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ÂÈÊÎÐÈÑÒÀÍÍßÌ �ÐÀÄI�ÍÒÍÈÕ ÌÅÒÎÄIÂ

Ðîçãëÿäà¹òüñÿ îáåðíåíà êîåôiöi¹íòíà çàäà÷à äëÿ êîìïåòèòèâíî¨ äèôóçi¨ â íåîäíîðiäíèõ ñå-
ðåäîâèùàõ íàíîïîðèñòèõ ÷àñòèíîê. Çäiéñíåíî ïîñòàíîâêà òà îá ðóíòóâàííÿì ïðÿìî¨ òà ñïðÿ-
æåíî¨ êðàéîâèõ çàäà÷ òà ïîáóäîâàíî ¨õ ðîçâ'ÿçêè îïåðàöiéíèì ìåòîäîì Ãåâiñàéäà. Îòðèìàíî
ÿâíi âèðàçè ãðàäi¹íòiâ ôóíêöiîíàëiâ-íåâ'ÿçîê äëÿ iäåíòèôiêàöi¨ ïàðàìåòðiâ íàíîïîðèñòèõ ñå-
ðåäîâèù, ïðè äîïîìîçi ÿêèõ âiäíîâëåíî ðîçïîäiëè êîåôiöi¹íòiâ äèôóçi¨ äëÿ intercrystallytes
òà intracrystallytes ïðîñòîðiâ ÿê ôóíêöié âiä ÷àñó äëÿ ðiçíèõ ïîëîæåíü ÷àñòèíîê â ñåðåäîâè-
ùi. Çìîäåëüîâàíî ðîçïîäiëè êîíöåíòðàöié äâîõ äèôóíäîâàíèõ êîìïîíåíòiâ â äîñëiäæóâàíîìó
íàíîñåðåäîâèùi

Inverse problem for coe�cients �nding of competitive di�usion in heterogeneous media of
nanoporous particles has been considered. Formulation and justi�cation of direct and conjugate
boundary problems has been provided. The solutions of boundary problems has been build taki-
ng advantage of Heaviside's methods . Explicit expressions for gradients functional residuals has
been obtained to identify the parameters of nanoporous media in form of di�usion coe�cients for
intercrystallytes and intracrystallytes spaces as functions of time for di�erent modes of particles
along the catalyst layer. Distributions of concentrations for two defunded components in studied
sample of nanoporous media has been visualized.

Âñòóï

Çàñòîñóâàííÿ ìàòåìàòè÷íîãî ìîäåëþâàííÿ
äî äîñëiäæåííÿ ïðîöåñiâ ìàñîïåðåíîñó â íà-
íîïîðèñòèõ ñåðåäîâèùàõ ïîëÿãà¹ íå òiëü-
êè â ñêëàäíîñòi ïîáóäîâè àäåêâàòíèõ ìàòå-
ìàòè÷íèõ ìîäåëåé, à é â çàäàííi ¨õ ïàðà-
ìåòðiâ [1-10]. Ðàíiøå â ïðàöÿõ [11, 19-21]
ðîçãëÿäàëèñÿ ïèòàííÿ iäåíòèôiêàöi¨ ïàðà-
ìåòðiâ çàäà÷ ìàñîïåðåíîñó â íàíîïîðèñòèõ
ñåðåäîâèùàõ ïðè âiäîìèõ ðîçïîäiëàõ ìàñ ðå-
÷îâèíè â òâåðäié i ãàçîïîäiáíî¨ ôàçàõ. Â
ñèëó ñêëàäíîñòi åêñïåðèìåíòàëüíîãî ïîäi-
ëó öèõ õàðàêòåðèñòèê, äîöiëüíî âèêîðèñòî-
âóâàòè åôåêòèâíi îá÷èñëþâàëüíi àëãîðèòìè
iäåíòèôiêàöi¨ ïàðàìåòðiâ ïðè âiäîìèõ ñó-
ìàðíèõ ìàñàõ äëÿ ïåâíèõ íàïðÿìêiâ çîíäó-
âàííÿ äîñëiäæóâàíèõ ñåðåäîâèù, ç âèêîðè-
ñòàííÿì âèñîêîøâèäêiñíèõ àíàëiòè÷íèõ ìå-
òîäiâ ç óðàõóâàííÿì êîìïëåêñó íàéñóòò¹âi-
øèõ ÷èííèêiâ. Ó öié ïðàöi ðîçãëÿäàþòüñÿ
ïèòàííÿ ñòâîðåííÿ âèñîêîïðîäóêòèâíèõ ìå-

òîäiâ iäåíòèôiêàöi¨ øëÿõîì ïîáóäîâè ìàëî-
âèòðàòíèõ àíàëiòè÷íèõ ðîçâ'ÿçêiâ ïðÿìèõ i
ñïðÿæåíèõ çàäà÷ i îòðèìàííÿ íà ¨õ îñíî-
âi ÿâíèõ âèðàçiâ ãðàäi¹íòiâ ôóíêöiîíàëiâ-
íåâ'ÿçêè äëÿ iäåíòèôiêàöi¨ ïàðàìåòðiâ ïåðå-
íîñó â íàíîïîðèñòèõ ñåðåäîâèùàõ ïðè âiäî-
ìèõ ñóìàðíèõ ðîçïîäiëàõ ìàñè â òâåðäié i
ãàçîïîäiáíî¨ ôàçàõ àäñîðáîâàíèõ ðå÷îâèí.

Ìàòåìàòè÷íà ìîäåëü ñèñòåìè êîìïå-
òèòèâíîãî ïåðåíîñó â íåîäíîðiäíîìó
ñåðåäîâèùi

Ðîçãëÿäà¹òüñÿ ñêëàäíèé êîìïåòèòèâíèé ìà-
ñîïåðåíîñ äâîõ êîìïîíåíò, ùî äèôóíäóþòü
ìiæ ñîáîþ â íåîäíîðiäíîìó ñåðåäîâèùi ñôå-
ðè÷íèõ ÷àñòèíîê ìiêðî- òà íàíîïîðèñòî¨
ñòðóêòóðè. Äèôóçiÿ ðîçãëÿäà¹òüñÿ ïðè öüî-
ìó ÿê íà ìàêðîðiâíi (â ìiæ÷àñòèíêîâîìó
ïðîñòîði, interparticle space), òàê i íà ìiêðî-
ðiâíi (â ïðîñòîði ìiêðî- òà íàíîïîðiâ ñôåðè-
÷íèõ ÷àñòèíîê, intraparticle space).

156 ISSN 2309-4001. Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4.



Ìàòåìàòè÷íà ìîäåëü òàêîãî ïåðåíîñó ç
óðàõóâàííÿì âêàçàíèõ ôiçè÷íèõ ÷èííèêiâ
îïèñàíà ó âèãëÿäi çìiøàíî¨ êðàéîâî¨ çàäà-
÷i. Â îáëàñòÿõ ΩkT = (0, T ) × Ωk,Ωk =
lk−1, lk, k = 1, n+ 1, l0 = 0 < l1 < ... < ln+1 =
l <∞ êîíöåíòðàöi¨ U1k (t, z) ,U2k (t, z), ç óðà-
õóâàííÿì [3, 6, 7] çàäîâîëüíÿþòü ñèñòåìi
ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ

∂
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]
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∂

∂z
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Dinter11k

Dinter12k

Dinter21k
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∂

∂z

[
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U2k

]
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R

∂

∂r

[
Dintra11k

Dintra12k

Dintra21k
Dintra22k

] [
q1k (t, r, z)
q2k (t, r, z)

]∣∣∣∣
r=R

(1)

äå R << min
k

(lk − lk−1) ,R - ðàäióñ ñôå-

ðè÷íèõ ìiêðîïîðèñòèõ ÷àñòèíîê âiäïîâiä-
íî¨ îáëàñòi Ωk. Äëÿ êîæíî¨ ïîðèñòî¨ ìi-
êðî÷àñòèíêè ðàäióñó R ç öåíòðîì â òî-
÷öi z ∈ Ωk ïðè t ∈ (0, T ) êîíöåíòðàöi¨
q1r (t, r, z) ,q2r (t, r, z) äèôóíäîâàíî¨ äâîêîì-
ïîíåíòíî¨ ñóìiøi ñïðàâåäëèâà ñèñòåìà ðiâ-
íÿíü äèôóçi¨

∂

∂t

[
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q2k(t, r, z)

]
=

1
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∂

∂r
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Dintra12k

Dintra21k
Dintra22k

]
r2
∂

∂r

[
q1k
q2k

])
(2)

Ïî÷àòêîâi óìîâè[
U1k (t, z)
U2k (t, z)

]
t=0

= 0,

[
q1k (t, r, z)
q2k (t, r, z)

]
t=0

= 0,

r ∈ (0, R) , z ∈ Ωk, k = 1, n+ 1. (3)

Êðàéîâi óìîâè ïî ïðîñòîðîâié çìiííié r

äëÿ q =

[
q1
q2

]
∂

∂r

([
Dintra11k

Dintra12k

Dintra21k
Dintra22k

] [
q1k (t, r, z)
q2k (t, r, z)

])
r=0

= 0,[
q1m (t, r, z)
q2m (t, r, z)

]
r=R

=

[
k1 0
0 k2

]
·
[
U1m (t, z)
U2m (t, z)

]
,

z ∈ Ωm,m = 1, n+ 1,t ∈ (0, T )

(4)

äå äðóãà óìîâà ¹ óìîâîþ ðiâíîâàãè.
Êðàéîâi òà iíòåðôåéñíi óìîâè ìiæ òîíêè-

ìè øàðàìè ìiêðîïîðèñòèõ ÷àñòèíîê, ïî êî-

îðäèíàòi (z) äëÿ U =

[
U1

U2

]
:

∂

∂z

([
Dinter111

Dinter121

Dinter211
Dinter221

] [
U11 (t, z)
U21 (t, z)

])
z=0

= 0,[
U1n+1 (t, z)
U2n+1 (t, z)

]
z=l

=

[
Ul1 (t)
Ul2 (t)

]
, t ∈ (0, T ) ,

(5)

[
Usk (t, z)− Usk+1

(t, z)
]∣∣
z=lk

= 0, s = 1, 2

∂

∂z

(
Dinter k

[
U1k (t, z)
U2k (t, z)

])∣∣∣∣
z=lk

− ∂

∂z

(
Dinter k+1

[
U1k+1

(t, z)
U2k+1

(t, z)

])∣∣∣∣
z=lk

= 0,

k = 1, n+ 1,t ∈ (0, T ) ,

(6)

äå Dinter k
=

[
Dinter11k

Dinter12k

Dinter21k
Dinter22k

]
.

Ñèñòåìà (1) îïèñó¹ çîâíiøíié (âiäíîñíî
÷àñòèíîê) êîìïåòèòèâíèé ìàñîïåðåíîñ ç ïî-
òî÷íèìè êîíöåíòðàöiÿìè ê-ãî øàðó U1k ,U2k

â interpartical space, ëiìiòîâàíèé ñèñòåìè
âïëèâó íà ïîâåðõíÿõ ñôåðè÷íèõ ÷àñòèíîê
ðàäióñà R. Ñèñòåìà (2) îïèñó¹ âíóòðiøíié
ìàñîïåðåíîñ ç ïîòî÷íèìè êîíöåíòðàöiÿìè â
ìiêðî- é íàíîïîðàõ äëÿ ê-ãî ùàðó intraparti-
cle space q1k ,q2k . Çâ'ÿçîê ìiæ êîíöåíòðàöiÿ-
ìè äëÿ ê-ãî øàðó U1k ,U2k òà q1k ,q2k âèçíà÷à-
¹òüñÿ êðàéîâèìè óìîâàìè àäñîðáöiéíî¨ ðiâ-
íîâàãè íà ïîâåðõíi ñôåðè÷íèõ ÷àñòèíîê (4).

Òóò Dk òà Dint rak - ìàòðèöi êîåôiöi¹í-
òiâ äèôóçi¨ â ïðîñòîðàõ interpartical space òà
intraparticle space, ùî â çàãàëüíîìó âèïàä-
êó ¹ ôóíêöiÿìè âiä ïîòî÷íèõ êîíöåíòðàöié
Ujk ,qjk ;j = 1, 2.

Ââàæà¹òüñÿ, ùî êîåôiöi¹íòè äèôóçi¨
Dinter,Dintra çàäà÷i (1)-(6) ¹ íåâiäîìèìè.
Îäíàê íà ïîâåðõíÿõ îáëàñòåé γk ⊂ Ωk,k =
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1, n+ 1, íåîäíîðiäíîãî ñåðåäîâèùà âiäîìi
ñëiäè ðîçâ'ÿçêiâ (êîíöåíòðàöié):

[Usk(t, z) + qsk(t, z)]γk =Msk(t, z)|γk
s = 1, 2, γsk ∈ Ω, (7)

äå q̄sk (t, R/2 , z) = 1
R

R∫
0

qsk (t, r, z) rdr ¹ óñå-

ðåäíåíå çíà÷åííÿ êîíöåíòðàöi¨ s-¨ äèôóí-
äîâàíî¨ êîìïîíåíòè ðå÷îâèíè â ìiêðîïîðàõ
÷àñòèíêè, çîñåðåäæåíî¨ â òî÷öi r = R/2
äëÿ k�ãî øàðó ìiêðîïîðèñòèõ ÷àñòèíîê, k =
1, n+ 1.

Òàêèì ÷èíîì, îòðèìó¹ìî çàäà÷ó (1)-
(7), ùî ïîëÿãà¹ â çíàõîäæåííi ôóíêöié
Dintrasp,k ∈ D,Dintersp,k ∈ D, äå D ={
ν (t, z) :ν|ΩkT

∈ C (ΩkT ) ,ν > 0
}
.

Ôóíêöiîíàë-íåâ'ÿçêó [14,22], ùî âèçíà-
÷à¹ âåëè÷èíó âiäõèëåííÿ øóêàíîãî ðîçâ'ÿç-
êó âiä éîãî ñëiäiâ, îòðèìàíèõ åìïiðè÷íèì
øëÿõîì íà ïîâåðõíÿõ γk, çàïèøåìî ó âèãëÿ-
äi

Js
(
Dintersp , Dintrasp

)
=

1

2

n+1∑
k=1

T∫
0

∥Usk (τ, z) + q̄sk(t, z)−Msk(t, z)∥
2
γk
dτ

γk ∈ Ωk,m = 1, N (8)

äå ∥φ∥2L2(γk)
=
∫
γk

φ2dγk - êâàäðàò íîðìè. Â

äàíîìó âèïàäêó ∥φ∥L2(γk
) = |φ (t, z)|z=γk .

Ïîáóäîâà ðîçâ'ÿçêó çàäà÷i (1)-(6)

Âíóòðiøíüî÷àñòèíêîâèé ìàñîïåðåíîñ.
Â ïðèïóùåííi, ùî çàäàíi òà øóêàíi ôóíêöi¨
¹ îðè iíàëàìè çà Ëàïëàñîì ñòîñîâíî t, çî-
áðàæåíi çà Ëàïëàñîì [17] äëÿ q∗ik (p, r, z) ≡
L [qik ] =

∫∞
0
qik (t, r, z) e

−ptdt, i = 1, 2, âèêî-
ðèñòîâóþ÷è çàìiíó q∗ik = R · r−1 ·Q∗

ik
òà çâî-

äÿ÷è çàäà÷ó âíóòðiøíüî-÷àñòèíêîâîãî ïåðå-
íîñó äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

[
Dint ra11k

d2

dr2
− p Dint ra12k

Dint ra21k Dint ra22k
d2

dr2
− p

] [
Q∗

1k
Q∗

2k

]
= 0

(9)

ç êðàéîâèìè óìîâàìè

Dint ras1k

[
1

r2

(
r
d

dr
Q∗

1k −Q∗
1k

)]
r=0

−Dint ras2k

[
1

r2

(
r
d

dr
Q∗

2k −Q∗
2k

)]
r=0

= 0,

Q∗
sk (p, r, z)|z=1 = kk · U∗

sk
(p, z) (10)

Âñòàíîâëþþòüñÿ óìîâè ïàðàáîëi÷íîñòi
ñèñòåìè çà Ïåòðîâñüêèì (Dint ra11kDint ra22k −
Dint ra12kDint ra21k > 0) [15].

Îáìåæåíèé ðîçâ'ÿçîê çàäà÷i (9)-(10) íà
[0, R] îòðèìó¹ìî ó âèãëÿäi:

Q∗
1k
(p, r, z) = Eint ra

11k
Eint ra

22

∆int ra
k

shω1k

√
pr

shω1k

√
pR
−

Eint ra
12k

Eint ra
21

∆int ra
k

shω2k

√
pr

shω2k

√
pR

 k1kU∗
1k

−
Eint ra

11k
Eint ra

22

∆int ra
k

 shω1k

√
pr

shω1k

√
pR

− shω2k

√
pr

shω2k

√
pR

 k2kU∗
2k
, (11)

Q∗
2k
(p, r, z) =

Eint ra
21k

Eint ra
22

∆int ra
k

 shω1k

√
pr

shω1k

√
pR
−

shω2k

√
pr

shω2k

√
pR

 k1kU∗
1k

−

 Eint ra
12k

Eint ra
21

∆int ra
k

shω1k

√
pr

shω1k

√
pR

−
Eint ra

11k
Eint ra

22

∆int ra
k

shω2k

√
pr

shω2k

√
pR

 k2kU∗
2k
, (12)

Ç óçàãàëüíåíîþ òåîðåìîþ ïðî ðîçâèíåí-
íÿ Ãåâiñàéäà çíàõîäèìî îðè iíàëè ðîçïîäi-
ëiâ qjk = R

r
Qjk , j = 1, 2 [17, 18]

q1k(t, r, z) =

t∫
0

 Eint ra
11k

Eint ra
22

∆int ra
k

Φ1k(t− τ, r)

−
Eint ra

12k
Eint ra

21

∆int ra
k

Φ2k(t− τ, r)

×
k1kU1

k
(τ, z)dτ

R

r

−
t∫

0

 Eint ra
11k

Eint ra
22

∆int ra
k

Φ1k(t− τ, r)

−
Eint ra

11k
Eint ra

22

∆int ra
k

Φ2k(t− τ, r)

×
k2kU2

k
(τ, z))dτ

R

r
(13)
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q2k(t, r, z) =

t∫
0

 Eint ra
12k

Eint ra
22

∆int ra
k

Φ1k(t− τ, r)

−
Eint ra

12k
Eint ra

22

∆int ra
k

Φ2k(t− τ, r)

×
k1kU1

k
(τ, z)dτ

R

r

−
t∫

0

 Eint ra
12k

Eint ra
21

∆int ra
k

Φ1k(t− τ, r)

−
Eint ra

11k
Eint ra

22

∆int ra
k

Φ2k(t− τ, r)

×
k2kU2

k
(τ, z))dτ

R

r

Òóò Φjk
(t, z)- êîìïîíåíòè ôóíêöié âïëè-

âó êîíöåíòðàöié ìiæ÷àñòèíêîâîãî ïðîñòî-
ðó Ujk (t, z) íà âíóòðiøíüî÷àñòèíêîâèé ïåðå-
íîñ; β1,2k - êîðåíi õàðàêòåðèñòè÷íîãî ìíîãî-
÷ëåíà ìàòðèöi ñèñòåìè:

(Dint ra11kDint ra22k −Dint ra12kDint ra21k) β
4

− (Dint ra11k +Dint ra22k) pβ
2 + p2 = 0 (14)

Ïðè âiäîìèõ çàëåæíîñòÿõ Ujk (t, z) ðîç-
ïîäiëè êîíöåíòðàöié â intraparticle space
qjk (t, r, z) ñòàþòü âiäîìèìè.
Ìàñîïåðåíîñ â ìiæ÷àñòèíêîâî-

ìó ïðîñòîði. Ó çîáðàæåíi çà Ëàïëà-
ñîì äëÿ ôóíêöié U∗

jk
(p, z) ≡ L [Ujk ] =∫∞

0
Ujk (t, z) e

−ptdt; j = 1, 2 îäåðæó¹ìî çà-
äà÷ó ïðî ïîáóäîâó îáìåæåíîãî â îáëàñòi
ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü [17]


D11k

d2

dz2
−(

p+ h∗11k (p)
)

D12k
d2

dz2
− h∗12k (p)

D21k
d2

dz2
−

h∗21k (p) D22k
d2

dz2
−
(
p+ h∗22k (p)

)


[
U∗
1k
(p, z)

U∗
2k
(p, z)

]
=

[
0
0

]
(15)

ç êðàéîâèìè óìîâàìè:

∂

∂z

[
D

s11
U∗

11
(p, z) +D

s21
U∗
21
(p, z)

]
z=0

= 0;

U∗
sn+1

(p, z)
∣∣
z=l

= U∗
ls
(p); (16)

òà ñèñòåìîþ n- iíòåðôåéñíèõ óìîâ

[
U∗

sk
(p, z)− U∗

sk+1
(p, z)

]
z=lk

= 0

∂

∂z

(
D

k

[
U∗
1k

U∗
2k

]
−D

k+1

[
U∗
1k+1

U∗
2k+1

])∣∣∣∣
z=lk

= 0,

k = 1, n;s = 1, 2 (17)

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (15) ¹:

U∗
s1
(p, z) = As1 (p)

(
C11 chλ

∗
11
z + C31 chλ

∗
31
z
)

U∗
sk
(p, z) = Ask (p)

(
C1k chλ

∗
1k
z + C2kshλ

∗
1k
z
)

+ Ask
(
C3k chλ

∗
3k
z + C4kshλ

∗
4k
z
)
, (18)

Òóò

A1k(p) = (D22k −D12)λ
∗2
1k

− (p+ h∗22k − h∗12k)

A2k(p) = (D11k−D21k)λ
∗2
1k
−(p+h∗11k(p)−h

∗
21k

(p))

λ1k , λ2k , λ3k , λ4k - êîðåíi õàðàêòåðèñòè÷íîãî
ðiâíÿííÿ:

(D11kD22k −D12kD21k)λ
4

− ((D11k +D22k)p+ h∗1k(p))λ
2 + h∗2k(p) = 0,

Êðàéîâi òà iíòåðôåéñíi óìîâè (16), (17)
äàþòü ñèñòåìó ðiâíÿíü 4n + 2-ãî ïîðÿä-
êó äëÿ âèçíà÷åííÿ íåâiäîìèõ êîíñòàíò
C11 , C31 , C1k , C2k , C3k , C4k , k = 1, n+ 1 â (18).

Âèêîðèñòîâóþ÷è ïiäõiä ùîäî âèçíà÷åííÿ
åëåìåíòiâ ìàòðèöi âïëèâó Êîøi òà ìåòîäèêó
ïðàöü [8, 18], âèðàçè äëÿ îá÷èñëåííÿ êîìïî-
íåíòiâ âåêòîð-ôóíêöié U∗

sk
(p, z) çâîäÿòüñÿ äî

êëàñè÷íîãî âèãëÿäó[
U∗
1k
(p, z)

U∗
2k
(p, z)

]
=[

H∗
11k

(p, z) H∗
12k

(p, z)
H∗

21k
(p, z) H∗

22k
(p, z)

]
·
[
U∗
l1
(p)

U∗
l2
(p)

]
(19)

Òóò êîìïîíåíòè ìàòðèöü âïëèâó[
H∗
ijk
(p, z)

]
- i¹ðàðõi÷íî¨ ñòðóêòóðè îäåð-

æóþòüñÿ ðåêóðåíòíèì ñïîñîáîì øëÿõîì
îá÷èñëåííÿ âèçíà÷íèêiâ àëãåáðà¨÷íî¨ ñèñòå-
ìè, ïîáóäîâàíî¨ íà îñíîâi óìîâ (16)-(17).
Çãiäíî ìåòîäèêè îïèñàíî¨ â [18,22], çäiéñíþ-
¹òüñÿ ïåðåõiä äî îðè iíàëiâ çà Ëàïëàñîì,
çàìiíîþ iíòå ðàëó ïî êîíòóðó Áðîìâi÷à
iíòå ðàëîì ïî óÿâíié âiñi
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Hijk
(t, z) ≡ L−1

[
H∗
ijk
(p, z)

]
=

1

π

∞∫
0

Re
[
H∗
ijk
(is, z)eist

]
ds,

i, j = 1, 2; k = 1, n+ 1 (20)

Ç âðàõóâàííÿì îäåðæàíèõ ãîëîâíèõ
ðîçâ'ÿçêiâ çàäà÷i (15)-(17) òà ôîðìóë (20),
îòðèìó¹ìî ¹äèíèé ðîçâ'ÿçîê ùî îïèñó¹
ìàñîïåðåíîñ ó ìiæ÷àñòèíêîâîìó ïðîñòîði:

[
U1k (t, z)
U2k (t, z)

]
=

t∫
0

[
H11k

(t− τ, z) H12k
(t− τ, z)

H21k
(t− τ, z) H22k

(t− τ, z)

]
·
[
Ul1 (τ)
Ul2 (τ)

]
dτ

(21)

Âèêëàäåíå âèùå äà¹ ïiäñòàâè ñôîðìóëþâà-
òè íàñòóïíó òåîðåìó.
Òåîðåìà (ïðî ðîçâ'ÿçíiñòü ïðÿìî¨

êðàéîâî¨ çàäà÷i): ÿêùî âèêîíó¹òüñÿ óìîâà
îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi íåîäíîðiäíî¨ çìi-
øàíî¨ êðàéîâî¨ çàäà÷i, çàäàíi i øóêàíi ôóí-
êöi¨ ¹ îðè iíàëàìè çà Ëàïëàñîì, òî ðîçâ'ÿçîê
çìiøàíî¨ êðàéîâî¨ çàäà÷i (1)�(6) iñíó¹ i ¹äè-
íèé òà âèçíà÷à¹òüñÿ ôîðìóëàìè (13) i (21).

Ïðÿìà çàäà÷à ôóíêöiîíàëüíî¨ iäåíòè-
ôiêàöi¨

Ç ìåòîþ iäåíòèôiêàöi¨ ïàðàìåòðiâ
êîìïåòèòèâíî¨ äèôóçi¨ (êîåôiöi¹íòiâ
Dint rasm

,Dint ersm
) ÿê ôóíêöié âiä ÷àñó, âèêî-

ðèñòîâóþ÷è îá'¹ìíó áàçó åêñïåðèìåíòàëü-
íèõ äàíèõ ïîøàðîâîãî RNM-ñêàíóâàííÿ
[3,6], ðîçãëÿíåìî òðàíñôîðìóâàííÿ çàäà÷i
(1) - (6) ó âèãëÿäi ñèñòåìè N − 1 - êðàéî-
âèõ çàäà÷ iäåíòèôiêàöi¨ Dint rasm

,Dint ersm
â

êîæíié òî÷öi Z äëÿ êîæíîãî ôðàãìåíòà
Ωm,m = 1, N + 1 [3,9]:

∂Csm (t, Z)

∂t
=
Dint ersm

l2
∂2sm
∂Z2

−eintermKsm

Dint rasm

R2

(
1

X

∂Nsm

∂X
− 1

X2
Nsm

)
X=1

(22)

∂Nsm (t,X, Z)

∂t
=

Dint rasm

R2

∂2Nsm

∂X2
(23)

ç ïî÷àòêîâèìè óìîâàìè

Csm(t = 0, Z) = 0,

Nsm(t = 0, X, Z) = 0,

X ∈ (0, 1), Z ∈ Ωm,m = 1, N + 1, (24)

êðàéîâèìè óìîâàìè äëÿ êîæíîãî m-ãî øàðó

Csm (t, Z = Lm) = θsm ,

Csm−1 (t, Z = Lm−1) = θsm−1 , (25)

Cs1 (t, L1) = θs1 ,

∂Cs1
∂Z

(t, Z = 0) = 0,

s = 1, 2,m = N + 1, 2,θsN+1
= 1. (26)

Êðàéîâi óìîâè äëÿ îêðåìî¨ ÷àñòèíêè

Nsm (t,X = 0, Z) = 0,

Nsm (t,X = 1, Z) = Csm (t, Z),

Z ∈ Ωm,m = 1, N + 1 (27)

äå ∆ = Lm − Lm−1,m = 1, N + 1, θm - åêñïå-
ðèìåíòàëüíèé ñëiä, Csm (t) íà m-ìó ñåãìåí-
òi, ∆θm = θm − 0m−1,m = 1, N + 1.

�äèíèé ðîçâ'ÿçê Csm i Nsm ïðÿìî¨ çàäà-
÷i ïîáóäîâàíèé îïåðàöiéíèì ìåòîä Ãåâiñàéäà
íà îñíîâi òåîðåìè ïðî ðîçêëàä â ðÿä çîáðà-
æåíü çà Ëàïëàñîì çà êîðåíÿìè çíàìåííèêà
[17, 18].

Csm (t, Z) = 1 +
2π

∆L

R2

Dintrasm

Dint ersm

∆L2
×

∞∑
n=1

∞∑
k=1

ωsm (n, Z) exp
(
−Dint rasm β2

knm

R2 t
)

(−1)nβ2
knm

Θ(βknm)
(28)

Nsm (t,X, Z) =

1 +
2π

∆L

R2

Dintrasm

Dint ersm

∆L2
×

∞∑
n=1

∞∑
k=1

ωsm(n, Z) exp(−
Dint rasm β2

knm

R2 t)

(−1)nβ2
knm

sin (βknm)Θ(βknm)
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(29)

Θ =

(
3

einterm
(

1

sin2(βknm)
− c tg (βknm)

βknm

) + 2

)
äå βkn1

,βknm
,m = 2,∞- êîðåíi âiäïîâiäíèõ

òðàíñöåíäåíòíèõ ðiâíÿíü:

γ2s1 (β) ≡
3

eint er1

∆L2

R2

Dint tras1

Dint ers1(eint er1
3

β2 − βctgβ + 1
)
=

2n− 1

2∆L
π,

γ2sm (β) ≡ 3

eint erm

∆L2

R2

Dint trasm

Dint ersm(eint ersm
3

β2 − βctgβ + 1
)
=

nπ

∆L
,

n, 0,∞, k = 1,∞,m = 2, N + 1

ωsm(n, Z) =
(2n− 1) cos

(
2n−1
2
πZ
)

m = 1

n

(
θsm sin

[
nπ
∆L

(Z − Lm−1)
]

+θsm−1 sin
[
nπ
∆L

(Lm − Z)
] ) m > 1

Ãðàäi¹íòíèé ìåòîä ðîçâ'ÿçóâàííÿ
çàäà÷ êîåôiöi¹íòíî¨ iäåíòèôiêàöi¨.
Ðîçâ'ÿçîê çàäà÷ iäåíòèôiêàöi¨ (23)-(27) çâî-
äèòüñÿ äî çàäà÷i îïòèìiçàöi¨ ôóíêöiîíàëó-
íåâ'ÿçêè ïîñòóïîâî óäîñêîíàëþþ÷è ðîçâ'ÿ-
çîê øëÿõîì ñïåöiàëüíî¨ ïðîöåäóðè ðåãóëÿ-
ðèçàöi¨ ç âèêîðèñòàííÿì âèñîêîåôåêòèâíèõ
ãðàäi¹íòíèõ ìåòîäiâ. Ãðàäi¹íòíi ìåòîäè â
çàäàõ iäåíòèôiêàöi¨ íà îñíîâi ñåðåäíüîêâà-
äðàòè÷íîãî ôóíêöiîíàëó-íåâ'ÿçêè çíàéøëè
ñâî¹ ïðàêòè÷íå çàñòîñóâàííÿ â ðîáîòàõ
Æ.-Ë.Ëiîíñà [20], ïiçíiøå öåé ïiäõiä áóâ
ðîçâèíóòèé Î.Ì.Àëiôàíîâèì (ðîçðàõóíîê
òåìïåðàòóðíèõ ïîëiâ ëiòàëüíèõ àïàðà-
òiâ)[19], ïðàöÿõ àâòîðiâ (çàäà÷i ãiäðîìåõàíi-
êè, ôiëüòðàöi¨, äèôóçi¨ i àäñîðáöi¨ òà iíø.)
[3,10,12,13,22].

Âèêîðèñòîâóþ÷è ãðàäi¹íòíèé ìåòîä ìi-
íiìiçàöi¨ ïîõèáîê äëÿ iäåíòèôiêàöi¨ ðîçïî-
äiëiâ êîåôiöi¹íòiâ äèôóçi¨ â intracrystallite

spaceDintrasm i intercrystallite spaceDintersm ÿê
ôóíêöi¨ âiä ÷àñó äëÿ s-¨ äèôóíäîâàíî¨ êîì-
ïîíåíòè, îòðèìó¹ìî ðåãóëÿðèçàöiéíi âèðàçè
n+ 1-ãî êðîêó iäåíòèôiêàöi¨ [9,21]:

Dn+1
intrasm

(t) = Dn
intrasm

−∇JnDintrasm
(t)×[

Csm +
(

1
X

)
X= 1

2

Nsm −Msm

]2
∥∥∥∇JnDn

int rasm

(t)
∥∥∥2 + ∥∥∥∇JnDn

int ersm

(t)
∥∥∥2

Dn+1
intersm

(t) = Dn
intersm

−∇JnDintersm
(t)×[

Csm +
(

1
X

)
X= 1

2

Nsm −Msm

]2
∥∥∥∇JnDn

intrasm

(t)
∥∥∥2 + ∥∥∥∇JnDn

intersm

(t)
∥∥∥2 (30)

äå Js
(
Dintersm , Dintrasm

)
ìîäèôiêîâàíèé

ôóíêöiîíàë-íåâ'ÿçêè íà ïîâåðõíi γs ∈ Ωm:

Js
(
Dintersm , Dintrasm

)
=

1

2

T∫
0

[
Csm +Qsm −Msm

]2
dτ (31)

∇JnDn
intersm

(t), ∇JnDn
intrasm

(t) - êîìïîíåí-

òè ãðàäi¹íòó ôóíêöiîíàëó-íåâ'ÿçêè
Js
(
Dintersm , Dintrasm )

)
ïî ôóíêöiÿõ

Dn
intersm

∈ ΩT , Dn
intrasm

∈ ΩT .
∥∥∇JnDu

(t)
∥∥2 =

T∫
0

[
∇JnDn

int rasm

(t)
]2
dt - êâàäðàò íîð-

ìè ãðàäi¹íòó ôóíêöiîíàëó-íåâ'ÿçêè
Qsm(t, z) =

∫ 1

0
Qsm(t,X, Z)dX.

Ïîáóäîâà ðîçøèðåíîãî ôóíêöiîíà-
ëó. Ïåðåéäåìî äî áåçóìîâíî¨ åêñòðåìàëüíî¨
ôîðìè ðîçãëÿäóâàíî¨ çàäà÷i iäåíòèôiêàöi¨,
ââîäÿ÷è ðîçøèðåíèé ôóíêöiîíàë [19,20]

Φ (Dintersm , Dintrasm) = Js + Is1 + Is2 , (32)

â ÿêîìó Is1 , Is2 - ñêëàäîâi, ùî âðàõîâóþòü
ñïåöèôiêó îñíîâíèõ ðiâíÿíü áàëàíñó (22) i
(23) âiäïîâiäíî äëÿ âèõiäíî¨ çàäà÷i iäåíòè-
ôiêàöi¨ (22)-(27):

Is1 =

T∫
0

Lm∫
Lm−1

ϕsm(t, Z)×
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(
∂Csm

∂t
− Dint ersm

l2
∂2Csm

∂Z2 +

eintermKsm
Dint rasm

R

(
∂Qsm

∂X

)
X=1

)
dZdt (33)

Is2 =

T∫
0

1∫
0

Lm∫
Lm−1

ψsm(t, Z)×

(
∂Qsm

∂t
− Dint rasm

R2 Qsm(
∂2

∂X2 +
2
X

∂
∂X

) )
XdXdZdt (34)

äå Js - ôóíêöiîíàë-íåâ'ÿçêè, ϕsm , ψsm ,s,=1,2

� íåâiäîìi ìíîæíèêè Ëàãðàíæà, ùî ïiäëÿ-
ãàþòü âèçíà÷åííþ, ç óìîâè ñòàöiîíàðíîñòi
ôóíêöiîíàëó Φ (Dintersm , Dintrasm):

∆Φ(Dintersm , Dintrasm) ≡
∆Js +∆Is1 +∆Is2 = 0, (35)

Ïîñòàíîâêà ñïðÿæåíî¨ êðàéîâî¨ çà-
äà÷i. Ó âiäïîâiäíîñòi ç âèõiäíîþ ïî÷àòêîâî-
êðàéîâîþ çàäà÷åþ äëÿ êîæíîãî íàáëèæå-
ííÿ Dn

intrasm
,Dn

intersm
ðîçâ'ÿçîê Dintrasm ,Dintersm

îòðèìó¹ìî ñïðÿæåíó êðàéîâó çàäà÷ó â îïå-
ðàòîðíié ôîðìi [9,22]:

L∗Ψsm(t,X, Z) = Esm(t)δ (Z − γm) ,

Ψsm ∈ (0, 1)
∪

ΩmT ,m = 1, n+ 1, (36)

∂

∂X
ψsm(t,X, Z)|X=0 = 0; (37)

∂

∂X
ψsm(t,X, Z)|X=0 = 0; (38)

ψsm(t,X, Z)|X=1 = φsm (t, Z) (39)

ϕsm (t, Z = Lm) = 0,ϕsm−1 (t, Z = Lm−1) = 0;

ϕs1 (t, L1) = 0,
∂ϕs1
∂Z

(t, Z = 0) = 0

s = 1, 2,m = N + 1, 2 (40)

ψsm(t,X, Z)|X=1 = φsm (t, Z) (41)

ϕsm (t, Z = Lm) = 0,ϕsm−1 (t, Z = Lm−1) = 0;

ϕs1 (t, L1) = 0,
∂ϕs1
∂Z

(t, Z = 0) = 0

s = 1, 2,m = N + 1, 2

(42)

�äèíèé ðîçâ'ÿçîê ϕsm, ψsm ñïðÿæåíî¨
êðàéîâî¨ çàäà÷i ïîáóäîâàíî îïåðàöiéíèì ìå-
òîäîì Ãåâiñàéäà [17,18].
Òåõíîëîãiÿ îòðèìàííÿ àíàëiòè-

÷íèõ âèðàçiâ êîìïîíåíòiâ  ðàäèåíòà
ôóíêöiîíàëó-íåâ'ÿçêè. Ðîçãëÿäàþ÷è L
ÿê îïåðàòîð, ùî âiäîáðàæà¹ ΩmT â ïðîñòîði
L2, äëÿ åëåìåíòiâ Lw,Ψ ∈ L2 âèçíà÷èìî
ñêàëÿðíèé äîáóòîê

(Lwsm (t,X, Z) ,Ψsm (t,X, Z)) =
∫∫

ΩmT

L∆CsmϕsmXdXdZdt∫∫∫
(0,R)

∪
ΩmT

L∆QsmψsmXdXdZdt

 (43)

äå ϕsm (t, Z) i ψsm (t,X, Z) íàëåæèòü Ω̄mT i
[0, R]

∪
Ω̄mT âiäïîâiäíî.

Äëÿ ñêàëÿðíîãî äîáóòêó ìà¹ ìiñöå òîòî-
æíiñòü Ëàãðàíæà [19,21]:

(Lwsm (t,X, Z) ,Ψsm (t,X, Z))

= (wsm (t,X, Z) ,L∗Ψsm (t,X, Z)) (44)

Çàïèñàâøè ïðèðiñò ôóíêöiîíàëó-
íåâ'ÿçêè ∆Js (Dintersm , Dintrasm) â ñêà-
ëÿðíié ôîðìi, âèêîðèñòîâóþ÷è çàìiíó
wsm = L−1ξsm , äå L−1 - îáåðíåíèé îïåðàòîð
äî îïåðàòîðà L, îòðèìà¹ìî

∆Js (Dintrasm , Dintersm) ≡
(wsm(t,X, Z), Esm(t)) =

T∫
0

Lm∫
Lm−1

L−1Xsm,1 · Esm(t)δ (Z − γm) dZdτ+

T∫
0

Lm∫
Lm−1

1∫
0

L−1Xsm,2 ·Esm(t)δ (Z − γm) dXdZdτ

+O(max |∆Csm ,∆Qsm|) (45)

Íåõòóþ÷è íåñêií÷åííî ìàëèìè
äðóãîãî ïîðÿäêó, ç âðàõóâàííÿì
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L−1∗ [Esm(t)δ (Z − γm)] = Ψsm , îòðèìà¹ìî
ïðèðîñòè ôóíêöiîíàëó-íåâ'ÿçêè, âèðàæåíî-
ãî ÷åðåç ðîçâ'ÿçîê ñïðÿæåíî¨ çàäà÷i:

∆Js (Dintersm , Dintrasm) =(
ξsm(t, Z),L−1∗ [Esm(t)δ (Z − γm)]

)
=

(Ψsm(t,X, Z),ξsm(t,X, Z)) (46)

äå L−1∗ - îïåðàòîð ñïðÿæåíèé ç îáåðíå-
íèì îïåðàòîðîì L−1, Ψsm - âåêòîð ðîçâ'ÿçêó
ñïðÿæåíî¨ çàäà÷i.
Ôîðìóëà âçà¹ìîçâ'ÿçêó ìiæ ïðÿìîþ

i ñïðÿæåíîþ çàäà÷àìè. Ðîçêðèâàþ÷è â
ðiâíÿííi (44) êîìïîíåíòè Xsm(t,X, Z), îòðè-
ìó¹ìî âàæëèâó ôîðìóëó äëÿ âñòàíîâëåííÿ
âçà¹ìîçâ'ÿçêó ìiæ ïðÿìîþ i ñïðÿæåíîþ çà-
äà÷àìè, ùî â êiíöåâîìó ðàõóíêó äà¹ ìîæëè-
âiñòü îòðèìàòè ÿâíi àíàëiòè÷íi âèðàçè êîì-
ïîíåíòiâ ãðàäi¹íòó ôóíêöiîíàëó-íåâ'ÿçêè:

∆Js(Dintrasm , Dintersm) =(
ϕsm(t, Z),

∂
∂Z

(
∆Dintersm

∂
∂Z
Csm

)
−

eint erm
∆Dintrasm

R
∂
∂X
Qsm(t,X, ZX=1

)
+

(
ψsm(t,X, Z)

Dintrasm

R2 ×(
∂2

∂X2 +
2
X

∂
∂X

)
Qsm(t,X, Z)

)
(47)

Âèðàçè ãðàäi¹íòiâ ôóíêöiîíàëó-
íåâ'ÿçêè. Ïðîäèôåðåíöiþâàâøè âèðàçè
ïðèðîñòiâ (45) âiäïîâiäíî ïî ∆Dintrasm i
∆Dintersm i ðîçêðèâàþ÷è ñêàëÿðíi äîáóòêè,
îòðèìà¹ìî øóêàíi àíàëiòè÷íi âèðàçè ãðàäi-
¹íòiâ ôóíêöiîíàëó-íåâ'ÿçêè çà íåîáõiäíèìè
êîìïîíåíòàìè êîåôiöi¹íòiâ êîìïåòèòèâíî¨
äèôóçi¨, ÿê ôóíêöi¨ âiä ÷àñó â intraparticle
space òà interparticle space âiäïîâiäíî:

∇JDintrasm
(t) =

− eint erm
R

Lm∫
Lm−1

∂

∂X
Qsm (t, 1, Z)ϕsmdZ

+
1

R2

Lm∫
Lm−1

1∫
0

(
∂2

∂X2
+

2

X

∂

∂X

)
QsmψsmXdXdZ

(48)

∇JDintersm
(t) =

Lm∫
Lm−1

∂2Csm
∂Z2

ϕsm(t, Z)dZ (49)

Iäåíòèôiêàöiÿ ïàðàìåòðiâ, ÷èñëîâå ìî-
äåëþâàííÿ òà àíàëiç

Âiäíîâëåííÿ ïðîôiëiâ êîåôiöi¹íòiâ äè-
ôóçi¨. Íà ðèñ. 1 òà 2 ïîäàíi iäåíòèôiêîâàíi
çãiäíî ðåãóëÿðèçàöiéíèõ ôîðìóë iäåíòèôi-
êàöi¨ çà äàíèìè RNM-ñïåêòðîñêîïi¨ [6] ðîç-
ïîäiëè êîåôiöi¹íòiâ êîìïåòèòèâíî¨ äèôóçi¨
áåíçîëó òà ãåêñàíó, ÿê ôóíêöi¨ âiä ÷àñó äëÿ
ðiçíèõ ïîëîæåíü êîîðäèíàòè òîâùèíè øà-
ðó: 6, 8, 10, 12, 14 ìì. Êðèâi êîåôiöi¹íòiâ
äèôóçi¨ ìàþòü ïñåâäîåêñïîíåíöiéíèé õàðà-
êòåð i çìiíþþòüñÿ â äiàïàçîíi âiä 7,0 äî 5,0
E-12 E-13. Äëÿ ÷àñó äèôóçi¨ áiëüøå 125-150
õâ. ñïîñòåðiãà¹òüñÿ âiäíîñíî ñòàáiëüíà êàð-
òèíà ìàñîîáìiíó, ùî ñóïðîâîäæó¹òüñÿ ïëàâ-
íèì íàáëèæåííÿì ïðîôiëiâ êîåôiöi¹íòiâ äè-
ôóçi¨ Dint ra1,k äî çíà÷åíü, âiäïîâiäíèõ ïîëî-
æåííÿì ¨õ ðiâíîâàãè.

(a) intraparticlle space (áåíçîë)

(b) interparticlles space (áåíçîë)

Ðèñ. 1: Ïðîôiëi êîåôiöi¹íòiâ äèôóçi¨ áåíçîëó
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(a) intraparticlle space (ãåêñàí)

(b) interparticlles space (ãåêñàí)

Ðèñ. 2: Ïðîôiëi êîåôiöi¹íòiâ äèôóçi¨ ãåêñàíó

Ðîçïîäiëè êîåôiöi¹íòiâ äèôóçi¨ Dint er1,k

ìàþòü áiëüø ïîëîãèé âèãëÿä i çìiíþþòüñÿ
â äiàïàçîíi âiä 6.0 E-6 äî 1.0 E-6.
Êîíöåíòðàöi¨ i ãðàäi¹íòè êîíöåíòðà-

öié â ìiêðî- i íàíîïîðàõ ÷àñòèíîê. Ðèñ.
3 äåìîíñòðó¹ ðåçóëüòàòè ìîäåëþâàííÿ êîí-
öåíòðàöiéíèõ êðèâèõ áåíçîëó i ãåêñàíó â
intercrystallites space, çà ðåçóëüòàòàìè iäåí-
òèôiêàöi¨ êîåôiöi¹íòiâ äèôóçi¨ (ðèñ. 1 òà ðèñ.
2).

Ãðàôiêè íà ðèñ. 4 òà ðèñ. 5 äåìîíñòðó-
þòü çìiíó ãðàäi¹íòiâ êîíöåíòðàöi¨ ïîãëèíó-
òèõ êîìïîíåíòiâ àäñîðáàòó (áåíçîëó i ãå-
êñàíó) â ìiêðî- i íàíîïîðàõ intracrystallites
space óçäîâæ ðàäióñà ÷àñòèíêè (êðèñòàëiòà).
Ðèñ. 4 ïîêàçó¹ çìiíó ãðàäi¹íòiâ êîíöåíòðà-
öi¨ óçäîâæ ðàäióñà êðèñòàëiòà äëÿ áåíçîëó
â intracrystallites space äëÿ äâîõ êîîðäèíàòè
òîâùèíè: 8 i 14 ìì ïðè äèôóçiéíèõ ïåðiîäàõ
â a � t= 25 mn, b � t= 50 mn, c � t=100 mn, d �
t=200, à ðèñ. 5 - äëÿ ãåêñàíó. ßê âèäíî ç ãðà-
ôiêiâ, çíà÷íi ãðàäi¹íòè êîíöåíòðàöié ìàþòü

(a) áåíçîë

(b) ãåêñàí

Ðèñ. 3: Ðîçïîäiëè êîíöåíòðàöié äèôóçi¨ â ïðîñòîði
intercrystallites âiä ÷àñó i ðiçíèõ ïîëîæåíü êàòàëiòè-
÷íîãî øàðó

ìiñöå äëÿ ÷àñòèíîê, ðîçìiùåíèõ â âèõiäíèõ
øàðàõ (8 ìì), çíà÷åííÿ ÿêèõ íà ôiíàëüíié
ñòàäi¨ äèôóçi¨ äîñÿãàþòü â öåíòði êðèñòàëi-
òó 0,8-0,9 îäèíèöü. Äëÿ ãåêñàíó (ðèñ.5), ñïî-
ñòåðiãà¹òüñÿ ìåíøà ñòóïiíü ïîãëèíàííÿ. Òàê
äëÿ ÷àñòèíîê âèõiäíîãî øàðó (8 ìì) çíà÷åí-
íÿ êîíöåíòðàöi¨ íà ôiíàëüíié ñòàäi¨ äèôóçi¨
äîñÿãà¹ 0,3 - 0,1 îäèíèöi (â öåíòði êðèñòàëi-
òó).

Âèñíîâêè

Ðåàëiçîâàíî ìîäåëi iäåíòèôiêàöi¨ ïàðàìå-
òðiâ êîìïåòèòèâíî¨ äèôóçi¨ â íåîäíîðiäíèõ
ñåðåäîâèùàõ íàíîïîðèñòèõ ÷àñòèíîê ç îá-
 ðóíòóâàííÿì ïîñòàíîâîê òà ðîçâ'ÿçàííÿ
ïðÿìî¨ òà ñïðÿæåíî¨ êðàéîâèõ çàäà÷. Îïå-
ðàöiéíèì ìåòîäîì Ãåâiñàéäà îòðèìàíi ¨õ òî-
÷íi àíàëiòè÷íi ðîçâ'ÿçêè. Íà ïiäñòàâi òåî-
ði¨ îïòèìàëüíîãî óïðàâëiííÿ ñòàíîì áàãà-
òîêîìïîíåíòíèõ ñèñòåì i çàçíà÷åíèõ âèñî-
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(a) áåíçîë (14ìì)

(b) áåíçîë(8ìì)

Ðèñ. 4: Ðîçïîäiëè ãðàäi¹íòiâ êîíöåíòðàöi¨ äèôóçi¨
óçäîâæ ðàäióñó ÷àñòèíêè äëÿ áåíçîëó

êîøâèäêiñíèõ àíàëiòè÷íèõ ðîçâ'ÿçêiâ ïðÿ-
ìèõ i ñïðÿæåíèõ çàäà÷ îòðèìàíî ÿâíi âè-
ðàçè ãðàäi¹íòiâ ôóíêöiîíàëiâ-íåâ'ÿçîê äëÿ
iäåíòèôiêàöi¨ ïàðàìåòðiâ íàíîïîðèñòèõ ñå-
ðåäîâèù, ïðè äîïîìîçi ÿêèõ âiäíîâëåíî ðîç-
ïîäiëè êîåôiöi¹íòiâ äèôóçi¨ â ïðîñòîðàõ
intercrystallytes space i intracrystallytes space
ÿê ôóíêöié âiä ÷àñó äëÿ ðiçíèõ ïîëîæåíü
÷àñòèíîê âçäîâæ øàðó êàòàëiçàòîðà òà ïî-
áóäîâàíî ðîçïîäiëè êîíöåíòðàöié äèôóíäî-
âàíèõ êîìïîíåíò.
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