A(t,t0))−1/2. (33)

Òîäi
| I−∞ − It0 |≤

≤ 2π−1/2C1

c(x,t0)∫

c(x,−∞)

e−
1
2
z2

dz → 0, t0 → −∞.

Îòæå, It0 → I−∞, ÿêùî t0 → −∞ i
âèêîíócòüñÿ óìîâà (61).

Ðîçãëÿíåìî iíòåãðàë Jt0 . Âèêîðèñòîâóþ-
÷è ôîðìóëó (91), óìîâó (71) òà íåðiâíiñòü
(4), îäåðæócìî

| Jt0 |≤ Cε(t0) exp{k(t, a)x2}×
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×
∞∫

0

e−A(T,t0)(1− e−2A(t,t0))−1/2×

× exp

{
−

(
1

2
− c

)
ρ(t, x; t0, ξ)

}
dξ.

Çðîáèìî çàìiíó çìiííî�� iíòåãðóâàííÿ ξ çà
äîïîìîãîþ ôîðìóëè

z = (1− e−2A(t,t0))−1/2(x− e−A(t,t0)ξ). (34)

Âðàõîâóþ÷è (33), ìàcìî

| Jt0 |≤ Cε(t0) exp{k(t, a)x2 − A(T, t)}×

×
c(x,t0)∫

−∞

exp

{
−

(
1

2
− c

)
z2

}
dz → 0, t0 → −∞,

áî ε(t0) → 0 ïðè t0 → −∞, à
c(x,t0)∫
−∞

exp{−(1
2
−

−c)z2}dz < ∞. Îòæå, Jt0 → 0 ïðè t0 → −∞,
ÿêùî âèêîíócòüñÿ óìîâà (71).

Ðîçãëÿíåìî, íàðåøòi, iíòåãðàë Ht0 i äî-
âåäåìî, ùî ïðè t0 → −∞ Ht0 → H−∞,
äå H−∞ ≡

t∫
−∞

dτ
α(τ)

∞∫
0

G10(t, x; τ, ξ)f(τ, ξ)dξ. Çà

äîïîìîãîþ ôîðìóëè (91), íåðiâíîñòåé (4) i
(5) ìàcìî

| H−∞ −Ht0 |≤ C exp{k(t, a)x2}
t0∫

−∞

η(τ)

α(τ)
dτ×

×
∞∫

0

(1− e−2A(t,τ))−1/2×

× exp

{
−A(T, τ)−

(
1

2
− c

)
ρ(t, x; τ, ξ)

}
dξ.

ßêùî çäiéñíèòè çàìiíó çìiííî�� iíòåãðóâàí-
íÿ ξ çà ôîðìóëîþ, ÿêà âiäðiçíÿcòüñÿ âiä (34)
ëèøå çàìiíîþ t0 íà τ , òî îäåðæèìî

| H−∞ −Ht0 |≤

≤ C exp{k(t, a)x2 − A(T, t)}
t0∫

−∞

η(τ)

α(τ)
dτ×

×
c(x,τ)∫

−∞

exp

{
−

(
1

2
− c

)
z2

}
dz ≤

≤ C exp{k(t, a)x2 − A(T, t)}
t0∫

−∞

η(τ)

α(τ)
dτ → 0,

t0 → −∞, áî çà óìîâîþ iíòåãðàë
T∫

−∞
η(τ)
α(τ)

dτ

çáiãàcòüñÿ. Îòæå, Ht0 → H−∞ ïðè t0 → −∞.
Çàóâàæåííÿ. Óìîâè äîâåäåíî�� òåîðåìè

c iñòîòíèìè äëÿ ïðàâèëüíîñòi òâåðäæåí-
íÿ öic�� òåîðåìè. Ïðî öå ÷àñòêîâî ñâiä÷èòü
ïðèêëàä, íàâåäåíèé â [3].
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