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ÍÅËIÍIÉÍÎÑÒßÌÈ ÐIÇÍÈÕ ÒÈÏIÂ

Ðîáîòó ïðèñâÿ÷åíî äîñëiäæåííþ äîñòàòíüî øèðîêîãî êëàñó ïîâiëüíî çìiííèõ ðîçâ'ÿçêiâ
äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó ç ïðàâèëüíî òà øâèäêî çìiííèìè íåëiíiéíîñòÿìè.
Îòðèìàíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ, à òàêîæ àñèìïòîòè÷íi çîáðàæåííÿ òàêèõ
ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ ïåðøîãî ïîðÿäêó ïðè ïðÿìóâàííi àðãóìåíòó äî îñîáëèâî¨ òî÷êè.

The work is devoted to researching of the su�ciently wide class of slowly varying solutions
of the second order di�erential equations with regularly and rapidly varying nonlinearities. We
have The necessary and su�cient conditions of the existence of such solutions were obtained. The
representations for such solutions and their derivatives of the �rst order as the argument tends to
the singulary point were also found.

Ðîçãëÿäà¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ

y′′ = α0p(t)φ0(y)φ1(y
′), (1)

ó ÿêîìó α0 ∈ {−1; 1}, p : [a, ω[→]0,+∞[
(−∞ < a < ω ≤ +∞) � íåïåðâíî äèôå-
ðåíöiéîâíà ôóíêöiÿ, φi : ∆Yi →]0,+∞[ � íå-
ïåðåðâíi ôóíêöi¨ (i ∈ {0, 1}), Yi ∈ {0,±∞},
∆Yi � àáî ïðîìiæîê [y0i , Yi[, àáî � ]Yi, y

0
i ]. Ïðè

Yi = +∞ (Yi = −∞) ââàæà¹ìî, ùî y0i > 0
(y0i < 0) âiäïîâiäíî.

Êðiì òîãî, áóäåìî ââàæàòè, ùî ôóíêöiÿ
φ1 ¹ ïðàâèëüíî çìiííîþ (äèâ.,íàïðêëàä,
[1,2]) ïðè z → Y1(z ∈ ∆Y1) ïîðÿäêó σ1, à
ôóíêöiÿ φ0 äâi÷è íåïåðåðâíî äèôåðåíöiéîâ-
íà, ìîíîòîííà íà ∆Y0 i òàêà, ùî:

lim
z→Y0
z∈∆Y0

φ0(z) ∈ {0,+∞} (2)

òà

lim
z→Y0
z∈∆Y0

φ0(z)φ
′′
0(z)

(φ′
0(z))

2 = 1. (3)

Ðîçâ'ÿçîê y ðiâíÿííÿ (1) áóäåìî íàçèâàòè
Pω(Y0, Y1, λ0)-ðîçâ'ÿçêîì (−∞ ≤ λ0 ≤ +∞),
ÿêùî âií âèçíà÷åíèé íà [t0, ω[⊂ [a, ω[ òà ïðè
êîæíîìó i ∈ {0, 1} âèêîíóþòüñÿ óìîâè

lim
t↑ω

y(i)(t) = Yi, (4)

lim
t↑ω

(y′(t))2

y′′(t)y(t)
= λ0. (5)

Ó äàíié ðîáîòi ðîãëÿäàþòüñÿ îñîáëèâi
ðîçâ'ÿçêè, äëÿ ÿêèõ λ0 = 0. Çà âëàñòèâîñòÿ-
ìè òàêèõ ðîçâ'ÿçêiâ (äèâ., íàïðèêëàä, [3])
ìà¹ìî, ùî êîæåí ç íèõ ¹ ïîâiëüíî çìií-
íîþ ôóíêöi¹þ ïðè t ↑ ω. Çà ðàõóíîê öüîãî
âèïàäîê λ0 = 0 ¹ îäíèì ç íàéñêëàäíiøèõ
äëÿ âèâ÷åííÿ. Íàðàçi çàäà÷à äîñëiäæåííÿ
Pω(Y0, Y1, 0)-ðîçâ'ÿçêiâ äëÿ ðiâíÿíü ç øâèä-
êî çìiííîþ íåëiíiéíiñòþ óñêëàäíåíà òèì,
ùî êîìïîçèöiÿ øâèäêî òà ïîâiëüíî çìiííèõ
ôóíêöié ìîæå áóòè øâèäêî, ïðàâèëüíî, àáî
ïîâiëüíî çìiííîþ ïðè ïðÿìóâàííi àðãóìåí-
òó äî îñîáëèâî¨ òî÷êè.

Ââåäåìî íåîáõiäíi íàäàëi îçíà÷åííÿ.

Íåõàé Y ∈ {0,±∞}, ∆Y � äåÿêèé îäíî-
ái÷íèé îêië Y . Íåïåðåðâíî äèôåðåíöiéîâ-
íà ôóíêöiÿ L : ∆Y →]0; +∞[ íàçèâàåòüñÿ
íîðìàëiçîâàíîþ ïîâiëüíî çìiííîþ ôóíêöi¹þ
(äèâ., íàïðèêëàä,[2]) ïðè z → Y (z ∈ ∆Y ),
ÿêùî

lim
z→Y1
z∈∆Yi

zL′(z)

L(z)
= 0.

Ãîâîðÿòü, ùî ïîâiëüíî çìiííà ïðè
z → Y (z ∈ ∆Y ) ôóíêöiÿ θ : ∆Y →]0; +∞[
çàäîâiëüíÿ¹ óìîâó S, ÿêùî äëÿ áóäü-ÿêî¨
íîðìàëiçîâàíî¨ ïîâiëüíî çìiííî¨ ïðè z →
Y (z ∈ ∆Y ) ôóíêöi¨ L : ∆Y → ]0; +∞[ ìà¹
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ìiñöå ñïiââiäíîøåííÿ ïðè z → Y (z ∈ ∆Y ):

θ(zL(z)) = θ(z)[1 + o(1)].

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ:

πω(t) =

 t, ÿêùî ω = +∞,

t− ω, ÿêùî ω < +∞.

θ1(z) = φ1(z)|z|−σ1 ,

I(t) = sign(y01)×

×
t∫

B0
ω

∣∣∣∣πω(τ)p(τ)θ1(sign(y01)

|πω(τ)|

)∣∣∣∣ 1
1−σ1

dτ,

B0
ω = b, ÿêùî

ω∫
b

∣∣∣∣πω(τ)p(τ)θ1(sign(y01)

|πω(τ)|

)∣∣∣∣ 1
1−σ1

dτ = +∞,

òà B0
ω = ω, ÿêùî

ω∫
b

∣∣∣∣πω(τ)p(τ)θ1(sign(y01)

|πω(τ)|

)∣∣∣∣ 1
1−σ1

dτ < +∞,

Φ0(z) =

z∫
A0

ω

|φ0(y)|
1

σ1−1dy,

A0
ω =


y00, ÿêùî

∫ Y0
y00

|φ0(y)|
1

σ1−1dy = +∞,

Y0, ÿêùî
∫ Y0
y00

|φ0(y)|
1

σ1−1dy < +∞,

q1 = lim
z→Y0
z∈∆Y0

Φ(z).

Çàóâàæåííÿ 1. Ñïðàâåäëèâèì ¹ òâåð-
äæåííÿ

Φ(z) = (σ1 − 1)
φ

σ1
σ1−1

0 (y)

φ′
0(y)

[1 + o(1)]

ïðè z → Y0 (z ∈ ∆Y0), çâiäêè, ïðè z ∈ ∆Y0

sign(φ′
0(z)Φ(z)) =

σ1
σ1 − 1

.

Çàóâàæåííÿ 2. Ç óìîâ (2) òà (3) íà ôóí-
êöiþ φ0 âèïëèâà¹, ùî q1 ∈ {0,+∞} òà

lim
z→Y0
z∈∆Y0

Φ′′(z) · Φ(z)
(Φ′(z))2

= 1.

Îòðèìàíà íàñòóïíà òåîðåìà.
Òåîðåìà. Íåõàé σ1 ̸= 1, êîíñòàíòà γ0

òàêà, ùî (γ0 + 1) < 0, ïðè Y0 = 0, òà
(γ0 + 1) > 0 ó iíøîìó âèïàäêó, ôóíêöiÿ
θ1 çàäîâîëüíÿ¹ óìîâó S òà iñíó¹ ñêií÷åííà

÷è íåñêií÷åííà ãðàíèöÿ lim
t↑ω

πω(t)I
′(t)

I(t)
. Òîäi

äëÿ iñíóâàííÿ ó ðiâíÿííÿ (1) Pω(Y0, Y1, 0)-
ðîçâ'ÿçêiâ òàêèõ, ùî iñíó¹ ñêií÷åííà ÷è íå-

ñêií÷åííà ãðàíèöÿ lim
t↑ω

πω(t)y
′′(t)

y′(t)
, íåîáõiäíî

âèêîíàííÿ óìîâ

α0πω(t)y
0
1 < 0 ïðè t ∈ [a;ω[, (6)

lim
t↑ω

y01
|πω(t)|

= Y1, (7)

lim
t↑ω

I(t) = q1, lim
t↑ω

Φ−1(I(t)) = Y0, (8)

lim
t↑ω

I ′(t)πω(t)

Φ′ (Φ−1(I(t))) Φ−1(I(t))
= 0. (9)

ßêùî ôóíêöiÿ πω(t) · I
′(t)

I(t)
¹ íîðìàëiçîâàíîþ

ïîâiëüíî çìiííîþ ôóíêöi¹þ ïðè t ↑ ω ôóí-
êöiÿ

(
Φ′(z)
Φ(z)

)
¹ ïðàâèëüíî çìiííîþ ïîðÿäêó γ0

ïðè z → Y0 (z ∈ ∆Y0) òà àáî

lim
t↑ω

∣∣∣∣πω(t)I ′(t)I(t)

∣∣∣∣ < +∞, (10)

àáî ìà¹ ìiñöå íàñòóïíà óìîâà ïðè t ∈ [a, ω[

πω(t) · I(t) · I ′(t)(1− σ1) > 0, (11)

òî (6) � (9) ¹ äîñòàòíiìè óìîâàìè äëÿ
iñíóâàííÿ ó ðiâíÿííÿ (1) òàêèõ ðîçâ'ÿç-
êiâ. Áiëüøå òîãî, äëÿ êîæíîãî Pω(Y0, Y1, 0)-
ðîçâ'ÿçêó ìàþòü ìiñöå ïðè t ↑ ω àñèìïòî-
òè÷íi çîáðàæåííÿ

Φ(y(t)) = I(t)[1 + o(1)], (12)

y′(t)Φ′(y(t))

Φ(y(t))
=
I ′(t)

I(t)
[1 + o(1)]. (13)
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Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé y :
[t0, ω[→ ∆Y0 ¹ Pω(Y0, Y1, 0)-ðîçâ'ÿçêîì ðiâíÿ-
ííÿ (1), äëÿ ÿêîãî iñíó¹ ñêií÷åííà ÷è íåñêií-

÷åííà ãðàíèöÿ lim
t↑ω

πω(t)y
′′(t)

y′(t)
. Çà âëàñòèâî-

ñòÿìè òàêèõ ðîçâ'ÿçêiâ (äèâ., íàïðèêëàä, [4],
ëåìà 1.4), ìà¹ìî

lim
t↑ω

πω(t)y
′(t)

y(t)
= 0, (14)

lim
t↑ω

πω(t)y
′′(t)

y′(t)
= −1, (15)

çâiäêè âèïëèâà¹ óìîâà (6).
Ç (15) òàêîæ ìà¹ìî, ùî ôóíêöiÿ y′(t) ¹

ïðàâèëüíî çìiííîþ ôóíêöi¹þ ïîðÿäêó (-1)
ïðè t ↑ ω, òîáòî, ìîæå áóòè ïîäàíà ó âè-
ãëÿäi y′(t) = |πω(t)|−1L1(t) ([2]), äå L1(t) �
ïîâiëüíî çìiííà ïðè t ↑ ω ôóíêöiÿ. Çâiäñè,
ç óðàõóâàííÿì âëàñòèâîñòåé ïîâiëüíî çìií-
íèõ ôóíêöié [2], îòðèìó¹ìî ñïðàâåäëèâiñòü
óìîâè (7).

Ç (1) òà (15) âèïëèâà¹ ïðè t ↑ ω

α0πω(t)p(t)φ0(y(t))φ1(y
′(t))

y′(t)
= −[1+o(1)].(16)

Îñêiëüêè ôóíêöiÿ L1 ¹ ïîâiëüíî çìiííîþ,
òî é ôóíêöiÿ L1(Z(t)), äå ôóíêöiÿ Z ¹ îáåð-

íåíîþ äî ôóíêöi¨ sign(y
0
1)

|πω(t)|
, ¹ ïîâiëüíî çìií-

íîþ ïðè t ↑ ω ÿê êîìïîçèöiÿ ïîâiëüíî òà
ïðàâèëüíî çìiííî¨ ôóíêöi¨ [1] , à òîìó â ñèëó
óìîâè S, ÿêié çàäîâîëüíÿ¹ ôóíêöiÿ θ1, ìî-
æåìî ïåðåïèñàòè (16) ó íàñòóïíîìó âèãëÿäi
ïðè t ↑ ω:

y′(t)

|φ0(y(t))|
1

1−σ1

= sign(y01)×

×
∣∣∣πω(t)θ1(sign(y01)

|πω(t)|

)
p(t)

∣∣∣ 1
1−σ1 [1 + o(1)]. (17)

Ç (17) ó âèïàäêó, êîëè

ω∫
B0

ω

|πω(τ)θ1
(
sign(y01)

|πω(t)|

)
p(τ)|

1
1−σ1 dτ = +∞,

ìà¹ìî ïðè t ↑ ω

Φ(y(t)) = I(t)[1 + o(1)]. (18)

ßêùî
ω∫

B0
ω

∣∣∣∣πω(τ)θ1(sign(y01)

|πω(t)|

)
p(τ)

∣∣∣∣ 1
1−σ1

dτ < +∞,

îòðèìà¹ìî àáî (18), àáî

lim
t↑ω

Φ(y(t)) = const ̸= 0,

ùî íå ìîæå ìàòè ìiñöå, áî ç óðàõóâàííÿì
çàóâàæåííÿ 2:

lim
t↑ω

Φ0(y(t)) ∈ {0;+∞}.

Òàêèì ÷èíîì, (18) ìà¹ ìiñöå â îáîõ âèïàä-
êàõ, à îòæå, ìà¹ ìiñöå (12) òà ïåðøà ç óìîâ
(8).

Ç (17) òà (18) ìà¹ìî

y′(t)Φ′(y(t))

Φ(y(t))
=
I ′(t)

I(t)
[1 + o(1)] ïðè t ↑ ω,

òîáòî ñïðàâåäëèâå àñèìïòîòè÷íå çîáðàæåí-
íÿ (13).

Çàóâàæèìî, ùî ôóíêöiÿ Φ−1(z) ¹ ïîâiëü-
íî çìiííîþ z → q1, ÿê îáåðíåíà äî øâèäêî
çìiííî¨ ôóíêöi¨ Φ(y) ïðè y → Y0 (Y0 ∈ ∆Y0).
Ç óðàõóâàííÿì öüîãî òà (17), âèêîðèñòîâó-
þ÷è âëàñòèâîñòi ïîâiëüíî çìiííèõ ôóíêöié,
îòðèìà¹ìî ïðè t ↑ ω

y(t) = Φ−1(I(t))[1 + o(1)],

çâiäêè âèïëèâà¹ äðóãà ç óìîâ (8).
Ðîçãëÿíåìî ðiâíiñòü

lim
z→q1

Φ′′(Φ−1(z))z

(Φ′(Φ−1(z)))2
=

= lim
z→q1

Φ1(r)=z

Φ′′(Φ−1(Φ1(r)))Φ1(r)

(Φ′(Φ−1(Φ1(r))))
2 =

= lim
z→q1

Φ1(r)=z

Φ′′(r)Φ1(r)

Φ′(r)
= 1.

Ç óðàõóâàííÿì öi¹¨ ðiâíîñòi, ïîçíà÷èâøè

ψ(y) =
Φ′(y)

Φ(y)
,

ìà¹ìî

lim
z→q1

z · (ψ(Φ−1(z)))′

ψ(Φ−1(z))
=
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= lim
z→q1

z ·
(
Φ′(Φ−1(z))
Φ(Φ−1(z))

)′

Φ′(Φ−1(z))
Φ(Φ−1(z))

=

= lim
z→q1

z ·
(
Φ′(Φ−1(z))

z

)′

Φ′(Φ−1(z))
z

=

= lim
z→q1

Φ′′(Φ−1(z))z

(Φ′(Φ−1(z)))2
− 1 = 0.

Ç îñòàííüîãî âèïëèâà¹, ùî ôóíêöiÿ ψ(Φ−1
1 )

¹ ïîâiëüíî çìiííîþ z → q1.
Ç óðàõóâàííÿì (13) òà (14), îòðèìà¹ìî

ïðè t ↑ ω

lim
t↑ω

πω(t)y
′(t)

y(t)
· I ′(t)Φ(y(t))

y′(t)I(t)Φ′(y(t))
= 0.

Ç öüîãî ñïiââiäíîøåííÿ (13), (18) òà òîãî, ùî
ôóíêöiÿ ψ(Φ−1

1 ) ¹ ïîâiëüíî çìiííîþ z → q1
ìà¹ìî

lim
t↑ω

πω(t)I
′(t)

Φ−1(I(t))Φ′(Φ−1(I(t)))
= 0.

Òàêèì ÷èíîì äîâåäåíî âèêîíàííÿ óìîâè (9).
Äîñòàòíiñòü. Íåõàé ôóíêöiÿ

πω(t) · I ′(t)
I(t)

¹ íîðìàëiçîâàíîþ ïîâiëüíî

çìiííîþ ôóíêöi¹þ ïðè t ↑ ω, ôóíêöiÿ(
Φ′(z)
Φ(z)

)
¹ ïðàâèëüíî çìiííîþ ïîðÿäêó γ0 ïðè

z → Y0 (z ∈ ∆Y0), òà âèêîíóþòüñÿ óìîâè
(6) � (9) òà (10) àáî (11).

Äî ðiâíÿííÿ (1) çàñòîñó¹ìî ïåðåòâîðåííÿ

Φ(y(t)) = I(t)[1 + z1(x)], (19)

y′(t)Φ′(y(t))

Φ(y(t))
=
I ′(t)

I(t)
[1 + z2(x)], (20)

äå

x = β ln |I0(t)|, β =


1, lim

t↑ω
I0(t) = ∞,

−1, lim
t↑ω

I0(t) = 0,

(21)

I0(t) =

 I(t), ïðè lim
t↑ω

πω(t)I′(t)
I(t)

= ∞,

πω(t), ïðè lim
t↑ω

πω(t)I′(t)
I(t)

<∞,

Ïðèâåäåìî ñèñòåìó (19)-(21) äî ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü

z′1 = βG1(t(x)) [z2 + z1z2] ;
z′2 = βG2(t(x)) · [1 + z2](N(t(x), z1, z2)×

×(1 + z1)
σ1−1 · (1 + z2)

σ1−1 +M(t(x), z1)×
× · (1+z2)πω(t(x))I′(t(x))

Φ′
1(Φ

−1
1 (I(t(x))))Φ−1

1 (I(t(x)))
+Q(t(x))),

(22)
ó ÿêié

G1(t) =

=

 1, ïðè lim
t↑ω

πω(t)I′(t)
I(t)

= ∞,

πω(t)I′(t)
I(t)

, ïðè lim
t↑ω

πω(t)I′(t)
I(t)

<∞,

G2(t) =

=


I(t)

πω(t)I′(t)
, ïðè lim

t↑ω
πω(t)I′(t)

I(t)
= ∞,

1, ïðè lim
t↑ω

πω(t)I′(t)
I(t)

<∞,

Q(t(x)) =

πω(t(x)) ·
(
I(t(x))

I ′(t(x))

)′

I(t(x))

I ′(t(x))

,

N(t, z1, z2) =

= −
θ1

(
I ′(t(x))Φ (Y (t, z1)) (1 + z2)

I(t)Φ′ (Y (t, z1))

)
θ1 (|πω(t)|−1sign(y01))

,

Y (t(x), z1) = Φ−1(I(t(x))[1 + z1]),

ψ(z) =
Φ′(z)

Φ(z)
,

M(t(x), z1) =
ψ(Y (t, z1))

ψ(Φ−1(I(t(x)))
×

× Φ−1(I(t(x))

Φ−1(Y (t, z1))
.

Îñêiëüêè ôóíêöiÿ πω(t) · I ′(t)
I(t)

¹ íîðìà-

ëiçîâàíîþ ïîâiëüíî çìiííîþ ôóíêöè¹þ ïðè
t ↑ ω, òî

lim
t↑ω

πω(t)

(
πω(t) · I ′(t)

I(t)

)′

πω(t) · I ′(t)
I(t)

= 0. (23)
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Ç iíøîãî áîêó,

lim
t↑ω

πω(t)

(
πω(t) · I ′(t)

I(t)

)′

πω(t) · I ′(t)
I(t)

=

= 1 + lim
t↑ω

πω(t)

(
I ′(t)

I(t)

)′

I ′(t)

I(t)

.

Ç öi¹¨ ðiâíîñòi âðàõîâóþ÷è (23) ìà¹ìî:

lim
t↑ω

Q(t) = 1. (24)

Çà ðàõóíîê òîãî, ùî ôóíêöiÿ Φ−1
1 ¹ ïî-

âiëüíî çìiííîþ ïðè z → q1, ç óðàõóâàííÿì
äðóãî¨ ç óìîâ (8) ìà¹ìî lim

t↑ω
Y (t, z1) = Y0 ðiâ-

íîìiðíî ïî |z1| < 1
2
, |z2| < 1

2
.

Îñêiëüêè ψ(z) � ïðàâèëüíî çìiííà ôóí-
êöiÿ ïîðÿäêó γ0 ïðè z → Y0 (z ∈ ∆Y0),
à Φ−1(z) � ïîâiëüíî çìiííà ïðè z → Y0
(z ∈ ∆Y0), òî ôóíêöiÿ ψ(Φ−1(z)) ¹ ïîâiëü-
íî çìiííîþ ïðè z → q1, à òîìó, i ôóíêöiÿ
Φ−1(z)ψ(Φ−1(z)) ¹ ïîâiëüíî çìiííîþ ïðè
z → q1 ÿê äîáóòîê ïîâiëüíî çìiííèõ ôóí-
êöié. Òàêèì ÷èíîì,

lim
t↑ω

M(t, z1) = 1 (25)

ðiâíîìiðíî ïî z1 : |z1| < 1
2 .

Äëÿ äîñëiäæåííÿ ïîâåäiíêè ôóíêöi¨
N(t, z1, z2) âèâ÷èìî âiäíîøåííÿ àðãóìåíòiâ
ôóíêöi¨ θ1. Ïîçíà÷èìî

N1(t, z1, z2) =

=
I ′(t)Φ (Y (t, z1)) · |πω(t)|sign(y01)

I(t)Φ′ (Y (t, z1))
(1 + z2).

Ðîçãëÿíåìî ðiâíiñòü

πω(t) (N1(t, z1, z2))
′
t

N1(t, z1, z2)
=

=

πω(t)

(
I ′(t)|πω(t)|
I(t)sign(y01)

ψ (Φ−1(I(t)[1 + z1])

)′

t

I ′(t)|πω(t)|
I(t)

ψ(Φ−1(I(t)[1 + z1])sign(y01)
=

=

πω(t)

(
I ′(t) · |πω(t)|

I(t)

)′

I ′(t) · |πω(t)|
I(t)

+

+
Φ−1(I(t)[1 + z1])ψ

′(Φ−1(I(t)[1 + z1]))

ψ(Φ−1(I(t)[1 + z1]))
×

× πω(t)I
′(t)

Φ−1(I(t)[1 + z1])Φ′(Φ−1(I(t)[1 + z1]))
.

Ç öi¹¨ ðiâíîñòi ç óðàõóâàííÿì (23), (25), óìî-
âè (9) òà ïîâiëüíî¨ çìiíè òà iíøèõ âëàñòèâî-
ñòåé ôóíêöi¨ ψ âèïëèâà¹, ùî

lim
t↑ω

πω(t) (N1(t, z1, z2))
′
t

N1(t, z1, z2)
= 0

ðiâíîìiðíî ïî |z1| < 1
2
. Çâiäñè ìà¹ìî, ùî

ôóíêöiÿ N1(t, z1, z2) ¹ íîðìàëiçîâàíîþ ïî-
âiëüíî çìiííîþ ôóíêöi¹þ ïðè t ↑ ω ðiâíî-
ìiðíî ïî |z1| < 1

2
, |z2| < 1

2
. Òîìó, îñêiëüêè

ôóíêöiÿ θ1 çàäîâîëüíÿ¹ óìîâó S, ìà¹ìî

lim
t↑ω

N(t, z1, z2) = −1 (26)

ðiâíîìiðíî ïî |z1| < 1
2
, |z2| < 1

2
.

Ó ñèëó äðóãî¨ ç óìîâ (8) ç óðàõóâàííÿì
òîãî, ùî ôóíêöiÿ Φ−1 ¹ ïîâiëüíî çìiííîþ,
iñíó¹ t0 ∈ [a, ω[ òàêå, ùî

Φ−1(I(t)(1 + z1)) ∈ ∆Y0

ïðè t ∈ [t0, ω[, |z1| ≤
1

2
.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü (22) íà ìíîæèíi

Ω = [x0,+∞[×D, ãäå x0 = β ln |πω(t0)|,

D =

{
(z1, z2) : |zi| ≤

1

2
, i = 1, 2

}
.

Ïåðåïèøåìî ñèñòåìó (22)
ó âèäi

z′1 = βG1(t(x)) [z2 + z1z2] , (28)

z′2 = βG2(t(x))[A21z1 + A22(x)z2+

+R1(x, z1, z2) +R2(x, z1, z2)], (29)

â ÿêié

A21 = 1− σ1, A22 = 1− σ1;
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R1(x, z1, z2) = (1+ z2)

[
N(t(x), z1, z2)+Q(t)+

+M(t(x), z1)·
πω(t(x))I

′(t(x))

Φ′
1(Φ

−1(I(t(x))))Φ−1(I(t(x)))

]
+

+(N(t(x), z1, z2) + 1) · (σ1 − 1)(z1 + z2)+

+z2·M(t(x), z1)·
πω(t(x))I

′(t(x))

Φ′(Φ−1(I(t(x))))Φ−1(I(t(x)))
;

R2(x, z1, z2) = N(t(x), z1, z2) · (σ1 − 1)×
×(z1 · z2 + z22) +M(t(x), z1) · z22×

× πω(t(x))I
′(t(x))

Φ′(Φ−1(I(t(x))))Φ−1(I(t(x)))
+

+(1 + z2) ·N(t(x), z1, z2) · (((1 + z2)
σ1−1 − 1

−(σ1 − 1) · z2) + (σ1 − 1)2 · z1 · z2 + (σ1 − 1)×
×z1 · ((1 + z2)

σ1−1 − 1− (σ1 − 1) · z2)+
+(1+ z2)

σ1−1 · ((1+ z1)σ1−1−1− (σ1−1) · z1));
Ç (24) � (27) âèïëèâà¹, ùî

lim
|z1|+|z2|→0

R2(x, z1, z2)

|z1|+ |z2|
= 0 (30)

ðiâíîìiðíî ïî x ∈ [x0,+∞[,

lim
x→+∞

R1(x, z1, z2) = 0 (31)

ðiâíîìiðíî ïî z1, z2 : (z1, z2) ∈ D.

Îñêiëüêè σ1 ̸= 1 ç âèäó ñèñòåìè (28)-(29) âè-

ïëèâà¹, ùî ó âèïàäêó, êîëè lim
t↑ω

πω(t)I
′(t)

I(t)
= 0

âèêîíàíî óìîâè òåîðåìè 2.6 ç [4]. Âiäïîâiä-
íî äî öi¹¨ òåîðåìè ñèñòåìà (28)-(29) ìà¹ õî-
÷à á îäèí ðîçâ'ÿçîê {zi}2i=1 : [x1,+∞[−→
R2 (x1 ≥ x0), ÿêèé ïðÿìó¹ äî íóëÿ ïðè
x → +∞, ïðè÷îìó òàêèõ ðîçâ'ÿçêiâ iñíó¹
ïðèíàéìíi îäíîïàðàìåòðè÷íå ñiìåéñòâî.

Ó âèïàäêó, êîëè

lim
t↑ω

πω(t)I
′(t)

I(t)
= c ∈ R \ {0}

ïåðåïèøåìî ñèñòåìó (28)-(29) ó âèãëÿäi

z′1 = β [z2 + z1z2 + (G1(t(x))− c)(z2 + z1z2)] ,

z′2 = β[A21z1 + A22(x)z2+

+R1(x, z1, z2) +R2(x, z1, z2)].

Îñêiëüêè â öüîìó âèïàäêó

lim
x→∞

G1(t(x)) = c,

òî ç âèäó ñèñòåìè (27)-(28) âèïëèâà¹, ùî äëÿ
íå¨ âèêîíàíî óìîâè òåîðåìè 2.2 ç [4]. Äiéñíî,
íàðàçi ìàòðèöÿ êîåôiéi¹íòiâ ëiíiéíî¨ ÷àñòè-
íè ñèñòåìè ìà¹ âèãëÿä(

0 c
1− σ1 1− σ1

)
,

õàðàêòåðèñòè÷íå ðiâíÿííÿ

µ2 − (1− σ1)µ− c(1− σ1) = 0

íå ìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòè-
íîþ, çà ðàõóíîê òîãî, ùî σ1 ̸= 1, à òàêîæ
âèêîíóþòüñÿ óìîâè (30) òà (31). Âiäïîâiä-
íî äî òåîðåìè 2.2 ç [4] ñèñòåìà (28)-(29) ìà¹
õî÷à á îäèí ðîçâ'ÿçîê {zi}2i=1 : [x1,+∞[−→
R2 (x1 ≥ x0), ÿêèé ïðÿìó¹ äî íóëÿ ïðè
x → +∞, ïðè÷îìó òàêèõ ðîçâ'ÿçêiâ iñíó¹
ïðèíàéìíi îäíîïàðàìåòðè÷íå ñiìåéñòâî.

Ó âèïàäêó, êîëè lim
t↑ω

πω(t)I′(t)
I(t)

= ∞, çàñòî-

ñó¹ìî äî ñèñòåìè (28)-(29) ïåðåòâîðåííÿ

z1 = w1, z2 =
√
|G2(x)|w2.

Îòðèìà¹ìî ñèñòåìó

w′
1 = β

√
|G2(t(x))| [w2 + V1(x;w1; |G2(x)|w2)] ,

(32)

w′
2 = βsign(G2(t(x)))

√
|G2(t(x))|(A21(x)w1+

+R1(x,w1,
√
|G2(x)|w2)+

+V2(x,w1,
√

|G2(x)|w2)); (33)

äå
V1(x;w1;w2) = w1 · w2;

V2(x,w1, w2) =
√

|G2(x)|(A22−

−Ñ(x)
√
|G2(x)|)w2 +R2(x,w1,

√
|G2(x)|w2),

lim
|w1|+|w2|→0

Vi(x,w1, w2)

|w1|+ |w2|
= 0, i = 1, 2

ðiâíîìiðíî ïî x ∈ [x0,+∞[,

lim
x→+∞

R1(x,w1, w2) = 0

ðiâíîìiðíî ïî w1, w2 : (w1, w2) ∈ D.
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Çàóâàæèìî, ùî

lim
t↑ω

Ñ(t) =

= lim
t↑ω

sign(G2(x(t)))G
′
2(x(t))I(x(t))

2G2
2(x(t))I

′(x(t))
=

= k

( I(t)

πω(t)I
′(t)

)′
πω(t)

2
( I(t)

πω(t)I ′(t)

) =

= lim
x→∞

sign(G2(x(t)))

2

(πω(t)( 1

πω(t)

)′
I(t)

I ′(t)

I(t)
πω(t)I

′(t)

+

+

πω(t)

(
I(t(x))

I ′(t(x))

)′

I(t(x))

I ′(t(x))

)
=

= sign(G2(x(t))) lim
t↑ω

1

2
(−1 +Q(t)) = 0.

Ðîçãëÿíåìî iíòåãðàë
∞∫
x0

G2(x)dx. Ç óðàõó-

âàííÿì çîáðàæåííÿ G2(x) =
I(t(x))

πω(t(x))I
′(t(x))

ìà¹ìî

∞∫
x0

G2(x)dx =

∞∫
x0

I(t(x))

πω(t(x))I
′(t(x))

dx =

=

∞∫
t(x0)

I(t)

πω(t)I
′(t)

I ′(t)

I(t)
dt = ∞.

Îñêiëüêè ó îêîëi íóëÿ âèêîíó¹òüñÿ
∞∫
x0

√
|G2(x)|dx ≥

∞∫
x0

|G2(x)|dx. Òàêèì ÷èíîì,

∞∫
x0

√
|G2(x)|dx→ ∞.

Êðiì òîãî, ìàòðèöÿ êîåôiöi¹íòiâ ëiíiéíî¨
÷àñòèíè ñèñòåìè (32)-(33) ìà¹ âèãëÿä:(

0 β
sign(G2(x))(1− σ1) 0

)
.

Â ñèëó (11) õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

µ2 − sign(G2(x))(1− σ1) = 0.

íåìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ.
Îòðèìó¹ìî, ùî äëÿ ñèñòåìè äèôåðåíöi-

àëüíèõ ðiâíÿíü (34)-(35) âèêîíàíi âñi óìîâè
òåîðåìè 2.2 ç [4]. Âiäïîâiäíî äî öi¹¨ òåîðåìè
ñèñòåìà (34)-(35) ìà¹ õî÷à á îäèí ðîçâ'ÿçîê
{zi}2i=1 : [x1,+∞[−→ R2 (x1 ≥ x0), ÿêèé ïðÿ-
ìó¹ äî íóëÿ ïðè x → +∞, ïðè÷îìó òàêèõ
ðîçâ'ÿçêiâ iñíó¹ ïðèíàéìíi îäíîïàðàìåòðè-
÷íå ñiìåéñòâî. Îòæå, òàêi ðîçâ'ÿçêè iñíóþòü
â áóäü-ÿêîìó âèïàäêó, êîëè iñíó¹ ñêií÷åííà

÷è íåñêií÷åííà ãðàíèöÿ lim
t↑ω

πω(t)I
′(t)

I(t)
. �ì ó

ñèëó çàìií âiäïîâiäàþòü ðîçâ'ÿçêè y ðiâíÿí-
íÿ (1), ùî äîïóñêàþòü ïðè t ↑ ω àñèìïòîòè-
÷íi çîáðàæåííÿ (12)-(13).

Ç âèãëÿäó öèõ çîáðàæåíü âèïëèâà¹, ùî
îòðèìàíi ðîçâ'ÿçêè y ¹ Pω(Y0, Y1, 0)- ðîçâ'ÿç-
êàìè. Òåîðåìó ïîâíiñòþ äîâåäåíî.
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