
ÓÄÊ 517.95

c⃝2016 ð. Ç.Ì. Íèòðåáè÷ 1, Î.Ì. Ìàëàí÷óê 1, 2

1 Íàöiîíàëüíèé óíiâåðñèòåò ½Ëüâiâñüêà ïîëiòåõíiêà�, ì. Ëüâiâ
2 Íàöiîíàëüíèé ìåäè÷íèé óíiâåðñèòåò iì. Ä. Ãàëèöüêîãî, ì. Ëüâiâ

ÊÐÈÒÅÐIÉ IÑÍÓÂÀÍÍß ÍÅÒÐÈÂIÀËÜÍÈÕ ÊÂÀÇIÏÎËIÍÎÌÍÈÕ
ÐÎÇÂ'ßÇÊIÂ ÎÄÍÎÐIÄÍÎ� ÄÂÎÒÎ×ÊÎÂÎ� ÇÀÄÀ×I ÄËß ÐIÂÍßÍÍß IÇ

×ÀÑÒÈÍÍÈÌÈ ÏÎÕIÄÍÈÌÈ

Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ íåòðèâiàëüíèõ êâàçiïîëiíîìíèõ ðîçâ'ÿçêiâ
îäíîðiäíîãî ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó çà ÷àñîì òà çàãàëîì íåñêií-
÷åííîãî ïîðÿäêó çà s ∈ N\{1} ïðîñòîðîâèìè çìiííèìè çi ñòàëèìè êîìïëåêñíèìè êîåôiöi¹í-
òàìè, ùî çàäîâîëüíÿþòü îäíîðiäíi ëîêàëüíi äâîòî÷êîâi óìîâè. Iñíóâàííÿ òàêèõ ðîçâ'ÿçêiâ
çàáåçïå÷ó¹òüñÿ óìîâîþ � ìíîæèíà íóëiâ õàðàêòåðèñòè÷íîãî âèçíà÷íèêà çàäà÷i íå ¹ ïîðîæ-
íüîþ.

The necessary and su�cient conditions of existence of the nontrivial quasipolynomial solutions
of homogeneous partial di�erential equation of second order in time variable and generally in�nite
order in s ∈ N\{1} spatial variables with constant complex coe�cients that satisfy homogeneous
local two-point conditions is established. The existence of these solutions is provided by the condi-
tion that the set of zeroes of characteristic determinant of problem is not empty.

Âñòóï. Ðîçâ'ÿçíiñòü çàäà÷ ç áàãàòîòî÷êî-
âèìè óìîâàìè çà ÷àñîâîþ çìiííîþ äëÿ ëi-
íiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè íà îñíîâi ìåòðè÷íîãî ïiä-
õîäó âïåðøå áóëî çàïðîïîíîâàíî ó ïðàöi
[1]. Ó öié ñòàòòi áóëî âêàçàíî íà ïðîáëåìó
ìàëèõ çíàìåííèêiâ, äîâåäåíî íåêîðåêòíiñòü
öèõ çàäà÷, òàêîæ áóëî ïîêàçàíî, ùî íà âiä-
ìiíó âiä çàäà÷i Êîøi âiäïîâiäíà îäíîðiäíà
áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à ìîæå ìàòè
íåòðèâiàëüíi ðîçâ'ÿçêè. Äîñëiäæåííÿ çàäà÷
ç áàãàòîòî÷êîâèìè óìîâàìè äëÿ ðiâíÿíü òà
ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè â îáìåæåíèõ îáëàñòÿõ ç âè-
êîðèñòàííÿì ìåòðè÷íîãî ïiäõîäó çà îñòàííi
ðîêè iñòîòíî ðîçâèíóòî (äèâ. ïðàöi [2, 3, 4]
òà áiáëiîãðàôiþ â íèõ).

Â íåîáìåæåíèõ îáëàñòÿõ (ñìóãà, øàð)
îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷ iç ëîêàëüíè-
ìè áàãàòîòî÷êîâèìè çà ÷àñîì óìîâàìè äëÿ
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äîñëiäæó-
âàëè ó [5, 6, 7]. Ó öèõ ïðàöÿõ çíàéäåíî ïðîñ-
òîðè ôóíêöié, ó ÿêèõ äëÿ n-òî÷êîâî¨ çàäà÷i
¹ âiäñóòíüîþ ïðîáëåìà ìàëèõ çíàìåííèêiâ.

Çàçíà÷èìî, ùî áàãàòîòî÷êîâà çàäà÷à
äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ
çóñòði÷à¹òüñÿ â ëiòåðàòóði ç íàçâîþ çàäà÷à

Âàëëå-Ïóññåíà. Òàêîãî ðîäó çàäà÷i âïåðøå
âèâ÷àëèñÿ ó ïðàöÿõ [8, 9, 10].

Ó öié ïðàöi âñòàíîâëåíî óìîâè iñíóâàí-
íÿ íåòðèâiàëüíèõ (êâàçiïîëiíîìíîãî âèãëÿ-
äó) ðîçâ'ÿçêiâ îäíîðiäíîãî äèôåðåíöiàëüíî-
ãî ðiâíÿííÿ äðóãîãî ïîðÿäêó çà ÷àñîì òà
çàãàëîì äîâiëüíîãî ïîðÿäêó çà ïðîñòîðîâè-
ìè çìiííèìè, ùî çàäîâîëüíÿþòü ëîêàëüíi
äâîòî÷êîâi çà ÷àñîì óìîâè. Ïðàöÿ ïðîäîâ-
æó¹ äîñëiäæåííÿ [11], äå âèâ÷àëàñÿ äâîòî÷-
êîâà çàäà÷à äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ
ç îäíi¹þ ïðîñòîðîâîþ çìiííîþ.

1. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi
çìiííèõ t ∈ R, x ∈ Rs (s ∈ N\ {1}) äîñëiä-
æó¹òüñÿ ìíîæèíà ðîçâ'ÿçêiâ îäíîðiäíî¨ äâî-
òî÷êîâî¨ çàäà÷i:

L
( ∂
∂t
,
∂

∂x

)
U(t, x) ≡

≡ ∂2U

∂t2
+ 2a

( ∂
∂x

)∂U
∂t

+ b
( ∂
∂x

)
U = 0, (1)

A1

( ∂
∂x

)
U(0, x) + A2

( ∂
∂x

)∂U
∂t

(0, x) = 0,

B1

( ∂
∂x

)
U(h, x) + B2

( ∂
∂x

)∂U
∂t

(h, x) = 0.

(2)
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Ó ðiâíÿííi (1) ââàæà¹ìî, ùî îïåðàòîðíi
êîåôiöi¹íòè a

(
∂
∂x

)
, b
(
∂
∂x

)
¹ äîâiëüíèìè äèôå-

ðåíöiàëüíèìè âèðàçàìè ç êîìïëåêñíèìè êî-
åôiöi¹íòàìè ñêií÷åííîãî àáî íåñêií÷åííîãî
ïîðÿäêó, à ñèìâîëè a(ν), b(ν) öèõ êîåôiöi¹í-
òiâ ¹ öiëèìè ôóíêöiÿìè êîìïëåêñíî¨ âåêòîð-
çìiííî¨ ν ∈ Cs. Ùîäî äèôåðåíöiàëüíèõ
ïîëiíîìiâ A1

(
∂
∂x

)
, A2

(
∂
∂x

)
, B1

(
∂
∂x

)
, B2

(
∂
∂x

)
ç

êîìïëåêñíèìè êîåôiöi¹íòàìè ó äâîòî÷êî-
âèõ óìîâàõ (2) íàêëàäà¹ìî ïðèïóùåííÿ, ùî
|A1(ν)|2+|A2(ν)|2 ̸= 0 òà |B1(ν)|2+|B2(ν)|2 ̸=
0 äëÿ äîâiëüíîãî ν ∈ Cs. Êðiì òîãî, h > 0.

Îäíîðiäíà çàäà÷à (1), (2), î÷åâèäíî, ìà¹
òðèâiàëüíèé ðîçâ'ÿçîê. Ó ñòàòòi âñòàíîâèìî
íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ íå-
òðèâiàëüíèõ êâàçiïîëiíîìíèõ ðîçâ'ÿçêiâ çà-
äà÷i (1), (2) i âêàæåìî ìåòîä ¨õ ïîáóäîâè.

2. Äîïîìiæíi ðåçóëüòàòè. Çà ðiâíÿí-
íÿì (1) òà óìîâàìè (2) ñêëàäåìî õàðàêòå-
ðèñòè÷íèé âèçíà÷íèê çàäà÷i

∆(ν) =

∣∣∣∣∣ ∆11(ν) ∆12(ν)

∆21(ν) ∆22(ν)

∣∣∣∣∣ , (3)

äå

∆11(ν) = A1(ν), ∆12(ν) = A2(ν),

∆21(ν) = B1(ν)T0(h, ν) +B2(ν)
dT0
dt

(h, ν),

∆22(ν) = B1(ν)T1(h, ν) + B2(ν)
dT1
dt

(h, ν),

ôóíêöi¨ T0(t, ν), T1(t, ν) ¹ åëåìåíòàìè íîð-
ìàëüíî¨ â òî÷öi t = 0 ôóíäàìåíòàëüíî¨ ñè-
ñòåìè ðîçâ'ÿçêiâ çâè÷àéíîãî äèôåðåíöiàëü-
íîãî ðiâíÿííÿ

L
( d
dt
, ν
)
T (t, ν) = 0, ν ∈ Cs.

Ðîçãëÿíåìî ìíîæèíó

M =
{
ν ∈ Cs : ∆(ν) = 0

}
, (4)

ïðè÷îìó ïðèïóñêà¹ìî, ùî M ̸= ∅ i M ̸= Cs.
Íåõàé α ∈ M . Ðîçãëÿíåìî äëÿ êîìïëåêñ-

íîãî âåêòîðà α òàêó ìíîæèíó ìóëüòèiíäå-
êñiâ:

Ω(α) =
{
r = (r1, . . . , rs) ∈ Zs+ :

( ∂
∂ν

)r
∆(ν)

∣∣∣
ν=α

≡ ∆(r)(α) ̸= 0
}
,

äå
(
∂
∂ν

)r
∆(ν) = ∂|r|∆(ν)

∂ν
r1
1 ...∂νrss

, |r| = r1 + . . .+ rs.
Ââàæà¹ìî, ùî r ≥ q äëÿ äâîõ âåêòîðiâ

r = (r1, . . . , rs) òà q = (q1, . . . , qs) ç Zs+, ÿêùî
r1 ≥ q1, . . . , rs ≥ qs. Êðiì òîãî, ïîçíà÷èìî

Cq
r =

r !
q !(r−q)! , äå r ! =

s∏
k=1

rk!, rk! = 1 ·2 · . . . ·rk,

0! = 1, O � âåêòîð ç íóëüîâèìè êîîðäèíà-
òàìè, xr = xr11 . . . x

rs
s , x = (x1, . . . , xs) ∈ Rs,

ν · x = ν1x1 + . . .+ νsxs, ν = (ν1, . . . , νs) ∈ Cs.

Ëåìà 1. Íåõàé çàäàíî àíàëiòè÷íó ôóí-
êöiþ µ(ν), ïðè÷îìó µ(α) ̸= 0 äëÿ äåÿêîãî
α ∈ Cs, öiëó ôóíêöiþ γ(ν), à òàêîæ ïî-
ëiíîì φ(x) =

∑
0≤|r|≤n

φrx
r, φr ∈ C, ñòåïiíü

ÿêîãî äîðiâíþ¹ n ∈ Z+, òîáòî
∑
|r|=n

|φr| > 0.

Òîäi iñíó¹ ïîëiíîì φµ(x) ñòåïåíÿ n, äëÿ ÿêî-
ãî âèêîíó¹òüñÿ òàêà ðiâíiñòü

φ
( ∂
∂ν

){
µ(ν)γ(ν)eν·x

}∣∣∣∣
ν=α

=

= φµ
( ∂
∂ν

){
γ(ν)eν·x

}∣∣∣∣
ν=α

. (5)

Äîâåäåííÿ. Ëiâó ÷àñòèíó ðiâíîñòi (5) ïî-
äàìî ó âèãëÿäi

∑
0≤|r|≤n

φr

( ∂
∂ν

)r{
µ(ν)γ(ν)eν·x

}∣∣∣∣∣∣
ν=α

=

=
∑

0≤|r|≤n

φr×

×
∑
O≤q≤r

Cq
rµ

(r−q)(α)
( ∂
∂ν

)q{
γ(ν)eν·x

}∣∣∣
ν=α

.

Çìiíèâøè ïîðÿäîê ñóìóâàííÿ, îäåðæèìî

φ
( ∂
∂ν

){
µ(ν)γ(ν)eν·x

}∣∣∣∣
ν=α

=

=
∑

0≤|r|≤n

( ∂
∂ν

)r{
γ(ν)eν·x

}∣∣∣∣∣∣
ν=α

×

×
∑

q≥r, |q|≤n

Cr
qµ

(q−r)(α)φq.
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Îòæå, øóêàíèé ïîëiíîì φµ(x) ìà¹ òàêèé
âèãëÿä:

φµ(x) = µ(α)
∑
|r|=n

φrx
r+

+
∑

0≤|r|≤n−1

xr
∑

q≥r, |q|≤n

Cr
qµ

(q−r)(α)φq.

Îñêiëüêè µ(α) ̸= 0 i
∑
|r|=n

|φr| > 0, òî ïî-

áóäîâàíèé ïîëiíîì φµ(x) ìà¹ ñòåïiíü n i äëÿ
íüîãî âèêîíó¹òüñÿ ðiâíiñòü (5). �

Ëåìà 2. Íåõàé A = A
(
∂
∂x

)
� äèôåðåí-

öiàëüíèé ïîëiíîì ç êîìïëåêñíèìè êîåôiöi-
¹íòàìè, α ∈ Cs i φα(x) = φ(x)eα·x � êâà-
çiïîëiíîì, ùî íàëåæèòü äî ÿäðà îïåðàòîðà
A, òîáòî φα ∈ kerA, àáî A

(
∂
∂x

)
φα(x) ≡ 0.

Òîäi A(α) = 0 i äëÿ äîâiëüíî¨ àíàëiòè÷íî¨ â
îêîëi ν = O ôóíêöi¨ γ(ν) âèêîíó¹òüñÿ òî-
òîæíiñòü íà Rs

φα

( ∂
∂ν

){
A(ν)γ(ν)eν·x

}∣∣∣
ν=O

=

= φ
( ∂
∂ν

){
A(ν)γ(ν)eν·x

}∣∣∣
ν=α

≡ 0. (6)

Äîâåäåííÿ. Çîáðàçèìî êâàçiïîëiíîìíèé
åëåìåíò ÿäðà îïåðàòîðà A ó âèãëÿäi

φα(x) = φ
( ∂
∂ν

){
eν·x
}∣∣∣∣
ν=α

.

Ïîäi¹ìî íà îñòàííþ ðiâíiñòü äèôåðåíöi-
àëüíèì âèðàçîì A

(
∂
∂x

)
:

A
( ∂
∂x

)
φα(x) = A

( ∂
∂x

)
φ
( ∂
∂ν

){
eν·x
}∣∣∣∣
ν=α

=

= φ
( ∂
∂ν

){
A(ν)eν·x

}∣∣∣∣
ν=α

.

Îñêiëüêè φα ∈ kerA, òî âèêîíó¹òüñÿ òî-
òîæíiñòü íà Rs:

φ
( ∂
∂ν

){
A(ν)eν·x

}∣∣∣∣
ν=α

≡ 0. (7)

Òîäi äëÿ äîâiëüíîãî x ∈ Rs ìà¹ìî

φ
( ∂
∂ν

){
A(ν)γ(ν)eν·x

}∣∣∣∣
ν=α

=

= γ
( ∂
∂x

)
φ
( ∂
∂ν

){
A(ν)eν·x

}∣∣∣∣
ν=α

=

= γ
( ∂
∂x

)
· 0 = 0.

Îòæå, òîòîæíiñòü (6) âñòàíîâëåíî.
Äîâåäåìî, ùî A(α) = 0. Íåõàé φ(x) =∑

0≤|r|≤n
φrx

r, φr ∈ C, ïðè÷îìó
∑
|r|=n

|φr| > 0,

òîáòî degφ(x) = n, n ∈ Z+. Òîäi ç òîòîæ-
íîñòi (7) îòðèìó¹ìî

0 ≡
∑

0≤|r|≤n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

=

=
∑
|r|=n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

+

+
∑

0≤|r|<n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

=

=
∑
|r|=n

φr
∑
O≤q≤r

Cq
rx

qeα·xA(r−q)(α)+

+
∑

0≤|r|<n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

=

= eα·xA(α)
∑
|r|=n

φrx
r+

+ eα·x
∑
|r|=n

φr
∑

O≤q≤r, q ̸=r

Cq
rA

(r−q)(α)xq+

+
∑

0≤|r|<n

φr

( ∂
∂ν

)r {
A(ν)eν·x

}∣∣∣
ν=α

.

Ç óìîâè
∑
|r|=n

|φr| > 0 ìà¹ìî A(α) = 0. �

3. Îñíîâíèé ðåçóëüòàò. Äëÿ ïiäìíî-
æèíè D ïðîñòîðó Cs ðîçãëÿíåìî òàêi êëàñè
êâàçiïîëiíîìiâ:

� KD � öå êëàñ êâàçiïîëiíîìiâ âèãëÿäó

g(x) =
m∑
j=1

Qj(x)e
αj ·x, x ∈ Rs, m ∈ N,

äå α1, . . . , αm � ïîïàðíî ðiçíi êîìïëåêñíi âåê-
òîðè ç D i Q1(x), . . . , Qm(x) � íåíóëüîâi ïî-
ëiíîìè ç êîìïëåêñíèìè êîåôiöi¹íòàìè;

� KC,D � öå êëàñ êâàçiïîëiíîìiâ âèãëÿäó

f(t, x) =
m∑
j=1

N∑
l=1

Plj(t, x)e
βlt+αj ·x, m,N ∈ N,
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äå P11(t, x), . . . , PNm(t, x) � íåíóëüîâi ïîëiíî-
ìè çìiííèõ t, x1, . . . , xs ç êîìïëåêñíèìè êîå-
ôiöi¹íòàìè, β1, . . . , βN � ïîïàðíî ðiçíi êîì-
ïëåêñíi ÷èñëà, à ïîïàðíî ðiçíi êîìïëåêñíi
âåêòîðè α1, . . . , αm íàëåæàòü äî D.

Òåîðåìà 1. Íåõàé M � ìíîæèíà (4) i g(x)
� íåòðèâiàëüíèé îäíî÷ëåííèé êâàçiïîëiíîì
ç êëàñó KM âèãëÿäó

g(x) = Q(x)eα·x, (8)

â ÿêîìó Q(x) =
∑

0≤|r|≤n
Drx

r � ïîëiíîì n-ãî

ñòåïåíÿ (
∑
|r|=n

|Dr| > 0, n ∈ Z+), êîåôiöi¹í-

òè Dr ÿêîãî çàäîâîëüíÿþòü îäíîðiäíó ñè-
ñòåìó àëãåáðè÷íèõ ðiâíÿíü:∑

r≥q, 0≤|r|≤n,
r−q∈Ω(α)

DrC
q
r∆

(r−q)(α) = 0,

q ∈ Zs+, |q| ≤ n− 1. (9)

Òîäi êâàçiïîëiíîì

U(t, x) = g
( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=O

=

= Q
( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=α

, (10)

â ÿêîìó

Φ(t, x, ν) =
[
A2(ν)T0(t, ν)−A1(ν)T1(t, ν)

]
eν·x,
(11)

¹ íåòðèâiàëüíèì ðîçâ'ÿçêîì çàäà÷i (1), (2).
Íàâïàêè, ÿêùî íåíóëüîâèé êâàçiïîëiíîì,
îäíî÷ëåííèé çà çìiííîþ x, òîáòî U(t, x) =
F (t, x)eα·x, ¹ ðîçâ'ÿçêîì çàäà÷i (1), (2), òî
éîãî ìîæíà çîáðàçèòè ó âèãëÿäi (10), äå
g(x) íàëåæèòü äî KM , ìà¹ âèãëÿä (8) i êîå-
ôiöi¹íòè Dr ïîëiíîìà Q(x) çàäîâîëüíÿþòü
ñèñòåìó (9).

Äîâåäåííÿ. Äîñòàòíiñòü.Ïîêàæåìî ñïî-
÷àòêó, ùî ôóíêöiÿ (10) çàäîâîëüíÿ¹ ðiâíÿí-
íÿ (1). Âðàõîâóþ÷è êîìóòàòèâíiñòü îïåðà-
öié ∂

∂t
, ∂
∂x

òà ∂
∂ν

ìà¹ìî

L
( ∂
∂t
,
∂

∂x

){
g
( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=O

}
=

= g
( ∂
∂ν

){
L
( ∂
∂t
,
∂

∂x

){
Φ(t, x, ν)

}∣∣∣∣
ν=O

}
=

= g
( ∂
∂ν

){
eν·x
[
A2(ν)L

( d
dt
, ν
)
T0(t, ν)−

− A1(ν)L
( d
dt
, ν
)
T1(t, ν)

]}∣∣∣
ν=O

= 0.

Ïîêàæåìî äëÿ (10) âèêîíàííÿ ïåðøî¨
óìîâè (2):

A1

( ∂
∂x

)
U(0, x) + A2

( ∂
∂x

)∂U
∂t

(0, x) =

= A1

( ∂
∂x

)
Q
( ∂
∂ν

){
Φ(0, x, ν)

}∣∣∣∣
ν=α

+

+ A2

( ∂
∂x

)
Q
( ∂
∂ν

){∂Φ
∂t

(0, x, ν)

}∣∣∣∣
ν=α

=

= Q
( ∂
∂ν

) {
A1

( ∂
∂x

)
[A2(ν)e

ν·x]

}∣∣∣∣
ν=α

−

−Q
( ∂
∂ν

) {
A2

( ∂
∂x

)
[A1(ν)e

ν·x]

}∣∣∣∣
ν=α

=

= Q
( ∂
∂ν

){
eν·x
[
A1(ν)A2(ν)−

− A1(ν)A2(ν)
]}∣∣∣

ν=α
= 0.

Ôóíêöiÿ (10) çàäîâîëüíÿ¹ äðóãó óìîâó
(2). Ñïðàâäi,

B1

( ∂
∂x

)
U(h, x) +B2

( ∂
∂x

)∂U
∂t

(h, x) =

= B1

( ∂
∂x

)
Q
( ∂
∂ν

){
Φ(h, x, ν)

}∣∣∣∣
ν=α

+

+B2

( ∂
∂x

)
Q
( ∂
∂ν

) {∂Φ
∂t

(h, x, ν)

}∣∣∣∣
ν=α

=

= Q
( ∂
∂ν

){
B1(ν)Φ(h, x, ν)

}∣∣∣∣
ν=α

+

+Q
( ∂
∂ν

) {
B2(ν)

∂Φ

∂t
(h, x, ν)

}∣∣∣∣
ν=α

=

= Q
( ∂
∂ν

){
eν·x∆(ν)

}∣∣∣∣
ν=α

=

=
∑

0≤|r|≤n

Dr

( ∂
∂ν

)r{
eν·x∆(ν)

}∣∣∣∣
ν=α

=

=
∑

0≤|r|≤n

Dr

∑
O≤q≤r

Cq
rx

qeα·x∆(r−q)(α) =

= eα·x
∑

0≤|r|≤n

∑
O≤q≤r

DrC
q
rx

q∆(r−q)(α) =
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= eα·x
∑

0≤|q|≤n

xq
∑

r≥q, |r|≤n

DrC
q
r∆

(r−q)(α).

Îñòàííié âèðàç äîðiâíþâàòèìå íóëþ òîäi
òà ëèøå òîäi, êîëè

∀q ∈ Zs+ |q| ≤ n :
∑

r≥q, |r|≤n

DrC
q
r∆

(r−q)(α) = 0.

Çàóâàæèìî, ÿêùî |q| = n, òî r = q, à óñi
ðiâíîñòi Dq∆(α) = 0 â îñòàííié ñèñòåìi áó-
äóòü òîòîæíîñòÿìè 0 ≡ 0 äëÿ âñiõ Dq. Êðiì
òîãî, çàëèøà¹ìî ëèøå òi äîäàíêè, äëÿ ÿêèõ
∆(r−q)(α) ̸= 0, òîáòî äëÿ r− q ∈ Ω(α). Îòæå,
îñòàííþ ñèñòåìó ìîæíà çàïèñàòè ó âèãëÿäi
(9).

Ïîêàæåìî, ùî ôóíêöiÿ (10) ¹ íåíóëüî-
âîþ. Äëÿ öüîãî îá÷èñëèìî çíà÷åííÿ öi¹¨
ôóíêöi¨ òà ¨¨ ïîõiäíî¨ â òî÷öi t = 0:

U(0, x) =

=
∑

0≤|r|≤n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
=

=
∑
|r|=n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
+

+
∑

0≤|r|<n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
=

=
∑
|r|=n

Dr

∑
O≤q≤r

Cq
rx

qeα·xA
(r−q)
2 (α)+

+
∑

0≤|r|<n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
=

= eα·xA2(α)
∑
|r|=n

Drx
r+

+ eα·x
∑
|r|=n

Dr

∑
O≤q≤r, q ̸=r

Cq
rA

(r−q)
2 (α)xq+

+
∑

0≤|r|<n

Dr

( ∂
∂ν

)r {
A2(ν)e

ν·x
}∣∣∣

ν=α
.

Àíàëîãi÷íî

∂U

∂t
(0, x) =

= −
∑

0≤|r|≤n

Dr

( ∂
∂ν

)r {
A1(ν)e

ν·x
}∣∣∣

ν=α
=

= −eα·xA1(α)
∑
|r|=n

Drx
r−

− eα·x
∑
|r|=n

Dr

∑
O≤q≤r, q ̸=r

Cq
rA

(r−q)
1 (α)xq−

−
∑

0≤|r|<n

Dr

( ∂
∂ν

)r {
A1(ν)e

ν·x
}∣∣∣

ν=α
.

Ç óìîâè
∑
|r|=n

|Dr| > 0 îäåðæó¹ìî, ùî∑
|r|=n

Drx
r � íåòðèâiàëüíèé ïîëiíîì ñòåïåíÿ

n ∈ Z+. Îñêiëüêè |A1(α)|2 + |A2(ν)|2 > 0, òî
íåòðèâiàëüíèìè îäíî÷ëåííèìè çà çìiííîþ x
êâàçiïîëiíîìàìè ¹ U(0, x) àáî ∂U

∂t
(0, x). Îò-

æå, ôóíêöiÿ âèãëÿäó (10), ÿê ðîçâ'ÿçîê çàäà-
÷i Êîøi ç íåíóëüîâèìè ïî÷àòêîâèìè äàíèìè
¹ íåòðèâiàëüíîþ.

Äîâåäåìî íåîáõiäíiñòü. Íåõàé U(t, x) �
íåòðèâiàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2), ùî
íàëåæèòü äî KC,Cs i ìà¹ çà çìiííîþ x îäíî-
÷ëåííèé âèãëÿä, òîáòî

U(t, x) = F (t, x)eα·x, α ∈ Cs, (12)

äå F (t, x) =
N∑
l=1

Pl(t, x)e
βlt, P1(t, x), . . . ,

PN(t, x) � ïîëiíîìè çìiííèõ t, x1, . . . , xs ç
êîìïëåêñíèìè êîåôiöi¹íòàìè, β1, . . . , βN �
ïîïàðíî ðiçíi êîìïëåêñíi ÷èñëà, N ∈ N.

Ïîçíà÷èìî U(0, x) = g1(x) = φ1(x)e
α·x,

∂U
∂t
(0, x) = g2(x) = φ2(x)e

α·x, äå φ1(x) =

F (0, x), φ2(x) =
∂F
∂t
(0, x). Òîäi õî÷à á îäèí ç

ïîëiíîìiâ φ1(x) àáî φ2(x) ¹ íåòðèâiàëüíèì.
Êâàçiïîëiíîì U(t, x) ÿê ¹äèíèé ðîçâ'ÿçîê çà-
äà÷i Êîøi

L
( ∂
∂t
,
∂

∂x

)
U(t, x) = 0,

U(0, x) = g1(x),
∂U

∂t
(0, x) = g2(x),

ìîæíà çãiäíî ç äèôåðåíöiàëüíî-ñèìâîëüíèì
ìåòîäîì [12] çàïèñàòè ó âèãëÿäi

U(t, x) = g1

( ∂
∂ν

){
T0(t, ν)e

ν·x
}∣∣∣∣

ν=O

+

+ g2

( ∂
∂ν

){
T1(t, ν)e

ν·x
}∣∣∣∣

ν=O

àáî
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U(t, x) = φ1

( ∂
∂ν

){
T0(t, ν)e

ν·x
}∣∣∣∣

ν=α

+

+ φ2

( ∂
∂ν

){
T1(t, ν)e

ν·x
}∣∣∣∣

ν=α

. (13)

Ïîêàæåìî, ùî ôóíêöiþ (13) ìîæíà ïî-
äàòè ó âèãëÿäi (10) ç äåÿêèì íåòðèâiàëüíèì
ïîëiíîìîì Q(x). Íåõàé ñïî÷àòêó îáèäâà ïî-
ëiíîìè φ1(x) òà φ2(x) ¹ íåòðèâiàëüíèìè. Ç
óìîâè |A1(α)|2+ |A2(α)|2 ̸= 0 îäåðæó¹ìî, ùî
A1(α) ̸= 0 àáî A2(α) ̸= 0. Ïðèïóñòèìî, ùî
A1(α) ̸= 0. Âiäïîâiäíî äî ëåìè 1 äëÿ ïîëiíî-
ìà φ1(x) iñíó¹ ïîëiíîì φ

A1
1 (x) òîãî æ ñòåïåíÿ

òàêèé, ùî

U(t, x) = φA1
1

( ∂
∂ν

){T0(t, ν)
A1(ν)

eν·x
}∣∣∣∣

ν=α

+

+ φ2

( ∂
∂ν

){
T1(t, ν)e

ν·x
}∣∣∣∣

ν=α

.

Ç âèêîíàííÿ äëÿ ôóíêöi¨ U(t, x) ïåðøî¨
äâîòî÷êîâî¨ óìîâè (2) îäåðæèìî òîòîæíiñòü

φA1
1 (x) + φ2

( ∂
∂ν

){
A2(ν)e

ν·x
}∣∣∣∣

ν=α

≡ 0,

ç óðàõóâàííÿì ÿêî¨ ìà¹ìî

U(t, x) = −φ2

( ∂
∂ν

){[A2(ν)T0(t, ν)

A1(ν)
−

− T1(t, ν)
]
eν·x
}∣∣∣

ν=α
=

= − φ
A−1

1
2

( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=α

.

Îòæå, ðîçâ'ÿçîê (12) çàäà÷i (1), (2) ìè ïî-

äàëè ó âèãëÿäi (10), äå Q(x) = −φA
−1
1

2 (x).
Öiëêîì àíàëîãi÷íî äîâîäèòüñÿ, ùî çà

óìîâè A2(α) ̸= 0 ðîçâ'ÿçîê (12) çàäà÷i (1),
(2) ìîæíà ïîäàòè ó âèãëÿäi (10), äå Q(x) =

φ
A−1

2
1 (x).
Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè φ1(x) ≡

0, à, îòæå, φ2(x) ̸≡ 0. Òîäi ðîçâ'ÿçîê çàäà÷i
(1), (2) ìîæíà ïîäàòè ó âèãëÿäi

U(t, x) = φ2

( ∂
∂ν

){
T1(t, ν)e

ν·x
}∣∣∣∣

ν=α

. (14)

Ç âèêîíàííÿ ïåðøî¨ äâîòî÷êîâî¨ óìîâè
îäåðæó¹ìî, ùî φ2(x)e

α·x ∈ kerA2

(
∂
∂x

)
. Çâiä-

ñè çãiäíî ç ëåìîþ 2 ìà¹ìî, ùî A2(α) = 0, à

òîìó A1(α) ̸= 0. Òîäi ôóíêöiþ (14) ìîæíà
ïîäàòè ó âèãëÿäi

U(t, x) = − φ
A−1

1
2

( ∂
∂ν

){
Φ(t, x, ν)

}∣∣∣∣
ν=α

,

îñêiëüêè çà ëåìîþ 2 ìà¹ìî

φ
A−1

1
2

( ∂
∂ν

){
[A2(ν)T0(t, ν)] e

ν·x
}∣∣∣∣

ν=α

=

= φ2

( ∂
∂ν

){A2(ν)T0(t, ν)

A1(ν)
eν·x
}∣∣∣∣

ν=α

≡ 0.

Àíàëîãi÷íèì ¹ äîâåäåííÿ i ó âèïàäêó, êî-
ëè φ2(x) ≡ 0.

Îòæå, äîâåäåíî, ùî ðîçâ'ÿçîê (12) çàäà-
÷i (1), (2) ìîæíà ïîäàòè ó âèãëÿäi (10), äå
Q(x) =

∑
0≤|r|≤n

Drx
r � íåòðèâiàëüíèé ïîëiíîì

ñòåïåíÿ n ∈ Z+, òîáòî
∑
|r|=n

|Dr| > 0.

Ç âèêîíàííÿ äðóãî¨ óìîâè (2) äëÿ ôóíêöi¨
(12) îäåðæèìî òîòîæíiñòü

Q
( ∂
∂ν

){
∆(ν)eν·x

}∣∣∣∣
ν=α

≡ 0,

ç ÿêî¨ îäåðæó¹ìî∑
|r|=n

Drx
r∆(α) + . . . ≡ 0,

äå . . . îçíà÷à¹ ïîëiíîì âåêòîð-çìiííî¨ x, ñòå-
ïåíÿ íèæ÷îãî çà n. Çâiäñè âèïëèâà¹, ùî
Dr∆(α) ≡ 0 äëÿ âñiõ |r| = n, òîáòî ∆(α) = 0
i α ∈M . Öå îçíà÷à¹, ùî êâàçiïîëiíîì g(x) =
Q(x)eα·x íàëåæèòü äîKM . Êîåôiöi¹íòè ïîëi-
íîìà Q(x) çàäîâîëüíÿþòü ïðè öüîìó ñèñòå-
ìó (9) (äèâ. äîâåäåííÿ äîñòàòíîñòi â òåîðåìi
1). �

Çàóâàæåííÿ 1. ßêùî äî ìíîæèíè
Ω(α) íå íàëåæàòü ìóëüòèiíäåêñè r ∈ Zs+,
äëÿ ÿêèõ |r| < k, k ∈ N, òî â ñèñòåìi ëi-
íiéíèõ àëãåáðè÷íèõ ðiâíÿíü (9) äëÿ êîåôi-
öi¹íòiâ Dr, |r| < k, ïîëiíîìà Q(x) îäåð-
æó¹ìî òîòîæíîñòi 0 ≡ 0. Òîìó óñi çãà-
äàíi êîåôiöi¹íòè ¹ äîâiëüíèìè. Äëÿ ïîáó-
äîâè íåòðèâiàëüíîãî ðîçâ'ÿçêó çàäà÷i (1),
(2) çà ôîðìóëîþ (9) ìîæíà âçÿòè äîâiëü-
íèé íåíóëüîâèé êâàçiïîëiíîì (8), ó ÿêîãî
degQ(x) ≤ k − 1.
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Çàóâàæåííÿ 2. ßêùî M = Cs, òîá-
òî ∆(ν) ≡ 0, òî ðiâíÿííÿ â ñèñòåìi (9)
äëÿ êîåôiöi¹íòiâ ïîëiíîìà Q(x) áóäóòü òî-
òîæíîñòÿìè 0 ≡ 0, òîìó ôîðìóëà (10)
âèçíà÷à¹ íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (1),
(2) äëÿ äîâiëüíîãî íåòðèâiàëüíîãî êâàçiïî-
ëiíîìà (8).

4. Ïðèêëàä. Çíàéòè â îáëàñòi (t, x) ∈ R3

ðîçâ'ÿçêè U = U(t, x) äâîòî÷êîâî¨ çàäà÷i

∂2U

∂t2
+ 2

∂U

∂t
+
(
1− ∂4

∂x21∂x
2
2

)
U = 0, (15)

(
1 +

∂2

∂x21

)
U(0, x) +

∂U

∂t
(0, x) = 0,(

1 +
∂2

∂x22

)
U(1, x) +

∂U

∂t
(1, x) = 0.

(16)

∇Ìà¹ìî a(ν) = 1, b(ν) = 1−ν21ν22 , D(ν) =
ν21ν

2
2 , A1(ν) = 1 + ν21 , A2(ν) = B2(ν) = 1,

B1(ν) = 1 + ν22 , s = 2, h = 1, ν = (ν1, ν2),
x = (x1, x2), ∆(ν) = e−1

(
ν21 − ν22

)
cosh[ν1ν2],

M =
{
(ν1, ν2) ∈ C2 : ∆(ν) = 0

}
.

Ôóíêöiÿ (11) äëÿ çàäà÷i (15), (16) ìà¹ âè-
ãëÿä

Φ(t, x, ν) =

=

{
cosh[ν1ν2t]− ν21

sinh[ν1ν2t]

ν1ν2

}
eν1x1+ν2x2−t.

Ðîçãëÿíåìî ïiäìíîæèíè âåêòîðiâ, ç ÿêèõ
ñêëàäà¹òüñÿ ìíîæèíà M :

1) ν = α±(µ) ≡ (±µ, µ), äå µ ∈ C, ïðè÷î-
ìó µ ̸= 0 i µ ̸= µ∗, à µ∗ � êîðiíü ðiâíÿííÿ
cosh[µ2] = 0;

2) ν = β(µ) ≡
(
µ2∗
µ
, µ
)
, äå µ ∈ C, ïðè÷îìó

µ ̸= 0 i µ ̸= µ∗;
3) ν = O ≡ (0, 0);
4) ν = γ± ≡

(
± µ∗, µ∗

)
.

Âèêîðèñòîâóþ÷è òåîðåìó 1 ïîáóäó¹ìî íå-
òðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (15), (16), ùî
âiäïîâiäàþòü ν = α±(µ) ç ïåðøî¨ ïiäìíîæè-
íè.

Îá÷èñëþ¹ìî

∂∆

∂ν1

(
α±(µ)

)
= ±2e−1µ cosh[µ2] ̸= 0,

∂∆

∂ν2

(
α±(µ)

)
= −2e−1µ cosh[µ2] ̸= 0,

òîìó (1, 0), (0, 1) ∈ Ω(α±(µ)).
Óçÿâøè êâàçiïîëiíîì âèãëÿäó

g(x1, x2) =
(
D00 +D10x1 +D01x2

)
e±µx1+µx2 ,

D00, D10, D01 ∈ C, (17)

äëÿ êîåôiöi¹íòiâ D00, D10, D01 çàïèñó¹ìî
ñèñòåìó àëãåáðè÷íèõ ðiâíÿíü (9), ÿêà ¹
îäíèì ðiâíÿííÿì âèãëÿäó

D00∆
(
α±(µ)

)
+D10

∂∆

∂ν1

(
α±(µ)

)
+

+D01
∂∆

∂ν2

(
α±(µ)

)
= 0. (18)

Ç ðiâíÿííÿ (18) îäåðæó¹ìî, ùî D00, D10 �
äîâiëüíi ñòàëi, à D01 = ±D10. Çà ôîðìóëîþ
(10)

U(t, x) =

=

[
D00 +D10

( ∂

∂ν1
± ∂

∂ν2

)]
Φ(t, x, ν)

∣∣∣∣
ν=α±(µ)

,

(D00, D10) ̸= O,

çíàõîäèìî íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i
(15), (16).

Çîêðåìà, ðîçâ'ÿçêàìè çàäà÷i (15), (16) ¹:

U0±(t, x, µ) = Φ(t, x, ν)
∣∣∣
ν=α±(µ)

=

= e−(1+µ2)t±µx1+µx2 ,

U1±(t, x, µ) =
( ∂Φ
∂ν1

± ∂Φ

∂ν2

)∣∣∣∣
ν=α±(µ)

=

= e−(1+µ2)t±µx1+µx2 {−2µt± µx1 + µx2} .

Çàóâàæèìî, ùî ðîçâ'ÿçêè U1±(t, x, µ)
ìîæíà çíàéòè øëÿõîì äèôåðåíöiþâàííÿ
ðîçâ'ÿçêiâ U0±(t, x, µ) çà ïàðàìåòðîì µ, à ñà-
ìå

U1±(t, x, µ) =
∂

∂µ
U0±(t, x, µ).

Àíàëîãi÷íî, iíøi ðîçâ'ÿçêè çàäà÷i (15),
(16), ùî âiäïîâiäàþòü ν = α±(µ), ìîæíà
îòðèìóâàòè çà ôîðìóëîþ

Uk±(t, x, µ) =

=
∂k

∂µk
e−(1+µ2)t±µx1+µx2 , k ∈ N\{1}.
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Çíàéäåìî òåïåð ðîçâ'ÿçêè çàäà÷i (15),
(16), ùî âiäïîâiäàþòü ν = β(µ) ç äðóãî¨ ïiä-
ìíîæèíè M . Îá÷èñëþ¹ìî

∂∆

∂ν1

(
β(µ)

)
= e−1

(µ4
∗
µ2

− µ2
)
µ sinh[µ2

∗] ̸= 0,

∂∆

∂ν2

(
β(µ)

)
= e−1

(µ4
∗
µ2

− µ2
)µ2

∗
µ

sinh[µ2
∗] ̸= 0.

Ìà¹ìî (1, 0), (0, 1) ∈ Ω(β(µ)). Ðîçãëÿíåìî
êâàçiïîëiíîì âèãëÿäó

g(x1, x2) =
(
D00 +D10x1 +D01x2

)
e

µ2∗
µ
x1+µx2 ,

D00, D10, D01 ∈ C,

äëÿ êîåôiöi¹íòiâ ÿêîãî îäåðæó¹ìî ñèñòåìó
ðiâíÿíü (îäíå ðiâíÿííÿ):

D10
∂∆

∂ν1

(
β(µ)

)
+D01

∂∆

∂ν2

(
β(µ)

)
= 0. (19)

Ç ðiâíÿííÿ (19) îäåðæó¹ìî, ùî D00, D01 �
äîâiëüíi ñòàëi, à D10 = −µ2∗

µ2
D10. Çãiäíî ç òåî-

ðåìîþ 1 íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (15),
(16) çíàõîäèìî çà ôîðìóëîþ

U(t, x) =
[
D00+

+D01

(
− µ2

∗
µ2

∂

∂ν1
+

∂

∂ν2

)]
Φ(t, x, ν)

∣∣∣
ν=β(µ)

,

(D00, D01) ̸= O.

Çîêðåìà, íåòðèâiàëüíèìè ðîçâ'ÿçêàìè çà-
äà÷i (15), (16) ¹ òàêi ôóíêöi¨:

U0(t, x, µ) = Φ(t, x, ν)
∣∣∣
ν=β(µ)

=

=

{
cosh[µ2

∗t]−
µ2
∗
µ2

sinh[µ2
∗t]

}
e

µ2∗
µ
x1+µx2−t,

U1(t, x, µ) =

=
(
− µ2

∗
µ2

∂

∂ν1
+

∂

∂ν2

)
Φ(t, x, ν)

∣∣∣∣
ν=β(µ)

=

=
{(

− µ2
∗
µ2
x1 + x2

)
cosh[µ2

∗t]−
(2µ2

∗
µ3

−

− µ4
∗
µ2

(
− µ2

∗
µ2
x1 + x2

))
sinh[µ2

∗t]
}
e

µ2∗
µ
x1+µx2−t.

Çíîâó ëåãêî ïåðåâiðèòè, ùî

U1(t, x, µ) =
∂

∂µ
U0(t, x, µ).

Çàóâàæèìî, ùî iíøi ðîçâ'ÿçêè çàäà÷i
(15), (16), ùî âiäïîâiäàþòü ν = β(µ), ìîæíà
øóêàòè çà ôîðìóëîþ

Uk(t, x, µ) =
∂k

∂µk

{(
cosh[µ2

∗t]−

− µ2
∗
µ2

sinh[µ2
∗t]
)
e

µ2∗
µ
x1+µx2−t

}
, k ∈ N\{1}.

Ðîçãëÿíåìî ïîáóäîâó íåòðèâiàëüíèõ
ðîçâ'ÿçêiâ çàäà÷i (15), (16) çà âåêòîðîì
ν = O ç òðåòüî¨ ïiäìíîæèíè, ïðè÷îìó
ïîáóäîâó âèêîíà¹ìî çà äîïîìîãîþ ïîëiíîìà
òðåòüîãî ñòåïåíÿ

g(x1, x2) =
∑

|k+j|≤3

Dkjx
k
1x

j
2.

Îñêiëüêè óñi ïîõiäíi äî òðåòüîãî ïîðÿä-
êó âêëþ÷íî âiä ∆(ν) ïðè ν = O äîðiâ-
íþþòü íóëåâi (çà âèêëþ÷åííÿì ∂2∆

∂ν21
(O) =

2e−1, ∂2∆
∂ν22

(O) = −2e−1), òî äëÿ ñòàëèõ êîåôi-
öi¹íòiâ D00, . . . , D03 îòðèìó¹ìî òàêó ñèñòåìó
àëãåáðè÷íèõ ðiâíÿíü:

D20C
(0,0)
(2,0)

∂2∆

∂ν21
(O) +D02C

(0,0)
(0,2)

∂2∆

∂ν22
(O) = 0,

D30C
(1,0)
(3,0)

∂2∆

∂ν21
(O) +D12C

(1,0)
(1,2)

∂2∆

∂ν22
(O) = 0,

D21C
(0,1)
(2,1)

∂2∆

∂ν21
(O) +D03C

(0,1)
(0,3)

∂2∆

∂ν22
(O) = 0,

çâiäêè îäåðæó¹ìî D20 = D02, D12 = 3D30,
D21 = 3D03, à

(
D00, D01, D11, D02, D30, D03

)
̸=

O. Çà òåîðåìîþ 1 çíàõîäèìî òàêi íåíóëüîâi
ðîçâ'ÿçêè çàäà÷i (15), (16):

U00(t, x) = Φ(t, x, O) = e−t,

U10(t, x) =
∂Φ

∂ν1

∣∣∣∣
ν=O

= x1e
−t,

U01(t, x) =
∂Φ

∂ν2

∣∣∣∣
ν=O

= x2e
−t,

U11(t, x) =
∂2Φ

∂ν1∂ν2

∣∣∣∣
ν=O

= x1x2e
−t,

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 147



U20(t, x) =
( ∂2
∂ν21

+
∂2

∂ν22

)
Φ(t, x, ν)

∣∣∣∣
ν=O

=

=
(
− 2t+ x21 + x22

)
e−t,

U30(t, x) =
( ∂3
∂ν31

+ 3
∂3

∂ν1∂ν22

)
Φ(t, x, ν)

∣∣∣∣
ν=O

=

=
(
− 6tx1 + x31 + 3x1x

2
2

)
e−t,

U03(t, x) =
(
3

∂3

∂ν21∂ν2
+

∂3

∂ν32

)
Φ(t, x, ν)

∣∣∣∣
ν=O

=

=
(
− 6tx2 + x32 + 3x21x2

)
e−t.

Çàóâàæèìî, ùî U00(t, x) = U0±(t, x, O),
îäíàê, ðåøòà çíàéäåíèõ ðîçâ'ÿçêiâ U10(t, x),
U01(t, x), U11(t, x), U20(t, x), U30(t, x), U03(t, x)
íå ìîæíà îòðèìàòè ç U0±(t, x, µ) øëÿõîì äè-
ôåðåíöiþâàííÿ çà µ ó òî÷öi µ = 0.

Ðîçãëÿíåìî íàðåøòi ÷åòâåðòèé âèïàäîê,
êîëè γ± = (±µ∗, µ∗). Îá÷èñëþ¹ìî

∆(γ±) =
∂∆

∂ν1
(γ±) =

∂∆

∂ν2
(γ±) = 0,

∂2∆

∂ν21
(γ±) = 4e−1µ2

∗ sinh[µ
2
∗] ̸= 0,

∂2∆

∂ν1∂ν2
(γ±) = ∓e−1µ2

∗ sinh[µ
2
∗] ̸= 0;

∂2∆

∂ν22
(γ±) = −4e−1µ2

∗ sinh[µ
2
∗] ̸= 0.

Ìà¹ìî (2, 0), (1, 1), (0, 2) ∈ Ω(γ±). Ïîáóäó-
¹ìî íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (15), (16)
çà äîïîìîãîþ êâàçiïîëiíîìà âèãëÿäó

g(x1, x2) =
(
D00 +D10x1 +D01x2 +D20x

2
1+

+D11x1x2 +D02x
2
2

)
e±µ∗x1+µ∗x2 .

Äëÿ ñòàëèõ D00, . . . , D02 çàïèøåìî ñèñòå-
ìó àëãåáðè÷íèõ ðiâíÿíü (9), ÿêà áóäå îäíèì
ðiâíÿííÿì (äèâ. çàóâàæåííÿ 1):

D20
∂2∆

∂ν21

(
γ±(µ)

)
+D11

∂2∆

∂ν1∂ν2

(
γ±(µ)

)
+

+D02
∂2∆

∂ν22

(
γ±(µ)

)
= 0

àáî
4D20 ∓D11 − 4D02 = 0,

çâiäêè îäåðæó¹ìî, ùî D00, D10, D01,
D20, D02 � äîâiëüíi ñòàëi, ïðè÷î-
ìó

(
D00, D10, D01, D20, D02

)
̸= O, à

D11 = ±4
(
D20 − D02

)
. Âiäïîâiäíî äî òå-

îðåìè 1 çíàõîäèìî íåòðèâiàëüíi ðîçâ'ÿçêè
çàäà÷i (15), (16):

U00±(t, x) = Φ(t, x, γ±) =

=
{
cosh[µ2

∗t]− sinh[µ2
∗t]
}
e±µ∗x1+µ∗x2−t =

= e−(1+µ2∗)t±µ∗x1+µ∗x2 .

ßê áà÷èìî U00±(t, x) = U0±(t, x, µ∗). Êðiì
òîãî, îá÷èñëþ¹ìî

U10±(t, x) =
∂Φ

∂ν1

∣∣∣∣
ν=γ±

=
{(
x1 ∓ µ∗t

)
e−µ

2
∗t∓

∓ 1

µ∗
sinh[µ2

∗t]
}
e±µ∗x1+µ∗x2−t,

U01±(t, x) =
∂Φ

∂ν2

∣∣∣∣
ν=γ±

=
{(
x2 − µ∗t

)
e−µ

2
∗t+

+
1

µ∗
sinh[µ2

∗t]
}
e±µ∗x1+µ∗x2−t.

Çàóâàæèìî çíîâó, ùî ôóíêöi¨ U10±(t, x),
U01±(t, x) íå ìîæíà îòðèìàòè ç U0±(t, x, µ)
òà U0(t, x, µ) øëÿõîì äèôåðåíöiþâàííÿ çà µ
ó òî÷öi µ = µ∗. Êðiì òîãî, çà òåîðåìîþ 1
çíàõîäèìî iíøi íåòðèâiàëüíi ðîçâ'ÿçêè çàäà-
÷i (15), (16) çà ôîðìóëîþ

U(t, x) =
[
D20

∂2

∂ν21
± 4
(
D20 −D02

) ∂2

∂ν1∂ν2
+

+D02
∂2

∂ν22

]
Φ(t, x, ν)

∣∣∣
ν=γ±

.

Î÷åâèäíî, ùî îêðåìèìè ðîçâ'ÿçêàìè çà-
äà÷i (15), (16) ¹

U20±(t, x) =

=
( ∂2
∂ν21

± 4
∂2

∂ν1∂ν2

)
Φ(t, x, ν)

∣∣∣∣
ν=γ±

,

U02±(t, x) =

=
(
∓ 4

∂2

∂ν1∂ν2
+

∂2

∂ν22

)
Φ(t, x, ν)

∣∣∣∣
ν=γ±

.

Çîêðåìà,
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U20±(t, x) =
{(

− t+ x1(x1 ∓ µ∗t)±

±4(x1∓µ∗t)x2+5µ∗t(µ∗t−
1

µ∗
∓x1)

)
cosh[µ2

∗t]±

±
(
5(x1∓µ∗t)µ∗t+(µ∗t−

1

µ∗
∓x1)(x1±4x2)+

+
x1
µ∗

± 4(t+
1

µ∗
)
)
sinh[µ2

∗t]
}
e±µ∗x1+µ∗x2−t.

Çàóâàæèìî çíîâó, ùî ðîçâ'ÿçêè U20±(t, x)
òà U02±(t, x) íå ìîæíà îòðèìàòè ç ðîçâ'ÿçêó
U0±(t, x, µ) çà äîïîìîãîþ äèôåðåíöiþâàííÿ
çà µ ó òî÷öi µ = µ∗. △

5. Âèñíîâêè. Ó ñòàòòi ñôîðìóëüîâàíî òà
äîâåäåíî òåîðåìó, ùî äà¹ íåîáõiäíi òà äîñ-
òàòíi óìîâè iñíóâàííÿ íåòðèâiàëüíèõ êâàçi-
ïîëiíîìíèõ ðîçâ'ÿçêiâ îäíîðiäíîãî ðiâíÿí-
íÿ iç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿä-
êó çà ÷àñîì òà çàãàëîì íåñêií÷åííîãî ïî-
ðÿäêó çà ïðîñòîðîâèìè çìiííèìè çi ñòàëè-
ìè êîìïëåêñíèìè êîåôiöi¹íòàìè, ùî çàäî-
âîëüíÿþòü îäíîðiäíi ëîêàëüíi äâîòî÷êîâi çà
÷àñîì óìîâè. Äîâåëåíî, ùî òàêi ðîçâ'ÿçêè
çàäà÷i iñíóþòü, ÿêùî ìíîæèíà íóëiâ õàðàê-
òåðèñòè÷íîãî âèçíà÷íèêà çàäà÷i íå ¹ ïîðîæ-
íüîþ. Çàïðîïîíîâàíî ôîðìóëè äëÿ ïîáóäî-
âè íåòðèâiàëüíèõ ðîçâ'ÿçêiâ çàäà÷i, ÿêi çàñ-
òîñîâàíî äî êîíêðåòíîãî ïðèêëàäó.
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