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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÐÎ ÇÂ'ßÇÎÊ ÌIÆ ÔÓÍÄÀÌÅÍÒÀËÜÍÈÌÈ ÐÎÇÂ'ßÇÊÀÌÈ
ÏÀÐÀÁÎËI×ÍÈÕ ÐIÂÍßÍÜ I ÐIÂÍßÍÜ Ç ÄÐÎÁÎÂÈÌÈ ÏÎÕIÄÍÈÌÈ

Âñòàíîâëþ¹òüñÿ çâ'ÿçîê ìiæ ôóíêöiÿìè Ãðiíà çàäà÷i Êîøi äëÿ ïàðàáîëi÷íèõ ðiâíÿíü
i âiäïîâiäíèõ ðiâíÿíü ç äðîáîâîþ ïîõiäíîþ. Íà éîãî îñíîâi âèâîäÿòüñÿ îöiíêè êîìïîíåíò
ôóíêöi¨ Ãðiíà i áóäó¹òüñÿ ðîçâ'ÿçîê òà ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi çi çìiííèìè
êîåôiöi¹íòàìè ôðàêòàëüíèõ ðiâíÿíü.

It is established the connection between Green functions of the Cauchy problem for parabolic
equations and related equations with fractional derivative. On the basis of such connection esti-
mates of component of Green function are derived and the solution and the fundamental solution
of the Cauchy problem with variable coe�cients of fractal equations are constructed.

Âñòóï
Çàäà÷i äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõi-

äíèìè âèíèêàþòü ïðè ìîäåëþâàííi ðiçíèõ
ñêëàäíèõ ÿâèù i ïðîöåñiâ ó ñó÷àñíîìó ïðè-
ðîäîçíàâñòâi, òåõíiöi, ìàòåìàòè÷íié ôiçèöi,
êâàíòîâié ìåõàíiöi, òåîði¨ ÿäåðíèõ ëàíöþãî-
âèõ ðåàêöié, åêîíîìiöi åêîëîãi¨ òîùî. Êëà-
ñè÷íi ðîçâ'ÿçêè çàäà÷i Êîøi é êðàéîâèõ çà-
äà÷ âèâ÷àëèñü â ìîíîãðàôiÿõ Ò.ß. Çàãîðñêî-
ãî, Ñ.Ä. Åéäåëüìàíà, Î.Î. Ëàäèæèíñüêî¨,
Ñ.Ä. Iâàñèøåíà, Á.É. Ïòàøíèêà òà ií.

Çàäà÷i ç äðîáîâèìè ïîõiäíèìè áóëè ïðå-
äìåòîì äîñëiäæåíü áàãàòüîõ ìàòåìàòèêiâ ó
ðiçíi ïåðiîäè: Ë. Åéëåðîì, Æ. Ëióâiëëåì òà
Ðiìàíîì, Æ. Àäàìàðîì, Ñ. Ñàìêî i À. Êií-
áàñîì, À. Íàõóøåâèì òîùî. Îñíîâè äðîáî-
âîãî iíòåãðî-äèôåðåíöiþâàííÿ ïîäàíî ó ïî-
ñiáíèêó Í.Î. Âið÷åíêî i Â.ß. Ðèáàêà [1], äå
ïðîàíàëiçîâàíî áiëüøå äâîõñîò ïóáëiêàöié.

Äëÿ ðiâíÿíü ïàðàáîëi÷íîãî òèïó òåïåð
îïóáëiêîâàíî âiò÷èçíÿíèìè i çàðóáiæíèìè
ìàòåìòàèêàìè ðÿä âèçíà÷íèõ ïðàöü. Çîêðå-
ìà, ó êíèçi Ñ.Ä. Åéäåëüìàíà, Ñ.Ä. Iâàñèøå-
íà, À.Í. Êî÷óáåÿ [3] çà äîïîìîãîþ ôóíêöié
Ôîêñà âèâ÷åíî âëàñòèâîñòi ôóíêöi¨ Ãðiíà çà-
äà÷i Êîøi äëÿ ðiâíÿíü äðóãîãî ïîðÿäêó, ìå-
òîäîì �. Ëåâi ïîáóäîâàíî ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê i âñòàíîâëåíî êîðåêòíiñòü öi¹¨ çà-
äà÷i.

Ó öié ñòàòòi, ÿêà ñêëàäà¹òüñÿ iç äâîõ ÷à-
ñòèí, êîìïîíåíòè ôóíêöi¨ Ãðiíà çàäà÷i Êîøi

äëÿ ðiâíÿíü ç äðîáîâîþ ïîõiäíîþ âèçíà÷à-
þòüñÿ çà äîïîìîãîþ ôóíêöi¨ Ãðiíà âiäïîâiä-
íîãî ïàðàáîëi÷íîãî ðiâíÿííÿ. Íåçàëåæíî âiä
ïîðÿäêó ðiâíÿííÿ i ÷èñëà ïðîñòîðîâèõ çìií-
íèõ âñòàíîâëþ¹òüñÿ ¹äèíèé ïiäõiä äî îöiíîê
êîìïîíåíò ôóíêöi¨ Ãðiíà. Âií áàçó¹òüñÿ íà
çîáðàæåííi iíòåãðàëiâ Ëàïëàñà ïî ñïåöiàëü-
íèõ êîíòóðàõ.

Ó äðóãié ÷àñòèíi äîñëäæåííÿ ðîçãëÿäà-
¹òüñÿ çàäà÷à Êîøi äëÿ ðiâíÿíü çi çìiííè-
ìè êîåôiöi¹íòàìè. Çà äîïîìîãîþ îá'¹ìíî-
ãî ïîòåíöiàëà çàäà÷à çâîäèòüñÿ äî íåðåãó-
ëÿðíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððà�
Ôðåäãîëüìà ç ÿäðîì iç êëàñó Äiíi. Áóäó-
¹òüñÿ ðåçîëüâåíòà i âñòàíîâëþ¹òüñÿ êîðå-
êòíiñòü çàäà÷i Êîøi â íîðìîâàíèõ ïðîñòî-
ðàõ Äiíi.

�1. Ôóíêöiÿ Ãðiíà çàäà÷i Êîøi

Ó ïiâïðîñòîði Π = (0,∞) × En ðîçãëÿíå-
ìî çàäà÷ó Êîøi äëÿ ðiâíÿíü ïàðàáîëi÷íîãî
òèïó

∂u

∂t
=
∑
|k|≤2b

AkD
k
xu+ f(t, x), (1)

u|t=0 = φ(x).

À òàêîæ öþ çàäà÷ó äëÿ ðiâíÿííÿ ç ìîäèôi-
êîâàíèì îïåðàòîðîì äðîáîâîãî äèôåðåíöiþ-
âàííÿ

Dα
t u1 −

u1(0, t)

Γ(1− α)tα
=
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=
∑
|k|≤2b

AkD
k
xu1 + f1(t, x). (2)

Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ ñêîðèñòà¹-
ìîñü ïåðåòâîðåííÿìè Ôóð'¹ i Ëàïëàñà

F (t, σ) = Ff(t, x) =

∫
En

e−iσxf(t, x)dx, (3)

Lf1(t, x) = ψ(p, x) =

∞∫
0

e−ptf1(t, x)dt, (4)

äå f ∈ L1(En), f1 � îðèãiíàë. Îïåðàòîðè F
i L ìàþòü îáåðíåíi F−1 i L−1, ç äîïîìîãîþ
F−1 ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êî-
øi (1) âèçíà÷à¹òüñÿ ôîðìóëîþ

G0(t, x) = F−1Q(t, σ) =

=
1

(2π)n

∫
En

eiσxQ(t, σ)dσ, (5)

äå Q(t, σ) = exp{A(iσ)t} � íîðìàëüíèé
ðîçâ'ÿçîê ðiâíÿííÿ

dv

dt
=
∑
|k|≤2b

Ak(iσ)
kv(t, σ) ≡ A(iσ)v,

σ ∈ En, i =
√
−1.

Ïðèïóñòèìî, ùî ðiâíÿííÿ (1) ïàðàáîëi-
÷íå, ïðè÷îìó ôóíêöiÿ G(t, x) çàäîâîëüíÿ¹
íåðiâíîñòi [2]

|Dk
xG0(t, x)| ≤ ckt

−n+|k|
2b e−cp(t,x), (6)

äëÿ âñiõ t ∈ (0,∞), ck, c � äîäàòíi ñòàëi,

ρ0(t, x) =
(
|x|t− 1

2b

)q0
, q0 =

2b

2b− 1
. Çàóâàæè-

ìî, ùî äëÿ |x| < 1 ñïðàâäæó¹òüñÿ íåðiâíiñòü
[2]

T∫
0

t−
n+|k|
2b e−ρ0(t,x)dt ≤

≤ cT


1, n+ |k| < 2b,
ln 1

|x| + 1, n+ |k| = 2b,

|x|−(n+|k|−2b), n+ |k| > 2b.

Çàñòîñó¹ìî äî ðiâíÿííÿ (2) ïåðåòâîðåííÿ
Ôóð'¹ Ëàïëàñà, òîäi îòðèìà¹ìî ðiâíÿííÿ

pαv1(p, σ)− pα−1φ̃1(σ) =

=
∑
|k|≤2b

Ak(iσ)v1 + f̃1(p, σ). (7)

Çâiäñè çíàõîäèìî

v1(p, σ) =
φ̃1(σ)p

α−1

pα − A(iσ)
+

f̃1(p, σ)

pα − A(iσ)
, (8)

A(σ) ≡
∑
|k|≤2b

Ak(iσ)
k.

Â ðåçóëüòàòi çàñòîñóâàííÿ îáåðíåíîãî îïå-
ðàòîðà Ôóð'¹-Ëàïëàñà äî îáîõ ÷àñòèí ðiâ-
íîñòi òà òåîðåìè ïðî ïåðåòâîðåííÿ Ôóð'¹-
Ëàïëàñà çãîðòêè áóäåìî ìàòè

u1(t, x) =

∫
En

G1(t, x− ξ)φ1(ξ)dξ+

+

t∫
0

dτ

∫
En

G2(t− τ, x− ξ)f1(τ, ξ)dξ. (9)

Òóò ïîçíà÷åíî

G1(t, x) = F−1
σ L−1

p

(
pα−1

pα − A(iσ)

)
=

= 1
(2π)n+1i

a+iσ∫
a−iσ

ept
∫
En

eiσx
(

pα−1

pα−A(σ)

)
dσdp;

G2(t, x) = F−1L−1
p

(
1

pα − A(iσ)

)
=

= L−1
p

{∞∫
0

e−p
ατG0(τ, x)dτ

}
.

(10)
Òåîðåìà 1 (ïðî ôóíêöiþ Ãðiíà).

ßêùî ðiâíÿííÿ (1) ïàðàáîëi÷íå, òî êîìïî-
íåíòè ôóíêöi¨ Ãðiíà çàäà÷i äëÿ ðiâíÿííÿ
(2) âèçíà÷àþòüñÿ ôîðìóëàìè (10) i äëÿ íèõ
ñïðàâäæóþòüñÿ íåðiâíîñòi

|Dk
xG1(t, x)| ≤

≤ cke
−cρ(x̂)t−

n+|k|
2b

αΨn+|k|−2b(x̂), (11)

|Dk
xG2(t, x)| ≤

≤ cke
−cρ(x̂)t−α

n+|k|
2b

−1+αΨn+|k|−2b(x̂), (12)

äå äëÿ |x| < 1

Ψm(x) =

 1, m < 0,
| ln |x||+ 1, m = 0,

|x|−m, m > 0,
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à ïðè |x| ≥ 1 Ψm(x) = Ψm(1) i m ∈ E1,

ρ(x̂) =

(
|x|
t

α
2b

)q
, q =

2b

2b− α

|DtG1(t, x)| ≤ ct−
nα+2b

2b Ψn−2b|x̂|e
−c|x̂|q . (13)

Äëÿ ôóíêöié φ ∈ c(ω)(En), f ∈
c(ω)((0, T ) × En) ðîçâ'ÿçîê çàäà÷i Êîøi (1),
(2) âèçíà÷à¹òüñÿ ôîðìóëîþ (9) i äëÿ íüîãî
ïðàâèëüíà íåðiâíiñòü

|Dk
xu(t, x)| ≤ ck

[
t−

|k|
2b (|φ|ω + |f1|ω)

]
,

|k| ≤ 2b.

Äîâåäåííÿ. Î÷åâèäíî ïðàâèëüíà ðiâ-
íiñòü

1

pα − A(iσ)
=

∞∫
0

e−(pα−A(iσ))τdτ.

Òîìó çãiäíî ç ôîðìóëîþ (5) ìà¹ìî çîáðàæå-
ííÿ

G1(t, x) = F−1L−1

 ∞∫
0

e
−(pα−A(iσ))τ
pα−1 dτ

 =

= L−1

 ∞∫
0

e−p
ατ

pα−1 F
−1
σ

(
eA(iσ)τ

)
dτ

 =

= L−1
p

 ∞∫
0

e−p
ατ

pα−1 G0(τ, x)dτ

 . (14)

Ç äðóãîãî áîêó òàêîæ çíàõîäèìî

G1(t, x) = F−1L−1

 pα−1

pα
(
1− A

pα

)
 =

= F−1L−1

(
1

p

∞∑
k=0

Ak

pαk

)
äëÿ |A(iσ)| < |p|α. Ñêîðèñòà¹ìîñü ñïiââiäíî-
øåííÿì

L−1p−αk−1 =
1

2πi

∫
Repα≥|A(σ)|

eptp−αk−1dp =

=
tαk

Γ(αk + 1)
, (k = 0, 1, ...),

ÿêå ëåãêî ïåðåâiðÿ¹òüñÿ, ÿêùî äî îáîõ ÷à-
ñòèí çàñòîñóâàòè ïðÿìå ïåðåòâîðåííÿ Ëà-

ïëàñà

∞∫
0

e−pttαkdt = p−(k+α+1)Γ(αk + 1).

Îòæå, ïðèõîäèìî äî òàêîãî çîáðàæåííÿ
ôóíêöi¨

G1(t, x) = F−1

(
∞∑
k=0

Aktαk
1

Γ(αk + 1)

)
=

= F−1
σ Eα(A(iσ)t

α), (15)

äå Eα(t) =
∞∑
k=0

tk

Γ(αk + 1)
� ôóíêöiÿ Ìiòòàã-

Ëåôëåðà.
Îöiíèìî ôóíêöiþ G1(t, x) òà ¨¨ ïîõiäíi,

âèõîäÿ÷è iç çîáðàæåííÿ (14). Ïîçíà÷èìî
ôóíêöiþ ïiä çíàêîì îïåðàòîðà L−1

p ÷åðåç
φα(p, x) i ïðîäèôåðåíöiþ¹ìî.

Áóäåìî ìàòè

Dk
xφα(p, x) =

∞∫
0

e−p
ατDk

xG0(τ, x)dτ.

Äëÿ ïîõiäíèõ Dk
xG1, ïîêëàäàþ÷è p = zt−1,

τ = βt, îòðèìó¹ìî ôîðìóëó

Dk
xG1(t, x) =

1

2πi

a+i∞∫
a−i∞

eptpα−1Dk
xφα(p, x)dp =

=
t−α

2πi

at+i∞∫
at−i∞

ezDk
xφα(zt

−1, x)zα−1dz =

=
1

2πi

a+i∞∫
a−i∞

ezzα−1

∞∫
0

e−z
αβDk

xG0(t
αβ, x)dβdz.

(16)
Ñïî÷àòêó îöiíèìî ôóíêöiþ

Dk
xφα(zt

−1, x). Çðîáèâøè çàìiíó τ = tαβ,
áóäåìî ìàòè

Dk
xφα(zt

−1, x) = tα
∞∫
0

e−z
αβDk

xG0(t
αβ, x)dβ.

ISSN 2309-4001.Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. � Ò. 4, � 3�4. 103



Çà äîïîìîãîþ íåðiâíîñòi (6) çíàõîäèìî

|Dk
xφα(zt

−1, x)| ≤

≤ ctα
∞∫
0

e−(Rezα)β−cp(β,x̂)β−n+|k|
2b dβt−

n+|k|
2b

α.

Ñêîðèñòà¹ìîñü íåðiâíiñòþ [2, c. 153]

−Aβ − C1(|x̂|β− 1
2b )q ≤ −C0A

1
2b |x̂|, (17)

äå C0 =
2bC

1
q

1

(2b− 1)
1
q

, 0 < c1 < c, A > 0.

ßêùî ñêîðèñòàòèñü ëåìîþ 7.1 [2], òî äëÿ
ReZα ≥ c(φ) > 0 îòðèìà¹ìî

|Dk
xφα(zt

−1, x)| ≤ Cke
−(1−ε)(Rezα) 1

2b |x̂|×

×t−
n+|k|−2b

2b
α

∞∫
0

e−ε(Rez
α)β−ερ(β,x̂)β−n+|k|

2b dβ ≤

≤ Cke
−Cε(Rezα)

1
2b |x̂|Ψn+|k|−2b(x̂)×

×t−
n+|k|−2b

2b
α. (18)

Â iíòåãðàëi (16) äëÿ DkG1(t, x)
ïiäiíòåãðàëüíà ôóíêöiÿ Ψk(z) ≡
ezzα−1Dk

zφα(zt
−1, x) àíàëiòè÷íà â îáëà-

ñòi Z = {Z = (a1 + iv1)e
iφ0 , a1 > 0, |v1| <

∞, 0 < φ0 <
ε

4
}.

Ó îáëàñòi Z ìiñòèòüñÿ îáëàñòü Ca =
{Z,Z = a + ivei(sgnv)φ0 , a > 0}, ÿêà ñêëàäà-
¹òüñÿ iç äâîõ ïðÿìèõ íà ïëîùèíi, ùî âèõî-
äÿòü ç òî÷êè (a, 0) ïiä êóòîì φ0 ç óÿâíîþ
âiññþ ïðè v ≥ 0 i (−φ0) ïðè v ≤ 0.

ßêùî z = |z|eiψ, z ∈ Ca, cosψ = Rez
|z| , òî

cos(φ0 +
π

2
) = − sinφ0 ≤ cosψ =

=
Rez = a− |v| sinφ0√

(a− v sinφ0)2 + v2 cos2 φ0

≤ 1, (19)

òîáòî 0 ≤ ψ(v) ≤ φ0 +
π

2
, v ∈ (0,∞);

cosψ(0) = 1 + cosψ(∞) = cos(
π

2
+ φ0) < 0,

a cosφ0 ≤ |z(v)| ≤
√
v2 + a2.

Ó ôîðìóëi (16) iíòåãðàë ïî êîíòóðó
Áðîìâi÷à (a−i∞; a+i∞) ìîæíà çàìiíèòè íà
êîíòóð Ca. Ñïðàâäi, íåõàé z = z1 + iz2. Òî-
äi ôóíêöiÿ f(z) â iíòåãðàëi âíàñëiäîê îöiíêè
(6) çàäîâîëüíÿ¹ íåðiâíiñòü

|fk(z)| ≤ eRez|z|α−1ec[Re(z1+iz2)
α]

1
2b ≤

≤ Cke
z1−c|z|

α
2b cosψα|x̂|Ψk(x̂)|z|α−1 (20)

i âîíà â îáëàñòi Z àíàëiòè÷íà. Çà òåîðåìîþ
Êîøi (äèâ. ðèñ.)∫
aA

f(z)dz +

∫
AB

f(z)dz +

∫
Ca≃Ba

f(z)dz = 0.

Äëÿ òî÷îê z ∈ Ca cosαψ ≥ cosα
(π
2
+ φ0

)
=

γ > 0, ÿêùî 0 < φ0 <

(
1

α
− 1

)
π

2
. Òîìó

lim
z2→∞

fk(z1 + iz2) = 0, z1 ∈ (−∞, a], x̂ ̸= 0

lim
z2→∞

∫
AB

fk(z1 + iz2)dz1 =

= lim
z2→∞

a∫
−∞

fk(z1 + iz2)dz1 = 0.

Îòæå, çíàõîäèìî, ùî

lim
z2→∞

∫
aA

fk(z1 + iz2)dz1 =

a+i∞∫
a−i∞

f(z)dz =

=

∫
Ca∗

f(z)dz.

Òåïåð îöiíèìî ïîõiäíi Dk
xG1(t, x). Çãiäíî

ç ôîðìóëîþ (16)

Dk
xG1(t, x) = 2πi

∫
Ca

fk(z, t, x)dz =
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=
t−α

2πi

∞∫
0

fk(z(v), t, x)dv.

Âðàõîâóþ÷è íåðiâíîñòi Rezα ≥ γ > 0, (19),
(20), áóäåìî ìàòè ïðè |x̂| < 1

|Dk
xG1(t, x)| ≤ Ckt

−αn+|k|
2b ×

×
∞∫
0

ea−v sinφ0−c(a cosφ0)
α
2b γ|x̂|(a cosφ0)

α−1dv×

×Ψk(x̂) ≤ Ck(a)t
−αn+|k|

2b Ψn+|k|−2b(x̂). (21)

ßêùî |x̂| ≥ 1, òî â iíòåãðàëi Dk
xG1 ïî êîí-

òóðó Ca âèêîíà¹ìî çàìiíó z = |x̂|yξ. Îòðè-
ìà¹ìî

Dk
xG1(t, x) =

=
1

2πi

∫
Ca|x̂|y

eξ|x̂|
y

Dk
xG1(t, x̂

yξ, x)|ξ|−1dξ|x̂|yαt−α.

Çíîâó ç äîïîìîãîþ òèõ æå íåðiâíîñòåé çíà-
õîäèìî

|Dk
xG1(t, x)| ≤ Ckt

−αn+|k|
2b Ψn+|k|−2b(x̂)×

×
∞∫
0

e(a−v sinφ0)|x̂|y−c2a
α
2b γ|x̂||x̂|y α

2bdv|x̂|yα.

Îñêiëüêè q
α

2b
+1 =

2b

2b− α
· α
2b

+1 =
2b

2b− α
=

q i ïðè äîñèòü ìàëîìó a : a − c2a
α
2b = −c3,

c3 > 0, òî äëÿ |x̂| ≥ 1 ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü

|Dk
xG1(t, x)| ≤ CkΨn+|k|−2b(x̂)×

×t−α
n+|k|
2b |x̂|yαe−c3|x̂|y0

∞∫
0

e−v sinφ0dv ≤

≤ CkΨn+|k|−2b(x̂)e
−c4|x̂|qt−α

n+|k|
2b . (22)

Çíàõîäèìî ùå ïîõiäíó DtG1 iç (16):

DtG1 =
1

2πi

a+i∞∫
a−i∞

eptpα−1Φα(p, x)dp.

ßêùî âèêîíàòè çàìiíó p = zt−1, à â iíòå-
ãðàëi Φα(zt

−1, x) ââåñòè çàìiíó τ = βtα, òî
îòðèìà¹ìî

DtG1(t, x) =
1

2πi
t−1

at+i∞∫
at−i∞

ezzαΦα(t
−1z, x)dz =

=
t−1

2πi

a+i∞∫
a−i∞

dz

∞∫
0

e−βz
α+zzαG0(βt

αz, x)dβ.

Âíàñëiäîê ïåðåõîäó â iíòåãðàëi ïî z íà
êîíòóð iíòåãðóâàííÿ Ca i ïîâòîðåííÿì ïðî-
âåäåíèõ îöiíîê áóäåìî ìàòè

|DtG1(t, x)| ≤ ct−
αn+2b

2b Ψn−2b(x̂)e
−c|x̂|y0 .

Çâiäñè äëÿ |x| < t
α
2b

|DtG1| ≤

≤ e−|x̂|y0


t−

αn+2b
2b , n < 2b,

t−1−α|x|−n+2b, n > 2b,

t−|1+α|
[
ln

|x|
t

α
2b

+ 1

]
, n = 2b,

(23)
à ïðè |x| > t

α
2b îòðèìó¹ìî |DtG1(t, x)| ≤

ce−|x̂|y .
Ùå îöiíèìî äðîáîâó ïîõiäíó Dα

t G1(t, x)
i ïîðiâíÿ¹ìî ç DtG1. Ôóíêöiÿ G1(t, x) ïðè
(t, x) ̸= 0 çàäîâîëüíÿ¹ ðiâíÿííÿ

Dα
t G1(t, x) =

∑
|k|≤2b

AkD
kG1(t, x).

Çãiäíî ç íåðiâíiñòþ (22) ìà¹ìî, ùî

|Dα
t G1(t, x)| ≤ C|D2b

x G1(t, x)| ≤

≤ CΨn(x̂)t
−αn+2b

2b e−c|x̂|
y0 .

Òîìó,
|Dα

t G1(t, x)| ≤

≤ c

{
t−α|x|−n, |x| < t

α
2b ,

t−α
n+2b
2b e−c|x̂|

y0 , |x| > t
α
2b .

(24)

Âëàñòèâîñòi ôóíêöi¨ Ãðiíà

Âëàñòèâiñòü 1.Ôóíêöiÿ G1(t, x) ìà¹ òà-
êó âëàñòèâiñòü

I1 =

∫
En

G1(t, x− ξ)dξ = Eα(A(0)t
α) =
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= Eα(A0t
α). (25)

Çîêðåìà, ÿêùî â ðiâíÿííi (1) A0 = 0, òî
Eα(0) = 1 i òîìó∫

En

G1(t, x− ξ)dξ = 1.

Äîâåäåííÿ. Çãiäíî ç ôîðìóëîþ (15)

I1 =

∫
En

G1(t, x− ξ)dξ =

=

∫
En

∫
En

eiσ(x−ξ)Eα(A(iσ)t
α)dσdξ.

Ïiñëÿ çàìiíè ïîðÿäêó iíòåãðóâàííÿ çà âëà-
ñòèâiñòþ δ(x)�ôóíêöi¨ îòðèìà¹ìî

I1 =

∫
En

Eα(A(iσ)t
α)

∫
En

eiσ(x−ξ)dσ =

=

∫
En

Eα(A(iσ)t
α)δ(σ)dσ =

= Eα(A(0)t
α) = Eα(A0t

α).

Àíàëîãi÷íî äîâîäèòüñÿ òàêå òâåðäæåííÿ.
Âëàñòèâiñòü 2. Äëÿ êîìïîíåíòè

G2(t, x) ïðàâèëüíà ðiâíiñòü

I2(t) =

∫
En

G2(t, x− ξ)dξ =

=


1

Γ(α)
tα−1, ÿêùî A0 = 0,

1

Γ(α)
tα−1 + o(tα−1), ÿêùî A0 ̸= 0, t→ 0.

�2. Çàäà÷à Êîøi äëÿ ðiâíÿíü çi
çìiííèìè êîåôiöi¹íòàìè

1. Âëàñòèâîñòi îá'¹ìíîãî ïîòåíöiàëà
Ðîçãëÿíåìî ðiâíÿííÿ ç êîåôiöi¹íòàìè,

ÿêi çàëåæàòü âiä ïàðàìåòðà y ∈ En:

∂u

∂t
=
∑
|k|≤2b

Ak(y)D
ku.

ßêùî Ak ∈ C(ω)(En), òî äëÿ ïðèðîñòó ôóí-
êöi¨ Ãðiíà ïðàâèëüíà íåðiâíiñòü [5]

|∆yD
k
xG0(t, x− ξ; y)| ≤

≤ Ckωk(|∆y|)(t− τ)−
n+|k|
2b e

−c
(

|x−ξ|

t
1
2b

)q0

.

Òóò ω(η) � ìîäóëü íåïåðåðâíîñòi Ak(y), ÿêèé
íàäàëi çàäîâîëüíÿ¹ óìîâó Äiíi

F (η) =

η∫
0

ω(t)t−1dt <∞.

Êîìïîíåíòè ôóíêöi¨ Ãðiíà G1(t, x, η),
G2(t, x, η), ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè
(10), íàïðèêëàä

G1(t, x− ξ; y) =
1

2πi
×

×
a+i∞∫
a−i∞

eptpα−1

∞∫
0

e−p
ατG0(τ, x− ξ; y)dτ (26)

òàêîæ ïî ïàðàìåòðó y çàäîâîëüíÿòü âiäïî-
âiäíi íåðiâíîñòi (11) � (13), (23)

|∆yD
k
xG1(t, x− ξ; y)| ≤ Ckω(|∆y|)×

×e−cρ0(x̂−ξ)t−α
n+|k|
2b Ψn+|k|−2b(x̂− ξ).

|∆yDtG1(t, x− ξ; y)| ≤ Ckω(|∆y|)× (27)

×t−
αn+2b

2b e−cρ0(x̂−ξ)Ψn−2b(x̂− ξ).

|∆yD
k
xG2(t, x− ξ; y)| ≤ ω(∆y)×

×t−1+α+α
n+|k|
2b Ψn+|k|−2b(x− ξ)e−c|x̂−ξ|

q

.

Äàëi ðîçãëÿíåìî îá'¹ìíèé ïîòåíöiàë

V (t, x) =

t∫
0

dτ

∫
En

G2(t− τ, x− ξ, ξ)f(τ, ξ)dξ.

Ïîõiäíi D2b
x V çíàõîäÿòüñÿ çà ôîðìóëîþ

D2b
x V (t, x) =

t∫
0

dτ

∫
En

D2b
x G2(t− τ, x− ξ, ξ)×

×[f(τ, ξ)− f(τ, x)]dξ +

t∫
0

dτ×
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×
∫
En

[
D2b
x G2(t− τ, x− ξ, ξ)−

−D−2b
x G2(t− τ, x− ξ, x)

]
dξf(τ, x)+

+

t∫
0

dτ

∫
En

D−2b
x G2(t− τ, x− ξ, x)dξf(τ, x) ≡

≡ I1 + I2 + I3f. (28)

Iíòåãðàëè I1, I2 îöiíþþòüñÿ îäíàêîâî ç
âèêîðèñòàííÿì óìîâè Äiíi ôóíêöi¨ f ïî x
i öi¹¨ óìîâè äëÿ G2(t, σ, x− ξ, x) ïî òðåòüîìó
àðãóìåíòó. Òàê äëÿ I1 çíàõîäèìî

|I1| ≤ c

t∫
0

dτ

(t− τ)1−α

∫
En

e
−c
(

|x−y|

(t−τ)
α
2b

)q

×

×(t− τ)−α
n+2b
2b Ψn(x̂− y)ωf (|x− y|)dy|f |ω =

= c

t∫
0

dτ

(t− τ)1−α

∫
|x−y|≤(t−τ)

α
2b

e−c|x̂−y|
q×

×(t− τ)−α|x− y|−nωf (|x− y|)dy|f |ω+

+c

t∫
0

dτ

(t− τ)1−α

∫
|x−y|>(t−τ)

α
2b

e−c|x̂−y|
q×

×(t− τ)−α
n+2b
2b ωf (|x− y|)dy|f |ω.

Ó iíòåãðàëi ïåðøîãî äîäàíêó ïåðåéäåìî
äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò, à â äðóãî-
ìó äîäàíêó ùå âèêîðèñòà¹ì âëàñòèâiñòü ìî-
äóëÿ íåïåðåðâíîñòi: ω(t)t−1 < 2ω(τ)τ−1 äëÿ
0 < τ < t. Áóäåìî ìàòè íåðiâíiñòü

|I1| ≤ c

t∫
0

dτ

(t− τ)

(t−τ)
α
2b∫

0

ωf (ρ)ρ
−1dρ|f |ω+

+c|f |ω

t∫
0

dτ

t− τ

∞∫
(t−τ)

α
2b

e
−c
(

ρ

(t−τ)
α
2b

)q

ρn−1×

×ωf ((t− τ)
α
2b )(t− τ)−

αn
2b dρ.

Çâiäñè, ïîêëàäàþ÷è ρ = (t− τ)
α
2b z, äiñòà¹ìî

ùî

|I1| ≤ c|f |ω
t
α
2b∫

0

Ff (τ)τ
−1dτ + Ff (t

α
2b ) ≡

≡ c|f |ωΦf (t
α
2b ).

Òàêà æ íåðiâíiñòü ñïðàâäæó¹òüñÿ i äëÿ I2
òiëüêè ç ìîäóëåì íåïåðåðâíîñòi êîåôiöi¹íòiâ
ðiâíÿííÿ.

Iíòåãðàë I3 äîðiâíþ¹ íóëåâi çà âëàñòèâi-
ñòþ ôóíêöi¨ G2. Îòæå, îñòàòî÷íî

|D2b
x V (t, x)| ≤ c0|f |ω[Fk[t

α
2b ] + Φf [t

α
2b ]]. (29)

Òåïåð çíàéäåìî äðîáîâó ïîõiäíó
Dα
t V (t, x) òà îöiíèìî ¨¨ âèðàç. Çãiäíî ç

âèçíà÷åííÿì Dα
t V (t, x) = DtI

1−α
t V (t, x).

Ïîçíà÷èìî I1−αt V (t, x) ≡ W (t, x) i âèðà-
çèìî W ÷åðåç ôóíêöiþ G1, âðàõîâóþ÷è,
ùî G2(t, x − ξ, ξ) = D1−α

t G1(t, x − ξ, ξ).
Î÷åâèäíî, ìà¹ìî

W (t, x) =
1

Γ(α)

t∫
0

dτ

(t− τ)α

τ∫
0

dβ×

×
∫
En

D1−α
τ G1(τ − β, x− ξ, ξ)f(β, ξ)dξ.

Çìiíèìî ïîðÿäîê iíòåãðóâàííÿ, îòðèìà¹-
ìî

W (t, x) =

t∫
0

dβ

(
1

Γ(α)

) t∫
β

dτ

(t− τ)α
×

×
∫
En

D1−α
τ G1(τ − β, x− ξ, ξ)f(β, ξ)dξ.

Îñêiëüêè I1−αt (D1−α
t f) = f , òî

W (t, x) =

t∫
0

dτ×

×
∫
En

G1(τ − τ, x− ξ, ξ)f(τ, ξ)dξ. (30)
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Îòæå, Dα
t V (t, x) = DtW . Àëå DtW çíà-

õîäèòüñÿ çà ôîðìóëîþ, ÿêà àíàëîãi÷íà â [2].
Òîìó îòðèìó¹ìî, ùî

Dα
t V (t, x) =

∫
En

G1(t−τ, x−ξ, ξ)f(τ, ξ)dξ|τ=t+

+

t∫
0

dτ

∫
En

∂

∂t
G1(t− τ, x− ξ, ξ)f(τ, ξ)dξ =

= f(t, x) +

t∫
0

dτ

∫
En

∂G

∂t
[f(τ, ξ)− f(τ, x)]dξ+

+f(t, x) +

t∫
0

dτ

∫
En

[
∂

∂t
G1(t− τ, x− ξ, ξ)−

− ∂

∂t
G1(t− τ, x− ξ, x)

]
dξf(τ, x)+

+

t∫
0

f
∂

∂t

∫
En

G1(t− τ, x− ξ, x)dξ =

= f +H1 +H2 +H3.

Iíòåãðàëè H1 i H2 îöiíþþòüñÿ îäíàêîâî ç
âèêîðèñòàííÿì ãåëüäåðîâîñòi f(t, x) i G1 ïî
òðåòüîìó àðãóìåíòó òà îöiíêè (27):

|H1| ≤ c|f |ω

t∫
0

dτ

∫
En

e−c|x̂−ξ|
q

(t− τ)−
nα+2b

2b ×

×ωf (|x− ξ|)Ψn−2b(x̂− ξ)dξ = c|f |ω

t∫
0

dτ×

×
∫

|x−ξ|≤(t−τ)
α
2b

e−c|x̂−ξ|
q

(t−τ)−
nα+2b

2b ωf (|x−ξ|)×

×Ψn−2b(x̂− ξ)dξ + c|f |ω

t∫
0

dτ×

×
∫

|x−ξ|≥(t−τ)
α
2b

e−c|x̂−ξ|
q

(t− τ)−
nα+2b

2b ×

×ωf (|x− ξ|)Ψn−2b(x̂− ξ)dξ = H
(1)
1 +H

(2)
1 .

Äëÿ H
(1)
1 âíàñëiäîê ïåðåõîäó äî ñôåðè-

÷íî¨ ñèñòåìè êîîðäèíàò îòðèìó¹ìî íåðiâ-
íiñòü

H
(1)
1 ≤ c|f |ω

t∫
0

dτ

(t−τ)
α
2b∫

0

ω
(
(t− τ)

α
2b

)
t− τ

×

×e
−
(

ρ

(t−τ)
α
2b

)q

pn−1

pn− 2b
dp = c|f |ωF (t

α
2b ).

Iíòåãðàë H(2)
1 îöiíþ¹òüñÿ àíàëîãi÷íî, àëå

ïðè öüîìó âèêîðèñòîâó¹òüñÿ âëàñòèâiñòü ìî-
äóëÿ íåïåðåðâíîñòi

H
(2)
1 ≤ c|f |ω

t∫
0

ω((t− τ)α)

t− τ
dτ×

×
∞∫

(t−τ)
α
2b

e
−
(

ρ

(t−τ)
α
2b

)q

ρn(t− τ)−
nα+α

2b dρ ≤

≤ c|f |ωF (t
α
2b ).

ÄëÿH3 ïðàâèëüíà íåðiâíiñòü |H3| ≤ c|f |c,
áî
∫
En

G1(t, x − ξ, x)dξ çà âëàñòèâiñòþ 1 ìà¹

îáìåæåíó ïîõiäíó ïî t. Îòæå, îòðèìó¹ìî íå-
ðiâíiñòü

|Dα
t V (t, x)| ≤

≤ |f |c + C0

[
Ff (t

α
2b ) + Fk(t

α
2b )
]
|f |ω. (31)

Òåîðåìà 2 (ïðî îá'¹ìíèé ïîòåíöi-
àë). Íåõàé êîåôiöi¹íòè Ak ðiâíÿííÿ íà-
ëåæàòü êëàñó C(ωk)(En), à ùiëüíiñòü ïî-
òåíöiàëà V (t, x) f ∈ C(ωf )(En+), ïðè÷îìó
ìîäóëi ωk(t) i ωf (t) çàäîâîëüíÿþòü óìîâè
t∫

0

ωk(τ)τ
−1dτ , Φf (t) =

t∫
0

Ft(τ)τ
−1dτ < ∞,

òî V (t, x) ìà¹ íåïåðåðâíi ïîõiäíi Dk
xV (t, x),

|k| ≤ 2b, Dα
t V (t, x), ÿêi çàäîâiëüíÿþòü íå-

ðiâíîñòi (29), (31),

|Dk
xV (t, x)| ≤ Ck|f |ct

2b−|k|
2b

α), |k| < 2b.
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2. Çâåäåííÿ çàäà÷i Êîøi äî iíòå-
ãðàëüíîãî ðiâíÿííÿ, ïîáóäîâà ðåçîëü-
âåíòè

Ó øàði Π = (0, T )×En ðîçãëÿíåìî çàäà÷ó
Êîøi äëÿ ìîäèôiêîâàíîãî ðiâíÿííÿ

D∗α
t u ≡ Dα

t u−
u(0, x)

Γ(1− α)tα
=

=
∑
|k|≤2b

Ak(x)Dku+ f(t, x), (32)

u|t=0 = φ(x). (33)

Ïîçíà÷èìî ÷åðåç
{
G

(0)
1 (t, x− ξ, y) ,

G
(0)
2 (t, x− ξ, y)

}
ôóíêöiþ Ãðiíà äëÿ ðiâíÿí-

íÿ iç "çàìîðîæåíèìè"êîåôiöi¹íòàìè â ãðóïi
ñòàðøèõ ÷ëåíiâ

D∗α
t u =

∑
|k|=2b

Ak(y)D
ku+ f(t, x), (34)

u|t=0 = φ(x).

Ðîçâ'ÿçîê çàäà÷i (32), (33) âiäøóêó¹ìî ó
âèãëÿäi ñóìè ïîòåíöiàëiâ

u(t, x) =

∫
En

G
(0)
1 (t, x− ξ, ξ)φ(ξ)dξ+

+

t∫
0

dτ

∫
En

G
(0)
2 (t− τ, x− ξ, ξ)µ(τ, ξ)dξ, (35)

äå àïðiîði µ(τ, ξ) � øóêàíà ôóíêöiÿ, ÿêà
ïðè (t, x) ̸= 0 çàäîâîëüíÿ¹ íåðiâíîìið-
íó óìîâó Äiíi. Ôóíêöiÿ G

(0)
1 (t, x − ξ, y)

çàäîâîëüíÿ¹ îäíîðiäíå ðiâíÿííÿ (32), à
G

(0)
2 (t, x−ξ, y) � ðiâíÿííÿDα

t G
(0)
2 (t, x−ξ, y) =∑

|k|=2b

Ak(y)D
k
xG

(0)
2 .

ßêùî äî ôóíêöi¨ u(t, x) iç (35) çàñòîñóâà-
òè îïåðàòîð D∗α

t −
∑
|k|≤2b

AkD
k
x i çàäîâîëüíèòè

ðiâíÿííÿ (32), òî íà îñíîâi ôîðìóë äëÿ ïîõi-
äíèõ ïîòåíöiàëiâ (28), (29) äëÿ µ(t, x) îòðè-
ìó¹ìî iíòåãðàëüíå ðiâíÿííÿ

µ(t, x) = F(t, x)+

+

t∫
0

dτ

∫
K(t, τ, x, ξ)µ(τ, ξ)dξ, (36)

äå

F(t, x) = f(t, x) +
φ(x)

Γ(1− α)tα
+

+

∫
En

∑
|k|≤2b

[Ak(x)− Ak(ξ)δ2b|k|]D
k
x×

×G(0)
1 (t, x− ξ, ξ)φ(ξ)dξ, (37)

δ2b|k| = 1, ÿêùî |k| = 2b; δ2b|k| = 0, ÿêùî
|k| < 2b.

|F(t, x)| ≤ |f |+ C|φ|ct−α
∫
En

e−ρ|x̂−ξ|
q×

×ω(|x− ξ|)
|x− ξ|n

dξ ≤ c

(
|f |c +

|φ|
tα

)
K(t− τ, x, ξ) ≡

∑
|k|=2b

[Ak(x)− Ak(ξ)]D
k
x×

×G(0)
2 (t−τ, x−ξ, ξ)+

∑
|k|<2b

Ak(x)D
kG

(0)
2 . (38)

Çãiäíî ç íåðiâíîñòÿìè (27) äëÿ G(0)
2 i óìî-

âîþ Ak ∈ c(ω) ìà¹ìî

|K(t− τ, x, ξ)| ≤

≤ Cω(|x− ξ|)|x− ξ|−n|t− τ |−1e−c|x̂−ξ|
q

, (39)

äå x̂− ξ = (x− ξ)/(t− τ)
α
2b .

Ïðè ïîáóäîâi ðåçîëüâåíòè äëÿ ÿäðà K
ñêîðèñòà¹ìîñÿ òàêîþ ëåìîþ.
Ëåìà. Äëÿ îá'¹ìíîãî iíòåãðàëà

It(t, τ, x, ξ) =

t∫
τ

dβ

t− β

∫
En

e−ε|x̂−y|
q×

×ω(|x− y|)
|x− y|

ω(|y − ξ|n)
|y − ξ|n

dy

ñïðàâäæó¹òüñÿ íåðiâíiñòü

It(t, τ, x, ξ) ≤ C
ω(|x− ξ|)
|x− ξ|n

Φ
(
(t− τ)

α
2b

)
,

C = C(ε, n), ε > 0.
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Äîâåäåííÿ. Ïðîâåäåìî âiäðiçîê, ÿêèé
ç'¹äíó¹ òî÷êè x i ξ, i ÷åðåç éîãî ñåðåäèíó
ïðîâåäåìî ïåðïåíäèêóëÿðíó ïëîùèíó. ×å-
ðåç Ex ïîçíà÷èìî òó ÷àñòèíó ïðîñòîðó, ÿêà
ìiñòèòü òî÷êó x, à ÷åðåç Eξ � òî÷êó ξ. ßêùî

y ∈ Ex, òî î÷åâèäíî, ùî |y − ξ| ≥ |x− ξ|
2

,

ÿêùî y ∈ Eξ, òî |x − y| ≥ |x− ξ|
2

. Òåïåð ií-

òåãðàë I çàïèøåìî ó âèãëÿäi

I =

t∫
τ

dβ

t− β

∫
Ex

e−ε|x̂−y|
q ω(|x− y|)
|x− y|n

ω(|y − ξ|)
|y − ξ|n

dy+

+

t∫
τ

dβ

t− β

∫
Eξ

e−ε|x̂−y|
q ω(|x− y|)
|x− y|n

ω(|y − ξ|)
|y − ξ|n

dy =

= I(x) + I(ξ).

Çà âëàñòèâiñòþ ìîíîòîííîñòi ìîäóëÿ íå-
ïåðåðâíîñòi ω(h) ìà¹ìî, ùî

I(x) ≤ 2n
ω(|x− ξ|)
|x− ξ|n

t∫
τ

dβ

t− β
×

×

 ∫
|x−y|≤(t−β)

α
2b

e−ε|x̂−y|
q ω(|x− y|)
|x− y|n

dy+

+

∫
|x−y|≥(t−β)

α
2b

e−ε|x̂−y|
q ω(|x− y|)
|x− y|n

dy

 .

Âíàñëiäîê ïåðåõîäó äî ñôåðè÷íî¨ ñèñòå-
ìè êîîðäèíàò ç öåíòðîì â òî÷öi x çâiäñè
îòðèìó¹ìî

I(x) ≤ 2nSn
ω(|x− ξ|)
|x− ξ|n

 (t−τ)
α
2b∫

0

dh

h

h∫
0

ω(ρ)

ρ
dρ+

+2

t∫
τ

ω([t− β]
α
2b )

[t− β]
α
2b

+1

∞∫
0

e
−ε
(

ρ

(t−β)
α
2b

)q

dρ

 .

Ïîêëàäåìî ρ = (t − β)
α
2bη, äiñòà¹ìî íåðiâ-

íiñòü

I(x) ≤ Cnω(|x− ξ|)|x− ξ|−n×

×
[
Φ((t− τ)

α
2b ) + F ((t− τ)

α
2b )
]
.

Â iíòåãðàëi I(ξ) î÷åâèäíî |x − y| ≥ 1

2
|x − ξ|,

òîìó

I(ξ) ≤ 2n
ω(|x− ξ|)
|x− ξ|n

 t∫
τ

dβ

t− β
×

×
∫

|y−ξ|≤(t−β)
α
2b

e−ε|x̂−y|
q ω(|y − ξ|)
|y − ξ|n

dy+

+

∫
|y−ξ|≥(t−β)

α
2b

e−ε|x̂−y|
q ω(|y − ξ|)
|y − ξ|n

dy

 .

Çâiòñè çíàõîäèìî

I(ξ) ≤ 2n
ω(|x− ξ|)
|x− ξ|n

 (t−β)
α
2b∫

0

F (n)

n
dn+

+

t∫
τ

ω(|t− β| α
2b )

|t− β|nα
2b

∫
e−ε|x̂−y|

q

dydβ

 .

ßêùî â îñòàííüîìó iíòåãðàëi âèêîíàòè çàìi-
íó x− y = (t− β)

α
2b z, òî äëÿ I(ξ) îòðèìó¹ìî

ïîòðiáíó íåðiâíiñòü, òàêó ÿê äëÿ I(x).
Ïðèìiòêà. Àíàëîãi÷íî äîâîäèòüñÿ íå-

ðiâíiñòü

Iτ (t, τ, x, ξ) =

t∫
τ

dβ

β − τ

∫
En

e−ε|ŷ−ξ|
q×

×ω(|x− y|)|x− y|−nω(|y − ξ|)|y − ξ|−ndy ≤
≤ cω(|x− ξ|)|x− ξ|−nΦ

(
(t− τ)

α
2b

)
.

Òåïåð îöiíèìî ïîâòîðíi ÿäðà Km äëÿ K =
K1:

Km(t, τ, x, ξ) =

t∫
τ

dβ

∫
En

K(t, β, x, y)×

×Km−1(β, τ, y, ξ), (m = 2, 3, ...). (40)

Êîðèñòóþ÷èñü íåðiâíiñòþ äëÿ K1 çíàõî-
äèìî

|K2(t, τ, x, ξ)| ≤ C2
1

t∫
τ

dβ

(t− β)(β − τ)
×
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×
∫
En

e−c|x̂−y|
q ω(|x− y|)
|x− y|n

e−c|ŷ−ξ|
q ω(|y − ξ|)
|y − ξ|n

dy.

Áåðó÷è äî óâàãè íåðiâíiñòü |x̂− y|q +

|ŷ − ξ|q ≥ |x̂− ξ|q, îòðèìó¹ìî

|K2| ≤ C2
1(t− τ)−1e−(c−ε)|x−ξ|q

 t∫
τ

dβ

β − τ
×

×
∫
En

e−ε|x̂−ξ|
q ω(|x− y|)ω(|y − ξ|)

|x− y|n|y − ξ|n
dy+

t∫
τ

dβ

t− β

×
∫
En

e−ε|x̂−y|
q ω(|x− y|)ω(|y − ξ|)

|x− y|n|y − ξ|n
dy

 ≡

≡ c21
ω(|x− y|)

(t− τ)|x− ξ|n
[Iτ + It]×

× exp{−(c− ε)|x̂− ξ|q}, 0 < ε < c.

Çâiòñè ç äîïîìîãîþ ëåìè ïðèõîäèìî äî íå-
ðiâíîñòi

|K2(t, τ, x, ξ)| ≤ C2
1CnΦ

[
(t− τ)

α
2b

]
×

× ω(|x− ξ|)
(t− τ)|x− ξ|n

e−(c−ε)|x̂−ξ|q . (41)

Äëÿ íàñòóïíîãî ÿäðà K3 ç âðàõóâàííÿì
îöiíîê (40), (41) ìà¹ìî, ùî

|K3(t, τ, x, ξ)| ≤ C3
1Cn

t∫
τ

Φ((β − τ)
α
2b )

(β − τ)(t− β)
×

×
∫
En

e−c|x̂−y|
q−(c−ε)|y−ξ|q ω(|x− y|)

|x− y|n
ω(|y − ξ|)
|y − ξ|n

dy ≤

≤ C3
1Cne

−(c−ε)|x̂−ξ|q(t− τ)−1×

×
t∫

τ

(
1

β − τ
+

1

t− β

)
Φ((β − τ)

α
2b )×

×
∫
e−ε|x̂−y|

q ω(|y − x|)
|x− y|n

ω(|y − ξ|)
|y − ξ|n

dy.

Çâiäñè âèïëèâà¹ íåðiâíiñòü

|K3| ≤ C3
1C

2
ne

−(c−ε)|x̂−ξ|q(t− τ)−1×

×
t∫

τ

[
Φ((β − τ)

α
2b )

β − τ
· F ((t− β)

α
2b )+

+Φ((β − τ)
α
2b ) · F ((t− β)

α
2b )

t− β

]
dβ×

×ω(|x− ξ|)|x− ξ|−n.
Îñòàòî÷íî äiñòà¹ìî íåðiâíiñòü

|K3(t, τ, x, ξ)| ≤ C3
1C

2
ne

−(c−ε)|x̂−ξ|q(t− τ)−1×

×Φ((t− τ)
α
2b )
ω(|x− ξ|)
|x− ξ|n

Ψ(t− τ), (42)

äå Ψ(t) ≡
t
α
2b∫

0

Φ(τ)τ−1dτ + Φ(t
α
2b ) ≤

c0

t
α
2b∫

0

Φ(τ)τ−1dτ , c0 > 0. Ïî iíäóêöi¨ âñòàíîâ-

ëþþòüñÿ îöiíêè

|Km(t, τ, x, ξ)| ≤ Cm
1 C

m−1
n (t−τ)−1Φ((t−τ)

α
2b )×

×ω(|x− ξ|)
|x− ξ|n

e−(c−ε)|x̂−ξ|qΨm−1(t− τ), (43)

(m = 2, 3, ...).

Ñóìà ðÿäó Íåéìàíà � ðåçîëüâåíòà çàäî-
âîëüíÿ¹ íåðiâíiñòü

|R(t, τ, x, ξ)| ≤ C1
ω(|x− ξ|)

|x− ξ|n(t− τ)
e−(c−ε)|x̂−ξ|q×

×

[
∞∑
m=1

(C1CnΨ)mΦ((t− τ)
α
2b ) + 1

]
.

ßêùî C1CnΨ(t−τ) < 1 äëÿ 0 < t−τ ≤ T , òî
ðÿä Íåéìàíà â îáëàñòi |x − ξ| ≥ δ > 0, 0 <
t − τ ≤ T ðiâíîìiðíî i àáñîëþòíî çáiæíèé,
ïðè öüîìó

|R(t, τ, x, ξ)| ≤ C(t− τ)−1ω(|x− ξ|)|x− ξ|−n×

×e−(c−ε)|x̂−ξ|q . (44)
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3. Îöiíêà ðîçâ'ÿçêó iíòåãðàëüíîãî
ðiâíÿííÿ

Ðîçâ'ÿçîê ðiâíÿííÿ (36) âèçíà÷à¹òüñÿ çà
äîïîìîãîþ ðåçîëüâåíòè ôîðìóëîþ

µ(t, x) = F(t, x) +

t∫
0

dτ×

×
∫
R(t, τ, x, ξ)F(τ, ξ)dξ, (45)

Êîðèñòóþ÷èñü íåðiâíiñòþ (27) äëÿ
G0

1(t, x − ξ, ξ) i óìîâíî, ùî φ ∈ C(ωφ),
f ∈ Cωτ (Q) îòðèìó¹ìî

|F(t, x)| ≤ |f |+ |φ|c
tα

+ C

∫
En

ω(|x− ξ|)
|x− ξ|ntα

×

×e−c|x̂−ξ|q |φ|cdξ ≤ C

(
|f |c +

|φ|c
tα

)
. (46)

Òîìó äëÿ äðóãîãî äîäàíêà â (45) ïðàâèëüíà
îöiíêà

|R×F| ≤ C

t∫
0

dτ

t− τ

∫
ω(|x− ξ|)
|x− ξ|n

e−c|x̂−ξ|
q×

×(|f |c + τ−α|φ|c)dξ ≤ C

t∫
0

dτ

(t− τ)τα
×

×

 (t−τ)
α
2b∫

0

ω(ρ)

ρ
dρ+ ω(t+ τ)

α
2b

×

×(|φ|c + tα|f |c)dτ.
Çâiäñè âèïëèâà¹ íåðiâíiñòü

|R×F| ≤ CΦ(t
α
2b )

(
|φ|c
tα

+ |f |c
)
,

òîáòî µ(t, x) òàêîæ çàäîâîëüíÿ¹ íåðiâíiñòü
(46).

Ïðèðiñò ∆xµ(t, x) îöiíèìî íà îñíîâi ôîð-
ìóëè (36). Ðîçãëÿíåìî â öié ôîðìóëi iíòå-
ãðàëüíèé äîäàíîê, ÿêèé çàïèøåìî ó âèãëÿäi
ñóìè

∆x(K×µ) =
t−η∫
0

dτ

∫
|x+h−τ |≤2|h|

[K(t, τ, x+h, ξ)−

−K(t, τ, x, ξ)]µ(τ, ξ)dξ+

+

t−η∫
0

dτ

∫
|x+h−ξ|≥2|h|

∆xK(t, τ, x, ξ)µ(τ, ξ)dξ+

+

t∫
t−η

dτ

∫
En

K(t, τ, x+ h, ξ)µ(τ, ξ)dξ−

−
t∫

t−η

dτ

∫
K(t, τ, x, ξ)µ(τ, ξ)dξ ≡

≡ I1 + I2 + I3 + I4, (47)

äå η = |h| 2bα , h = ∆x, |∆x| < 1

2
t

α
2b , 0 < η <

t

4
.

Â iíòåãðàëi I1 äîäàíêè îöiíèìî ïî ìîäó-
ëþ çà íåðiâíîñòÿìè (39), (46). Áóäåìî ìàòè

|I1| ≤ c

t−η∫
0

dτ

(t− τ)τα

∫
|x+h−ξ|≥2|h|

[
e−c|

̂x+h−ξ|q×

×ω(|x+ h− ξ|)|x+ h− ξ|−n+

+e−c|x̂−ξ|
q

ω(|x− ξ|)|x− ξ|−n
]
dξ×|φ|c+tα|f |c.

Ñêîðèñòà¹ìîñü âëàñòèâiñòþ àääèòèâíîñòi
ìîäóëÿ ω(t+ τ) ≤ ω(t) + ω(τ) i íåðiâíiñòþ∫

|x+h−ξ|≤2h

ω(|x− ξ|)
|x− ξ|n

dξ ≤

≤
∫

|x−ξ|≤3h

ω(|x− ξ|)|x− ξ|−ndξ ≤

≤ Sn

3|h|∫
0

ω(ρ)

ρ
dρ ≤ 3SnF (|h|).

Òîäi îòðèìó¹ìî, áåðó÷è äî óâàãè, ùî η <

|∆x| 2bα < 2−
2b
α t,

|I1| ≤ CF (|h|)


t
2∫

0

dτ

(t− τ)τα
+

t−η∫
t
2

dτ

(t− τ)τα

×

×(|φ|c + tα|f |c) ≤ CF (|h|)
[
2

t
t1−α+
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+
2α

tα
ln

1

|∆x|

]
(|φ|c + tα|f |c).

Îòæå,

|I1| ≤ C(t−α|φ|c + |f |c)F (|∆x|)×

×
∣∣∣∣ln 1

(|∆x|)

∣∣∣∣ . (48)

Äëÿ îöiíêè iíòåãðàëà I2 çàïèøåìî ïðè-
ðiñò ÿäðà K(t, τ, x, ξ) ó âèãëÿäi

∆xK(t, τ, x, ξ) =
∑
|k|=2b

[
∆xAk(x)D

k
xG2+

+(Ak(x)− Ak(ξ))∆xD
k
xG2

]
+

+
∑
|k|<2b

[
∆xAk(x)D

k
xG2+

+Ak(x)∆xD
k
xG2(t− τ, x− ξ, ξ)

]
.

Ñêîðèñòà¹ìîñü òåîðåìîþ ïðî ñåðåäí¹
çíà÷åííÿ, íåðiâíîñòÿìè |x+h−ξ| > 2|h| äëÿ
G2 i óìîâîþ |∆x| ≤ 1

2
(t− τ)

α
2b . Çíàõîäèìî

|∆xK(t, τ, x, ξ)| ≤ cω(|∆x|)×

×[|x− ξ|−ne−c|x̂−ξ|q +e−c| ̂x+h−ξ|q |x+h− ξ|−n]×
×(t− τ)−1. (49)

Òîìó ìà¹ìî äëÿ I2 îöiíêó

|I2| ≤ ω(h)

t−h∫
0

dτ

t− τ
×

×
∫

|x+h−ξ|≥2|h|

[
|x− ξ|−ne−c|x̂−ξ|q+

+|x+ h− ξ|−ne−c| ̂x+h−ξ|q
]
dξ(|φ|c + tα|f |c).

ßêùî |x + h − ξ| ≥ 2h, òî |x − ξ| ≥ h, à
òîìó îòðèìà¹ìî

|I2| ≤ (|φ|c + tα|f |c)ω(|∆x|)×

×

 ∞∫
|h|

e−ρ̂
q

ρ
dρ+

∞∫
|2h|

e−cρ̂ρ−1dρ

 t−α |ln |∆x|| ,
òîáòî

|I2| ≤ Cω(|∆x|) ln2 |∆x|(t−α|φ|c + |f |c). (50)

Iíòåãðàëè I3 i I4 îöiíþþòüñÿ îäíàêîâî. Çà
äîïîìîãîþ (39), (46) çíàõîäèìî

|I3| ≤
t∫

t−h

dτ

t− τ

 ∫
|x+h−ξ|<(t−τ)

α
2b

ω(|x+ h− ξ|)×

×|x+ h− ξ|−ne−c| ̂x+h−ξ|qdξ+

+

∫
|x+h−ξ|≥(t−τ)

α
2b

ω(|x+ h− ξ|)|x+ h− ξ|−n×

×e−c| ̂x+h−ξ|qdξ

]
(|φ|ct−α + |f |c) ≤

t∫
t−η

dτ

t− τ
×

×

 (t−τ)
α
2b∫

0

ω(ρ)

ρ
dρ+ ω((t− τ)

α
2b )

 (|φ|ct−α+|f |c).

Çâiäñè

|I3| ≤

 |∆x|∫
0

F(τ)

τ
dτ + F (|∆x|)

 (|φ|ct−α+|f |c).

Ç íåðiâíîñòi äëÿ I1, I2, I3 âèïëèâà¹ îöiíêà

|∆x(K × µ)| ≤ C(t−α|φ|c + |f |)×

×
[
F (|∆x|)

∣∣∣∣ln 1

|∆x|

∣∣∣∣+ ω(|∆x|) ln2 |∆x|+

+Φ(|∆x|)
]

(51)

äëÿ |∆x| < t
α
2b/2

Ùîá îöiíèòè ïðèðiñò∆xF(t, x) ó ôîðìóëi
(37) äîñèòü iíòåãðàëüíèé äîäàíîê (ïîçíà÷è-
ìî éîãî ÷åðåç H(t, x)) çîáðàçèòè ó âèãëÿäi
ñóìè iíòåãðàëiâ

H =

∫
|x+n−ξ|≤2|h|

∑
[Ak(x+ h)− Ak(ξ)δ2bk]×

×Dk
xG

(0)
1 φdξ −

∫
|x+n−ξ|≤2|h|

∑
[Ak(x+ h)−

−Ak(ξ)δ2bk]Dk
xG

(0)
1 φdξ +

∫
|x+n−ξ|≥2|h|

∑
|k|≤2b

∆x×
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×Ak(x)Dk
xG

(0)
1 (t, x− h− ξ, ξ)φ(ξ)dξ+

+

∫
|x+n−ξ|≥2|h|

∑
|k|≤2b

[Ak(x)− Ak(ξ)vνk]×

×∆xD
k
xG1(t, x− ξ, ξ)φ(ξ)dξ.

Îöiíþþ÷è ç äîïîìîãîþ íåðiâíîñòi (27)
äëÿ G(0)

1 äîäàíêè ÿê âiäïîâiäíi âèðàçè â ií-
òåãðàëàõ I1, I2 äëÿ |∆x| ≤ |h| < t

α
2b/2 îòðè-

ìà¹ìî

|H| ≤ Ct−α
2|h|∫
0

ω(ρ)

ρ
dρ|φ|c + t−αω(|∆x|)×

×
∣∣∣∣ln 1

|∆x|

∣∣∣∣ |φ|c. (52)

ßêùî òåïåð ïîðiâíÿòè íåðiâíîñòi (51),

(52) i âðàõóâàòè, ùî ôóíêöi¨ F (|h|) ln 1

|h|
,

ω(h) ln2 |h| ìàþòü òàêèé ïîðÿäîê ïðè h → 0

ÿê Φ(h) =

h∫
0

F |τ |
τ

dτ = A2ω(h), òî îòðèìó¹-

ìî îñòàòî÷íó íåðiâíiñòü

|∆µ(t, x)| ≤ C[ωφ(|h|) + ωf (|h|)+

+Φ(|h|)](|φ|ωt−α + |f |ωf
). (53)

Äëÿ ïðèðîñòó ðåçîëüâåíòè âñòàíîâëþ¹-
òüñÿ òàêà íåðiâíiñòü

|∆xR(t, τ, x, ξ)| ≤ C(t− τ)−1ω(|∆x|)×

×
[
|x+∆x− ξ|−n + |x− ξ|−n

]
e−c|x̂

∗−ξ|q ,
(54)

äå |x̂∗ − ξ| = min |x+∆x− ξ|, |x− ξ|.
Òåîðåìà 3 (ïðî êîðåêòíiñòü). Íåõàé

ðiâíÿííÿ (32) ïàðàáîëi÷íå i ôóíêöi¨, ÿêi âè-
çíà÷àþòü çàäà÷ó (32), (33), íàëåæàòü êëà-
ñàì: Ak ∈ C(ω)(En), f ∈ C

(ωf )

([0,T ]×En)
, φ ∈

C
(ωφ)

(En)
. Ìîäóëü íåïåðåðâíîñòi Ω(h) = ωφ(h)+

ωt(h) + Φ(h) çàäîâîëüíÿ¹ óìîâó Äiíi. Òî-
äi ðîçâ'ÿçîê öi¹¨ çàäà÷i Êîøi âèçíà÷à¹òüñÿ
ôîðìóëîþ

u(t, x) =

∫
En

Z1(t, 0, x, ξ)φ(ξ)dξ+

+

τ∫
0

dτ

∫
En

Z2(t, τ, x, ξ)f(τ, ξ)dξ (55)

i äëÿ íüîãî âèêîíó¹òüñÿ íåðiâíiñòü

|Dk
xu(t, x)| ≤ Ck(t

−α|φ|c + |f |ω), (56)

äå |k| ≤ 2b, Zi(t, τ, x, ξ) = G
(0)
i (t, τ, x, ξ) +Wi,

W2 = G2 ××R, (i = 1, 2).
Çîáðàæåííÿ (55) âèíèêà¹, ÿêùî µ(t, x) iç

(45) ïiäñòàâèòè â ôîðìóëó (35) i âèäiëèòè
â íié ÿäðî îáåðåíîãî îïåðàòîðà çàäà÷i (32),
(33).
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