
ÓÄÊ 517.9

c⃝2015 ð. Î.Ë. Ïiâåíü

Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â.Í.Êàðàçiíà

ÐÎÇÂ'ßÇÍIÑÒÜ ÏÎ×ÀÒÊÎÂÈÕ ÇÀÄÀ× ÄËß ÍÅßÂÍÎÃÎ
ÏIÂËIÍIÉÍÎÃÎ ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÎÏÅÐÀÒÎÐÍÎÃÎ ÐIÂÍßÍÍß

ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ

Âñòàíîâëåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó äåÿêèõ ïî÷àòêîâèõ çàäà÷ äëÿ íåÿâ-
íîãî ïiâëiíiéíîãî àáñðàêòíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó. Ðåçóëüòàòè çà-
ñòîñîâóþòüñÿ äî ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè íå òèïó Êîâàëåâñüêî¨

Existence and uniqueness theorem for some initial problems for second order implicit semilinear
di�erential-operator equation are obtained. Rezults are applied to partial di�erential equations,
which are not equations of Kovalevskaya type.

1. Âñòóï Äåÿêi çàäà÷i ôiçèêè òà òåõíiêè
ïðèâîäÿòü äî âèâ÷åííÿ ðiâíÿííÿ îñöèëÿòî-
ðó ü + 2γu̇ + ω2

0u = 0 [8, 10]. ßêùî êîëè-
âàííÿ âèìóøåíi, òî â ïðàâié ÷àñòèíi öüîãî
ðiâíÿííÿ ç'ÿâëÿ¹òüñÿ äåÿêà íåëiíiéíà ôóí-
êöiÿ, ùî çàëåæèòü âiä u. Êîëèâàííÿ çâóêî-
âèõ õâèëü â ðåëàêñóþ÷îìó ñåðåäîâèùi îïè-
ñó¹òüñÿ ðiâíÿííÿì òèïó Ñîáîë¹âà [1, 13], ùî
íå ðîçâ'ÿçíå âiäíîñíî ñòàðøî¨ ïîõiäíî¨ çà
÷àñîì � ïîõiäíî¨ äðóãîãî ïîðÿäêó. ßê çà-
çíà÷åíî â [13], âèíèêàþòü òðóäíîùi ïðè äî-
ñëiäæåííi êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷ äëÿ
öüîãî ðiâíÿííÿ. Â àáñòðàêòíié ôîðìi ïîäi-
áíi ðiâíÿííÿ îïèñóþòüñÿ çà äîïîìîãè íåÿâ-
íîãî äèôåðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿí-
íÿ äðóãîãî ïîðÿäêó.

Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ ïî÷àòêîâà
çàäà÷à

d2Au(t)

dt2
+B

du(t)

dt
+

+Cu(t) = f(t, u(t)), ì.ñ. t ∈ [0, T ]. (1)

u(0) = u0, (Au)′(0) = y1, (2)

Òóò A,B,C � çàìêíåíi ëiíiéíi îïåðàòîðè,
ùî äiþòü iç äiéñíîãî áàíàõîâà ïðîñòîðó X
ó äiéñíèé áàíàõiâ ïðîñòið Y ç îáëàñòÿìè âè-
çíà÷åííÿ D(A), D(B), D(C) âiäïîâiäíî, D =
D(A) ∩D(B) ̸= {0}, f(t, x) : [0, T ]×X → Y .
ßêùî X = Y,A = E, E�òîòîæíié îïåðàòîð,
òî ðiâíÿííÿ (1) íàçèâàþòü ÿâíèì , à â ïðî-
òèëåæíîìó âèïàäêó öå ðiâíÿííÿ íàçèâàþòü
íåÿâíèì. ßêùî KerA ̸= {0}, òî íåÿâíå ðiâ-
íÿííÿ (1) íàçèâà¹òüñÿ âèðîäæåíèì.

Áóäåìî âèêîðèñòîâóâàòè íàñòóïíi ïî-
çíà÷åííÿ: L(Y,X)�ïðîñòið îáìåæåíèõ ëi-
íiéíèõ îïåðàòîðiâ, ùî äiþòü ç Y â
X, L(Y ) = L(Y, Y ), L1(0, T ;X)�ïðîñòið
X-çíà÷íèõ iíòåãðîâàíèõ íà [0, T ] ôóí-
êöié, Wm

1 (0, T ;X)�ïðîñòið Ñîáîë¹âà ôóí-
êöié ç L1(0, T ;X), ó ÿêèõ óçàãàëüíåíi ïî-
õiäíi äî ïîðÿäêó m âêëþ÷íî íàëåæàòü
L1(0, T ;X); Cp([0, T ], X), p = 0, 1, ...�êëàñ
X-çíà÷íèõ ôóíêöié, p ðàçiâ íåïåðåðâíî
äèôåðåíöiéîâíèõ íà [0, T ], C([0, T ], X) =
C0([0, T ], X). Áóäåìî ââàæàòè, ùî ôóíêöi¨
ç Wm

1 (0, T ;X) (m ̸= 0) íàëåæàòü êëà-
ñó Cm−1([0, T ], X), çìiíiâøè ¨õ çíà÷åííÿ íà
ìíîæèíi íóëüîâî¨ ìiðè çà íåîáõiäíîñòi.

Íàâåäåìî ïîíÿòòÿ ñèëüíîãî òà êëàñè÷íî-
ãî ðîçâ'ÿçêó ðiâíÿííÿ (1) ç àíàëîãi¹þ [15, ï.
4.2] äëÿ ÿâíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó. Áó-
äåìî ïðèïóñêàòè, ùî f(t, x), ÿê ôóíêöiÿ t,
íàëåæèòü ïðîñòîðó L1(0, T ;Y ) ïðè êîæíîìó
x ∈ X. Ôóíêöiÿ u(t) ∈ W 1

1 (0, T ;X) íàçèâà¹-
òüñÿ ñèëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêùî
Au(t) ∈ W 2

1 (0, T ;Y ), Bu(t) ∈ W 1
1 (0, T ;Y ),

u(t) çàäîâîëüíÿ¹ ðiâíÿííÿ (1) ìàéæå ñêðiçü
íà [0, T ].

Íåõàé f(t, x) ÿê ôóíêöiÿ t íàëåæèòü ïðî-
ñòîðó C([0, T ], Y ) ïðè êîæíîìó x ∈ X. Ôóí-
êöiÿ u(t) ∈ C1([0, T ], X) íàçèâà¹òüñÿ êëàñè-
÷íèì ðîçâ'ÿçêîì ðiâíÿííÿ (1), ÿêùî Au(t) ∈
C2([0, T ], Y ), Bu(t) ∈ C1([0, T ], Y ], u(t) çà-
äîâîëüíÿ¹ ðiâíÿííÿ (1) ïðè áóäü-ÿêîìó t ∈
[0, T ].

Êëàñè÷íèì (ñèëüíèì) ðîçâ'ÿçêîì çàäà÷i
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(1),(2) áóäåìî íàçèâàòè âiäïîâiäíî êëàñè-
÷íèé (ñèëüíèé) ðîçâ'ÿçîê çàäà÷i (1),(2). Ïî-
÷àòêîâi óìîâè (2) ìàþòü ñåíñ ÿê äëÿ êëàñè-
÷íîãî, òàê i äëÿ ñèëüíîãî ðîçâ'ÿçêó.

Íåõàé X̃, Ỹ �êîìïëåêñíi îáîëîíêè ïðîñòî-
ðiâ X, Y òà Ã, B̃�êîìïëåêñíi ðîçøèðåííÿ,
îïåðàòîðiâ A,B [5, ñ. 475�480]. Ðîçãëÿíåìî
æìóòîê îïåðàòîðiâ λÃ + B̃, âèçíà÷åíèé íà
D̃ = D(Ã) ∩ D(B̃). Öåé æìóòîê äi¹ ó êîì-
ïëåêñíèõ áàíàõîâèõ ïðîñòîðàõ X̃, Ỹ . Ïðèïó-
ñêà¹òüñÿ, ùî äëÿ äåÿêèõ ñòàëèõ C1, C2 > 0
æìóòîê λÃ + B̃ ìà¹ ðåçîëüâåíòó R̃(λ) =
(λÃ + B̃)−1 ∈ L(Ỹ , X̃) ïðè |λ| ≥ C2 òà âè-
êîíàíî îöiíêó

||R̃(λ)|| ≤ C1, |λ| ≥ C2. (3)

Òîäi ìîæíà âèçíà÷èòè îïåðàòîð [12] Q̃1 =
1

2πi

∮
|λ|=C2

ÃR̃(λ)dλ ∈ L(Y ), éîãî çâóæåííÿ

Q1 ∈ L(Y ) íà äiéñíèé ïðîñòið Y , òà îïåðà-
òîð Q2 = E − Q1 ∈ L(Y ). Îïåðàòîðè Q1, Q2

¹ îáìåæåíèìè âçà¹ìíî äîïîâíþþ÷èìè ïðî-
åêòîðàìè ó ïðîñòîði Y . Çàìêíåíèé ëiíiéíèé
îïåðàòîð G = A + Q2B : D → Y ìà¹ îáìå-
æåíèé îáåðíåíèé îïåðàòîð G−1 ∈ L(Y,X),
ÿêèé âîëîäi¹ âëàñòèâîñòÿìè [2]

AG−1Q1 = Q1, Q2BG
−1 = BG−1Q2 = Q2,

Q2AG
−1 = AG−1Q2 = 0 (4)

2. Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi
ðîçâ'ÿçêó Iñíóâàííÿ òà ¹äèíiñòü êëàñè÷íèõ
ðîçâ'ÿçêiâ ÿâíèõ ëiíiéíèõ äèôåðåíöiàëüíî-
îïåðàòîðíèõ ðiâíÿíü äðóãîãî ïîðÿäêó (A =
E, f(t, x) íå çàëåæèòü âiä x) ïðè îáìåæåí-
íÿõ íà ðåçîëüâåíòó îïåðàòîðó B äîñëiäæó-
âàëîñü ùå â ìîíîãðàôi¨ [7, Ðîçäië 3, �3].
Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íîãî
ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷i (1), (2) äëÿ âè-
ðîäæåíèõ ëiíiéíèõ ðiâíÿíü (1) (f(t, x) íå çà-
ëåæèòü âiä x) îäåðæàíi â [14, ï. 6.1]. ïðè
îáìåæåííÿõ íà îïåðàòîð-ôóíêöiþ A(λA +
B)−1. Òàêîæ çãàäà¹ìî ðîáîòó [3], äå äî-
ñëiäæóâàëèñü ñèëüíi ðîçâ'ÿçêè íåïîâíîãî
ïiâëiíiéíîãî ðiâíÿííÿ (1) äðóãîãî ïîðÿäêó
(B = 0), ÿêi çàäîâîëüíÿþòü ïî÷àòêîâi óìîâè
Au(0) = y0, (Au)

′(0) = y1. Íàñòóïíà òåîðåìà
ìiñòèòü óìîâè ðîçâ'ÿçíîñòi ïî÷àòêîâî¨ çàäà-
÷i (1),(2) â êëàñè÷íîìó òà ñèëüíîìó ñåíñi.

Òåîðåìà 1. Íåõàé D ⊂ D(C), âèêîíàíî
óìîâó (3), ôóíêöiÿ f(t, x) : [0, T ] × X →
Y çà àðãóìåíòîì t íàëåæèòü ïðîñòîðó
L1(0, T ;Y ) ïðè êîæíîìó x ∈ X òà çàäî-
âîëüíÿ¹ ãëîáàëüíó óìîâó Ëiïøèöÿ

||f(t, x)− f(t, u)|| ≤

≤M ||x−u|| ∀x, u ∈ X ì.ñ. t ∈ [0, T ] (5)

çi ñòàëîþ M > 0, ÿêà íå çàëåæèòü âiä
t. Òîäi äëÿ áóäü-ÿêèõ ïî÷àòêîâèõ âåêòî-
ðiâ u0 ∈ D, y1 ∈ Q1(Y ) â (2) iñíó¹ ¹äè-
íèé ñèëüíèé ðîçâ'ÿçîê u(t) ïî÷àòêîâî¨ çàäà-
÷i (1),(2).ßêùî, äîäàòêîâî, ôóíêöiÿ f(t, x) :
[0, T ]×X → Y çà àðãóìåíòîì t íàëåæèòü
ïðîñòîðó C([0, T ], Y ) ïðè êîæíîìó x ∈ X,
òî öåé ðîçâ'ÿçîê áóäå êëàñè÷íèì.

Çàóâàæåííÿ 1. Ç óìîâè Ëiïøèöÿ (5) âè-
ïëèâà¹, ùî f(t, u(t)) ∈ L1(0, T ;Y ), ÿêùî
u(t) ∈ L1(0, T ;X).

Äîâåäåííÿ Çàñòîñó¹ìî äî ðiâíÿííÿ (1)
ïðîåêòîðè Q1, Q2 òà ñêîðèñòà¹ìîñü âëàñòè-
âîñòÿìè (4) îïåðàòîðó G−1. Îäåðæèìî

d2(Au(t))

dt2
+ S

d

dt
(Au(t)) =

= Q1(f(t, u(t))− Cu(t)); (6)

d(Q2Bu(t))

dt
= Q2(f(t, u(t))− Cu(t)), (7)

äå S = Q1BG
−1 ∈ L(Y ). Â ñèëó òåîðåìè

2.9 [15, ï. 4.2] ðiâíÿííÿ (6) ç óðàõóâàííÿì
äðóãî¨ ïî÷àòêîâî¨ óìîâè (2) åêâèâàëåíòíå
íàñòóïíîìó

d

dt
(Au(t)) = e−Sty1+

+

t∫
0

e−S(t−τ)Q1(f(τ, u(τ))− Cu(τ))dτ (8)

Îïåðàòîð-ôóíêöiÿ W (t) =
t∫
0

e−Sτdτ ¹

íåïåðåðâíî-äèôåðåíöiéîâàíîþ íà [0, T ] çi
çíà÷åííÿìè â L(Y ) i ¹ ñïðàâåäëèâîþ îïåðà-
òîðíà òîòîæíiñòü d

dt
W (t) = e−St. Òîìó ðiâ-

íÿííÿ (8) ç ïî÷àòêîâèìè óìîâàìè (2) çàïè-
ñó¹òüñÿ ó âèãëÿäi

Au(t) = Au0 +W (t)y1+
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+

t∫
0

W (t− τ)Q1(f(τ, u(τ))− Cu(τ))dτ (9)

Ðiâíÿííÿ (7) ç óðàõóâàííÿì ïåðøî¨ ïî÷àòêî-
âî¨ óìîâè (2) åêâiâàëåíòíå íàñòóïíîìó ðiâ-
íÿííþ:

Q2Bu(t) = Q2Bu0+

+

t∫
0

Q2(f(τ, u(τ))− Cu(τ))dτ (10)

Ó ðåçóëüòàòi äîäàâàííÿ ðiâíÿíü (9),(10)
îäåðæèìî íàñòóïíå iíòåãðàëüíå ðiâíÿííÿ
Âîëüòåððà âiäíîñíî ôóíêöi¨ v(t) = Gu(t):

v(t) = Gu0 +W (t)y1+

+

t∫
0

W (t−s)Q1{f(s,G−1v(s))−CG−1v(s)}ds+

+

t∫
0

Q2{f(s,G−1v(s))− CG−1v(s)}ds (11)

Çàóâàæèìî, ùî â ñèëó âêëàäåííÿ D ⊂ D(C)
îïåðàòîð CG−1 ∈ L(Y ). Iíòåãðàëüíå ðiâíÿ-
ííÿ (11), ùî ðîçãëÿäà¹òüñÿ ó áàíàõîâîìó
ïðîñòîði L1(0, T ;Y ), ¹ åêâiâàëåíòíèì ïî÷à-
òêîâié çàäà÷i (1),(2). Çàñòîñîâóþ÷è äî öüî-
ãî ðiâíÿííÿ ïðèíöèï ñòèñêàþ÷èõ âiäîáðà-
æåíü ïîäiáíî ìiðêóâàííÿì â [6, ñ.13], îäåð-
æèìî, ùî ðiâíÿííÿ (11) ìà¹ ¹äèíèé ðîçâ'ÿ-
çîê v(t) ∈ L1(0, T ;Y ). Áiëüø òîãî, ç ðiâíÿ-
ííÿ (11) áåçïîñåðåäíüî âèïëèâà¹, ùî v(t) ∈
W 1

1 (0, T ;Y ). Îñêiëüêè AG−1, BG−1 ∈ L(Y ),
òî Au(t), Bu(t) ∈ W 1

1 (0, T ;Y ). Ïðîäèôåðåí-
öiþâàâøè ðiâíÿííÿ (11) ç óðàõóâàííÿì âëà-
ñòèâîñòåé (4), ìà¹ìî

dv

dt
= e−Sty1+

+

t∫
0

e−S(t−τ)Q1(f(τ,G
−1v(τ))−CG−1v(τ))dτ+

+Q2(f(t, G
−1v(t))− CG−1v(t)). (12)

Çâiäñè, ñêîðèñòàâøèñü ñïiââiäíîøåííÿì
u(t) = G−1v(t), ìà¹ìî

d

dt
(Au(t)) = AG−1dv

dt
= AG−1

(
e−Sty1+

+

t∫
0

e−S(t−τ)Q1(f(τ, u(τ))−Cu(τ))dτ

)
(13)

Îòæå, ôóíêöiÿ Au(t) ∈ W 2
1 (0, T ;Y ). Òàêèì,

÷èíîì ôóíêöiÿ u(t) = G−1v(t) � ¹äèíèé
ñèëüíèé ðîçâ'ÿçîê çàäà÷i (1),(2).

Ó âèïàäêó, êîëè ôóíêöiÿ f(t, x) : [0, T ]×
X → Y çà àðãóìåíòîì t íàëåæèòü áà-
íàõîâîìó ïðîñòîðó C([0, T ], Y ), iíòåãðàëü-
íå ðiâíÿííÿ Âîëüòåððà (11) ñëiä ðîçâ'ÿçó-
âàòè ó öüîìó ïðîñòîði. Çàñòîñîâóþ÷è, ÿê
i ðàíiøå, ïðèíöèï ñòèñêàþ÷èõ âiäîáðàæåíü
[6, ñ.13], îäåðæèìî ¹äèíèé ðîçâ'ÿçîê öüî-
ãî ðiâíÿííÿ v(t) ∈ C([0, T ], Y ), à òàêîæ
âëàñòèâîñòi u(t) = G−1v(t) ∈ C1([0, T ], X),
Au(t), Bu(t) ∈ C1([0, T ], Y ). Ïðîäèôåðåíöi-
þâàâøè ðiâíÿííÿ (11) îäåðæèìî ðiâíÿííÿ
(13), çâiäêè âèïëèâà¹ Au(t) ∈ C2([0, T ], Y ).
Îòæå, âåêòîð-ôóíêöiÿ u(t) ¹ êëàñè÷íèì
ðîçâ'ÿçêîì çàäà÷i (1),(2). Òåîðåìó ïîâíiñòþ
äîâåäåíî.

Ðîçãëÿíåìî òåïåð çàäà÷ó Êîøi

u(0) = u0, u′(0) = u1 (14)

äëÿ ðiâíÿííÿ (1). Çàçíà÷èìî, ùî ïî÷àòêîâi
óìîâè (14), âçàãàëi êàæó÷è, íå ìàþòü ñåí-
ñó äëÿ ñèëüíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (1), àëå
ìàþòü ñåíñ äëÿ êëàñè÷íèõ ðîçâ'ÿçêiâ. Òî-
ìó áóäåìî ðîçãëÿäàòè ðîçâ'ÿçîê çàäà÷i Êîøi
(1),(14) � êëàñè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (1),
ùî çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè (14). Çà-
óâàæèìî, ùî â ðîáîòi [4] äîñëiäæóâàëîñü ëi-
íiéíå îäíîðiäíå äèôåðåíöiàëüíî-îïåðàòîðíå
ðiâíÿííÿ âèùîãî ïîðÿäêó, äëÿ ÿêîãî áóëî
ââåäåíî êiëüêà ïîíÿòü êîðåêòíîñòi âiäïîâiä-
íî¨ çàäà÷i Êîøi òà îäåðæàíî ðiçíi îçíàêè
êîðåêòíîñòi. Íàâåäåìî òåîðåìó iñíóâàííÿ òà
¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i Êîøi
(1),(14).

Òåîðåìà 2. Íåõàé D ⊂ D(C), âèêîíàíî
îáìåæåííÿ (3), ôóíêöèÿ f(t, x) : [0, T ] ×
X → Y ïðè êîæíîìó x ∈ X ¹ íåïåðåðâ-
íîþ ïî t òà çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ (5)
çi ñòàëîþ M > 0, ùî íå çàëåæèòü âiä t.
Òîãäà äëÿ áóäü-ÿêèõ ïî÷àòêîâèõ âåêòîðiâ
u0, u1 ∈ D â (14), ùî çàäîâîëüíÿþòü óìî-
âó óçãîäæåííÿ

Q2(Bu1 + Cu0) = Q2f(0, u0), (15)
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iñíó¹ ¹äèíèé ðîçâ'ÿçîê u(t) çàäà÷i Êîøi
(1),(14). ßêùî äîäàòêîâî ïðîåêöiÿ Q2f(t, x)
¹ íåïåðåðâíî - äèôåðåíöiéîâàíîþ çà ñóêóïíi-
ñòþ çìiííèõ íà [0, T ] × X , òî ðîçâ'ÿçîê
u(t) ∈ C2([0, T ], X) òà çàäîâîëüíÿ¹ ðiâíÿí-
íÿ

A
d2u(t)

dt2
+B

du(t)

dt
+

+Cu(t) = f(t, u(t)), t ∈ [0, T ]. (16)

Äîâåäåííÿ öi¹¨ òåîðåìè ïðîâîäèòüñÿ
àíàëîãi÷íî òåîðåìi 1, òîìó âêàæåìî íà çìi-
íè, ÿêi ïîòðiáíî ïðè öüîìó çðîáèòè. ßê i ðà-
íiøå, ìè îäåðæèìî ðiâíÿííÿ (6),(7). Ðîçâ'ÿ-
çîê çàäà÷i (6),(14) ïîäà¹òüñÿ ó âèãëÿäi (ïîð.
ç (9))

Au(t) = Au0 +W (t)Au1+

+

t∫
0

W (t− τ)Q1(f(τ, u(τ))− Cu(τ))dτ (17)

Òàêîæ ¹ ñïðàâåäëèâèì ðiâíÿííÿ (10). Óìîâó
óçãîäæåííÿ (15) îäåðæèìî ïiñëÿ ïiäñòàíîâ-
êè t = 0 ó ðiâíÿííÿ (7). Ïiñëÿ äîäàâàííÿ
ðiâíÿíü (17),(10) îäåðæèìî íàñòóïíå iíòå-
ãðàëüíå ðiâíÿííÿ Âîëüòåððà âiäíîñíî ôóí-
êöi¨ v(t) = Gu(t) (çàìiñòü ðiâíÿííÿ (11)):

v(t) = Gu0 +W (t)Au1+

+

t∫
0

W (t−s)Q1{f(s,G−1v(s))−CG−1v(s)}ds+

+

t∫
0

Q2{f(s,G−1v(s))− CG−1v(s)}ds (18)

Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó v(t) ðiâíÿ-
ííÿ (18) ó áàíàõîâîìó ïðîñòîði C([0, T ], X)
äîâîäèòüñÿ, ÿê i ðàíiøå, çà äîïîìîãè ïðèí-
öèïó ñòèñêàþ÷èõ âiäîáðàæåíü. Ïiñëÿ öüîãî,
ÿê i ïðè äîâåäåííi òåîðåìè 1 ïåðåâiðÿ¹òüñÿ,
ùî ôóíêöiÿ u(t) = G−1v(t) ¹ ðîçâ'ÿçêîì çà-
äà÷i Êîøi (1),(14).

Íåõàé òåïåð ïðîåêöiÿ Q2f(t, x) ¹ íåïå-
ðåðâíî - äèôåðåíöiéîâàíîþ çà ñóêóïíiñòþ
çìiííèõ íà [0, T ] × X, u(t)� çíàéäåíèé êëà-
ñè÷íèé ðîçâ'ÿçîê çàäà÷i (1),(14). Ïðîäèôå-
ðåíöiþâàâøè ðiâíÿííÿ (18) òà óðàõóâàâøè

çàìiíó u(t) = G−1v(t), ìà¹ìî

du

dt
= G−1

(
e−StAu1+

+

t∫
0

e−S(t−τ)Q1(f(τ, u(τ))− Cu(τ))dτ+

+Q2(f(t, u(t))− Cu(t))

)
. (19)

Òîäi ç ðiâíÿííÿ (19) âèïëèâà¹, ùî u(t) ∈
C2([0, T ], X). Îñêiëüêè A�çàìêíåíèé îïåðà-
òîð, òî çâiäñè îäåðæèìî, ùî u(t) çàäîâîëü-
íÿ¹ ðiâíÿííÿ (16). Òåîðåìó äîâåäåíî.

Çàóâàæåííÿ 2. ßêùî ðiâíÿííÿ (1) ÿâíå,
òî â óìîâàõ òåîðåì 1,2 îïåðàòîðíi êîåôi-
öi¹íòè B,C áóäóòü îáìåæåíèìè. Äiéñíî,
îöiíêà (3) ïðè A = E çàáåçïå÷ó¹ îáìåæå-
íiñòü îïåðàòîðà B, à âêëàäåííÿ D(B) ⊂
D(C) � îáìåæåíiñòü îïåðàòîðà C.

Çàóâàæåííÿ 3. Òåîðåìè iñíóâàííÿ òà ¹äè-
íîñòi ðîâ'ÿçêó ïî÷àòêîâèõ çàäà÷ äëÿ ðiâíÿ-
ííÿ ïåðøîãî ïîðÿäêó d

dt
(Au(t)) + Bu(t) =

f(t, u(t)) îäåðæàíî ó ìîíîãðàôi¨ [2, ðîçäië
4], à äëÿ íåïîâíîãî ðiâíÿííÿ äðóãîãî ïîðÿä-
êó d2

dt2
(Au(t)) +Bu(t) = f(t, u(t)) â ïðàöi [3].

Íà âiäìiíó âiä öèõ òåîðåì, ó äîâåäåíèõ òå-
îðåìàõ 1,2 íå âèìàãàþòüñÿ äîäàòêîâi îáìå-
æåííÿ íà êîíñòàíòó Ëiïøèöÿ M . Òîìó
òåîðåìè 1,2 íå ìîæóòü áóòè îäåðæàíi
ìåòîäîì çíèæåííÿ ïîðÿäêó â ðiâíÿííi (1)
òà ïîäàëüøèì çàñòîñóâàííÿì ðåçóëüòàòiâ
ìîíîãðàôi¨ [2] äëÿ ðiâíÿííÿ ïåðøîãî ïîðÿä-
êó.

3. Çàñòîñóâàííÿ Çàñòîñó¹ìî àáñòðàêòíi
ðåçóëüòàòè äî íàñòóïíî¨ ïî÷àòêîâî-êðàéîâî¨
çàäà÷i:

∂2

∂t2

(
u(t, x) + a

∂2u(t, x)

∂x2

)
−

−b∂
3u(t, x)

∂x2∂t
− c

∂2u(t, x)

∂x2
= f(t, x, u(t, x)),

(20)
t ∈ [0, T ], x ∈ [0, π];

u(t, 0) = u(t, π) = 0 (21)
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u(0, x) = u0(x) (22)

∂

∂t

(
u(t, x) + a

∂2u(t, x)

∂x2

)
|t=0 = y1(x) (23)

Òóò a, b, c�äîäàòíi ñòàëi, ôóíêöiÿ f(t, x, y) :
[0, T ] × [0, π] × R → R. Ðiâíÿííÿ (20) ïðè
f(t, x, y) ≡ 0 îïèñó¹ [1, c. 85�87] ïîøèðåí-
íÿ çâóêîâèõ õâèëü ó ðåëàêñàöiéíîìó ñåðå-
äîâèùi, íåâiäîìà ôóíêöiÿ u(t, x) ïîçíà÷à¹
ùiëüíiñòü ñåðåäîâèùà. Ôiçè÷íå îáãðóíòóâà-
ííÿ äîäàòíîñòi ñòàëî¨ a íàâåäåíî â [9, ñ. 438].

Áóäü-ÿêó ôóíêöiþ v : x, t → v(t, x) áóäå-
ìî òàêîæ ðîçãëÿäàòè ÿê ôóíêöiþ t çi çíà-
÷åííÿìè â ïðîñòîði ôóíêöié çìiííî¨ x òà
çàïèñóâàòè ÿê v(t)(x). Ïðèïóñêà¹òüñÿ, ùî
ïðè êîæíîìó ôiêñîâàíîìó y ∈ R ôóíêöiÿ
f(t, x, y) = f(t, y)(x) ÿê ôóíêöiÿ t ïðèéìà¹
çíà÷åííÿ â L2(0, π), åëåìåíò f(t, y)(x) íàëå-
æèòü ïðîñòîðó L1(0, T ;L2(0, π)) òà ôóíêöiÿ
f(t, x, y) äëÿ äåÿêî¨ ñòàëî¨ M > 0 çàäîâîëü-
íÿ¹ ãëîáàëüíó óìîâó Ëiïøèöÿ

|f(t, x, y)− f(t, x, z)| ≤M |y − z|, ∀y, z ∈ R
(24)

ïðè ìàéæå âñiõ t ∈ [0, T ], x ∈ [0, π]

Ó äiéñíîìó ãiëüáåðòîâîìó ïðîñòîði X =
Y = L2(0, π) ïî÷àòêîâî-êðàéîâà çàäà÷à
(20)�(23) çàïèñó¹òüñÿ â àáñòðàêòíié ôîðìi
(1),(2) ç äèôåðåíöiàëüíèìè îïåðàòîðàìè

Ag(x) = g(x) + a
d2g(x)

dx2
, Bg(x) = −bd

2g(x)

dx2
,

Cg(x) = −cd
2g(x)

dx2
, D = D(A) = D(B) =

= D(C) =
◦
W 2

2 (0, π) =

= {g(x) ∈ W 2
2 (0, π) : g(0) = g(π) = 0}, (25)

äå W 2
2 (0, π) � ïðîñòið Ñîáîë¹âà ôóíêöié ç

L2(0, π). Êîìïëåêñíîþ îáîëîíêîþ ïðîñòîðó
X = Y ¹ êîìïëåêñíèé ïðîñòið L2(0, π). Êîì-
ïëåêñíi ðîçøèðåííÿ Ã, B̃ îïåðàòîðiâ A,B
âèçíà÷àþòüñÿ òèìè æ ñàìèìè äèôåðåíöi-
àëüíèìè âèðàçàìè òà êðàéîâèìè óìîâàìè,
ùî é îïåðàòîðè A,B (25), äåW 2

2 (0, π) � êîì-
ïëåêñíèé ïðîñòið Ñîáîë¹âà.Æìóòîê λÃ+B̃,
ùî âèçíà÷åíî íà D̃ = D(Ã), ìà¹ ðåçîëüâåíòó
(äèâ. ôîðìóëó (7.44) â [2]):

(λÃ+ B̃)−1g =
∞∑
n=1

gn sinnx

λ(1− an2) + bn2
,

gn =
2

π

π∫
0

g(x) sinnxdx,

λ(1− an2) + bn2 ̸= 0, n = 1, 2, ...

ßêùî an2 ̸= 1 äëÿ âñiõ n ∈ N, òîKerA = {0},
∃A−1 ∈ L(L2(0, π)) òà âiäïîâiäíî [12] Q1 =
E,Q2 = 0. Òîìó óìîâè òåîðåìè 1 âèêîíà-
íî, ÿêùî ïî÷àòêîâi ôóíêöi¨ â (22),(23) çàäî-

âîëüíÿþòü âèìîãè u0(x) ∈
◦
W 2

2 (0, π), y1(x) ∈
L2(0, π).

Ðîçãëÿíåìî âèïàäîê, êîëè a = 1
m2 äëÿ äå-

ÿêîãî m ∈ N. Òîäi îïåðàòîð A ¹ âèðîäæå-
íèì, KerA = Lin{sinmx}. Îá÷èñëþ¹ìî

Q2g = gm sinmx, g ∈ L2(0, π). (26)

Óìîâà y1(x) ∈ Q1(Y ) åêâiâàëåíòíà ñïiââiä-
íîøåííþ

π∫
0

y1(x) sinmxdx = 0 (27)

Îòæå, ìà¹ìî íàñòóïíèé ðåçóëüòàò

Òâåðäæåííÿ 1. Íåõàé çíà÷åííÿ ôóíêöi¨
f(t, y)(x), ÿê ôóíêöi¨ t, ïðè ôiêñîâàíèõ y íà-
ëåæàòü ïðîñòîðó L1(0, T ;L2(0, π)). Ïðèïó-
ñêà¹òüñÿ, ùî ôóíêöiÿ f(t, x, y) äëÿ äåÿêî¨
ñòàëî¨ M > 0 çàäîâîëüíÿ¹ ãëîáàëüíó óìîâó

Ëiïøèöÿ (24). Íåõàé â (22),(23) u0(x) ∈
◦
W 2

2

(0, π), y1(x) ∈ L2(0, π) òà âèêîíàíî îäíó
ç äâîõ óìîâ: 1o a ̸= 1

m2 , ∀m ∈ N, àáî 2o

∃m ∈ N : a = 1
m2 i äëÿ ôóíêöi¨ y1(x) ¹ ñïðà-

âåäëèâèì ñïiââiäíîøåííÿ (27). Òîäi ìiøàíà
çàäà÷à (20)�(23) ìà¹ ¹äèíèé ñèëüíèé ðîçâ'ÿ-
çîê u(t)(x). ßêùî äîäàòêîâî ïðè êîæíîìó
ôiêñîâàíîìó y ∈ R åëåìåíò f(t, y)(x) íà-
ëåæèòü ïðîñòîðó C([0, T ], L2(0, π)), òî öåé
ðîçâ'ÿçîê ¹ êëàñè÷íèì.

Çàìiíèìî ïî÷àòêîâó óìîâó (23) íà ïî÷à-
òêîâó óìîâó

∂u(t, x)

∂t
|t=0 = u1(x), (28)

òîáòî ðîçãëÿíåìî ìiøàíó çàäà÷ó
(20),(21),(22),(28). Ó íàñòóïíîìó òâåð-
äæåííi íàâåäåìî óìîâè ðîçâ'ÿçíîñòi öi¹¨
çàäà÷i
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Òâåðäæåííÿ 2. Íåõàé çíà÷åííÿ ôóíêöi¨
f(t, y)(x), ÿê ôóíêöi¨ t, ïðè ôiêñîâàíèõ y
íàëåæàòü ïðîñòîðó C([0, T ], L2(0, π)) òà
ôóíêöiÿ f(t, x, y) äëÿ äåÿêî¨ ñòàëî¨ M > 0
çàäîâîëüíÿ¹ ãëîáàëüíó óìîâó Ëiïøèöÿ (24).

Íåõàé â (22),(28) u0(x), u1(x) ∈
◦
W 2

2 (0, π) òà
âèêîíàíî îäíó ç äâîõ óìîâ: 1o a ̸= 1

m2 ,∀m ∈
N, àáî 2o ∃m ∈ N : a = 1

m2 òà ôóíêöi¨
u0(x), u1(x) çàäîâîëüíÿþòü óìîâó óçãîäæå-
ííÿ

π∫
0

f(0, x, u0(x)) sinmxdx =

=

π∫
0

(bm2u1(x) + cm2u0(x)) sinmxdx. (29)

Òîäi ìiøàíà çàäà÷à (20),(21),(22),(28) ìà¹
¹äèíèé ðîçâ'ÿçîê u(t)(x).

Öå òâåðäæåííÿ âèïëèâà¹ áåçïîñåðåäíüî ç
òåîðåìè 2. Äîñòàòíüî ëèøå çàçíà÷èòè, ùî
ó âèïàäêó a = 1

m2 äëÿ ââåäåíèõ îïåðàòî-
ðiâ A,B,C óìîâà óçãîäæåííÿ (15) ç óðàõó-
âàííÿì êîíñòðóêöi¨ (26) ñïåêòðàëüíîãî ïðî-
åêòîðó Q2 ïåðåïèñó¹òüñÿ ó âèãëÿäi (29).

Ðåçóëüòàòè ñòàòòi áóëî âèãîëîøåíî íà
ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ [11].
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