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ØÊÀËÀÕ

Â ðîáîòi äîâåäåíî, ùî ñiì'ÿ ôóíêöié Áåëìàíà Vλ(t0, x) çàäà÷i îïòèìàëüíîãî êåðóâàííÿ íà
[t0, t1]Tλ

ëîêàëüíî ðiâíîìiðíî çáiãà¹òüñÿ â Rd äî ôóíêöi¨ Áåëìàíà V (t0, x) çàäà÷i îïòèìàëüíîãî
êåðóâàííÿ íà [t0, t1], ïðè óìîâi, ùî supt∈[t0,t1]Tλ

µλ(t) → 0, ïðè λ → 0, äå µλ(t) � ôóíêöiÿ
çåðíèñòîñòi Tλ.

There is proved that the family value functions Vλ(t0, x) of the optimal control problem on
[t0, t1]Tλ

converges locally uniformly in Rd to the value function V (t0, x) of the optimal control
in the [t0, t1], provided that supt∈[t0,t1]Tλ

µλ(t) → 0, with λ → 0, where µλ(t) is the graininess
function of Tλ.

Âñòóï. Äàíà ðîáîòà ïðèñâÿ÷åíà âè-
â÷åííþ ãðàíè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêó çàäà-
÷i îïòèìàëüíîãî êåðóâàííÿ äèíàìi÷íèõ ðiâ-
íÿíü, çàäàíèõ íà ñiì'¨ ÷àñîâèõ øêàë Tλ, ïðè
óìîâi, ùî ôóíêöiÿ çåðíèñòîñòi µλ ïðÿìó¹ äî
íóëÿ, ïðè λ→ 0. Ïðè öüîìó âiäðiçîê ÷àñîâî¨
øêàëè [t0, t1]Tλ

= [t0, t1]∩Tλ ïðÿìó¹ äî [t0, t1]
(íàïðèêëàä, â ìåòðèöi Õàóñäîðôà) i âèíèêà¹
ïðèðîäíå ïèòàííÿ ïðî çâ'ÿçîê çàäà÷ êåðóâà-
ííÿ íà ÷àñîâèõ øêàëàõ i íà [t0, t1].

Çàäà÷i äîñëiäæåííÿ ÿêiñíî¨ ïîâåäiíêè
ðîçâ'ÿçêiâ äîáðå âèâ÷åíi ó âèïàäêó åéëåðî-
âèõ ÷àñîâèõ øêàë (çà êëàñèôiêàöi¹þ [6]),
òîáòî ó âèïàäêó Tλ = λZ+, λ > 0, ïðè öüî-
ìó ðiâíÿííÿ íà ÷àñîâié øêàëi ïåðåõîäèòü ó
ðiçíèöåâå ðiâíÿííÿ. Òàê, â ðîáîòi [9], äîñëi-
äæåíî çâ'ÿçîê ìiæ iñíóâàííÿì îáìåæåíèõ
íà îñi ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ òà âiäïî-
âiäíèõ ¨ì ðiçíèöåâèõ ðiâíÿíü. Â ðîáîòi [10]
âèâ÷åíî âëàñòèâiñòü çáåðåæåííÿ êîëèâàííÿ
ðîçâ'ÿçêiâ ïðè ïåðåõîäi âiä äèôåðåíöiàëü-
íèõ ðiâíÿíü äî ðiçíèöåâèõ i íàâïàêè.

Êëþ÷îâó ðîëü â ïåðåðàõîâàíèõ âèùå ðî-
áîòàõ âiäiãðà¹ ìåòîä ëàìàíèõ Åéëåðà, ÿêèé
ãàðàíòó¹ áëèçüêiñòü âiäïîâiäíèõ ðîçâ'ÿçêiâ
äèôåðåíöiàëüíèõ i ðiçíèöåâèõ ðiâíÿíü íà
ñêií÷åíèõ ÷àñîâèõ iíòåðâàëàõ ïðè ìàëèõ ði-
çíèöåâèõ êðîêàõ. Îäíàê, öåé ìåòîä äîáðå
ïðàöþ¹ äëÿ íåïåðåðâíèõ ïðàâèõ ÷àñòèí äè-
ôåðåíöiàëüíèõ ðiâíÿíü. Â öüîìó âèïàäêó ¨õ

ðîçâ'ÿçêè ¹ ãëàäêèìè ôóíêöiÿìè, ùî äîçâî-
ëÿ¹ äîñèòü ëåãêî îòðèìàòè îöiíêè áëèçüêî-
ñòi ìiæ ðîçâ'ÿçêàìè äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ i éîãî ðiçíèöåâîþ àïðîêñèìàöi¹þ. Àëå
â çàäà÷àõ îïòèìàëüíîãî êåðóâàííÿ, ïðî ÿêi
éäå ìîâà â äàíié ðîáîòi, ïðàâi ÷àñòèíè ñè-
ñòåì çàëåæàòü âiä ïàðàìåòðà êåðóâàííÿ �
ôóíêöi¨ u(t), ÿêà, âçàãàëi êàæó÷è, ¹ òiëüêè
âèìiðíîþ. Òîìó ðîçâ'ÿçîê äèôåðåíöiàëüíî-
ãî ðiâíÿííÿ ¹ ëèøå àáñîëþòíî íåïåðåðâíîþ
ôóíêöi¹þ, ùî çíà÷íî óñêëàäíþ¹ ïðîöåäóðó
îòðèìàííÿ âiäïîâiäíèõ îöiíîê áëèçüêîñòi.

Ç öüîãî ïðèâîäó âiäçíà÷èìî ðîáîòè [12]�
[14], äå îòðèìàíi îöiíêè áëèçüêîñòi ìiæ
ðîçâ'ÿçêàìè äèôåðåíöiàëüíèõ ðiâíÿíü i ¨õ
ðiçíèöåâèìè àïðîêñèìàöiÿìè ç âèêîðèñòàí-
íÿì òåõíiêè îïóêëîãî àíàëiçó. Ìàþ÷è òà-
êi îöiíêè àâòîðè äîâåëè çáiæíiñòü ôóíêöié
Áåëìàíà çàäà÷ îïòèìàëüíîãî êåðóâàííÿ äëÿ
ðiçíèöåâèõ ñõåì äî ôóíêöié Áåëìàíà çàäà÷
îïòèìàëüíîãî êåðóâàííÿ âiäïîâiäíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü, êîëè êðîê àïðîêñèìà-
öi¨ ïðÿìó¹ äî íóëÿ.

Íàøà ðîáîòà óçàãàëüíþ¹ ðåçóëüòàòè [12]�
[14] ïðî ãðàíè÷íó ïîâåäiíêó ôóíêöi¨ Áåë-
ìàíà íà âèïàäîê çàãàëüíèõ ÷àñîâèõ øêàë.
Îäíàê, ó çâ'ÿçêó çi ñêëàäíiñòþ òîïîëîãi-
÷íî¨ ñòðóêòóðè ÷àñîâî¨ øêàëè, ìåòîäè äî-
ñëiäæåííÿ òóò iíøi. Îñíîâíó òðóäíiñòü òóò
ñòàíîâèòü äîâåäåííÿ ðiâíîìiðíî¨ çáiæíîñòi
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ðîçâ'ÿçêó çàäà÷i Êîøi íà [t0, t1]Tλ
äî ðîçâ'ÿç-

êó âiäïîâiäíî¨ çàäà÷i Êîøi íà [t0, t1]. Öÿ
ñêëàäíiñòü âèêëèêàíà äâîìà ïðè÷èíàìè: ïî-
ïåðøå, ïðàâi ÷àñòèíè íàøèõ ðiâíÿíü íå ¹ êó-
ñêîâî íåïåðåðâíèìè, à, ïî-äðóãå, íà âiäìiíó
âiä [12]�[14], ìè ìà¹ìî ñïðàâó ç áiëüø ñêëà-
äíîþ ÷àñîâîþ øêàëîþ íiæ åéëåðîâà.

Ñàìà ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó i
òðüîõ ðîçäiëiâ. Â ïåðøîìó ðîçäiëi ïðèâåäå-
íi îñíîâíi ïîíÿòòÿ, ïîâ'ÿçàíi ç òåîði¹þ ÷à-
ñîâèõ øêàë (ïiäðîçäië 1.1) i ðîçãëÿäà¹òüñÿ
ïîñòàíîâêà çàäà÷i (ïiäðîçäië 1.2). Äðóãèé
ðîçäië ïðèñâÿ÷åíèé âèâ÷åííþ âëàñòèâîñòåé
ôóíêöi¨ Áåëìàíà, çà äîïîìîãîþ ÿêèõ â òðå-
ìüîìó ðîçäiëi âñòàíîâëåíî îñíîâíèé ðåçóëü-
òàò ðîáîòè ïðî çáiæíiñòü ôóíêöi¨ Áåëìàíà.
1.1 Îñíîâíi ïîíÿòòÿ, ïîâ'ÿçàíi ç òå-

îði¹þ ÷àñîâèõ øêàë.
Íåõàé T � ÷àñîâà øêàëà, òîáòî äîâiëüíà,

íåïîðîæíÿ, çàìêíåíà ïiäìíîæèíà R1 [15].
Äëÿ êîæíî¨ ïiäìíîæèíè A ç R ïîçíà÷èìî
AT = A ∩ T. Ââàæà¹ìî, ùî supT = +∞.

Âèçíà÷èìî ïðÿìèé i îáåðíåíèé îïåðàòî-
ðè ñòðèáêà σ, ρ : T → T ÿê σ(t) = inf{s ∈
T | s > t} i ρ(t) = sup{s ∈ T | s < t}.
Ôóíêöiÿ çåðíèñòîñòi µ : T → [0,∞) âèçíà-
÷à¹òüñÿ íàñòóïíèì ÷èíîì µ(t) = σ(t) − t.
Òî÷êà t ∈ T íàçèâà¹òüñÿ ëiâî-ãðàíè÷íîþ
(ëiâî-ðîçñiÿíîþ, ïðàâî-ãðàíè÷íîþ àáî ïðàâî-
ðîçñiÿíîþ), ÿêùî ρ(t) = t (ρ(t) < t, σ(t) =
t àáî σ(t) > t). Âèçíà÷èìî ïîíÿòòÿ ∆�
ïîõiäíî¨.

Îçíà÷åííÿ 1. Ôóíêöiÿ f : [a, b]T → R1

ìà¹ ∆�ïîõiäíó â t ∈ T, ÿêùî iñíó¹ α ∈ R1,
ùî äëÿ ε > 0 iñíó¹ îêië B òî÷êè t òàêèé,
ùî

|f(σ(t))− f(s)− α(σ(t)− s)| ≤ ε|σ(t)− s|,

äëÿ âñiõ s ∈ B ∩ T. Ïðè öüîìó f∆(t) = α.

Ïîçíà÷èìî ÷åðåç RS (SS, LS, LD) âiäïî-
âiäíî ìíîæèíó âñiõ ïðàâî-ðîçñiÿíèõ (ïðàâî-
ãðàíè÷íèõ, ëiâî-ðîçñiÿíèõ, ëiâî-ãðàíè÷íèõ
òî÷îê) ç ÷àñîâî¨ øêàëè T.
1.2 Ïîñòàíîâêà çàäà÷i.
Îïèøåìî êîðîòêî ïîñòàíîâêó çàäà÷i. Íå-

õàé Tλ � ñiì'ÿ ÷àñîâèõ øêàë òàêèõ, ùî
supTλ = ∞, λ ∈ Λ ⊂ R1 i 0 � ãðàíè-
÷íà òî÷êà Λ. Íåõàé äëÿ äîâiëüíîãî λ ∈ Λ,

t0, t1 ∈ Tλ. Ïîçíà÷èìî µλ = supt∈[t0,t1]Tλ
µ(t).

Áóäåìî ââàæàòè, ùî µλ → 0, ïðè λ→ 0.
Íà êîæíié ç ÷àñîâèõ øêàë Tλ ðîçãëÿíåìî

íàñòóïíó çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ

x∆ = f(t, x(t), u(t)),

x(t0) = x, (1)

Jλ(u) =

∫
[t0,t1)Tλ

L(t, x(t), u(t))∆t → inf .

Òóò x ∈ Rd � ôàçîâèé âåêòîð, u = u(t)
� âåêòîð êåðóâàííÿ, òîáòî ∆-âèìiðíà ôóí-
êöiÿ, ùî ïðèéìà¹ çíà÷åííÿ â äåÿêîìó êîì-
ïàêòi U ⊂ Rm.

Íåõàé Vλ(t, x) � ñiì'ÿ ôóíêöié Áåëìà-
íà çàäà÷i 1. Îñíîâíèé ðåçóëüòàò ðîáîòè �
äîâåäåííÿ ëîêàëüíî¨ ðiâíîìiðíî¨ çáiæíîñòi
Vλ(t0, x) äî V (t0, x) ïðè µλ → 0, êîëè λ→ 0,
äå V (t0, x) � ôóíêöiÿ Áåëìàíà íåïåðåðâíî¨
çàäà÷i

dx

dt
= f(t, x(t), u(t)),

x(t0) = x,

J(u) =

∫ t1

t0

L(t, x(t), u(t))dt → inf .

2. Âëàñòèâîñòi ôóíêöi¨ Áåëìàíà.
Íåõàé T � ÷àñîâà øêàëà, supT = +∞ i

t0, t1 ∈ T. Íåõàé Q = [t0, t1)T × Rd, Q =
[t0, t1]T×Rd � çàìèêàííÿ ìíîæèíè Q, à ∂Q =
{t1} × Rd � ¨¨ ãðàíèöÿ.

Ðîçãëÿíåìî íàñòóïíó çàäà÷ó îïòèìàëü-
íîãî êåðóâàííÿ

x∆ = f(t, x, u),

x(t0) = x0, (2)

J(u) =

∫
[t0,t1)T

L(s, x(s), u(s))∆s+Ψ(x(t1)) → inf .

Íåõàé U ⊂ Rm � êîìïàêò â Rm.
Äëÿ êîæíîãî t ∈ [t0, t1)T íåõàé U(t) =
L∞ ([t, t1]T, U) � ìíîæèíà îáìåæåíèõ, ∆-
âèìiðíèõ [5] ôóíêöié, ÿêi âèçíà÷åíi íà [t, t1]T
i ïðèéìàþòü çíà÷åííÿ â U . Â çàäà÷i (2) äîïó-
ñòèìèìè áóäåìî ââàæàòè êåðóâàííÿ u(·) ∈
U(t0). Ïîìiñòèìî çàäà÷ó (2) â ñiì'þ çàäà÷

x∆ = f(t, x, u), (3)

x(t) = x, (4)

J(t, x, u) =

∫
[t0,t1)T

L(s, x(s), u(s))∆s+Ψ(x(t1)) → inf,

(5)
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äå t ∈ [t0, t1)T, x ∈ Rd.
Ñòàíäàðòíèì ÷èíîì ââåäåìî ôóíêöiþ

Áåëìàíà:

V (t, x) = inf
u(·)∈U(t)

J(t, x, u). (6)

Âiäíîñíî ôóíêöié f : [t0, t1]T×Rd×U → Rd,
L : [t0, t1]T × Rd × U → R1 i Ψ : Rd → R1

ââàæà¹ìî âèêîíàíèìè íàñòóïíi óìîâè:

1) f � íåïåðåðâíà çà ñóêóïíiñòþ çìiííèõ,
çàäîâîëüíÿ¹ ãëîáàëüíó óìîâó Ëiïøèöÿ
ïî x çi ñòàëîþ K;

2) L i Ψ � íåïåðåðâíi çà ñâî¨ìè àðãóìåíòà-
ìè ôóíêöi¨, ùî çàäîâîëüíÿþòü ïî çìií-
íié x ãëîáàëüíó óìîâó Ëiïøèöÿ çi ñòà-
ëîþ K.

Âiäçíà÷èìî, ùî ïðè âèêîíàííi óìîâè 1)
äëÿ êåðóâàííÿ ç U(t) ðîçâ'ÿçîê çàäà÷i Êî-
øi (3)�(5) iñíó¹ íà âñüîìó iíòåðâàëi [t, t1]T i
¹äèíèé [3].

Âiäíîñíî âëàñòèâîñòåé ôóíêöi¨ Áåëìàíà
ñïðàâåäëèâà òåîðåìà.

Òåîðåìà 1. Íåõàé ôóíêöi¨ f, L i Ψ çàäî-
âîëüíÿþòü óìîâè 1) i 2). Òîäi ôóíöiÿ Áåë-
ìàíà ¹ ëîêàëüíî îáìåæåíîþ i ëîêàëüíî ëi-
ïøèöåâîþ â Q.

Äîâåäåííÿ. Çàôiêñó¹ìî r > 0 i ðîçãëÿ-
íåìî Br = {x ∈ Rd : |x| ≤ r} � êóëþ ðàäi-
óñà r. Çàôiêñó¹ìî (t, x), (t, y) ∈ Q, òàê, ùîá
x, y ∈ Br i u(·) ∈ U(t). Íåõàé x(·) i y(·) �
ðîçâ'ÿçêè (3) òàêi, ùî x(t) = x, y(t) = y âiä-
ïîâiäíî. Òîäi äëÿ s ∈ [t, t1]T ìà¹ìî

|x(s)| ≤ |x|+
∫
[t,s)T

|f(s, x(s), u(s))|∆s ≤

≤ |x|+
∫
[t,s)T

K |x(s)|∆s+

∫
[t,s)T

|f(s, 0, u(s))|∆s ≤

≤ |x|+A+

∫
[t,s)T

K |x(s)|∆s, (7)

äëÿ äåÿêî¨ ñòàëî¨ A > 0, îñêiëüêè f � íåïå-
ðåðâíà, à U � êîìïàêò.

Ç íåðiâíîñòi Ãðîíóîëà [4, p.257] äëÿ s ∈
[t, t1]T, ìà¹ìî

|x(t)| ≤ (r +A)eK(s, t), (8)

òóò eK(s, t) � åêñïîíåíöiàëüíà ôóíêöiÿ [4].
Äëÿ ïîäàëüøîãî äîâåäåííÿ íàì ïîòðiáíà

íàñòóïíà ëåìà.

Ëåìà 1. Åêñïîíåíöiàëüíà ôóíêöiÿ eK(t, t0)
� îáìåæåíà íà [t0, t1]T ç îöiíêîþ, ùî íå çà-
ëåæèòü âiä ÷àñîâî¨ øêàëè [4].

Äîâåäåííÿ. Äîáðå âiäîìî, ùî eK(t, t0)
� ðîçâ'ÿçîê çàäà÷i Êîøi

x∆ = Kx, x(t0) = 1.

Òîäi
x(t) = 1 +K

∫
[t0,t)T

x(τ)∆τ. (9)

Ðîçâ'ÿçóþ÷è (9) ìåòîäîì ïîñëiäîâíèõ íà-
áëèæåíü, ìà¹ìî:

|x1(t)| ≤ 1 +K

∫
[t0,t)T

∆s ≤ 1 +K(t− t0).

Òîäi ç [3, Ëåìà 3], ìà¹ìî

|x2(t)| ≤ 1 +K

∫
[t0,t)T

|x1(s)|∆s ≤

≤ 1 +K(t− t0) +
K2(t− t0)

2

2
.

Òîäi äëÿ âñiõ n ∈ IN, îòðèìà¹ìî

|xn(t)| ≤ eK(t−t0),

ùî i äîâîäèòü ëåìó 1.
Ç (8) i ëåìè 1 ìè ìà¹ìî íàñòóïíó îöiíêó

|x(t)| ≤ (r +A)eK(t1−t0) = A1, (10)

äëÿ t ∈ [t0, t1]T i x ∈ Br. Òîäi ëîêàëüíà îáìå-
æåíiñòü ôóíêöi¨ Áåëìàíà ëåãêî âèïëèâà¹ ç
îáìåæåíîñòi L i Ψ äëÿ t ∈ [t0, t1]T, |x| ≤ A1 i
u ∈ U . Äëÿ s ∈ [t, t1]T ìà¹ìî íàñòóïíó îöií-
êó

|x(s)− y(s)| ≤ |x− y|eK(s, t). (11)

Òîäi ç (11) i ëåìè 1 ìè îòðèìà¹ìî îöiíêó

|x(s)− y(s)| ≤ C1|x− y|, (12)

äëÿ äîâiëüíèõ s ∈ [t, t1]T i x ∈ Rd, i äåÿêî¨
ñòàëî¨ C1 > 0, ùî íå çàëåæèòü âiä t, x, u.
Îòæå,

|J(t, x, u)− J(t, y, u)| ≤

≤
∫
[t,t1)T

|L(s, x(s), u(s))− L(s, y(s), u(s))|∆s+

+|Ψ(x(t1))−Ψ(y(t1))| ≤ KC1(t1 − t)|x− y|+

+KC1|x− y| ≤ C2|x− y|. (13)

Òàêèì ÷èíîì, ç (13) âèïëèâà¹, ùî

|V (t, x)−V (t, y)| = | sup
u(·)∈U(t)

J(t, x, u)− sup
u(·)∈U(t)

J(t, y, u)| ≤

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 125



≤ sup
u(·)∈U(t)

|J(t, x, u)− J(t, y, u)| ≤ C3|x− y|, (14)

Çàôiêñó¹ìî (t, x) ∈ Q, |x| ≤ r, τ ∈ [t, t1]T
i u(·) ∈ U(t). Çâóæåííÿ u(·) íà [τ, t1] ¹ åëå-
ìåíòîì U(τ), ÿêå ìè çíîâó ïîçíà÷èìî ÷åðåç
u(·). Òîäi ç óðàõóâàííÿì (13) ìà¹ìî

|J(t, x, u)− J(τ, x, u)| ≤ |J(t, x, u)− J(τ, x(τ), u)|+

+|J(τ, x(τ), u)−J(τ, x, u)| ≤ C(r)|τ−t|+C2|x(τ)−x|.
(15)

Ñòàëà C(r) â ñèëó ëîêàëüíî¨ îáìåæåíîñòi
L, çâiñíî, çàëåæèòü âiä r. Àëå

x(τ) = x+

∫
[t,τ)T

f(s, x(s), u(s))∆s,

òîäi ç îáìåæåíîñòi f íà t ∈ [t0, t1]T, |x| ≤ r,
u ∈ U ìà¹ìî

|x(τ)− x| ≤ C(r)|τ − t|.

Òàêèì ÷èíîì, ç (15) ìà¹ìî

|V (t, x)− V (τ, x)| ≤ sup
u(·)∈U(t)

|J(t, x, u)− J(τ, x, u)| ≤

≤ C(r)|τ − t|+ C2C|τ − t| = C4(r)|τ − t|. (16)

Òîäi ç (14) i (16) äëÿ (t, x) i (s, y) ∈ Q îòðè-
ìà¹ìî

|V (t, x)− V (s, y)| ≤ |V (t, x)− V (s, x)|+

+|V (s, x)− V (s, y)| ≤ C4(r)|t− s|+ C3|x− y|,

ùî i äîâîäèòü òåîðåìó.

Çàóâàæåííÿ 1. ßêùî ôóíêöi¨ f, L, Ψ �
îáìåæåíi, òî ç äîâåäåííÿ òåîðåìè â öüîìó
âèïàäêó ìîæíà ëåãêî îòðèìàòè, ùî ôóí-
êöiÿ Áåëìàíà ¹ ãëîáàëüíî ëiïøèöåâîþ ïî x
i t, i ãëîáàëüíî îáìåæåíîþ.

3. Îñíîâíèé ðåçóëüòàò. Çáiæíiñòü
ôóíêöi¨ Áåëìàíà.

Íà êîæíié ç ÷àñîâèõ øêàë Tλ ðîçãëÿíåìî
çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ

x∆ = f(t, x, u), (17)

x(t0) = x0, (18)

Jλ(u) =

∫
[t0,t1)Tλ

L(t, x(t), u(t))∆t → inf . (19)

Àíàëîãi÷íî ïîïåðåäíüîìó ïóíêòó ââåäåìî
ñiì'þ ôóíêöié Áåëìàíà Vλ(t, x) ÿê

Vλ(t, x) = inf
u(·)∈U(t)

Jλ(t, x, u).

Â öüîìó ïóíêòi ìè ç'ÿñó¹ìî óìîâè çái-
æíîñòi ôóíêöi¨ Áåëìàíà Vλ(t0, x) äî V (t0, x)
ôóíêöi¨ Áåëìàíà íåïåðåðâíî¨ çàäà÷i íà âiä-
ðiçêó [t0, t1].

dx(t)

dt
= f(t, x(t), u(t)),

x(t0) = x, (20)

J(u) =

∫ t1

t0

L(t, x(t), u(t))dt → inf .

Êëàñ äîïóñòèìèõ êåðóâàíü âèçíà÷à¹òüñÿ
àíàëîãi÷íî ïóíêòó 2. Îñíîâíèì ðåçóëüòàòîì
äàíîãî ðîçäiëó ¹ òåîðåìà.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ íàñòóïíi
óìîâè:

1) ôóíêöi¨ f, fx i L âèçíà÷åíi i íåïåðåðâíi
çà ñóêóïíiñòþ çìiííèõ íà [t0, t1]×Rd×
U ;

2) f i L â îáëàñòi âèçíà÷åííÿ çàäîâîëüíÿ-
þòü ïî çìiííié x ãëîáàëüíó óìîâó Ëi-
ïøèöÿ çi ñòàëîþ K > 0.

Òîäi Vλ(t0, x) → V (t0, x) ëîêàëüíî ðiâíîìið-
íî â Rd ïðè µλ → 0, êîëè λ → 0, äå V (t0, x)
� ôóíêöiÿ Áåëìàíà íåïåðåðâíî¨ çàäà÷i (20)
íà T0.

Äîâåäåííÿ. Íå âòðà÷àÿ çàãàëüíîñòi
ââàæà¹ìî, ùî t0 = 0, t1 = 1. Äîâåäåííÿ òåî-
ðåìè ðîçiá'¹ìî íà êiëüêà åòàïiâ.
Êðîê 1. Âiçüìåìî äîâiëüíó ÷àñîâó øêà-

ëó Tλ i äîâiëüíå äîïóñòèìå êåðóâàííÿ uλ(t)
íà íié. Íåõàé xλ(t) � âiäïîâiäíà äîïóñòèìà
òðà¹êòîðiÿ. Ïîçíà÷èìî ÷åðåç ũλ(t) ðîçøèðå-
ííÿ uλ(t) íà âåñü âiäðiçîê [0, 1], ïîáóäîâàíå
íàñòóïíèì ÷èíîì:

ũλ(t) =

{
uλ(t), t ∈ [0, 1]Tλ

uλ(r), t ∈ [r, σ(r)),
(21)

äå r ∈ RS. Ïîáóäîâàíå òàêèì ÷èíîì êåðóâà-
ííÿ ¹ äîïóñòèì äëÿ çàäà÷i (20). Çà äîïóñòè-
ìèì êåðóâàííÿì ũλ(t) ïîáóäó¹ìî äîïóñòèìó
òðà¹êòîðiþ x(t) ÿê ðîçâ'ÿçîê çàäà÷i Êîøi

dx
dt = f(t, x, ũλ(t))
x(0) = x0.
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Ïîêàæåìî, ùî∣∣∣∣∣
∫
[0,1)Tλ

L(t, xλ(t), uλ(t))∆t−
∫ 1

0

L(t, x(t), ũλ(t))dt

∣∣∣∣∣ → 0,

(22)

ïðè λ→ 0.
Âèêîðèñòîâóþ÷è àíàëîã íåðiâíîñòi Ãðî-

íóîëà íà ÷àñîâèõ øêàëàõ [4], à òàêîæ ëåìó
1, ìîæíà âñòàíîâèòè, ùî äëÿ êîæíîãî r > 0
iñíó¹ ñòàëà C(r) > 0, ùî

|xλ(t)| ≤ C(r), t ∈ [0, 1]Tλ
, |x(t)| ≤ C(r), |x0| ≤ r,

(23)
äå t ∈ [0, 1]. Âiäçíà÷èìî, ùî îöiíêè (23),
â ñèëó êîìïàêòíîñòi U ¹ ðiâíîìiðíèìè çà
âñiìà äîïóñòèìèìè êåðóâàííÿìè. Òîìó iñíó¹
C1(r) > 0, ùî

|L(t, xλ(t), uλ(t))| ≤ C1(r), |f(t, xλ(t), uλ(t))| ≤ C1(r),

|fx(t, xλ(t), uλ(t))| ≤ C1(r), ∀t ∈ [0, 1]Tλ
(24)

Òîäi ∫
[0,1)Tλ

L(t, xλ(t), uλ(t))∆t =

=

∫
[0,1)T\RS

L(t, xλ(t), uλ(t))∆t+
∑
r∈RS

L(r, xλ(r), uλ(r))µ(r).

(25)

Â ñèëó (24), ñóìà (cêií÷åííà àáî íå-
ñêií÷åííà) â (25) ìàæîðó¹òüñÿ ñóìîþ
C1

∑
r∈RS µλ(r). Òîäi∑

r∈RS

L(r, xλ(r), uλ(r))µ(r) =

=

N∑
k=1

L(rk, xλ(rk), uλ(rk))µ(rk)+∑
k=N+1

L(rk, xλ(rk), uλ(rk))µ(rk). (26)

Äëÿ êîæíîãî λ âèáåðåìî N(λ) òàê, ùîá∑
k=N+1

µ(rk) ≤
µλ

2
. (27)

Âèêèíåìî òåïåð ç ÷àñîâî¨ øêàëè òi ïðàâî-
ðîçñiÿíi òî÷êè, ùî ôiãóðóþòü â ñóìi (27). �õ
çàãàëüíà ∆-ìiðà íå áiëüøà íiæ µλ

2
. Ïîçíà÷è-

ìî ÷åðåç A = ∪r[rk, σ(rk)), äå îá'¹äíàííÿ áå-
ðåòüñÿ ïî âñiì âèêèíóòèì r. Î÷åâèäíî, ÷òî
ìiðà Ëåáåãà λ(A) ≤ µλ

2
. Íåõàé B = [0, 1]\A.

Äîïîâíèìî ôóíêöiþ xλ(t) äî ôóíêöi¨
x̃λ(t), ÿêà âèçíà÷åíà íà âñüîìó iíòåðâàëi
[0, 1] çà ïðàâèëîì (21). Àíàëîãi÷íî äîïîâ-
íèìî ôóíêöiþ L(t, x, u) ÿê ôóíêöiþ ïî t,
âèçíà÷åíó íà Tλ äî ôóíêöi¨ L̃(t, x, u), ÿêà

âèçíà÷åíà íà âñüîìó [0, 1]. Î÷åâèäíî, ùî
|L̃(t, x, u)| ≤ C. Òîäi çãiäíî ç [7]∫

[0,1]Tλ

L(t, xλ(t), uλ(t))∆t =

∫ 1

0

L̃(t, x̃λ(t), ũλ(t))dt.

Òîìó ëiâà ÷àñòèíà â (22) íå ïåðåâóùó¹∣∣∣∣∫
A

(L̃(t, x̃λ(t), ũλ(t))− L(t, x(t), ũλ(t)))

∣∣∣∣ dt+
+

∣∣∣∣∫
B

(L̃(t, x̃λ(t), ũλ(t))− L(t, x(t), ũλ(t)))

∣∣∣∣ dt ≤
≤ Cµλ +

∫
B

∣∣∣(L̃(t, x̃λ(t), ũλ(t))− L(t, x(t), ũλ(t)))
∣∣∣ dt.
(28)

Îöiíèìî äðóãèé äîäàíîê â (28). Ìíîæèíà
B ñêëàäà¹òüñÿ çi ñêií÷åííî¨ êiëüêîñòi ïðàâî-
ðîçñiÿíèõ òî÷îê (r1, . . . , rN) i iíòåðâàëiâ ìiæ
íèìè (ÿêùî âîíè ¹), ÿêi ñêëàäàþòüñÿ ç ãðà-
íè÷íèõ òî÷îê.

Â ñèëó îöiíîê (23), êîìïàêòíîñòi ìíîæè-
íè U , òåïåð ôóíêöi¨ f(t, x, u) i L(t, x, u) ìî-
æíà ðîçãëÿäàòè ëèøå íà äåÿêîìó êîìïàêòi,
äå âîíè ðiâíîìiðíî íåïðåðâíi. Òîìó ìîæíà
âèáðàòè ε1 = ε1(ε) > 0 òàê, ùîá âèêîíóâà-
ëèñü íåðiâíîñòi

|L(t, x, u)− L(s, x, u)| < ε, |f(t, x, u)− f(s, x, u)| < ε,
(29)

ÿêùî |t − s| < ε1. Áóäåìî ââàæàòè òàêîæ,
ùî

µλ < ε1. (30)

Ïîçíà÷èìî B1 = B \ ∪Ni=1[ri, σ(ri)). Òîäi∫
B

L̃(t, x̃λ(t), ũλ(t))dt =

=

∫
B1

L(t, xλ(t), uλ(t))dt+

N∑
i=1

∫ σ(ri)

ri

L(ri, x̃λ(t), ũλ(t))dt.

Çâiäñè∫
B

|L̃(t, x̃λ(t), ũλ(t))− L(t, x(t), ũλ(t))|dt ≤

≤ K

∫
B

|xλ(t)− x(t)|dt+ ε. (31)

Îöiíèìî òåïåð ðiçíèöþ |x̃λ(t) − x(t)|. Íå
âòðà÷àþ÷è çàãàëüíîñòi ìîæíà ââàæàòè, ùî
÷àñîâà øêàëà Tλ ìà¹ íàñòóïíó ñòðóêòóðó
(ðèñ.1).
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Ðèñ. 1
Íåïåðåðâíîþ ëiíi¹þ ïîçíà÷åíi âiäðiçêè,

ùî ñêëàäàþòüñÿ ç ãðàíè÷íèõ òî÷îê; ïóí-
êòèðîì ïîçíà÷åíi âiäðiçêè [ri, σ(ri)), äå ri �
ïðàâî-ðîçñiÿíi òî÷êi, ùî çàëèøèëèñü; æèð-
íîþ ëiíi¹þ ïîçíà÷åíi ìíîæèíè, ùî ñêëàäà-
þòüñÿ ç âèêèíóòèõ òî÷îê (ìíîæèíà A).

Äëÿ iíøèõ ñòðóêòóð ÷àñîâî¨ øêàëè äîâå-
äåííÿ àíàëîãi÷íå.

1) Íà [0, r1] ìà¹ìî, ùî uλ(t) = ũλ(t), òîìó
x̃λ(t) = xλ(t).

2) Íà iíòåðâàëi [r1, σ(r1)) ìà¹ìî, ùî
x̃λ(t) = xλ(r1) = x(r1), ũλ(t) = uλ(r1).
Àëå

x(t) = x(r1) +

∫ t

r1

f(s, x(s), uλ(r1))ds, (32)

à òîìó ïðè t ∈ [r1, σ(r1)) x(t) � äâi÷i
ãëàäêà ôóíêöiÿ. Òîìó, âèêîðèñòîâóþ÷è
ôîðìóëó Òåéëîðà iç çàëèøêîâèì ÷ëå-
íîì ó ôîðìi Ëàãðàíæà, îòðèìà¹ìî

x(t) = x(r1) + f(r1, x(r1), uλ(r1))(t− r1)+

+f ′
x(s1, x(s1), uλ(r1)) · f(s1, x(s1), uλ(r1))

(t− r1)
2

2
,

(33)

òóò s1 � äåÿêà òî÷êà íà [r1, σ(r1)], à f ′
x

� ìàòðèöÿ ßêîái. Ç (24) âèïëèâà¹, ùî

max
t∈[t0,t1]

|f ′
x(t, x(t), uλ(t))f(t, x(t), uλ(t))| ≤ C2

1 .

(34)
Òàêèì ÷èíîì, ïðè t ∈ [r1, σ(r1)), îòðè-
ìà¹ìî

|x(t)− x̃λ(t)| ≤
∫ σ(r1)

r1

|f(t, x(t), uλ(r1))| dt ≤ C1µ(r1).

(35)

Àëå â òî÷öi σ(r1) îòðèìà¹ìî

x̃λ(σ(r1)) = xλ(r1)+f(r1, xλ(r1), uλ(r1))µ(r1) =

= x(r1) + f(r1, x(r1), uλ(r1))µ(r1).

Çâiäñè, ç óðàõóâàííÿì (33) i (34), îòðè-
ìà¹ìî

|x(σ(r1))− x̃λ(σ(r1))| ≤ C2
1

µ2
λ(r1)

2
:= δ1. (36)

3) Ïðè t ∈ [σ(r1), r2], àíàëîãi÷íî iíòåðâàëó
[0, r1], ìà¹ìî

|x̃λ(t)− x(t)| ≤ δ1e
K(r2−σ(r1)) := δ2. (37)

4) Íà [r2, σ(r2)), àíàëîãi÷íî iíòåðâàëó
[r1, σ(r1)), îòðèìà¹ìî

|x(t)− x̃λ(t)| ≤ δ2 + µλ(r2)C1, (38)

|x(σ(r2))− x̃λ(σ(r2))| ≤ (1 +Kµλ(r2))∗

∗δ2 +
µ2
λ(r2)

2
C2

1 := δ3.

5) Íà [σ(r2), rh1 ] ìà¹ìî

|x̃(rh1
)− x̃(σ(r2))| ≤ C1(rh1

− r2) = C1µ1,

|x(rh1)− x(σ(r2))| ≤ C1µ1.

Òàêèì ÷èíîì,

|x̃λ(rh1)− x(rh1)| ≤ 2C1µ1 + δ3 := δ4. (39)

6) Íà iíòåðâàëi [rh1 , r3], ìà¹ìî

|x̃λ(t)− x(t)| ≤ δ4e
K(r3−rh1

) := δ5. (40)

7) Íà [r3, σ(r3)), îòðèìà¹ìî îöiíêè

|x̃λ(t)− x(t)| ≤ δ5 + µλ(r3)C1, (41)

|x̃λ(σ(r3))− x(σ(r3))| ≤ δ5(1 +Kµλ(r3))+

+
µ2
λ(r3)

2
C2

1 := δ6. (42)

8) Àíàëîãi÷íî íà [σ(r3), r4] ìà¹ìî

|x̃λ(t)− x(t)| ≤ δ6e
K(r4−σ(r3)) := δ7. (43)

9) Íà (r4, rh2) ìà¹ìî

|x̃λ(rh2)− x(rh2)| ≤ δ7 + 2C1µ2 := δ8.

10) Íà iíòåðâàëi [rh2 , σ(rh2)), ìà¹ìî

|x̃λ(t)− x(t)| ≤ δ8 + 2C1µ2 + µλ(rh2)C1, (44)

|x̃λ(σ(rh2))− x(σ(rh2))| ≤ δ8(1 +Kµλ(rh2))+

+
µ2
λ(rh2)

2
C2

1 := δ9 (45)

11) Íà [σ(rh2), r5], îòðèìà¹ìî

|x̃λ(t)− x(t)| ≤ δ9 · eK(r5−σ(rh2
)). (46)

Ðîçïèñóþ÷è îñòàííþ íåðiâíiñòü ç óðàõó-
âàííÿì ââåäåíèõ ïîçíà÷åíü, îòðèìà¹ìî äëÿ
t /∈ [rk, σ(rk)) íàñòóïíó îöiíêó

|x̃λ(t)−x(t)| ≤ ΠeK2C1

∑
i

µi+
1

2
ΠC2

1e
K
∑
i

µ2(ri) ≤
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≤ µλ(Πe
KC1 +

1

4
ΠC2

1e
K) → 0, λ → 0, (47)

äå ÷åðåç Π ìè ïîçíà÷èëè íàñòóïíèé âèðàç

Π = (1 +Kµλ(r1))(1 +Kµλ(r2))(1 +Kµλ(r3))∗

∗(1 +Kµλ(rh2)) . . . (1 +Kµλ(rN )).

Ïðè t ∈ [rk, σ(rk)), îòðèìà¹ìî îöiíêó

|x̃λ(t)− x(t)| ≤ µλΠe
K(C1 +

C2
1

4
) + 2C1µi+

+µλ(rk)C1 ≤ µλ(ΠeK(C1 +
C2

1

4
) + 3C1). (48)

Òîìó
|x̃λ(t)− x(t)| → 0, λ → 0,

ðiâíîìiðíî ïî âñiì t ∈ [0, 1].
Òàêèì ÷èíîì ìè ïîêàçàëè, ùî äëÿ äî-

âiëüíî¨ ÷àñîâî¨ øêàëè Tλ i äîâiëüíîãî äîïó-
ñòèìîãî êåðóâàííÿ çàäà÷i (19) uλ(t) íà íié
iñíó¹ äîïóñòèìå êåðóâàííÿ ũλ(t) çàäà÷i (20),
ùî

|Jλ(uλ)− J(ũλ)| → 0, λ → 0, (49)

ùî i äîâîäèòü (22).
Êðîê 2. Âiçüìåìî äîâiëüíå äîïóñòèìå êå-

ðóâàííÿ u(·) çàäà÷i (20). Ïîêàæåìî, ùî çà
íèì ìîæíà äëÿ êîæíî¨ ÷àñîâî¨ øêàëè Tλ ïî-
áóäóâàòè äîïóñòèìå êåðóâàííÿ uλts(·) çàäà÷i
(19), ùî

|J(u)− Jλ(u
λ
ts)| → 0, λ → 0. (50)

Íåõàé uλts(·) � äîâiëüíå äîïóñòèìå êåðó-
âàííÿ çàäà÷i (19), à xλts(·) � âiäïîâiäíà äîïó-
ñòèìà òðà¹êòîðiÿ. Àíàëîãè÷íî, íåõàé x(·)�
äîïóñòèìà òðà¹êòîðiÿ çàäà÷i (20), ùî âiäïî-
âiäà¹ äîïóñòèìîìó êåðóâàííþ u(·). Òîäi∫

[0,1)Tλ

L(t, xλ
ts(t), u

λ
ts(t))∆t =

=

∫
[0,1)T\RS

L(t, xλ
ts(t), u

λ
ts(t))∆t+

∑
r∈RS

L(r, xλ
ts(r), u

λ
ts(r))µ(r).

(51)

Äëÿ ôiêñîâàíîãî R > 0, ïðè |x0| ≤ R i
t ∈ [0, 1]Tλ

âèêîíàíi îöiíêè (24). Îòæå, ñóìà
â (51) àáñîëþòíî çáiãà¹òüñÿ i ìàæîðó¹òüñÿ
ñóìîþ (ñêií÷åííîþ àáî íåñêií÷åííîþ)

C1

∑
r∈RS

µλ(r), (52)

íåçàëåæíî âiä uλts(·). Àíàëîãi÷íî (26), îòðè-
ìà¹ìî ∑

r∈RS

L(r, xλ
ts(r), u

λ
ts(r))µ(r) =

=

N∑
k=1

L(rk, x
λ
ts(rk), u

λ
ts(rk))µ(rk)+

+
∑

k=N+1

L(rk, x
λ
ts(rk), u

λ
ts(rk))µ(rk).

Äëÿ êîæíîãî λ çíîâó âèáåðåìî N(λ) òàê,
ùîá ∑

k=N+1

µ(rk) ≤
µλ

2
.

Òîäi ÿê i ðàíiøå A = ∪r=N+1[rk, σ(rk)),
¨¨ ìiðà Ëåáåãà λ(A) ≤ µλ

2
. Íåõàé B =

[0, 1]Tλ
\A. Òîäi äëÿ u(·) i uλts(·)∣∣∣∣∣

∫ 1

0

L(t, x(t), u(t))dt−
∫
[0,1)Tλ

L(t, xλ
ts(t), u

λ
ts(t))∆t

∣∣∣∣∣ ≤
≤ µλ+

∣∣∣∣∣
∫
[0,1]\A

L(t, x(t), u(t))dt−
∫
B

L(t, xλ
ts(t), u

λ
ts(t))dt

∣∣∣∣∣ .
(53)

Íåõàé r1, . . . , rN � ïðàâî-ðîçñiÿíi òî÷êè ç
B. Âiçüìåìî äîâiëüíå ε > 0 i çàôiêñó¹ìî éî-
ãî. Çà òåîðåìîþ Ëóçiíà iñíó¹ íåïåðåðâíà íà
[0, 1] ôóíêöiÿ uε(t), ùî ìiðà Ëåáåãà ìíîæè-
íè

Aε = {t ∈ [0, 1] : u(t) ̸= uε(t)} , λ(Aε) < ε.

Íåõàé Bε = [0, 1] \Aε. Â ñèëó ðiâíîìiðíî¨
íåïåðåðâíîñòi f i L çà ñâî¨ìè çìiííèìè íà
êîìïàêòi [0, 1] × {|x| ≤ C1} × U äëÿ äîâiëü-
íîãî ε > ε1 > 0 iñíó¹ òàêå 0 < ε2 = ε2(ε1),
ùî ÿêùî |u− u1| < ε2, òî

|f(t, x, u)− f(t, x, u1)|+ |L(t, x, u)− L(t, x, u1)| < ε1.
(54)

äëÿ äîâiëüíèõ t ∈ [0, 1] i |x| ≤ C1. Áóäåìî
ââàæàòè, ùî ε2 < ε1. Âiäìiòèìî, ùî uε(t)
� ðiâíîìiðíî íåïåðåðâíà íà [0, 1] ôóíêöiÿ.
Òîìó äëÿ âêàçàíîãî ε2 iñíó¹ 0 < ε3 < ε2, ùî
ÿêùî |t−s| < ε3, òî |uε(t)−uε(s)| < ε2. Íåõàé
òåïåð µλ < ε3.

Ïîáóäó¹ìî òåïåð íà [0, 1] çà êåðóâàííÿì
u(t) i ôóíêöi¹þ uε(t) íîâå äîïóñòèìå êåðóâà-
ííÿ uλc , ùî âðàõîâó¹ ñòðóêòóðó ÷àñîâî¨ øêà-
ëè Tλ. Íà âèêèíóòèõ iíòåðâàëàõ, òîáòî â òî-
÷êàõ ìíîæèíè A, ïîêëàäåìî:

uλ
c (t) = u(r), t ∈ [r, σ(r)).

Íåõàé r1, . . . , rN � çàëèøåíi ïðàâî-ðîçñiÿíi
òî÷êè. Íà iíòåðâàëàõ [σ(ri), ri+1) ïîêëàäåìî

uλ
c (t) = u(t), i = 1, N − 1.
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Íà [ri, σ(ri)), i = 1, N ïîñòóïà¹ìî íàñòó-
ïíèì ÷èíîì:

1) ÿêùî íà [ri, σ(ri)) íåìà¹ òî÷îê ç ìíîæè-
íè Bε, òîäi uλc (t) = u(ri).

2) ÿêùî íà [ri, σ(ri)) ¹ òî÷êè ç ìíîæèíè
Bε, òî ïîêëàäåìî uλc (t) = uε(t

i
ε), òóò t

i
ε �

äîâiëüíà òî÷êà ìíîæèíè Bε ∩ [ri, σ(ri)).
Îñêiëüêè tiε ∈ Bε, òî uε(t

i
ε) = u(tiε) ∈

U , òàêèì ÷èíîì íà [ri, σ(ri)) êåðóâàííÿ
uλc (t) � äîïóñòèìå.

Íåõàé xλc (t) � äîïóñòèìà òðà¹êòîðiÿ çàäà-
÷i (20). Ç ïîáóäîâè uλc (t) âèïëèâà¹, ùî âî-
íî ¹ ðîçøèðåííÿì äåÿêîãî äîïóñòèìîãî êå-
ðóâàííÿ uλts(t), ÿêå ïîáóäîâàíå çà ôîðìóëîþ
(21) íà ÷àñîâié øêàëi Tλ. Òîäi, ÿê âèïëèâà¹
ç (49)

|Jλ(uλ
ts)− J(uλ

c )| → 0, λ → 0. (55)

Ïîêàæåìî, ùî

|J(u)− J(uλ
c )| → 0, λ → 0. (56)

Ìà¹ìî∣∣∣∣∫ 1

0

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))dt

∣∣∣∣ ≤
≤
∣∣∣∣∫

Aε

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))dt

∣∣∣∣+
+

∣∣∣∣∫
Bε

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))dt

∣∣∣∣ . (57)

Ïåðøèé äîäàíîê â (57) íå ïåðåâèùó¹
C1(R)λ(Aε) ≤ C1(R)ε. Îöiíèìî äðóãèé äîäàíîê
â (57)∣∣∣∣∫

Bε

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))dt

∣∣∣∣ ≤
≤ K

∫
Bε

|x(t)− xλ
c (t)|dt+

+

∫
Bε

∣∣L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))dt

∣∣ . (58)

Àëå∫
Bε

∣∣L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))

∣∣ dt ≤
≤ C1(R)µλ+

∫
Bε∩Ā

∣∣∣L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))

∣∣∣ dt.
(59)

Äàëi∫
Bε∩Ā

|L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))|dt =

=

N−1∑
i=1

∫
[σ(ri),ri+1)∩Bε

|L(t, xλ
c (t), u(t))−L(t, xλ

c (t), u
λ
c (t))|dt+

+

N∑
i=1

∫
[ri,σ(ri))∩Bε

|L(t, xλ
c (t), u(t))− L(t, xλ

c (t), u
λ
c (t))|dt.

(60)

Çà ïîáóäîâîþ uλc ïåðøèé äîäàíîê â (60)
äîðiâíþ¹ íóëþ, â ñóìi äåÿêi äîäàíêè òàêîæ
ìîæóòü äîðiâíþâàòè íóëþ, ÿêùî íà iíòåð-
âàëi [ri, σ(ri)) íåìà¹ òî÷îê ç ìíîæèíè Bε.
Îñêiëüêè µλ < ε3, òî â ñèëó ðiâíîìiðíî¨ íå-
ïåðåðâíîñòi uε(t) i (54) ñóìà â (60) îöiíþ¹-
òüñÿ âèðàçîì

ε1

N∑
i=1

µ(ri) ≤ ε1. (61)

Òîäi ç (58), (59) i (61) ìà¹ìî∫
Bε

|L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t))|dt ≤

≤ K

∫
Bε

|x(t)− xλ
c (t)|dt+ C1(R)µλ + ε1. (62)

Îöiíèìî â (62) ðiçíèöþ |x(t)− xλc (t)|. Íå-
õàé ñòðóêòóðà ÷àñîâî¨ øêàëè òàêà ÿê íà
ðèñ.1. Äëÿ iíøèõ âèïàäêiâ âèêëàäêè àíàëî-
ãi÷íi.

1) Íà âiäðiçêó [0, r1], u(t) = uλc (t) i x(t) =
xλc (t).

2) Íà (r1, σ(r1)], ìà¹ìî

|x(t)− xλ
c (t)| ≤

∫ t

r1

K|x(s)− xλ
c (s)|ds+

+

∫
[r1,σ(r1))∩Aε

∣∣∣f(t, xλ
c (t), u(t))− f(t, xλ

c (t), u(r1))
∣∣∣ dt+

+

∫
[r1,σ(r1))∩Bε

∣∣∣f(t, xλ
c , uε(t))− f(t, xλ

c (t), uε(t
1
ε))

∣∣∣ dt ≤
≤

∫ t

r1

K|x(s)− xλ
c (s)|ds+ ε1µ(r1)+

+2C1(R)λ([r1, σ(r1)) ∩Aε),

â ñèëó ðiâíîìiðíî¨ íåïåðåðâíîñòi f íà
[0, 1]×{|x| ≤ C1}×U . Òîäi ç íåðiâíîñòi Ãðî-
íóîëà îòðèìà¹ìî

|x(t)− xλ
c (t)| ≤ (εµ(r1) + 2C1(R)∗

∗λ([r1, σ(r1)) ∩Aε))e
Kµ(r1) = δ1e

Kµ(r1), (63)
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3) Íà [σ(r1), r2], ìà¹ìî

|x(t)− xλ
c (t)| ≤ δ1e

Kµ(r1)eK(r2−σ(r1)) := δ2.
(64)

4) Íà [r2, σ(r2)) ¹ òî÷êè ç ìíîæèíèBε, òîäi
ìà¹ìî

|x(t)− xλ
c (t)| ≤ δ2 +

∫ t

r2

K|x(s)− xλ
c (s)|ds+

+

∫
[r2,σ(r2))∩Aε

∣∣∣f(t, xλ
c , u(t))− f(t, xλ

c , u
λ
c (t))

∣∣∣ dt+
+

∫
[r2,σ(r2))∩Bε

∣∣∣f(t, xλ
c (t), uε(t))− f(t, xλ

c (t), u
λ
c (t

2
ε))

∣∣∣ dt ≤
≤ δ2 + 2C1(R)λ([r2, σ(r2)) ∩Aε)+

+ε1µ(r2) +

∫ t

r2

K|x(s)− xλ
c (s)|ds.

Òîäi

|x(t)− xλ
c (t)| ≤ δ2 + 2C1(R)λ([r2, σ(r2)) ∩Aε)+

+ε1µ(r2))e
Kµ(r2) := δ3. (65)

5) Íà [σ(r2), rh1 ], îòðèìà¹ìî

|x(t)− xλ
c (t)| ≤ δ3 + 2C1(R)µ1.

6) Äàëi íà [rh1 , r3], ìàòèìåìî

|x(t)−xλ
c (t)| ≤ (δ3+2C1(R)µ1)e

K(r3−rh1
) := δ4.

7) Íà [r3, σ(r3)) ¹ òî÷êè ç ìíîæèíèBε, òîäi
ìà¹ìî

|x(t)− xλ
c (t)| ≤ (δ4 + 2C1(R)∗

∗λ([r3, σ(r3)) ∩Aε) + ε1µ(r3))e
Kµ(r3) := δ5.

8) Ðîçãëÿíåìî iíòåðâàë [σ(r3), rh2). Â ñèëó
íåðiâíîñòi Ãðîíóîëà ìà¹ìî

|x(t)− xλ
c (t)| ≤ δ5e

K(r4−σ(r3)).

9) Íà âèêèíóòîìó iíòåðâàëi [rh2 , r5), ìà¹-
ìî

|x(t)− xλ
c (t)| ≤ δ5e

K(r4−σ(r3)) + 2C1(R)µ2.

10) Íà [r5, σ(r5)) ¹ òî÷êè ç ìíîæèíèBε, òîäi
ìà¹ìî

|x(t)− xλ
c (t)| ≤ (δ5e

K(rh2
−σ(r3)) + 2C1(R)∗

∗λ([r5, σ(r5))∩Aε)+2C1(R)µ2+ε1µ(r5))e
Kµ(r5).

Ðîçïèñóþ÷è îñòàííþ íåðiâíiñòü, ç óðàõó-
âàííÿì ââåäåíèõ ïîçíà÷åíü, äëÿ äîâiëüíîãî
t ∈ [0, 1] ìè îòðèìà¹ìî

|x(t)−xλ
c (t)| ≤ (ε1

N(λ)∑
i=1

µ(ri)+2C1(R)

N(λ)∑
i=1

λ([ri, σ(ri))∩Aε)+

+C1(R)
∑
i

µi)e
K ≤ (ε1 + 2C1(R)ε+ C1(R)µλ)e

K . (66)

Òîäi ç (57)�(62) îòðèìà¹ìî îöiíêó∣∣∣∣∫ 1

0

(L(t, x(t), u(t))− L(t, xλ
c (t), u

λ
c (t)))

∣∣∣∣ dt ≤
≤ K(ε1 + 2C1(R)ε+ C1(R)µλ)e

K+

+C1(R)µλ + ε1 + C1(R)ε.

Òàêèì ÷èíîì, â ñèëó äîâiëüíîñòi ε i ε1

|J(u)− J(uλ
c )| → 0, λ → 0. (67)

Òîäi ç (55) i (67) ìè ìà¹ìî (50), ùî i ïîòði-
áíî áóëî ïîêàçàòè.

Â êðîöi 1 ìè ïîêàçàëè, ùî äëÿ äîâiëüíî¨
÷àñîâî¨ øêàëè Tλ i äîâiëüíîãî äîïóñòèìîãî
êåðóâàííÿ çàäà÷i (19) uλ(t) íà íié iñíó¹ äîïó-
ñòèìå êåðóâàííÿ ũλ çàäà÷i (20), ùî

|Jλ(uλ)− J(ũλ)| = φ(λ) → 0, λ → 0.

Îòæå,
J(ũλ) ≤ Jλ(uλ) + φ(λ).

Çâiäñè i ç îçíà÷åííÿ ôóíêöi¨ Áåëìàíà, ìà¹-
ìî

V (0, x) ≤ Jλ(uλ) + φ(λ). (68)

Íåðiâíiñòü (68) âèêîíó¹òüñÿ äëÿ äîâiëü-
íîãî äîïóñòèìîãî êåðóâàííÿ uλ, à îòæå i äëÿ
iíôiíóìà ïî âñiì äîïóñòèìèì êåðóâàííÿì,
òîáòî

V (0, x) ≤ Vλ(0, x) + φ(λ). (69)

Â óìîâàõ òåîðåìè 2 ñïðàâåäëèâà òåîðå-
ìà 1. Òàêèì ÷èíîì, ñiì'ÿ ôóíêöié Áåëìàíà
Vλ(0, x) êîìïàêòíà â äîâiëüíié êóëi |x| ≤ R,
R > 0. Òîìó iñíó¹ ðiâíîìiðíî íà |x| ≤ R
çáiæíà ïiäïîñëiäîâíiñòü Vλ(0, x), ùî

Vλn(0, x) ⇒ V0(0, x), (70)

ïðè n→ ∞ (λn → 0).
Ïåðåõîäÿ÷è â (69) äî ãðàíèöi ïðè λn → 0,

ìà¹ìî
V (0, x) ≤ V0(0, x). (71)
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Ïîêàæåìî, ùî íåðiâíiñòü V (0, x) <
V0(0, x) íåìîæëèâà.

Äiéñíî, íåõàé

V (0, x) < V0(0, x). (72)

Òîäi iñíó¹ δ > 0 i λn0 , ùî ïðè λn ≤ λn0

Vλn(0, x) > V (0, x) + δ. (73)

Äëÿ äàíîãî δ > 0, î÷åâèäíî, iñíó¹ äîïóñòè-
ìå êåðóâàííÿ u(t) ñèñòåìè (20), ùî

J(u) +
δ

2
< Vλn(0, x). (74)

Îäíàê òîäi äëÿ äàíîãî êåðóâàííÿ u(t) ñè-
ñòåìè (20) iñíó¹ äîïóñòèìå êåðóâàííÿ uλnts ç
âèêîíàííÿì (50). Òîäi ïðè äîñòàòíüî ìàëèõ
λn ìà¹ìî

Jλn(u
λn
ts ) < Vλn(0, x),

ùî íåìîæëèâî.
Îòæå, V (0, x) = V0(0, x). Òàêèì ÷èíîì,

äîâiëüíà çáiæíà ïîñëiäîâíiñòü Vλn(0, x) ìà¹
ãðàíèöþ � V (0, x). Òîìó â ñèëó êîìïàêòíîñòi
ñiì'¨ Vλ(0, x) i âñÿ ïîñëiäîâíiñòü Vλ(0, x) →
V0(0, x) ïðè µλ → 0, êîëè λ → 0, ùî i äîâî-
äèòü òåîðåìó 2.

Çàóâàæåííÿ 2. Ðåçóëüòàò òåîðåìè 2
ñïðàâåäëèâèé i äëÿ ôóíêöiîíàëiâ áiëüø çà-
ãàëüíîãî âèãëÿäó

Jλ(u) =

∫
[t0,t1)T

L(t, x(t), u(t))∆t+Ψ(x(t1))

i âiäïîâiäíî

J(u) =

∫ t1

t0

L(t, x(t), u(t))dt+Ψ(x(t1)),

ÿêùî Ψ(x) çàäîâîëüíÿ¹ äëÿ x ∈ Rd ãëîáàëü-
íó óìîâó Ëiïøèöÿ.
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