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AHAJII3 MOJEJIEN ANHAMIKHN BIKOBOI CTPYKTYPU BIOJIOTTYHIX
ITOITVJIAIIN 3 HEJITHIMHVMUN ITPOLTECAMU HAPO/I2KYBAHHA

Posrnsnaerhea HerepepBHa, MOJETHL TUHAMIKH i30JTOBAHWX TIOMYJISIIH 3 HEJIHIHOIO HAPOIXKY-
BaHicTio. /Ij1ss MareMaTuvHOI MOJIeNi, MO € HeNiHIHOK KpafoBOI 3a/1a4er0 JIisi PIBHAHHS 3 4Ya-
CTUHHUMHY MOXITHUMHU J0BEIEHA TEOPEMa, ICHYBaHHS Ta €IMHOCTI PO3B’sa3KiB. BuBuaerhcs muranns
iCHYBaHHS Ta CTIKOCTi CTAI[IOHAPHUX PO3IOJILIB BiKOBOI CTPYKTYPH.

We consider continuous model of the dynamic age structure for an isolation population with
nonlinear birth-rate. For a mathematical model, which is a boundary value problem for a first
order partial differential equation, we prove the existence and uniqueness theorem. We also study
the existence and stability of a stationary distributions for the age structure.

1. Bctyn

OcobnuBe wMiciie cepea Mojaeaeil TUHAMI-
KU 9UCEJIbHOCTI O10/IOITYHKUX MOIYJIsiii 3aiima-
I0Th MOJIEJ, MO BPAXOBYIOTH HEOIHOPIIHOCTI
O0COOMH TIOIYJISIil, 30KpeMa, BIKOBY CTPYKTY-
py-

Kiracuuna jiniiiHa Mo/e/1b IMHAMIKH BiKO-
Boi crpykTypH [1] (Momens Makkenapuka dhou
Doepcrepa) sBysi€ cODOK CHCTEMY DIBHSHD 3
JaCTUHHUMU TOX1THUMU TEPIITOTO MOPSIKY, IO
OLKMCYIOTH HPOIEC BUMUDaHHs (DIBHsIHHSI BH-
JKUBaHHsI) Ta IHTErPAJbLHOIO PIBHSIHHS BiJIHOB-
JIGHHSI, IO BU3HAYAE IMPOIEC HAPOJIZKYBAHHS,
BUTJISI LY

ox

ox
7 + —d(7)x(7,t),t,7 >0,

ot
o0
z(0,t) = /b(T):L‘(T, t)ydr,t >0, (1)
0
x(7,t) = (1), 7 > 0.

Tyt x(7,t) — BiKOBa IMILIBHICTH OCOOMH Bi-
Ky 7 B MoMeHT uacy ¢, d(7), b(T) — dyukmil,
0 OMHUCYIOTHh MPOIECH BHKUBAHHS Ta HAPO-
JZKYBAHOCTI, BiAmoBigHo, ¢(7) — mouarkosumii
BIKOBUIT PO3ITOILI.

[Toseinka po3s’sa3kiB cucremu (1), sK mo-
Ka3aHO B |2|, BU3HAYAETHCS CHCTEMHHM Tapa-
METpOM

T

p= 701)(7) exp ( - / d(g)dg) dr,

0
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AKUH HA3UBAETHCA OI0JOTIYHUM IOTEHIIATIOM.

B sasexnocri came Bin 3mauenns P mae-
MO TpH pi3Hi noseainku po3s’asky x(7,t) [2].
[Ipu P > 1 noMiHYIOTH HPOIECU BIITBOPEH-
s i x(r,t) — oo upu t — oo, nupu P < 1
x(1,t) — 0 upu t — 0o aag Oyub-gaKoro 7 €
[0,00). TIpu P = 1 mporecu HAPOIKYBAHHSI
i BuzKMBaHHS 1epeOyBalOTh B pPiBHOBA3i i B cH-
cremi (1) icHye HeCKIHYEHHO GAraTo cTaioHap-

HUX CTaHIB T €Xp < — bid(ﬁ)df), xo € [0,00) i

TLIBGKY BiJI 1I0YATKOBOTO 3HAa4YeHHsT ¢(T) 3a/e-
KHUTh, IKA 3 HUX PeaTi3yeThCH.

B ocranniit vac npuaingeTbcda 3HadHa yBara
HEJIHITHIM MOJEeTIM JIWHAMIKHA BIKOBOI CTpPY-
KTYPH, OCKLIbKN (DYHKINI HAPOIKyBaHHS Ta
BUKMBAHHY 3aJle’KaTh He TLIbBKH BiJ BIKY T,
aste it Big mibnocti x(7,t) i geaknx Gynkmio-
HaJIiB, HAITPUKJIA/I, BiJ[ 3BayKEHOI YHMCEJILHOCTI
OIS

Mogeni, 9Ki BpaXoBYIOTh HEJIHIHHOCTI 10-
3BOJIAIOTh BIJIIIYKATH MeXaHi3MH CTaOlTi3arril
PO3B’SI3KIB 0 HETPHUBIAJILHUX CTAaHIB PIBHOBA-
ru. [Tpukiragamu Takux po6it € [3, 4.

AnayiTi4He JIOCJLIPKEHHS MaTeMaTuYHUX
MoJiesiell TMHAMIKA BIKOBOI CTPYKTYPH CIIPH-
sd€ OLIBIT TJIMOOKOMY PO3YMIHHIO 3aKOHOMIip-
HOCTEl PO3BUTKY OIOJIOMYHUX CHCTEM Ta BH-
pOOJIEHHIO PO3YMHHUX CTpaTeriii pamionaabHOro
KepyBaHHs HasgBHUMH Oiopecypcamu.

Metoo maHoi pobOTH € AOCTIIZKEeHHS MO-
JieJii JIMHAMIKU BIKOBOI CTPYKTYpH 610/10r 14HIX
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HOTY/ISAIINA V BUIAAKY, KOJH (DYHKIIIA, IO OTIH-
Cye 1polec HApOJ/IZKyBaHHs HeJIHIHO 3aJe-
KUTh BiJ ryctuan uuceabnocti x(7,t), Tooro
b=0b(r,x).

2. ®opmyaOBaHHA 00’€KTa TOCIIIMKE-
HHS

Mopennb, o BpaxoBY€ HETIHIHHOCTI B TPO-
mecax Hapo/KyBaHHs y3arajibHioe (1) i mae
BUTJISITT

or O
- + % —d(7T)x,t, 7 >0,
z(0,t) = /b(T, z)x(r, t)dr,t >0, (2)
0

x(7,t) = (1), 7 > 0.

Tyt b(7, x) — Heminiiina HYHKIIA HAPOIZKYBa-
HOCTI, 10 3aJ€KUTh BiJl BIKY 7 1 MIIIHHOCTI .
Tunosuit rpadik miel 3a/eKHOCTI HaBE/IEHUI
Ha puc. 1.

Puc. 1

Taka 3a/IeKHICTH BU3HAYAE CTUMYJIOIOTY
HOIYJIATIIO TPU HEBEJTUKUX X, MPU BEJUKUX T
Taka (PyHKIIS HAPOJIZKYBAHOCTI JIIMITY€E KiJib-
KiCHMIT picT momyJsiiii, ToOTO HaiibiibIna Ha-
POIZKYBAHICTH CIIOCTEPITAETHCS MPH TEeBHIil Bi-
KOBIH MIIBHOCTI B HOIYJISIIT.

3pobumMo Taki HpUIyHIeHHs BiIHOCHO Hapa-
MeTpiB cucremu (2):

1) d(7) — menepeppna na Rt RT = [0, 00),
d(o00) = o0

2) b(T,z) — memepepBHa i oOMe:KeHa Ha
R* x RT, inTerposna no x na RT;

3) b.(7,x) — obmerxena na RT x Rt;

4) (1) — inrerposua ma R*;

5) d(7), b(t,z), p(1) >0, 7, x € RT.

3. IcHyBaHHd Ta €IUWHICTHL PO3B’A3KiB
3agadqi (2)

Po3B’a30K piBHSIHHS BHKUBAHHS CHCTEMU
(2) MoKHA MOmATH y BUTJISI

x(7,t) = Qt — 7)A(T), (3)

116

ae A1) = (t) — mesika

.
exp (= [ d(©)dg), @
0

dyHKIM, MO Mae scHUl OIOJOTIYHUI 3MICT.
Hiiicwo, Q(t) = x(0,t) — minpHicTh YnCETH-
HICTh HOBOHAPO/?KEHUX OCOOHH B MOMEHT Yacy
t.

[TincraBuBimn (3) B pIBHSHHS HAPOIZKYBa-
HOCTI cucTeMu (2), MaeMo

YA(T))A(T)QUt — T)dr.

° @)

= (1) = Q(—7)A(7). 3Bigcn
Q(=7) = (r)(A(1) "

upu t = 0 z(7,0)

00 t o0
[ogaroun 8 (4) [ = [+ [, orpumaemo
o 0 ¢t

t

t) = / b(7, Q=) A () AUt —7)dr+Q (1),
0 (5)

e
Q) = 7 b(7 -+t o(7)

0

A<AT(j)t)> .

AT +1)
A(7)

Q(t) € MIIbHICTIO HOBOHAPO/IZKEHUX B MOMEHT
qacy t ocobMHaMM, N0 CKJIAIAIN TOMYIAIII0 B
nouaTkoBuit MomeHT dacy t = 0. Iarerpan B (5)
JIa€ MILIbHICTh HOBOHAPO/XKEHHX Bl OCOOHH,
10 HaPOJMJINCA 33 4ac .

PiBusnng (5) MoxkHa mepernucaru y Gopmi

X () dr. (6)

t

Qt) = /b(T 1, QAT+ 1) x

XA(T +6)Q(1)dT 4+ Q(t). (7)

Posrisaemo upocrip H = {(7,z)| 7,2 € RT}.

3rifguo 3 ymoBamu 2), 3), 5) OTPUMYEMO OIIHKH
by = sup b(r, ),

T,x€H

bi = sup by (7, 2)|. (8)

T,x€H
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s Beix ¢ > 013 (6), (8) Ta (3), omep:kyemo  abo

(1) < bo / O(r)drt W) — ()] < by / (7) — Qu(r)|drt

o0 t

+008,8 = [ p(r)ir +by [ 104(r) = (7))
0 0
3rirno 3 Jgemoio I'pomyosna-Benvana maemo

: Bpaxosyioun ominky (9) maemo
OIIHKY
9)

Q(t) < byde™". 1T(Q) — T(Q)|| < boT || — Q|+

JloBeeMo Take TBepIZKEHHS.

Teopema. kw0 sukonyromocsa ymosu 1) —
5), mo pienanms (5) mae edunuli nesid emmu
pose’asok daa t € [0,T), T > 0.

oBenenns. Bregemo 10 posrismy omnepa- A€
TOP

+b1Tb06€boT||Ql — QQH =
— (boT + blTboaebOT)HQl — QQH,

1Q2@)]| = sup [Q(¢)].
te[0,T
t

U(Q) = /b(T QM)A + 1)) _b
0 (bo + blbo(I)e OT)T < 1.

XA(T + 0)Q(7)dT + O(1). Otrxke, BimoOpakenuss VU € CTHCKAIOUHM.
Brizno 3 ymosamm 2), 5) omeparop WU 3Bijicu BuILIMBAaE, 1Mo piBHaHHs (7) Mae onuH i
CH0,T) — C*0,T], T > 0, ne C*[0,T] TIIBKY OJIUH HEBiI'€MHUII PO3B’ 30K, IKUil MO-
— mpocTip HenepepBHUX HeBix'emHux yHkiiit KHa IPOJOBKUTH 110 Oyab-sxoro 1" > 0. Teo-

Yucmao T moxKHA BUOpaTH Tax, 1mod

ua [0, T]. Tosenemo remep, mo oneparop ¥ e
cruckatounm B npocropi CH[0,T], T > 0. Tna
IIHOTO PO3TJISTHEMO Pi3HUITIO

V() — U (D) = /[b(T +t, N (T)A(T + 1)) %
XQ (1) = b(T + t, Qo (T)A(T + 1)) Qa(T)] X
XA(T + t)dr.

3Bijcu

W(Q)—T(Q)] < / Ib(r-+t, Q1 (1) A (7)) (1) — _

—b(T +t, Q0 (7)A(T + 1)) Qa(7)|dT+
+ / b+ £, 4 (F)A (T + 1)) a(r)—

—b(T + t, Qo (T)A(T 4+ 1))Qu(7)|dT
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peMy JTIOBEJIeHO.

4. IcHyBaHHA cTalioHApHUX PO3B’dA3-
KiB momyJdIiitHol 3aa4i

[Ipu MomesnoBaHHI AWHAMIKH YHCEIHHOCTI
610/TOTTYHUX MOIYJ/IIii 0COOJUBY POJIb Biji-
rpaloTh CTAIlIOHAPHI PEXKUMH, OCKIJIbKH caMe
i peKUMH HaldacTile peati3yloThcd B MPH-
pomi. Tomy iX MOCTIzKeHHS Ma€ KOHKPETHe
HpaKTUYHE 3HAYeHHsl sIK ICTOTHMIl KPOK Ha
NJIAXY PO3YMIHHS TPUPOIHUX TPOIIECIB.

Cranjonapui po3s’sisku T(7) 3aga4i (2) Bu-
3HAYAIOTHCS 3 PIBHIHD

dz(T)

dr

(10)

3 nepimoro piBastaHs cucremu (10) Maemo
z(7) = T(0)A(7),

117



Toxi apyre piBHsHHA cucTemu (10) MoXKHa 3a-
MUCATU Y BUTJISIL

[e.9]

5(0)(1 - / b(r, z(O)A(T))A<T>dT) ~0.

0

3Bimcu omepxyemo, mo z(0) = 0, abo T(0) =
Ty 3HAXOUThC 3 piBHstHHA P(u) = 1, ne

u) = 71;(7, uA(r))A

[Tosnaunwmo b(7,0)A(7) = K(7) i posriasiHemo
MOMYJISATII0, B KOl PENPOAYKTUBHUN MOTEHITi-
o0

(1)dr.

an P = [ K(r)dr < 1, To6T0 1pn MAIHX TIiTb-
0

HOCTSX TOMYJSIiSA caMa He MOYKe BIATBOPUTH-
csl.

Hexait ®(u) — yuimomanbua dyHKIis, Tozi
MOXKJIUBI BATIAIKMI:

(A) max ®(u) > 1;
u€eR+

B ) 1.

(B) max ®(u) <

Bunagok max ®(u) = 1 wa mpakrumi €

uERT
masioiMoBipanM. Toxmi y Bumaaky A 3amaga

(2), KpiM HYJIBOBOTO DO3B’'SI3KY Ma€ IIe JiBa
HeHyIboBUX crarionapuux cranu z1(0)A(T) i
29(0)A(T), 21(0) < x2(0).

5. CrilikicTs cTalioHapHUX BiKOBHX
po3MmoaistiB

HocriazKeHHsd CTIfIKOCTI CcTaIllOHAPDHUX CTa-
HIB €KOCHCTEeM € OJIHI€I0 3 OCHOBHHUX 3a/a4 I10-
MyASIIHHOT €KOJIOTil, OCKLIBKH CTIHKICTH CTa-
IIIOHAPHUX CTAHIB IO BiIHOIIEHHIO IO MAJIUX
30ypeHb MOXKe CJIY?KUTH O3HAKOI0 peaJiisaliil
BIIIIOBIJIHOI'O PEXKUMY B PeaibHUX 6I0JI0TTIHIX
yIPYIyBaHHSX.

Jlutst jocJrijizKeHHsT CTIfiKOCTI CTallioHapHOTO
posuoiny T(7) nokaagemo x(7,t) = T(T) +
§(rt).

Jlineapusalisi B OKOJIi HYJIbOBOI'O CTallio-
HAPHOI'O PO3B’A3KY Jla€ JIiHIHI MOJes1i JuHa-
Mikd BiKOBOI cTpykTypn tuny (1), st sikux
HYJILOBUI PO3B’SI30K NIpHU YMOBI

P = /K Ydr < 1
0
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€ aCHMITOTHUYHO CTIHKHM 3a HmepIInM HaOJIU-
ZKEHHSIM.

J11s1 HEHYJIbOBOI'O CTAI[IOHAPHOI'O CTAHY CH-
CTeMa, JIHHIMHOTO HAOJIMKEHHS MA€E BUTJISIT

£0.4) = / (b(r, T(7)) + V(7. B)T)E (7, 1)

YMOBa CTIHKOCTI HYJILOBOTO PO3B’A3KY JIJIs TIET
CUCTEMU Ma€ BUTJIS/I

[oae

abo

)+ b (7, T(7)ZT(7))A(T)dT < 1,

(1))A(7)dr < 0.

]Ob;(r, Z(7))T

B cnny yuimomanbrocti dbyukiii $(u) g
yMOBa BUKOHYeTbCs i T2(0) i He BHKOHYE-
thest s 1 (0). Tomy cranioHapHuii po3B’ 30K
x1(0)A(7) mecriiikuit, a x9(0)A(7) criiikuii 3a
IePIIM HAGTHZKEHHSIM.
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