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ÑÒÐÓÊÒÓÐÀ ÒÀ ÂËÀÑÒÈÂÎÑÒI ÔÓÍÄÀÌÅÍÒÀËÜÍÎÃÎ ÐÎÇÂ'ßÇÊÓ
ÇÀÄÀ×I ÊÎØI ÄËß ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß Ç ÎÏÅÐÀÒÎÐÀÌÈ

ÁÅÑÑÅËß

Äëÿ îäíîãî êëàñó ïàðàáîëi÷íèõ ðiâíÿíü äðóãîãî ïîðÿäêó iç çðîñòàþ÷èìè çà çìiííîþ x ∈
Rk ïðè |x| → +∞ êîåôiöi¹íòàìè òà ç îïåðàòîðàìè Áåññåëÿ çà çìiííèìè y ∈ Rm

+ çíàéäåíi â
ÿâíîìó âèãëÿäi ôóíäàìåíòàëüíi ðîçâ'ÿçêè çàäà÷i Êîøi òà âèâ÷åíi äåÿêi ¨õ âëàñòèâîñòi.

Fundamental solution of the Cauchy problem is found in an explicit form and some their
properties are investigated for one class of parabolic second order equations with growing coe�ci-
ents on a variable x ∈ Rk as |x| → +∞ and with Bessel operators on a variable y ∈ Rm

+ .

Ó äàíèé ÷àñ äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ
ðiâíÿíü ç îáìåæåíèìè êîåôiöi¹íòàìè äîñòà-
òíüî ïîâíî äîñëiäæåíi âëàñòèâîñòi ôóíäà-
ìåíòàëüíîãî ðîçâ'ÿçêó i êîðåêòíà ðîçâ'ÿ-
çíiñòü çàäà÷i Êîøi (äèâ. [1�3]). Äëÿ ïàðàáî-
ëi÷íèõ ðiâíÿíü ç íåîáìåæåíèìè êîåôiöi¹í-
òàìè àíàëîãi÷íi ïèòàííÿ äîñëiäæåíi ùå íå-
äîñòàòíüî, õî÷ öÿ òåìàòèêà ¹ ïîïóëÿðíîþ
(äèâ., íàïðèêëàä, [2, 4�7]).

Ó ñòàòòi [6] ðîçãëÿäà¹òüñÿ ïàðàáîëi÷íå
ðiâíÿííÿ äðóãîãî ïîðÿäêó

∂tu(t, x, y) =
n∑

j,l=1

∂xj∂xl(ajl(t, x, y))+

+
n∑
j=1

∂xj(xju(t, x, y)) +Byu(t, x, y),

t > 0, x ∈ Rn, y > 0, (∗)

äå âñi ajl ñòàëi, à ìàòðèöÿ (ajl)
n
j,l=1 ñèìåòðè-

÷íà i äîäàòíî âèçíà÷åíà; By ≡ ∂2y +
2ν+1
y
dy

� îïåðàòîð Áåññåëÿ ïîðÿäêó ν ≥ 0. Ó öüîìó
ðiâíÿííi êîåôiöi¹íòè ïðè ïåðøèõ ïîõiäíèõ
ïî xj, j ∈ {1, . . . , n}, íåîáìåæåíî çðîñòàþòü
ïðè |x| → +∞, à êîåôiöi¹íò ïðè ïåðøié ïî-
õiäíié ïî y íåîáìåæåíèé â îêîëi òî÷êè y = 0.
Ó ïðàöÿõ [6, 7] äëÿ ðiâíÿííÿ (∗) çíàéäåíî
â ÿâíîìó âèãëÿäi ôóíäàìåíòàëüíèé ðîçâ'ÿ-
çîê, âèâ÷åíî éîãî âëàñòèâîñòi òà âñòàíîâëå-
íî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi â ñïå-
öiàëüíèõ âàãîâèõ Lp-ïðîñòîðàõ.

Ó äàíié ñòàòòi äåÿêi ðåçóëüòàòè ïîøèðþ-
þòüñÿ íà êëàñ ðiâíÿíü ç áàãàòüìà îïåðàòî-
ðàìè Áåññåëÿ.

Íåõàé {n, k,m} ⊂ N , k ≤ n; Rm
+ ≡

{y = (y1, . . . , yn) |y1 > 0, . . . , ym > 0}, yl ≡
yl1 · yl2 · . . . · ylm; x′ ≡ (x1, . . . , xk) ∈ Rk ,
x′′ ≡ (xk+1, . . . , xn) ∈ Rn−k, x ≡ (x′, x′′).

Ðîçãëÿíåìî çàäà÷ó Êîøi

∂tu(t, x, y) =
n∑
j=1

∂2xju(t, x, y)+

+
k∑
j=1

∂xj(xju(t, x, y)) +
m∑
j=1

Byju(t, x, y),

t > 0, x ∈ Rn, y ∈ Rm
+ , (1)

u(t, x, y)
∣∣∣
t=0

= φ(x, y), x ∈ Rn, y ∈ Rm
+ , (2)

∂yju(t, x, y)
∣∣∣
yj=0

= 0, t > 0,

x ∈ Rn, j ∈ {1, 2, . . . ,m}, (3)

äå Byj ≡ ∂2yj +
2ν+1
yj
∂yj � îïåðàòîðè Áåññåëÿ

çà çìiííèìè yj ïîðÿäêó ν ≥ 0.
Âèçíà÷èìî îáåðíåíå i ïðÿìå ïåðåòâîðåí-

íÿ Ôóð'¹-Áåññåëÿ ôóíêöi¨ w âiäïîâiäíî ðiâ-
íîñòÿìè

F−1
σ→xF

−1
B,η→y[w(σ, η)] ≡

≡ 2−2νm(Γ(ν + 1))−2m(2π)−n×

×
∫
Rn

∫
Rm
+

ei(x,σ)w(σ, η)
( m∏
l=1

jν(ηlyl)
)
×
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×η2ν+1dηdσ, x ∈ Rn, y ∈ Rm
+ ,

Fσ→xFB,y→η[w(x, y)] ≡
∫
Rn

∫
Rm
+

e−i(x,σ)×

×w(x, y)
( m∏
l=1

jν(ηlyl)
)
y2ν+1dydx,

σ ∈ Rn, η ∈ Rm
+ ,

äå (x, σ) ≡
n∑
j=1

xjσj; Γ(α) =
+∞∫
0

xα−1e−xdx,

α > 0; i � óÿâíà îäèíèöÿ; jν(z) ≡ 2νΓ(ν +
1)z−νJν(z) � íîðìîâàíà ôóíêöiÿ Áåññåëÿ; Jν
� ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó ïîðÿäêó ν.

Ðîçâ'ÿçîê çàäà÷i Êîøi (1) � (3) øóêà¹ìî
ó âèãëÿäi

u(t, x, y) = F−1
σ→xF

−1
B,η→y[v(t, σ, η)],

t > 0, x ∈ Rn, η ∈ Rm
+ , (4)

äå v � íåâiäîìà ôóíêöiÿ.
Ïiäñòàâèâøè (4) â (1) i ââàæàþ÷è, ùî âñi

îïåðàöi¨ çàêîííi, îäåðæèìî

∂tv(t, σ, η) +
k∑
j=1

σj∂σjv(t, σ, η) =

= (−|σ|2 − |η|2)v(t, σ, η), (5)

t > 0, σ ∈ Rn, η ∈ Rm
+ .

Òóò âèêîðèñòàíà ðiâíiñòü ç [8]

Byj [jν(ηjyj)] = −η2j jν(ηjyj).

Äàëi ïiäñòàâèìî (4) â ïî÷àòêîâó óìîâó
(2):

u(t, x, y)|t=0 = F−1
σ→xF

−1
B,η→y[v(0, σ, η)] =

= φ(x, y), x ∈ Rn, y ∈ Rm
+ .

Ïðèïóñòèìî, ùî äëÿ φ iñíó¹ ïåðåòâîðåííÿ
Ôóð'¹-Áåññåëÿ, òîäi

v(t, σ, η)|t=0 = Fx→σFB,y→η[φ(x, y)] ≡

≡ Ψ(σ, η), σ ∈ Rn, η ∈ Rm
+ . (6)

Óìîâà (3) âèêîíó¹òüñÿ, îñêiëüêè çà âëà-
ñòèâîñòÿìè jν (äèâ. [8])

∂yjjν(ηjyj)
∣∣∣
yj=0

= 0.

Çàäà÷ó (5), (6) äëÿ ðiâíÿííÿ ç ÷àñòèííè-
ìè ïîõiäíèìè ïåðøîãî ïîðÿäêó ðîçâ'ÿæåìî
ìåòîäîì õàðàêòåðèñòèê. Âiäïîâiäíà ñèñòåìà
õàðàêòåðèñòè÷íèõ ðiâíÿíü òàêà:

dt

1
=
dσ1
σ1

= · · · = dσk
σk

=
dσk+1

0
= · · · =

=
dσn
0

=
dηj
0

=
dv

(−|σ|2 − |η|2)v
.

Ðîçâ'ÿçàâøè öþ ñèñòåìó, îäåðæèìî ïåð-
øi iíòåãðàëè

Cj = σje
−t, j ∈ {1, . . . , k},

Cj = σj, j ∈ {k + 1, . . . , n},
C ′
j = ηj, j ∈ {1, . . . ,m},

Cn+1 = v(t, σ, η)×
× exp

{
|σ′|2
2

+ |σ′′|2t+ |η|2t
}

,

(7)

äå σ′ ≡ (σ1, . . . , σk), σ′′ ≡ (σk+1, . . . , σn). Çà-
äîâîëüíèìî óìîâó (6). Ç îñòàííüî¨ ðiâíîñòi
ñèñòåìè (7) ìà¹ìî:

v|t=0 = Cn+1 exp
{
− |σ′|2

2

}
= Ψ(σ, η).

Îñêiëüêè σj|t=0 = Cj, j ∈ {1, . . . , n}, ηj|t=0 =
C ′
j, j ∈ {1, . . . ,m}, òî

Ψ(C1, . . . , Cn, C
′
1, . . . , C

′
m) =

= Cn+1 exp
{
− C2

1 + · · ·+ C2
k

2

}
.

Ïiäñòàâèìî çàìiñòü ñòàëèõ âèðàçè ç (7).
Òîäi

Cn+1 = Ψ(σ1e
−t, . . . , σke

−t, σk+1, . . . ,

σn, η1, . . . , ηm)×

× exp
{1
2
(σ2

1 + · · ·+ σ2
k)e

−2t
}
.

Ïiäñòàâèâøè öþ ñòàëó â îñòàííþ ðiâíiñòü ç
ñèñòåìè (7), îäåðæèìî ðîçâ'ÿçîê çàäà÷i (5),
(6)

v(t, σ, η) = Ψ(σ′e−t, σ′′, η)×

× exp
{
− |σ′|2

2
(1− e−2t)− |σ′′|2t− |η|2t

}
,

t > 0, σ ∈ Rn, η ∈ Rm
+ . (8)

Äàëi íà ïiäñòàâi (4) çíàéäåìî u

u(t, x, y) = F−1
σ→xF

−1
B,η→y

[
Ψ(σ′e−t, σ′′, η)×
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× exp
{
− |σ′|2

2
(1−e−2t)−|σ′′|2t−|η|2t

}]
. (9)

Âèêîðèñòà¹ìî âëàñòèâîñòi çãîðòêè

F−1
σ→xF

−1
B,η→y[f1(σ, η) · f2(σ, η)] =

= F−1
σ→xF

−1
B,η→y[f1(σ, η)]⊗

⊗F−1
σ→xF

−1
B,η→y[f2(σ, η)],

äå çãîðòêà ⊗ âèçíà÷à¹òüñÿ òàê:

(g1 ⊗ g2)(x, y) ≡
∫
Rn

∫
Rm
+

T ηy [g1(x− σ, y)]×

×g2(σ, η)η2ν+1dηdξ,

à îïåðàòîð óçàãàëüíåíîãî çñóâó

T ηy [f(y)] ≡ T η1y1 [T
η2
y2
[. . . [T ηmym [f(y)]] . . . ]],

T ηjyj [f(y)] ≡
Γ(ν + 1)√
πΓ(ν + 1

2
)
×

×
π∫

0

f(
√
y2j + η2j − 2yjηj cosφ)×

× sin2ν φdφ.

Çîêðåìà, ÿêùî f(y) =
m∏
j=1

fj(yj), òî

T ηy [f(y)] =
m∏
j=1

T ηjyj [fj(yj)].

Ç âðàõóâàííÿì öèõ âëàñòèâîñòåé ç (9) ìà-
¹ìî

u(t, x, y) = F−1
σ→xF

−1
B,η→y

[
exp

{
− |σ′|2

2
×

×(1− e−2t)− |σ′′|2t− |η|2t
}]

⊗

⊗F−1
σ→xF

−1
B,η→y[Ψ(σ′e−t, σ′′, η)] ≡

≡ W1(t, x, y)⊗W2(t, x, y). (10)

W1 îá÷èñëþ¹òüñÿ, âèêîðèñòîâóþ÷è âiäî-
ìèé iíòåãðàë Âåáåðà ç [8]

+∞∫
0

exp{−η2j t}Jν(ηjyj)ην+1
j dηj =

=
yνj

(2t)ν+1
exp

{
− y2

4t

}
.

Îäåðæó¹ìî

W1(t, x, y) = 2−n+
k
2
−m(2ν+1)π−n

2×

×Γ−m(ν + 1)(
√
1− e−2t)−k×

×t−
n−k
2

−m(ν+1)×

× exp
{
− |x′|2

2(1− e−2t)
− |x′′|2

4t
− |y|2

4t

}
. (11)

Ïðè îá÷èñëåííiW2 ïðîâîäÿòü çàìiíó β′ =
σ′e−t, β′′ = σ′′ i âèêîðèñòîâóþòü (6). Òîäi

W2(t, x, y) = ektφ(x′et, x′′, y). (12)

Ïiäñòàâëÿþ÷è (11) i (12) â (10), ç óðàõó-
âàííÿì îçíà÷åííÿ çãîðòêè ìà¹ìî

u(t, x, y) =

∫
Rn

∫
Rm
+

T ηy [W1(t, x− ξ, y)]×

×ektφ(ξ′et, ξ′′, η)η2ν+1dηdξ.

Çäiéñíèâøè â iíòåãðàëi ïî ξ çàìiíó β′ =
ξ′et, β′′ = ξ′′, îäåðæèìî ðîçâ'ÿçîê çàäà÷i (1)
� (3) ó âèãëÿäi iíòåãðàëà Ïóàññîíà

u(t, x, y) =

∫
Rn

∫
Rm
+

G(t, x, y; 0, β, η)×

×φ(β, η)η2ν+1dηdβ,

t > 0, x ∈ Rn, y ∈ Rm
+ , (13)

ç ÿäðîì

G(t, x, y; 0, β, η) = G1(t, x
′, β′)×

×G2(t, x
′′, β′′)G3(t, y, η), (14)

äå

G1(t, x
′, β′) = (2π)−

k
2 (
√
1− e−2t)−k×

× exp
{
− |x′ − β′e−t|2

2(1− e−2t)

}
, (15)

G2(t, x
′′, β′′) = (2

√
πt)k−n×

× exp
{
− |x′′ − β′′|2

4t

}
, (16)

G3(t, y, η) = 2−m(2ν+1)Γ−m(ν + 1)×
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×t−m(ν+1)T ηy

[
e−

|y|2
4t

]
=

= 2−m(2ν+1)Γ−m(ν + 1)t−m(ν+1)×

× exp
{
− |y|2 + |η|2

4t

} m∏
j=1

jν

(
− i

yjηj
2t

)
. (17)

ßêùî ïðèïóñêàòè, ùî φ � íåïåðåðâíà i
îáìåæåíà â Rn ×Rm

+ , òî ìîæíà ïåðåêîíàòè-
ñÿ, ùî (13) ñïðàâäi ¹ ðîçâ'ÿçêîì çàäà÷i (1) �
(3), òîáòî ùî G ¹ ôóíäàìåíòàëüíèì ðîçâ'ÿç-
êîì öi¹¨ çàäà÷i Êîøi. Öå òàêîæ âèïëèâà¹ ç
òîãî, ùî G1, G2, G3 ¹ ôóíäàìåíòàëüíèìè
ðîçâ'ÿçêàìè çàäà÷ Êîøi âiäïîâiäíî äëÿ ðiâ-
íÿíü (äèâ. [1, 4, 6])

∂tu(t, x
′) =

k∑
j=1

(∂2xju(t, x
′)+

+∂xj(xju(t, x
′))), t > 0, x′ ∈ Rk,

∂tu(t, x
′′) =

n∑
j=k+1

∂2xju(t, x
′′), t > 0,

x ∈ Rn−k,

∂tu(t, y) =
m∑
j=1

Byju(t, y), t > 0, y ∈ Rm
+ .

Iç çîáðàæåíü (14) � (17) âèïëèâàþòü òàêi
îöiíêè ïîõiäíèõ ôóíäàìåíòàëüíîãî ðîçâ'ÿç-
êó G:

|∂lx∂
p
βG(t, x, y; 0, β, η)| ≤

≤ Clp(1− e−2t)−
k+|l′|+|p′|

2 ×

×t−
n−k+|l′′|+|p′′|

2
−m(ν+1)×

× exp
{
− |p′|t− c1

|x′ − β′e−t|2

1− e−2t
−

−c2
|x′′ − β′′|2

t
− c3

|y − η|2

t

}
×

×T ηy
[
exp

{
−
(1
4
− c3

)y2
t

}]
,

äå l′ = (l1, . . . , lk), l′′ = (lk+1, . . . , ln), l =
(l′, l′′), |l′| = l1 + · · ·+ lk, |l′′| = lk+1 + · · ·+ ln,
lj ∈ N ∪ {0}, p = (p′, p′′); Ckp, c1, c2, c3 � äî-
äàòíi ñòàëi.

Áåçïîñåðåäíüî îá÷èñëþþ÷è iíòåãðàëè çà
äîïîìîãîþ (14) � (17), îäåðæó¹ìî âëàñòè-
âiñòü∫

Rn

∫
Rm
+

G(t, x, y; 0, β, η)η2ν+1dηdξ = ekt.
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